A Survey of
Promotion and Evacuation

Richard P. Stanley
M.IT.



k
w=ajas---ap € Gy, wﬁ(P,Q)

W' = ay - avay 5 (P!, (Qe)")

Note. Qee = ()

(1971): “direct” de-
scription of (Je

(1972): extended to any linear exten-
sion f of a finite poset P
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0 and e are bijections on L(P), the
set of linear extensions of P
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Dual promotion 0*: remove largest
label and slide up, etc.

o1 =po*

Dual evacuation €™: evacuate from
top, etc.

Theorem (Schiitzenberger).
(a) e =1
(b) OP = e€*, where p = #P
(c) Oe = 0!
(d) omitted

Restatement. ¢ and €* generate a
dihedral group D (possibly isomorphic
to {1}, Z/27, or Z./27 X Z./27.). 1f not
e = ¢ = 1, then #D = 2m, where
m = ord(0P).



M =monoid, T1,...,Tp—1 € M
2_ .
m=11<:1<p-1

7T = 7,7, if lJ—i| > 1.

Define 53-,5;?,’7]-,7; c M by
5j = TITQ " T
5;? = TTj—1T1 (= 5-_1)
¥j = 08, 101

K K
ijjjl 51



Lemma. For 1 <j7<p-—1:

(a)v; = (7]) =1
+1

(b) 67 = v

(C) 5]"}/]' = ’)/]6]-_1.

Proof. Formal consequence of the
relations. E.g., write ¢ for 7;. Then

V3 = (123121)°

— 12312_11,23121
=7




Malvenuto-Reutenauer:

Regard a linear extension f of P as a
t1,t9,...,tp, 1.6., a permutation
of the elements of P.
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For 1 < ¢ < p — 1 define operators
;. L(P) — L(P) by
Ti(uug - - - up)
B {ulug---up, if u; < w;pqin P
uug - Uity Up, 1 [ ug

Clear: 7; is a bijection

2 _
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TiTj = TjTy, ‘] —i‘ > 1
Proposition.
0=0p_1:=T1T2" " Tp—1
(so v =€)
Corollary (Schiitzenberger)
(a) e =1
(b) OP = €*¢, where p = #P
(c) De = €0~ !



self-evacuating f € L(P):
f=Tre

order ideal I C P:

tel, s<t=sel

dual P-domino tableau: chain
0V=Iyclyc---Ccl,=P
of order ideals I; such that
I, — I,_1 = 2-element chain, 2 <17 <r
I1 = 1 or 2-element chain,

sor = |p/2].



Let P be a natural partial order
on |pl, i.e.,

P N/
1< ] =1< ]

For f=t1---t, € L(P) C 6y, define
comaj(f)= >  (p—1i).

1t >4
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Theorem. The following are equal.

(1) Y ep(p)(—1)math)
(2) the number of dual P-domino tableaux

(3) the number of self-evacuating linear
extensions of P

3 4 f coma(f)
1234 O

N 2134 3

1 2 1243 1
2143 4
2413 2

(=) (=1 + (=D (=D (=1 =1
dual P-domino tableau : ) C {2,4} C P
1243e = 1243
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~~
p—t
~——

> pepp) (=Dl
(2) # dual P-domino tableaux
(3) # self-evacuating f € L(P)

Idea of proof. (1)=(2) Simple in-
volution argument (2005).

(2)=(3) Follows from: f is a dual domino
linear extension if and only if

J T T3TOT I T5TAT3TOT] =+ * TmTim—1 " * Tl

is self-evacuating, where m = p — 1 if
pis even, and m = p — 2 if p is odd.
Proved by an elementary formal argu-
ment.

Proved by Stembridge (1996) and Beren-

stein-Kirillov (2000) for SYT. Above ar-
cument follows Berenstein-Kirillov.
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Recall: 0P = e€*, where p = #P

Schiitzenberger (1977), Edelman-
Greene(1987), Haiman(1992):

for = f
D~ 7/2Z
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fOP = f' (transpose)
D = 7,/27 x 7.)27

N

w

6 56:
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for = f
D~ 7/2Z
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for = f
D~ 7/2Z
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et p=mn, P=mXxn (mxn
rectangle).

