THE RSK ALGORITHM AND
ITS APPLICATIONS

Lecture 1: An overview of RSK
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x> ¢ irred. character of &),

indexed by A Fn

1A= xA1) = dim

> (r)

AFn



First symmetry property.

L 135 1395
w = 4273615 — 26 24
47 67
. 135 1395
wl = 6241753 =5 24 26
67 47
Theorem (Schiitzenberger) If w rsi (P,Q),

then
w Q. P)

Corollary. Let t(n) denote the number
of SYT with n squares. Then

tin) = #{w e &, : w’ =1}

" 2
Z t(n)ﬁ exp (:v + 2) .

bt



tn) =Y A= X1

AFn AFn

Theorem (Frobenius). Let G be a fi-
nite group and G its set of (complex) ir-
reducible characters. Then

Y x()=#{weqG:w =1}
e
if and only if every representation of G 18
equivalent to a real representation (true

for &,,).



w = 318496725

1257 1357
w5 346 246
89 89

1Sp(w) = length of longest increasing

subsequence of w € &,
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Theorem (easy). Let w ﬂ (P,Q),

shape(P) = (A, A9, ...). Then
is(w) = A1.



Second symmetry property.
w=a1a9---ap, W = ap---aoaq

Theorem (Schensted) If w [ (P,Q),
then

r Tsk

w” = (P! evac(Q)Y).

Corollary. Letw ok (P, @), shape(P) =

(A1, A9,...). Then
ds(w) = Nj = £(N).
Corollary (Erdés-Szekeres). Let w €
Spg+1- Then either

is(w) >p or ds(w) > q.



Theorem (Greene). Let w LY (P, Q)

and shape(P) = A = (A, Ao,---). Then
A+ -+ N (resp., )\’1+---+)\§) is equal
to the mazximum cardinality of the union
of 1 increasing (resp., decreasing) subse-
quences of w.

Example. w = 247951368
A =5, M+ X=8(=4+14)
AM+AN+A3=9=A=(531)

A =3, N +X=5

M AN+ X=3 M+ ) =38
N4+ A =9= )\ =(3,221,1)
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up(n) =#{w e &), : isp(w) < k}.

(Gessel:
2n
X k
Z uk(n)m = det [[i_j(zx)]i,jzl :
n>0 '
where
2]
]m(fl?) = :
l |
S alm+ )
2n
X k
Z uk(n)m = det [[i—J(Qx)]z‘,j:l ,
n>0 '
where
2]
I(x) =
ml®) jl(m+ j)!
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Baik-Deift-Johansson: Let Ai(x) de-
note the Airy function:

d2
6_%$3/2
Ai(x) (x — 00)

() is the Painlevé IT equation (roughly,
the branch points and essential singularities
are independent of the initial conditions).
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Paul Painlevé

1863: born in Paris.
1890: Grand Prix des Sciences Mathématiques

1908: first passenger of Wilbur Wright; set
flight duration record of one hour, 10 min-
utes.

1917, 1925: Prime Minister of France.
1933: died in Paris.
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Tracy-Widom distribution:
F(t)

~ exp (— /t "l — u(z)’ d:c)

Let x be a random variable with distribu-
tion F', and let xp, be the random variable
on Sy

Xn(w) = isn(wq,ZJGQ\/ﬁ‘

Theorem. As n — oo,
Xn — X in distribution,
i.€.,

lim Prob(x, <t)= F(t).

n—o0
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Theorem. For any m=20,1,2,...,

lim E(x, )= EX").

n—oo

Var(;
Corollary. nli_)moo arl(;sgn)
n

- / t> dE(t) — ( / tdF<t>>2

= 0.8132---
 B(isy) — 2/
lim
n—00 n1/6

_ / LAF (1)

= —1.7711- -
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Gessel’s theorem reduces the problem to
“just” analysis, viz., the Riemann-Hil-
bert problem in the theory of integrable
systems, and the method of steepest
descent to analyze the asymptotic behav-
ior of integrable systems.

Where did the Tracy-Widom distribution
F(t) come from?

F(t)

— exp <— /t Oo(x - t)u(x)de)
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Gaussian Unitary Ensemble (GUE):

Consider an nxn hermitian matrix M = (M)
with probability distribution

Z_le_tr(MQ)dM,

n
dM = | | dM;,
j
T d®RMi5)d(S M),
i<j

where Z5, 1s a normalization constant.
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Let a1 denote the largest eigenvalue of
M . Then

lim
N— 00

Prob ((Ozl — \/%) \/§n1/6 < t)
= F(t).

More generally, let
A+ oo+ A

be the largest number of elements in the
union of £ increasing subsequences of w €
Sy, and let ag, be the kth largest eigenvalue
of the GUE matrix M. Then as n — oo,
A1 and o are equidistributed, up to scaling
(Okounkov, Borodin-Okounkov-Olshanski, Jo-

hansson).
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[s the connection between is(w) and GUE
a coincidence?

