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| De nitions

alternating If
A > < @y~ < ;
and reverse alternating If

Q< dr> az3< ag ~>



| De nitions

A sequence ag; ay; ... ;ax of distinct integers Is
alternating If

okl > do < a3 > Ay <
and reverse alternating If

a1< a_2> a3< a4>

S symmetrlc group of all permutations of

—



E, = #fw2 S, : wisalternatingg
#fw 2 S, . wisreversealternatingg

via
aya, a,/'n+1 a;;n+1 a;::::n+1 a;,



E, = #fw2 S, : wisalternatingg
#fw2 S, . wisreversealternatingg

via
aya a,/'n+1 a;n+1 a::::n+1 a,
E.g., E4= 5. 2143, 3142, 3241, 4132, 4231

—



| André' stheorem

Theorem (Désire Andre, 1879)

X ¥
y = E“F: secx + tan x
n O '



| André' stheorem

Theorem (Désire Andre, 1879)

X ¥
y = En—,: secx + tan x
n 0 &
E, Is an Euler number
E-, a secant number .
Eon 1 atangent number.



I Naive proof

P42 P2

alternating alter nating



I Naive proof

P42 A

alternating alter nating

Obtain w that Is either alternating or reverse
alternating.

—



I Naive proof

P42 A

alternating alter nating

Obtain w that Is either alternating or reverse
alternating.

X' p

2En+1 =
) 2B )

k=0

ExEn kv n 1

—



| Completion of proof

ExEn k; N

1



| Completion of proof

X'
2E 141 = . EEn k; n 1
k=0
X XN
7 En+1m — ZyO
n 0 | '
X X' | x"
_ 2
. EvEn « il 1+y



| Completion of proof

n
2E 141 = . ExEn ;0 1
k=0
X XN
2 Enii— = 2y0
n|
n O I
X X' | x"
_ 2
. EvEn « il 1+y



I A generalization

9 more sophisticated approaches.
E.g., let

fr(n)=#fw2 S, :w(r)<w(r+1) , Kkjrg
fz(n): En

—



I A generalization

9 more sophisticated approaches.
E.g., let

fr(n)=#fw2 S, :w(r)<w(r+1) , Kkjrg

f2(n) = En
Theorem.
X ki X ki 1
y k) g = « ) G

o



| Combinatorial trigonometry

secx and tan x by

secx + tanx = E,—:



| Combinatorial trigonometry

secx and tan x by

secx + tanx = E,—:

Exercise. se@x = 1+ tan?x



| Combinatorial trigonometry

secx and tan x by

secx + tanx = E,—:

Exercise. se@x = 1+ tan?x

tanx + tany
1 (tanx)(tany)

—

Exercise. tan(x + y) =




| Someoccurencesof Euler numbers

(1) E,, 1 1s the number of complete increasing
binary trees on the vertex set
2n+ 1]=11,2;:::;2n + 1Q.




| Five vertices

—



| Five vertices

1 1 1 1 1 1
2 2 2 2 2 2
5 5 4 4 3 3
3 4 4 3 3 5 5 3 4 5 5 4
1 1 1 1 1 1
2 2 4 4 5 5
4 5 5 4 3 5 5 3 3 4 4 3
1 1 1 1
2 2 3 3
4 5 5 4 4 5 5 4

Slightly more complicated for E,

—



| Simsunpermutations

De nition. A permutationw=a; a,2 S, IS
simsun Iifforalll k n,therestrictionb; b
ofwto 1:2:::::k has no doub le descents

h 1> 0b> Db



| Simsunpermutations

De nition. A permutationw=a; a,2 S, IS
simsun Iifforalll k n,therestrictionb; b
ofwto 1:2:::::k has no doub le descents

h 1> 0b> Db

Example . 346251is not simsun: restriction to
1,2,3;41is 3

B



| Simsunpermutations

De nition. A permutationw=a; a,2 S, IS
simsun Iifforalll k n,therestrictionb; b
ofwto 1:2:::::k has no doub le descents

h 1> 0b> Db

Example . 346251is not simsun: restriction to
1,2,3,41s 3421.

Theorem (R. Simion and S. Sundaram) The
number of simsun permutationsw 2 S, Is E,,.

