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THE -DYSON CONJECTURE, GENERALIZED EXPONENTS, AND
THE INTERNAL PRODUCT OF SCHUR FUNCTIONS

Richard P, Stanley]

ABSTRACT. The g-Dyson conjecture is a combipnatorial problem posed by
G. Andrews in 1975, The conjecture can be formulated in terms of
symmetric functions, and it is shown how the theory of symmetric
functions can be used to prove & limiting form of the conjecture.

The proef uses a new identity involving the internal product of Schur
functions, The same techniques yield information about a Timiting
form of the “generalized exponents" of SL(n,C), as defined by
Kostant. Complete details will appear in a forthcoming paper in
Linear and Multilinear Algebra.

" THE Q-DYSON CONJECTURE, Let Byacety @y be nonnegative integers. In 1962
son [2] conjectured that when the product

n
a.
1171
1?1;1 []-xixj ]
i#]
expanded as a Laurent polynomial in the variables Xys®ets Xoa then the

gstant term is equal to the multinomial coefficient (a +euat @ )'/a Yaus ad
is conjecture was proved in 1962 by Gunson [4] and Hilson {15], and in 1970 an
peptionally elegant proof was given by Good [3].

 In 1975 G. Andrews [1, p. 216] formulated a "g-analogue" of the Dyson
pnjecture, which reduces to the original conjecture when g = 1. Write

ntati
the
ray

alg# E: i
. po) - (1-a)(1-aq) - (1-ag""), so (Q), = (1-g}(1-g%)++- (1-q").
mmet Q-DYSON CONJECTURE. When the product
-1 -1
XX X
atori lsigsn (q %3 )ai(x‘] i )aJ

expanded as a Laurent polynomial 1n the variables Xpattes X then the
tant term is equal to the q—mu1t1nom1a1 coefficient
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This conjecture was proved for n < 3 by Andrews [1] and for n = 4 by
Kadell [6]. It was also proved for a; =--.= a, = 1, 2, or = by Macdonaid
{127, who formulated a far-reaching generalization. Further work appears in
[58]. Here we will establish, as a corollary to a more general result, the case
3 = 3y =oee= 2 dn the 1imit n — =. 1In the form stated above, the ¢-Dyson

conjecture becomes meaningless when n — «. However, it can be restated to

nto irred
binatior

make sense in this Timit. We will give a restatement in terms of representation Somet
theory due to Macdonald [12, Conj. 3.1']. Let SL(n,C} denote the group of Wer seric
n x n complex matrices of determinant one, and s2{n,L) its Lie algebra of afl %note the
n xn complex matrices of trace zero. Let ational o

ad: SL{n,L} —» GL(s2(n,L)} A,

. . . . 11 partit
denote the adjoint representation of Si(n,E), defined by 2

{with
(ag X}A) = XAX'], sists o

is the

for X% € SL{n,L) and A € st(n,T}). ff 1
.y srmatio
Q-DYSON CONJECTURE FOR ap =rer=a, T & {reformulated). The multiplicity 4 N 1
of the trivial character of St(m,E) 1in the virtual character o a?
1low rati

det{1-g-ad X){1-q%-ad X}---(1-g~"V.ad x)

is equal to
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2. SYMMETRIC FUNCTIONS. The above conjecture can be formulated in terms of
symmetric functions, which we will now briefly review. Let X = (ll,Az,-o-}
be a partition, i.e., a decreasing sequence x1 > hz z.++x 0 of nonnegative ~
integers with only finitely many Ai unequal to zero. If An+] = kn+2 == 0
then we also write A = (AT,-oo, kn). The number of nonzero Ai is the 1229!5
of X, denoted 2{X). If m= l] + 12 +.-- then we write A F m or
[A] =m. The conjugate partition A' = (A;, ké,---) to A has A, - Ay :
parts equal to i. . gr func
Let A= An(x) denote the ring of all symmetric polynomials with .
rational coefficients in the variables x = (x],~--, xn), and let 2 denote .
A, modulo the ideal generated by XXp Xy - 1. A vector space basis fof
£, consists of alt Schur functions SA{X) = 51(x1,---, xn}, where X ranwf
over all partitions of Tength < n - 1. For the definition and basic properti®