134 8
f=256 11
7910 12

maj(f) =1+44+6+11 =22

Flg) = 3 ¢milf

fEL(P)

1-ql-¢)-(1-q")

HteP(1 — qh<t>)
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¢ = 627775/]9
Recall for any f € L(P): foP = f.

Theorem (Rhoades, 2007) For any
d e 7,

#{f e L(P) : f=fo%} = F(c?).

Is there a simpler proot?
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order ideal I C P:
tel, s<t=sel
J(P): poset of order ideals of P, or-

dered by inclusion (= finite distribu-
tive lattice)

maximal chain of J(P):
m:0=IycljCc---Cl,=P

corresponds to linear extension ¢4, . . . , ¢y
na t; € 1; — I;_1.
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Transferred action of 7;: L(P) — L(P)
on set W(J(P)) of maximal chains of
J(P):

m7; = m,

it [[i—la ]i+1] — {ti—la tia ti—l—l}'

=mU {t;} — {t;},

if [1j1, Jiy1] = {tic1, ti, s tia )
| +1 \./ \./
TN N i i
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P: any graded poset such that
H#|s,t] = 3,4 if £(s,t) =2

E.g., Eulerian poset (face lattices of
convex polytopes, intervals in Bruhat
order, etc.)

M(P) = {maximal chains}
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Define
75 M(P) — M(P)

as above, viz., ifm : tg <t < -+ <ty
is a maximal chainand 1 <7< m —1,
then

mr; =m, if [t;_1, t41] = {ti—1, tis tiv1 }-

mr; =m — {t;} U {t;},

if [t; 1, tip1] = {tio1 i th, ti1 )
Define as before
aj = TIT2" " Tj
3;.‘ = TiTj—1 Tl (= (9]-_1)
Gj — 6’jc9j_1 st 81
e;f = 8; ;_1---8?
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Since
P=11<i<p-1
7T = 7T, i 7 — i > 1,

Schiitzenberger’s results hold, i.e.,

(a) e =1
(b) OP = e€*, where p = {(P)
(c) De = €0~}
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Jrimors = f0
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JT1T0T3T]
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\

JT1IToT3TI T
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JT1ToT3TITOT] = f€

62:1
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\

JT1moT3 = T1ToT = f€

62:1
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For the face lattice of the n-cube, a
maximal chain corresponds to a signed
permutation ajas - - - ap, e.g., 42531.
Then

a1a9 -+ Ap€ = ap, + - 21
a1a9 - - - Ap€ = Gp_1-- - (20105

a1as - - - apee’ = ajas - - apd" !

— aagz - - - ap—10a1

2n, n even
ord(ee”) = { n, n odd.
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What about more general posets?
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Need to work in Q99 (P), the Q-vector
space with basis 9(P). Let

m:tg <ty <---<tp

Want
mr; = am+ 3 Z m’.
m’'#m
mNm'=m—{¢;}
Let

g+ 1=7t:t; 1 <t <ti1}.
71-2 =1=p3=0 (trivial)

2
oroz—i— b =4 .
q+ 1 q+1
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P = Bp(q), the lat-
tice of subspaces of Fg .

maximal chain < w =aj1---ap € &y

WE = ap---aj.

For By(q), equivalent to expanding
F\Ey---E, \E1Ey---Ey o--- E{FoEy

= j{: (%U(Q>jlua

wGGp
where

E; = ——(¢—1-2T)

qg-+1
in the Hecke algebra Hy(q) of &,
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of Hp(q): T1, T, ..., Tp—1

(T; = 1)(Ti+q) =0
LTy =TT, [i—jl=2
TiTi—l—lTi — Ti‘|‘1TiTi—|—1

[n general, ¢y (q) isnot “nice,”, though
many values are nice.

Theorem. c¢,4(q) = (L—r_g) [p/2]
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