B



| Chains of partitions

(2) Start with n one-element sets f 19



| Chains of partitions

Merge together two at a time until reaching
f1,2;,:::;nQ.
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Merge together two at a time until reaching
f1,2;,:::;nQ.

1 2 3 45 6 12 3 4 5 6; 12 34 5 6

125 34 6; 125 346 123456

—



| Chains of partitions

Merge together two at a time until reaching
f1,2;,:::;nQ.

1 2 3 45 6 12 3 4 5 6; 12 34 5 6

125 34 6; 125 346 123456
S, acts on these chains.

—



| Chains of partitions

Merge together two at a time until reaching
f1,2;,:::;nQ.

1 2 3 45 6 12 3 4 5 6; 12 34 5 6

125 34 6; 125 346 123456
S, acts on these chains.
Theorem. The number of S ,-orbits Is E, 1.

—



Orbit representatvesfor n = 5

12 3 4 5 123 4 5 1234 5
12 3 4 5 123 4 5 123 45
12 3 4 5 12 34 5 125 34
12 3 4 5 12 34 5 12 345
12 3 4 5 12 34 5 1234 5



I A polytope volume

Let P, be the convex polytope in R" with
equations



I A polytope volume

Let P, be the convex polytope in R" with

equations
X; OO 1 1 n
Xi + Xjt+1 .1 1 n 1
1
Theorem. vol(P,) = mEn



| Ulam's problem

Let E(n) be the expected length is(w) of the
longest increasing subseguence of w.



| Ulam's problem

Let E (n) be the expected length is(w) of the
longest increasing subseguence of w.

w = 5241736 ) is(w) = 3



I Two highlights

Long story :::
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Long story :::
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I Two highlights

Long story :::
Logan-Shepp, Vershik-K erov:

) 2°n

Write is,(w) for is(w) whenw 2 S,,.
Baik-Deift-Johansson:

nI,{n Prob 155

the Tracy-Widom distrib ution . |



I Alternating subsequences?

as(w) = length of longest alternating subseq. of w

w = 56218347) asiw) = 5



| The main.lemma

MAIN LEMMA. 8w 2 S 9 alternating
subsequence of maximal length that contains n.



| The main.lemma

MAIN LEMMA. 8w 2 S 9 alternating
subsequence of maximal length that contains n.

ar(n) = #fw2 S, : agw) = kg

b (n) a;(n) + ax(n) +  + ak(n)

#fw2 S, : aqdw) Kag:

—



| Recurrencefor ax(n)

X' n o1
) a(n) =
j=1
(ax( D+ ax+a(j 1))as(n j)
2r+s=k 1

—



The main generatingfunction

De ne B (X; t) = b (n)tk=—

Theorem.




| Formulas for by(n)

Corollary.
) (n) = 1
B(n) = n
3(n) = 333" 2n+ 3)
y(n) = (4" (2n 42

—



| Formulas for by(n)

Corollary.
) (n) = 1
B(n) = n
3(n) = (3" 2n+ 3)
y(n) = 34" (2n 4)2")

no such formulas for longest increasing

subsequences |



| Mean (expectation)of as(w)

the expectation of as(n) forw 2 S,



| Mean (expectation)of as(w)

Let
X ¥
A(x; t) = ak(n)tk—l = (1 t)B(x;t)
kin O - |
T 1



I Formula for D (n)

X
D(n)x" = @A(x; 1)
n O @
_bx 3%+ x?
Bl x)?
X 4n+1
= X+ x":
6
n 2



I Formula for D (n)

) A(n)




I Formula for D (n)

Recall E(n)

) A(n)
P 7




| Variance.of as(w)

the variance of as(n) forw 2 S,



| Variance.of as(w)

the variance of as(n) forw 2 S,

Corollary.

8 13
V(n) = I_)n 180 n 4

—



| Variance.of as(w)

the variance of as(n) forw 2 S,

Corollary.

8 13
V(n) = I_)n 180 n 4

similar results for higher moments |



| A newdistrib ution?

as(w)  2n=3
P

P(t) = n|||{ﬂ Probwzgn =



| A newdistrib ution?

P(t) = n'f{n Proby:s, P—=

Stanley distribution?