of Schur functions, see [11].
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1f ¢: 5L(n,L} — GL(N,T) 1is a {polynomial) representation of SL{n,C},
en the character of ¢ is the unigque polynomial char ¢ € Qn satisfying

ar @ = tr o{X) for any X € SL{n,f) with eigenvalues Xyottta X A basic
rem {e.g. [14]) on the representations of SL{n,L} states that the
preducible {(polynomial) characters of SL(n,f} are precisely the Schur
actions s}l{x) € Qs 2{»} < n-1. Thus the problem of decomposing char @

to irreducible characters is equivalent to expanding char ¢ as a linear
pination of Schur functions in the ring 2,

sentatiay Sometimes it is convenient to work with symmetric functions (= formal
or series) in infinitely many variables x = (x1.x2,---). We let # = A(x)
ra of af ote the ring of all symmetric formal power series of bounded degree with

tional coefficients in the variables x. A is the inverse limit of the

ngs ﬁn in the category of graded rings. The Schur functions SA(X)’ for

i partitions A, form a vector space basis for A(x). The completion A of
{with respect to the ideal of symmetric functions with zero constant term)
sists of atl symmetric formal power series with no restriction on the degree.
?ﬁ is the inverse 1imit of the rings An in the category of rings. For further
finformation, see [11, 1.2]. Let us remark that in [11] the elements of

ﬂ%f A, and A have i ntege r coefficients, but we will find it convenient to
allow rational coefficients from the start.

iplicity

Now suppose X € SL(n,I)} has eigenvalues Xys0tts X i.e.

n
det (1-qX) ='TE (1-9x;)
i=

Since ad X has eigenvalues xixf] (once each for 1 # j) and 1 {n-1 times)

{e.q., [14, ean. (8}]), we have
-1

det{1-g-ad X}---(3-q° ".ad X)
: (2)
-1 n
i,3=1 k=1
Q-DYSON CONJECTURE FOR & =rrr=a T =2 -1 (again reformulated). When

Emmt1un (2) is expanded in the ring Q 8 B[{g1] as a linear combination of

. Schur functions s (x) with 2{3} s n - 1, then the coefficient of the trivial
Sthuy function s¢(x) is given by (1).

The above conjecture makes sense as n — «. We might as well consider a
Bich more general situation, and later specialize to the case at hand . Thus
Introduce two new sets u = (u1,u2,---} and v = (v1,v2,-") of variables,

s
range" nd write (in the ring &, 8 0[[u.v]])

roperti
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1—uk 1—ukad X n
ﬁ? T:F; det’II T:;EE&—X = ; ck(u;v)sX(x), (3)

where A ranges over all partitions with 2&{x) =n - 1. Clearly
c;{u;v} € Z[lu,v]], the ring of forma)l power series with integer coefficients
nhthe variables u = (“1’ u2,--») and v = (v], vz,---).

We wish to consider c;(u;v) as n —ow, To do 50, one must vary A
with n or else the Timit bhecomes zero or undefined. The correct way of
passing to the limit was suggested by R. Gupta (in the somewhat Tess general
context of Section 5). Given any two partitions « and B of lengths k and
£ of the same integer m, and given n > k + £, define the partition

ere each
htain a n

Lo 81 = (Byrags Bytog,eoByboys ByavesuByy 8178y ByBy yane sBy=8y) rder to i
N e

M functions,
- Fnctions

of length <n -1} E

r 4

J _LJ-] Rince tne
- Evduct in

[0'- ,B]n = n ’

B

It follows from Gupta's work that

1im ¢" (usv)
N-sos [a,B]n

exists as a formal power series, which we denote by caB(u;v). Qur main goal
here is a formula for CGB(U;V)' The g-Oyson conjecture in the case n — o -
corresponds to taking o = 8 = ¢ (the void or trivial partition) and v, = 0»
i =g, U, = 2 . u = 21 = = = !
L - B B A e T I ,
In order to state our result, we first review some more background fFrom the
theory of symmetric functions. The irreducible characters xl of the symnetrfc
group S are indexed by partitions A of m. If we€ Sm’ then define p(wk

to be the partition of m whose parts are the cycle lengths of w. Far any
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- m with 2 = R{}), define the power-sum symmetric function
=Py Py v p;\ » where Py {x) = Z x';. The Schur functions and power-sums
1 1

are related by {e, g , [11, Ch. 1.7])