The proot of Okounkov provides a connec-
tion, via the theory of random topolo-
gies on surfaces.
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THE RSK ALGORITHM AND
ITS APPLICATIONS

Lecture 2: Some algebraic connections
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A semistandard tableau T of shape
(5,4, 3):
66422

4431
211

o :13? ZC% 3 :132 :13%
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wA_<

(110
A=1102
011
1122233
1213323
1 1
12 11
11 11
2 9
113 112
9 9
1133 1122
9 9
1123 1122
23 23
11233 11223
23 23

22
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Schur function:
2 2 2 2
$9,1(21, T, T3) = T{To+ XT3+ T1T5+T 123

+x2x§ + :C%:Cg + 2112973
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Cauchy identity:

11— 2y~

]

Define the group homomorphism (poly-

= _sa(2)sx(y)

A

nomial representation)

¢ GL(2,C) — GL(3,C)

_a b-

c d

If A € GL(2,C) has eigenvalues z,y, then
©(A) has eigenvalues x

—

char(yp)

a?  2ab b
ac ad + bc bd
¢ 2cd d?

2 2
, XY, Y

= trp(A)

x2 + xy + y2
so(z,y).
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The irreducible polynomial representations
¢y of GL(n,C) are indexed by partitions

A=(A,...,\n) €7,

Al =2 Ay 2 0.

char(p)) = trp)(4)
= s\(x1,...,%pn),
the Schur function indexed by A, where A
has eigenvalues x1, ..., Tp.

)
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Cauchy identity:

O = zw) ™" =D sa(@)si(v)

1) A

SVaW)=EV,oW,)
A

(@it za+-)" = fsy(@)
\
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Plane partitions.

MacMahon:

503221
53311
52211
221
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(001
B 012
N 101
020
. 33332 44321
999 329
1 1
33332
merge 3331
— 332
21
554
rowcon] 433 B
7 339~ T4

21
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‘WA’ — Z(Z + 97— 1)CLZ']'
0.J
#(rows of 7 4) = #(rows of A)
#(columns of 7 4) = #(columns of A)

Tl — N i —1)aiy
_ H E it =Dag;

1,7>1 \ a;;=0

_ H (1 B x’i—l—j—l)—l

1,021

— H(l - xi)_i

1>1
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RSK =

Z xw_HH ok 1 —1

1=1 j=1

<r rows
<s cols

More difficult (MacMahon):

- 1 — x’H—j—Hf—l
T __

2. " H H H ——
<r rows 1= 1] 1 k= 1

<s cols

max <t
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Symplectic tableau:

l<1<2<2<---<n<n

11124445
2222456
34455
5566

r _ 2-1_3-2_0-1,3-3 2-4 _ 2-1
T = x] Ty "Tg Xy Ty Ty

= I1T9 5133_1 ng TG

SN g
T

an irreducible character of Sp(2n).
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Symplectic Cauchy identity (D. E.
Littlewood):

n

—1
—1 —1
H (1—tit]‘) H (1—t@-xj) (1 —tZ'ZEj )
1<i<j<n t,7=1
= 3 soalet i sa(tn ).
A
l(N)<n

Bijective proof by S. Sundaram (1990) based
on insertion algorithm of A. Berele (1986).
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Brauer algebra 2,,(k): centralizer al-
gebra of action of Sp(V) on V%" where
dimV = 2k. For k£ > n,

dim By (k) = 1-3:5- - (2n—1) = (2n—1)!.

VO = (PN @ W)
A

=>($1+$2+"')":ZPSPA,
A

where f)‘ — dim N*. Thus

Y ( j’“)Q — dim B,,(k)
A

= #{w e G, : w? =1, w(i) # i}
(matching)
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Oscillating tableaux.

¢ O g O o

shape (3,1), length 8

f)‘ = #{osc. tab. of shape A, length n}

DN

dM)=( 0O 0 0

= (P)Q — (2n — 1)!

A
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The nilpotent flag variety
dimcV =n, A:V — V nilpotent
N(A) =
{b=VocWViC---CV,=V: AV; CV;},
subvariety of complete flag variety GL(V')/B.
AA) = (A, A\, ...) Fn,

where Aq, Ao, ... are the Jordan block sizes
of \.

Lemma. Let
f:@:VOCvlC---CVn

be a flag in N(A). Let \' = AAly).
Then

D=XNcAlc...ca"=)\
an SYT T =T(F).
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Theorem. The irreducible components

Np(A) of N(A) are given by
Np(A)={F eN(A) : T=T(F)}.