I Limiting. distrib ution

Theorem (Pemantle, Widom, (Wilf)).

im Prob o N
1 wW2S, o n

(Gaussian distribution)



I Limiting. distrib ution

Theorem (Pemantle, Widom, (Wilf)).

im Prob o N
1 wW2S, o n

(Gaussian distribution)



| Umbral enumeration

Umbral formula: involves EX, where E is an
indeterminate (the umbra). Replace EX with the
Euler number Ek. (Technique from 19th century,
modernized by Rota et al.)



| Umbral enumeration

Umbral formula: involves EX, where E is an
indeterminate (the umbra). Replace EX with the
Euler number Ek. (Technique from 19th century,
modernized by Rota et al.)

Example .

1+ 3E°+ 3E*+ E°
1+ 3E>,+ 3E4+ Eg
1+3 1+ 3 5+ 61

80 _l

(1+ E?)®



I Another example

1+ Et+ - 2+ © 4

2 3

1
1+ Et+ EE(E 1)t +

(1L+ t)"

1
1+ Eqt+ S(Ez  Ep)t*+

1
1+ t+ Q(l 1)t% +
1+ t+ O(t3):

B



I Alt. xed-point freeinvolutions

X ed point free involution w 2 S,: all cycles of
length two




I Alt. xed-point freeinvolutions

X ed point free involution w 2 S,: all cycles of
length two

Letf (n) be the number of alternating
X ed-point free involutions in S 5.



I Alt. xed-point freeinvolutions

X ed point free involution w 2 S,: all cycles of
length two

Letf (n) be the number of alternating
X ed-point free involutions in S 5.

n=3: 214365= (1;2)(3;4)(5; 6)
645231= (1,;6)(2;4)(3;5)

f(3) = 2
_



| An umbral theorem

Theorem. X
F(X) = f (n)x"
n 0O



| An umbral theorem

Theorem. X
F(X) = f (n)x"

(E2+1) =4




| An umbral theorem

Theorem. X
F(x) = f (n)x"

Proof. Uses representation theory of the
symmetric group S,. In particular, there is a

“nice” representation of dimension E,,.



I Ramanujan's Lost Notebook

Theorem (Ramanujan, Berndt, implicitly) As

x! 0O+,
X 1 X n(n+1) X
2 f (K)xK = -
. ()X = F ();
n O k O

an analytic (non-formal) identity.

B



I A formal identity

Corollary (via Ramanujan, Andrews).

L1 Pt
F(x) =2 ”Q;ifl T

where q = % “ aformal identity.



| Simpleresult, hard proof

Recall: number of n-cyclesinS,is(n 1)




| Simple result, hard proof

Recall: number of n-cyclesinS,is(n 1)

Theorem. Let b(n) be the number of
alternating n-cyclesin S,,. Then if nis odd,

1 X i}
b(n) = — (d)( 1Y PZE g
djn

B



| Specialcase

Corollary. Let p be an odd prime. Then

b(p):% Ep ( 1)(|O 1)=2 .



| Specialcase

Corollary. Let p be an odd prime. Then

P =5 B (P2

Combinatorial proof?



| Another.suchresult

Recall: the expected number of x ed points of
w2S,Is 1.



| Another.suchresult

Recall: the expected number of x ed points of
w2S,Is 1.

J(n) = expected number of x ed points of
reverse alternating w2 S,

E];n (E2n ( 1)n).

Similar (but more complicated) for n odd or for

alternating permutations.

Theorem. J(2n) =



| Another.suchresult

Recall: the expected number of x ed points of
w2S,Is 1.

J(n) = expected number of x ed points of
reverse alternating w2 S,

—Ex (1))

Similar (but more complicated) for n odd or for

alternating permutations.

Theorem. J(2n) =

Combinatorial proof?



| Descentsets

Letw = aza, a, 2 S,. Descent set of w:

D(w)=fl:a>a+9 f1:::;n 1g



| Descentsets

Letw = aza, a, 2 S,. Descent set of w:

D(w)=fl:a>a+9 f1:::;n 1g

D (4157623) = 1,459
D (4152736) = {1, 3,59 (alternating)
D (4736152) = 12;4, 69 (reversealternating)

B




n(S)=#fw2 S, : D(w) = Sg



w

n(S)=#fw2 S, : D(w) = Sg

D (w)

123
213
312
132
231
321

f1g
f1g
f29
f29
f1,29

;)= 1,
3(2) = 2

3(1) = 2
3(1; 2) =1

B



Fixn. LetS f1; 'n  1g. Letug =1t; t, 1,
where (

a. 1625
b: 12 S:



