arrangement: a finite set A of affine
hyperplanes in K", where K is a field

b \//
) /\
a / \
C d
region: a connected component of

R" —Upesa H

r(A) = number of regions

E.g, for above arrangement,

r(A) =12.






intersection poset Py: set of nonempty
intersections of hyperplanes in A, or-
dered by reverse inclusion (including R",

denoted O

\ /

/ N
gl




Mobius function y: Py — Z:

N

p(0) =1

t>O:>Z,u(S):O

s<t




characteristic polynomial:

Xa(@) = plt)g™™!

tePy
For example above,

X 4(q) = ¢* — 5q +6.

Note: (—1)°Mme ) >0, so coeffi-

cients of x ,(¢) alternate in sign.

5



Theorem (Zaslavsky, 1975)
() r(A) = ) |ult)] = (=1)"xa(=1)

tEPA

(b) The number b(A) of (relatively)
bounded regions of A is equal to

b(A) = | 3 u(t)] = £xad)

tEPA







Corollary. 7(A) and b(.A) depend

only on Py.
a\/b
7N _¢
/ N




OTHER APPEARANCES
OF XA(C])

(1) Let A denote the complexifica-
tion of A. Let

X=C"- |J H
HeAc
H;(X;7Z) = ith homology group of X.
Theorem (Orlik-Solomon, 1980)

> (rank Hi(X:Z)) ¢' = (—q)"x 4(—1/q).

(



(2) Suppose that A is central, ie.,
0€ H forall H e A. Let
r=(x1,...,Tn).
Define the Terao module
T(A) =
{p(x) = (p1(2),. ... pu(2)) € Rz]" :
pla) € H foralla € H, H € A}.
Theorem (Terao, 1980) If T'(A) is a

free R|x|-module with homogeneous

generators of degrees dy, . .., dy, then
n
XA<(]) — H(q —d;).
1=1

Open: Does the freeness of T'(A) de-
pend only on P47 (probably not)

10



(3) Given two regions R, R of A, let
d(R,R') = # H € Aseparating R and R'.

D(A) = {qd(R’Rﬂ

11



Write i = ¢.
'011223]
102132
120112
211021

231201
322110

D(A) =

12



Smith normal form of D(.A):
ding (1,47 = 1,¢* = 1,¢* = 1,

(" — 1), (¢° — 1>2) -
Let a; = # entries of SNF exactly di-
visible by (¢ — 1)".

ap =1, a1 =3, ag=2
Theorem (Varchenko, 1993). FEn-

tries of SNF are products of cyclo-
tomaic polynomaials.

Theorem (Denham-Hanlon, 1997).
Xal@) = (=1)"ay_iq".

1
OPEN: SNF of D(A)

13



(4) A face of A is a (nonempty) face
of some region of A.

F = set of faces of A
R = set of regions of A

14



It '€ Fand R € 'R, define
'R = nearest region to R

with F' as a face.
p = probability measure on F

Define a random walk on R: from R €
R, choose F' from p and move to F'R.

R

G

15



Transition matrix:

K(R.R)= Y p(F)

FR=R'

Theorem (Bridigare-Hanlon-Rockmore,
1997) For each x € Py there is an
ergenvalue

Ay = ZP<F

FeF
FCx

of K with multiplicity |u(x)|.

16



(5) Theorem (Crapo-Rota 1971, Orlik-
Terao 1992, Athanasiadis 1996) Let A
be defined over Z. For q > 0, let

Aq = A reduced modulo q.
Then for q prime, g >> 0,

XA(CI):# ]FZ’— U H

HeA,

+ Second method for computing x ,(q).

17



Example. G = graph with vertices
1,2,...,n, edge set E.

Aa T; = Ty, 1] € B

(graphical arrangement)

xala) = Fy — {1, an) -

r; = x for some ij € E}

= #{(21,...,mp) €Fy
v, #xjitij € B}

= 4 proper g-colorings of G
(chromatic polynomial)

18



braid arrangement B;,;:
:1:7;—:13]-:0, [ <i1<g9<n




X, = qq—1)--(g—n+1)

r(Bp) = n!