Hence N(A) has [ irreducible compo-
nents.
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Relative position of flags. Let
f:@:VOCvlC---CVn
G:0=WyCcWiC---CW,

(v1,...,vp) : ordered basis such that
Vi = spanfor, .., v;)
There is a unique ordered basis (wy, . . . , wy)

such that

W; = span{wy, ..., w;}

and w.r.t. (vy,...,v,) we have, e.g.,
wi | [0100]
wy | |0001
wa | |1 %0 %
Wy 001 x

d(F,G) =2413 € &,
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Theorem (Steinberg) Let F € Np(A)
and G € No(A). Let w=d(F,G). Then
generically (Zariski-dense)

w 25 (PQ).
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THE RSK ALGORITHM AND
ITS APPLICATIONS

Lecture 3: Some combinatorial connections
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Joint with:

Bill Chen [k |

Eva Deng X[S T

Rosena Du #4585
Catherine Yan EiiAE3E
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(complete) matching:

PNy N

crossing: ~~ /N O\
nesting: N

Theorem. The number of matchings
on |2n| with no crossings (or with no nest-

I [2n
Cnn%—l(n)'

ings) is

41



Recall:

Cp=#1a1 a9, : a; = %1,

al+---+a; >0, ZCLZ':O}
(ballot sequence).

-1 -1 1 -

/7@?\ R
1 1 -1 1 -1 -1 1 -
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7NN

3—crossing

e N

3—nesting

M = matching
cr(M) = max{k : 3 k-crossing}
ne(M) = max{k : 3 k-nesting}.

Theorem. Let f,,(i,7) = # matchings
M on [2n| with cv(M) =i andne(M) = j.
Then fn(t,J) = fn(3,1).

Corollary. # matchings M on [2n| with
cr(M) = k equals # matchings M on |2n]
with ne(M) = k.
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Recall “oscillating RSK”:

dM)=( 0O 0 0
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Theorem. Let
O(M) = (0= AL N2 =0).
Then

cr(M) = max column length of any \!

ne(M) = max row length of any A"

Corollary. fn(i,j) = fn(J,?).
Proof. ®(M') =
0=\, (A, ) =0).
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Enumeration of k-noncrossing match-
ings (or nestings).

Recall: The number of matchings M on
2n] with no crossings, i.e., cv(M) = 1, (or
with no nestings) is Cy, = n%tl(?r? ).

What about the number with cr(M) < k?

Let d(M) = (0 = AV AL .. 02 = (),

If cr(M) < k, then
A= (AL AL e NF

Thus (M) is a lattice path in a certain
region of R¥ (a fundamental chamber for the
Weyl group of type By,).
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Grabiner-Magyar: applied Gessel-Zeil-
berger reflection principle to solve this
lattice path problem (not knowing connec-
tion with matchings).

fr(n) = #{M on [2n| : cx(M) < k}
le271

Fi(z) = ) fi(n) o)l

Theorem.
k
Fi.(x) = det []Z'_j(QCE) — [i+j(2x)]i,j:1
where
2 12)
1, (22) = .
m(27) gtm+j)!
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Example. k& = 1 (noncrossing match-

ings):
Fi(z) = Ip(2) _2;2(255)
= Z%%
7=0
Compare:

up(n) =#{w e &), : isy(w) < k}.

(Gessel:
xQn

Z uk(n)— = det []7;_]'(2513)]?)].:1 .

n!2
n>0
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reduced decomposition (ai,...,ap)
of w € Gy

w:Safl...Sa]ﬁ
where p is minimal, 1.e.,

p=tw)=#{(1,7) : i <j, w(i) >w(j)}.
R(w) : set of reduced decomps. of w

r(w) = #R(w)

E.g,w=321 R(w)={(1,2,1),(2,1,2)},
r(w) = 2.

wo=n,n—1,....1 € G,
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Theorem.
f(n—l,n—Q,...,l)

(5)

r(wg) =

1n—1 3n—2 5n—3

(Edelman-Greene).

112141 2141
3| 6|2 1 3|3
53 52
4 \ 4\
S2 s3
2|3 2|3
31 4\
14 11
2 \ 2
S2 sl

.+ (2n — 3)

W~

B~win

sl

3

N

1
N

s3

(2,3,1,2,1,3) € R(4321)
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Inverse:

N

| 1+1

o1

1+ 1



Example. 312132 € R(4321)

3 1

1 1

3 2
12 13
3 2
12 13
2 2

3 4
123 135
2 2

3 4
123 135
23 26

3 4
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Variant:
flw) = Y aagqy
(a1,....,ap)ER(w)
E.g.,w =321, R(321) = {121,212},
f(321)=1-2-14+2-1-2=6= 3!

Theorem (Macdonald, Fomin-S).

flwy) = (Z) |

More generally, f(w) = Gy(1,1,..., 1)l (w)!,
where G, is a Schubert polynomial.

Corollary. f(w) = £(w)! if and only if
there never holds

< <k=w)<wk)<w(y).

Number of such w € S,, is the Catalan

number C), = %H(Z,,?)
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