Fixn. LetS f1; 'n  1g. Letug =1t; t, 1,
where (

a, 1625
b; 12 S:
Example.n= 8, S=f2,56g f1,:::;79

ti:

Us = abaabba



I A noncommutative gen. function




I A noncommutative gen. function

n(&; b) = n(S)Us:

Example . Recall
3G)=1 (1)=2 32)=2 31;,2)=1

Thus
s(a;b) = aa+ 2ab+ 2ba+ bb

B



I A noncommutative gen. function

n(&; b) = n(S)Us:

Example . Recall
3G)=1 (1)=2 32)=2 31;,2)=1

Thus
s(a;b) = aa+ 2ab+ 2ba+ bb

= (a+ b)?+ (ab+ ba)

B



| The cd-index

Theorem. There exists a noncommutative
polynomial ,(c;d), called the cd-index of S,
with nonnegative integer coef cients, such that

(a:b) = ,(a+ b:ab+ ba):



| The cd-index

Theorem. There exists a noncommutative
polynomial ,(c;d), called the cd-index of S,
with nonnegative integer coef cients, such that

(a:b) = ,(a+ b:ab+ ba):

Example . Recall

s(a;b) = aa+ 2ab+ 2bat ¥ = (a+ b)?+ (ab+ ba):

—

Therefore
s3(c;d) = &+ d:



| Smallvaluesof (c;d)

1

C
¢+ d

¢+ 2cd+ 2dc

c*+ 3c’d + 5cdc+ 3dcE + 4d?

c + 4c’d + 9c%dc+ 9cdc + 4dc

+12cdf + 10dcd+ 12d°c:

o g A W N P
[



I The setS

wW=a a,2 S,Issimsun Iffor all
1 k n,therestrictionb;, b ofwto
1:2:::::k has no doub le descents

h 1> 08> Db



I The setS

wW=a a,2 S,Issimsun Iffor all
1 k n,therestrictionb;, b ofwto
1:2:::::k has no doub le descents

h 1> 08> Db

Given a cdmonomial ,letc! 0,d! 10 and
remove nal O.

Example .

= cdfc®d! 01010001

the characteristic vector of S = {2, 4; 8g. |



| The coef clentsof ,(c; d)

Theorem (Simion-Sundaram) Let be a
ca-monomial of degreen 1. The coef cient of

In  ,(c;d) Is the number of simsun permutations
w2 S, 1with descentsetsS .



| The casen = 4

w D(w)
123 ; ¢3! 00
213 1 dc! 10
312 1 dc! 10
132 2 cd! 01
231 2 cd! 01

) 4(c;d) = S+ 2dc+ 2cd

—



I Expansionof cd-monomials

Let m = m(c;d) be a cdmonomial, e.g., c?d’cd
Expand m(a+ b;ab+ ba):

(a+ b)%(ab+ ba?(a+ b)(ab+ bg = a’+ b +

B



| Expansionof cd-monomials

Let m = m(c;d) be a cdmonomial, e.g., c?d’cd
Expand m(a+ b;ab+ ba):

(a+ b)%(ab+ ba?(a+ b)(ab+ bg = a’+ b +

Key obser vation: m(a+ b;ab+ b is a sum of
distinct monomials, always including ababab
and bababa

B



I Alternating permutations

The coef cient of ababab and of bababa In
h(a;b) Is

n(2:4;6,:::)= n(1;3;5;:::) = En:

—



| Alternating permutations

The coef cient of ababab and of bababa In
h(a;b) Is

n(2:4;6,:::)= n(1;3;5;:::) = En:
Hence:

Theorem. (a) n(1;1) = E, (can interpret
coef cients combinatorially).

(b) Forall S f1;:::;n 1gq,
n(S) n(1;3;5;:::) = Ep:

—



I An example

s = 1c*+ 3c°d + 5cdc+ 3dc? + 4d?

1+ 3+ 5+ 3+ 4=16= Es



| Comments

(b) Is due originally to Niven and later de
Bruijn (different proofs).



| Comments

(b) Is due originally to Niven and later de
Bruijn (different proofs).

Not hard to show that
n(S) < Ej
unless S=11,;3,5;,:::.gorS=12,4,6;:::0.

—
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