. 1 X
Ficients S, m L X WP,y - (4)
weS
m
A Now let
of
o B _ Y
2neral X X i Ougy X
L Y
> k an
) = kghere each gaBY is a nonnegative integer. It is an important open problem to
¥uhtain @ nice combinatorial interpretation of gaBY‘ D.E. Littlewood [10], in
'82) arder to incorporate the Kronecker product XGXB into the theory of symmetric
ctions, defined an associative (and commutative) product fxg on symmetric
fenctions by '
Su*Sg = E ey Sy
:ulled the internal product. (Littlewood uses the term “inner product”.
Since the product Txg has nothing to do with the usual definition of inner
goduct in Tinear algebra, we have followed a suggestion of I.G. Macdonald in
11ing it the internal product. Littlewood uses the notation fog for
ternal product., Since we are adhering to the notation of [11], where fog
&notes plethysm , we have introduced the new notation fxg,} Note that
s, ™ Sy and Se*S.m T Sote where o' denotes the conjugate partition to a.
In terms of the power-sums we have the expansion
=-I.I__ o S
¥y = o Z X (whx (w)pp{“). (5)
m
‘e following basic property of the internal product is due to Schur [13] (p.69
of Dissertation; p.65 of GA):
LY. PROPOSITION. We have
in goal ¥
=1
) = 1T (l-xyv) = 7 s a5 (v)s {x)s.{y}
], K yh (6}
“7' :0’“ Tlek a,B ok @ 8
Now define a scalar product <f,g> in the ring A by letting the Schur
! from functions form an orthonormal basis, i.e.,
symmetr =
4 Sy 5y GMA'
ne piv
wr any Ven partitions o,8, define a symmetric function S/p <hs called a skew

fur function, by the rule
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=<8 , 5,5>,
a

Sass? 5y a5y

In other words, multiplication by s. 1s adjoint to the Tinear transformation -
. B s -

sending Sy to sa/B' It is not difficuit to show that o/B 0 unless

B sa, i.e., B; so; forall i. For further information, see [11, ch.1.5),

Let us remark that the Schur function S{a 8] (x) was considered by D.E.

Littlewood [8], who essentially showed that in the ring o, we have
=7 (A
SEa’B]n(x) ; ( ]) sufl(x)sﬁf}\.(]fx) >

where x = (xl,---, xn) and V/x = (1}x1,---, I/xn}. For instance, the adjoint
representation of SL(n,L) corresponds to the partition [1,1]n, with

character - JF  Sketct
gshould be
s (x) = so{x}s;(V/x} - 1 | il

[1’1]n ! i Foymetric
= (x1 Faoot xn){x;] Faaet x;1} -1 j {V}} (tr
_ iett1ng tr

_ -1 , g
=n-1+ % X% ) E If f

1#] ,r%& muttipl

3. A FORMULA FOR caB(u;v). In order to evaluate caB(u;v) we first obtaina [;
formula for the generating function '

C{x,y) = Z coglusvis (x)sgly) € @lu.v1] 8 A(x) 8 Ay .

It will be more convenient to work with

Colxay) = aZB CuplOivisglxdsgly)

and later to apply a standard trick to obtain C(x,y} from Co(x,y). (Here
an(O;v) denotes the substitution u =0 in caB(u;v].)

3.1, LEMMA. We have
Co(x,y) = ¥ SA*SM{")SX/a(x)su[a(YJ

PWNTIN
Sketch of proof. One begins by setting yJ = x}l in (6) so that the
left-hand side of (6) coincides with the teft-hand side of (3) when Uy = 0.
The proof then praceeds by standard manipulations of symmetric functions, Nhi‘"
we omit, O
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Next we find a more tractable expression for Cg{x,y) by establishing the
following symmetric function identity, which apparently is new.