THE LINIAL
ARRANGEMENT

Ln: ri=ri+1, 1<i<j<mn

N

L;

X25(@) = ¢° — 3¢° + 3¢

21



An alternating (or intransitive)
tree on 0,1,...,n 1s a tree with ver-
tices 0,1,...,n such that every path
has the form

ar < ap >a3z3 < aq > -+ Or
alr > ar < az > a4 < +--.
Equivalently, every vertex is either less

than all its neighbors or greater than all
its neighbors.

4 38

22



(f

?

# alt. treeson 0,1, . ..

iy

§

n | 1/2]3] 4] 5 |
fn)] 112 7]36 | 246 | 2104

23



oy

n>0

Lagrange inversion =

1 " mn n—1
Jn = Q_nz (/{)(k—i_l)
k=0
n/2
— Lz/:J (” - 1) k2
k—1
k=1

No bijective proof known.

24



Note. Let e, be the number of alter-
nating permutations of 1,2,...,n, i.e.,

ar > a9 < az > aq < ---0ap.
eq =0 2143 3142 3241 4132 4231

Theorem (D. André, 1879)
n
x
Z en— = secx + tan x.
n!
n>0

— Combinatorial
Trigonometry

Exercise. Prove combinatorially

that

1+ tan2:1: — 8602:1:.

25



Theorem (Athanasiadis 1996, Post-
nikov 1996)

r(Ly) = fn.

(No bijective proof known.)

What about x, (q)?

26



Let fr(q) = > p ¢1¢0) summed over

all alternating trees on 0,1,...,n.

@ ® ® ® ® ® @ ®
0 2 1 3 1 3 0 2
1 2
@ @ @ ® [ @ @ L
0O 3 1 2 1 O 3 2
1 2
. . ° N 1 1

1 2 0 3 0 A
2

3 2

3 1

£3(q) = ¢° +3¢* + 3¢

27



> = 3 o
n>0 . n>0

_ a9 & L n—1
) = 353 (3)a+n

Theorem (Athanasiadis, Postnikov
1996)

X2, (0) = (=1)"fu(=q)

28



Theorem (Riemann hypothesis for

Ly) Every zero of xr (q), except q =
0, has real part n/2.

Corollary (functional equation for

Ly)
xc,(@)  (=1)"xg,(—q+n)

q —q+n

29



Proof of theorem. Let Ef(q) =
f(g—1). Then

q —1
X2, (@) = e (B = 1)

Lemma. Let f(q) € Clq|, such that
every zero of | has real part m. Let
s| =1 and

hq) = (E—s)f(q) = flg—1)—5f(q).

Then every zero of h(q) has real part
m+ 3.

30



Theorem (Postnikov). Let
¢n<Q) _ <_2i>n_1Xﬁn((iq T n)/2)

(g +mn)/2
so all zeros are real. Then

Yomlq) _ sin(hg)

lim :
m— 00 ¢ém(1) q
where
h(h) " h > 1
COS = : :
h? — 1

h ~ 1.199678640 - - - .

31



Corollary. FEvery zero of sinz 1s

real.

32



SOME OTHER
ARRANGEMENTS

Catalan arrangment C,;:

ri—x;=-—101tfor1 <i<j<mn

33






semiorder arrangement 7,

r;—rj==*l, forl1 <i1<j3<n

35



A semiorder is a partial ordering <
of a set S obtained by choosing f : § —
R and defining

i< if fi)+1< f())

r(Z,) = number of semiorders on an n-set
n

N r(@n)= = C1— e ),
nZO .
where

1 —+1—4x

n>0

36



Shi arrangement S);:

ri—x;=0,1, for 1 <1 <j<n

XX 4=1 X=X 3=0

X1~X5=0

X-X,=1

XX3z=1  X-X3=0

37



r(Sp) = (n+ 1)"“_1
Xs, (@) = alg—n)"""

38



threshold arrangement 7,;:

ri+ryj=0tor 1 <i<j<n

)RS A k)

n! ) — et

q+1

S (_1)”><7n(—q)%7;2 =1-2) (2 ixex)g

39
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