3,2, LEMMA, We have

. Ch.1
: -1
1 - xy. aen
by D.E ;lTJ HO a],:ljf.’ar { x1vaa1 var)
= [;EE {1 - Pk(v))] X,E,u Sl*su(v)slfa(x)su/a(Y)- (7)

{Here a;,---, a, range independently over all indices of the v's.)

Sketch of proof. We work in the ring R = @{{v)) 8 A(x) 8 A{y), which
¢hould be regarded as consisting of formal power series of bounded degree,
symetric in the x's and y's separately, with coefficients in the field
{{v)} (the guotient field of ®&[[v]]). Define a scalar product on R by
ting the elements sa(x)ss(y) form an orthonormal basis.

If ¥f€ R then Tet D{f) denote the Tinear transformation which is adjoint
to multiptication by f, i.e.,

: <D{f}g, h> = <g, fh>
> obtain”
' bote that  D(f+g) = D(f) + D(g). Let P(v) = TT (1 - p,(v)). The right-hand
of (7) is given by k=1

P(v) g D(s,{x}s {¥}) Kzu spxs, (V)sy (x)s, (¥)

= _ -1 _ ']
P{v) D(;Eg (1 xiyj) } i:EEk (1 xiijk) )

Thus writing LHS for the left-hand side of {7}, we need to show that for all
€ R,

-1 -1
<LHS, f> = <P(v) n“'xiijk) . T n(T-xiyj) >,

t suffices to check this for all f forming a Q{(v))-basis for R. Choose
-t = pa{x)ps(y}, and the verification becomes a routine computation using
 standard symmetric function techniques. 0

b the If we now compare Lemmas 3.1 and 3.2 and expand the right-hand side of (7}
3 = 0 n terms of the p,(¥)'s, we obtain:
ns, wh

3. LEMMA. We have

Dk(V) ] ’ (8)

oy s pror-]
Caﬂ(O,V) Plv) sa*se[pk -— ENO)
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The notation indicates that we are to expand sa*sB in terms of the pk's, as
given explicitly by (8), and substitute pk(v)l{1 - pk(v)) for Py~ il

In order to find a similar formula for cuB(u;v), we first replace the
in (B8) by the two sets of variables u and v, Now let )
denote the algebra automorphism described in [11, pp. 14-17, 26] acting on
symmetric functions in u

variables v

(regard all other variables as scalars commuting
with mu). By standard properties of W,

wu['l;[(1+uk}"1(1-vk)'1]det1"([(1+uk ad X)7V(1-v, ad )7

u T-u, ad X
ki k
detf——— .
ka g 1-vy ad X

1-
= [TT}-
k

Hence from (3) we get
@, caB(U;—u,v) = cas(u;v} .
On the other hand, from [11, (2.13)] there follows
w, Pl-usv) = p(v) = pu).

We deduce from Lemma 3.3 our main result:

3.4. THEOREM, We have

‘ ) r -1 —pk(ﬂ}"'pk(v)
caglusv) = | TN p(u)-p (V) Jsa*ss[pk - W}J '

The above theorem is essentially implicit in the work of P, Hanlon. He
computed maximal weight vectors for certain virtual representations of SL{n,C}
and it was apparent that his result implied an identity invoiving symmetric
functions. The actual identity turned out to be a special case of Theorem 3.4s
but there is no difficulty in obtaining all of Theorem 3.4 from Hanlon's
technique. Earlier I had proved some special cases of Theorem 3.4, and the
proof sketchgd here uses similar techniques.

4. APPLICATION TO THE Q-DYSON CONJECTURE. Recall that the g-Dyson conjecture
ceryvesponds to the substitution

- Let us i

4.1, CORC
- the expan:

..of SL{n,t

. If we
“we obtain
4.2, COR
“eoefficier
-{vaiue

What

\ic ( 2
ol 9.9 .
- dlong the
are possi!
':1f not in
For a;

“be

Here we i
RIS PR

i
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qi, Tsizgtk -1

u_i-”-

0, izt
Vi = 0,
0'-=B=¢

nLgt.us first state the result for arbitrary o,B .

.1, COROLLARY. tet a,Bbkm. The coefficient of the character s[a a] in
>
¥ the expansion of the virtual character n

det(1-q - ad X){1-q% - ad X) --+ (1-¢*"1 . ad X) (9)

f SL(n,T) approaches, as n — e , the value

£-1 -1 .
[E]; (1-¢5) ] cus(q,qz,---, *'5 0)

) £-1 243 L (£—1)k)
- LE [T, 0o )] sarse /e q—q—‘—ﬂ—]_qgk . o

_ If we let o = g = ¢ {the void partition) above, then s¢*s¢ = s‘.‘15 =1, $0
-we obtain:

.2. COROLLARY (q-Dyson conjecture for a; =2 -1 and n= w). The

0 "ﬁmefficient of the trivial character s¢ in (9) approaches, &s n — = , the
- value

He

SL{n,E}; 2-1 b

- ? ’s' (]_qf.'l J) . 0

ric % izl j=1

am 3.4, . , .

What can be said about the form of the generating function
the 3 caB(q,qz,---, q£'1;0) appearing in Corollary 4.17 We will state a few resulis
. glong these lines, Empirical evidence suggests that much stronger statements

ire possible, and that a fairly simple explicit formula may exist in many cases,
if not in general.

ecture .

For any partition A, define the hook-length of X at x = {i,j) € X to
he

h{x} = h(i.j) = Ayt Aé -i-j+1.

Here we identify A = (11,h2,--- } with its Young diagram
)12 s A o= 2(), 1 <3 < A5} . Following {11, p. 281, let
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Hy(a) = TT (1-a"))
XeA
e "hook polynomial* of X .

The following lemma appears to be new. Its proof is based upon the
combinatorial description due to Littlewood and Richardson [9, p.70] [11, Ex.s,
p. 641 (equivalent to the "Murnagham-Nakayama formula"} for computing the
irreducible characters of the symmetric group S . If we Sm has cycle type

= p(w), then we write ¥ (p) for x (w)

The pr
special

4.3. LEMMA. Let A0 k m Let x* denote the irreducible character of S

corresponding to X . If XA(D) # 0, then H,(q) is divisible by
oo
1l-q97). O N

GENERA!
indepeni

xtends to
4.4, PROPOSITION. Define a formal power series DaB(q} (which depends on 1)

by

cas(q,qz.--°. AP TT‘ } Dygla) -

k=1 1-

Then for some polynomial LaB{Q) € Z[q] {which depends on £), we have

_ =1
Daﬁ(q) = LGB(q)H&(q ) -
denote

subspac
into ir

Progf. B8y Corollary 4.1 and (5}, we have

U R IPAL
Dgla) = e I fefe0 T [MLG»J] ,
We z

2k
m -4

where mk(w) parts of p(w) are equal to k. By temma 4.3, every term of the .
above sum for which xa(w) # 0 is a rational function whose denominator
divides H (q } . Hence the entire sum is a rational function whose denomi-
nator can be taken to be H (q }, and it is easily seen that the numerator has
integer coefficients. 0 |

generat
s in [7
L(a) = TT (q1% - q(J-1}E+1) Prension o

1,3)ea : ite. Th
In term

4.5. PROPOSITION. Let 8 consist of the single part m. Then

Equivalently, L (q} 1s obtained by multiplying together for all i the

product of the first oy terms from the 1i-th row of the array
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2 g 20+
" - q ¢ - ¢*" q* - o
g A g 2wk
& - q * - q i L
+ +] .-
& g 3 P 3% . g2

) 1 The proof is essentially a consequence of Littlewood's work on "S-functions
of 5;- ¢ special series”, in particular, Theorem I on page 125 of [9].

'5. GENERALIZED EXPONENTS. There is an additional specialization of cas(u;v)

3 of independent interest. let op= s2{n,L). The adjoint action of SL{n,L)

I ’;extends tc an action on the symmetric algebra 5(9,) = ]l Sk(g}}, where Sk
1 k=0

con 1y, R . . .
Yoo erotes the k-th symmetric power. It is well-known that the ring

1= S(g/)SL(n’E) of invariants of this action is a polynomial ring in n - 1

;"‘1ariab1es 92, . en, where e is homugeneuus of degree 1. Namely, for

L AEQY, 0, (A) is the coefﬁment of t" in the characteristic polynomial
Eoet{A- tI) of A .

€ s By a theorem of Kostant [7, Thm. 0.2], we can write
¥ S(g) a8,
3 ‘shere H = _[_I_Hk is a graded subspace of S(ga) jnvariant under SL{(n,L). Let

".—i denote the isotypic component of H corresponding to A, i.e., the sum of
- 441 subspaces of H which afford the character sx(x). We may then decompose

&k, into irreducible subspaces H1 2

T

T

) of the. . i

.~ . §ere each H, can be chosen to be homogeneous, i.e., to 1ie in S (91) for
nomi- - A-some di' The numbers di are called the generalized exponents of X, Define
itor has

dq
G, {q} = ; a .

5 ::.the generating function for the generalized exponents of XA. Kostant also
g Shows in [7, Thm. 0.11] (when applied to SL{n,[)} that G,(1) is equal to the
~ftinension of the zero-weight space of the representation A and is therefore
";_f-fnite. Thus 6 (g) s a polynomial in q.
i the § In terms of generating functiors it is easy to see from the above discussion
- Yt
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- ; ta &
det(1-q - ad X} 1. 5 ! RN CIEN CAREE Y ?:;de] of
(1-9%) --- {1-q7) & .
e (vi)
(meduto Xpere X - . (10) ﬁ?
§ i (vii)
Ranee Gupta conceived the idea of studying G[ 8] {q) as n -« , and i
%2l {viii)
showed that
. . T
_ Tim ACH
gl 7 o Ba,), () Finall
exists as a formal power series. She conjectured that Gas(qj is a rational
function Paﬁ(q)Ha{q)-], where PaB{q} is a polynomial with nonnegative C?NJ
integer coefficients satisfying PaB(l) = xBG). Later she and I conjectured on- : A1a1?
the basis of numerical evidence that G B(q) = sa*sa(q,qz,---). We will ;Ipart1t1o
o n this ca

indicate how all these conjectures follow immediately from our previous
discussion, except for the nonnegativity of the coefficients of Pas(q}, which
.remains open.

Comparing (3) with (10}, we see that

_ k .
Gg(@) = [T 0-8] e (050 -
From Theorem 3.4 we deduce:
5.1. PROPOSITION. We have
6 o(q) = 5 #s,(d,q%,--)
aB o gt !

Additional properties of Gas(q) follow from Proposition 5.1 in the same
way Proposition 4.4 follows from Corollary 4.1, We merely state the results

here. -
5.2. PROPOSITION. (i) There is a polynomial P_.{q) € Z[a] for which K.
:

_ -1
Gyl = Pygladt (a) " .

(ii) PuB(]} = xB(IL the number of standard Young tableaux of shape 8 -
(111} P lad = Pala) .

{iv) qm+h(a)PuB{1/q} = Pas.(q), where |a| = |B] =m and h{c) = xg;ﬂ%}
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1ta 60‘6‘ .

. s m . m o
(vi) PaB(q} is divisible by q , and the coefficient of g~ 1Is GGB'

(10} < . -1
: (vii) Py (a) = Pyp(altig(alt, (a)
and , .
{(viii) Let B consist of the single part m, and write Pamla) for
minia - - _ 1I
&B(q)' Then Pam(Q) =q ( ), where n{a) = £(i-1)o; = E[E J .
Finally we state explicitly the conjecture mentioned above.
ational - . s ;
ive 3. CONJECTURE {Gupta-Stanley). The coefficients of Paa(q) are nonhnegative.
tured o’ Alain Lascoux has proved the abnve conjecture when 8 is a "hook", i.e.,
il ” B i partition of the form (m-k, 1 } for some 0 <k =m- 1. He has shown that
. Fin this case PaB{Q) is the coefficient of tk in the product
), Hhiqh -i 2
e q TT (a' +tq’) .
(T,J)ECL
{1,3)#{1,1)
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