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1. INTRCDUCTION

Let Gn = GL(n,C)}) = GL(vn) denote the group of all invertible
linear transformaticns A:Vn+vn, where vn is an n-dimensional complex
vector space. Once we choose a basis for vn we can regard Gn 2s the

group of nonsingular n¥n complex matrices. A (linear) representation of

Gn of dimension m is a homomorphism ¢:Gn+Gm. We call ¢ a polyromial
{respectively, rational) representation if (after choosing bases) the
matrix entries of ${A) are Ffixed polynomials [(respectively, rational

functions) in the matrix entries of A. For instance, the map

fab " : a’ 2ab b
\_ ¢ a | ac  ad+bc  bd {1)
c2 2¢d d2

is a polyncmial representation of G2 of dimension three, while

a b
Ly (ad-bey Tt (2
a

[
is a raticnal representation of dimension one. Henceforth, all represen-

taticons in this paper are assumed to be rational.

The theory of such representations has c¢lose connections with
combinatorics, and our object here is to present an overview of this
subject from the combinatorial viewpoint. We first will state without
proof the basic results {which may be gleaned from such sources as
Hamermesh (1962), pp. 377-391; James & Kerber (1981), Ch. 8; Little-
wood (1850), Ch. X; Macdonald {1979}, pp. 74-84; and Weyl (1946),

Ch. IV), and then proceed to the combinatorial ramifications.

The first result we need is that the {rational) representations

of Gn are completely reducible {i.e., G, is a reductive group). This
means in effect that every representation ¢:Gn+Gn can be decomposed into

irreducibles, i.e., if G, = GL(V), so that we may regard G, as acting
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on V, then V = Vl &H - @ Vr where each Vi is nonzero and invariant
under Gn' and no Vi has a proper Gn—invariant subspace. Although the
v,'s need not be unique, the multiset {¢l,...,¢n} of irreducible
representations ¢i:Gn+GL{ViJ is unigue up to egquivalence, Thus to
determine ¢ up to eguivalence, it suffices to describe the multiplicity
of each irreducible representation of G_ in $.

Suppose AEGn has eigenvalues el,...,en. Then there exists a
al %n
multiset M¢ of m Laurent monomials u{x) = X,"...x =, a, € Z , inde-
pendent of A, such that the eigenvalues of ¢{A) are given by the multi-
get {u(el,...,en]]u g M ¢}. For the representations ¢ and p of (1)
and (2}, the reader can check that M

x_lx—l
172

2 2
0 = {xl, xlxz,xz} and M o =

}. The Laurent polynomial f¢ = Lu {which is a symmetric
ugM

function of x ,xn] is called the character of ¢; clearly

1reee
f¢(el,...,8n) = tr ${A},

where tr denotes trace. The character f¢ uniquely determines ¢ up to
equivalence, In other words, E¢ can be written uniquely as a nonnegative
integral combination of irreducible characters. We now wish to describe
the irreducible characters of Gn' First we reduce this problem to
pelynomial representations.

1.1 Theorem. Any rational representation ¢:GLn+GLm has the form
¢(a} = (det A)_r¢'(A) for some r € & and some polynomial representation
$'. ¢ is irreducible if and only if ¢' is irreducible, and

Y

E¢(xl,...,xn) = (xl...xn) f¢,(xl,...,xn).

Now let A = {Al,...,An] be any partition into < n parts, i.e.,

lli--- i.ln,i 0, li € Z . The number of (positive) parts li>0 of A

is called the length of A, denoted 2(A). wWe also write |A| =} +---+kn.

1
Following Macdonald (1979), let sl(xl,...,xn) denote the Schur function

corresponding to A in the variables KyremnsX oo It has the following
combinatorial definition. Write down a left-justified array whose
entries are the numbers 1,2,...,n (with anv rultiplicities), with Ai
entries in row i, such that the columns are strictly decreasing and rows

weakly decreasing. With such an array T ( called a tableau of shape A

a a
and largest part < n} associate the monomial m(T} = xll...xnn, where a;
i*'s appear in T. Then sx(x) = sh(xl,...,xn) is defined to be L m(1),

T
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summed over all tableaux T of shape A and largest part < n. Though not
cbvious from the definition, SA{X} is a symmetric function of HyreoosX -
Example. Take A = (2,1}, n = 3, The appropriate tableaux are

21 22 31 33 32 33 32 31
1 1l 1 1 2 2 1 2

2 2 2 2 2 2
= + 2 .
Hence szl(xl,xz,xB) xlx2+xlx2 + xlx3 + xlx3 + x2x3 + x2x3 xlx2x3

The main result on the polynomial characters of Gn is the fellowing.

1.2 Theorem. Let A = (A Xn) be a partition, &{A)<n. Then

peaes
the Schur function sk(xl,...,xn)lis an irreducible polvnomial character
of GLn, different A's yield different characters, and every irreducible
polynomial character has this form.

We will dencte by pl the representation of Gn whose character is

Sy - In other words, SA = fpk.
The Schur functions s, (x;,...,% ), L(A)<n, form a % -basis for the

additive group of all symmetric polynomials in RyroeorX with integer
coefficients (Macdonald 1979, p.24). Thus every such polvnomial £ is a
virtual character (= difference of twe characters) of Gn, and expanding
f in terms of Schur functions is equivalent to finding the multiplicity
of each irreducible character of Gn in f.

Remarks on some other groups. The representations of the groups

Uin), SLin,C )}, and SU{n} can be obtained easily from those of G =
GL(n,C ). Since G, is a reductive algebraic group with maximal compact
subgroup U(n} it follows from general principles that the raticnal rep-
resentations of G and U{n} coincide. More precisely, distinct irre-
ducible representations of Gn restrict to distinct irrecducibles of Uln),
and every irreducible representation of U{n) arises in this way.

Regarding SL(n,C }, suppose ¢:Gn->Gm has character sk(x). By our

definition of Sy 3
_ n
s, (x) = (% ...x) g x (X, (3)
where A* ='(Al~kn, kz—kn,...,ln_l—kn,o). 1f ¢*:Gﬁ+Gm has charactei
¢*, then the right~hand side of (3} is Jjust the character of {dst) n¢*.

A
n
Hence ¢ = {det) ¢*, so that ¢ and ¢* restrict to the same representation

of SL{n,C ). But except for this, the irreducible representations of

GL(n,C } and SL(n,C } coincide. More precisely:
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1.3 Thedrem, Let A = (Al,...,hn_l} be a partition into < n-1
parts. Then the Schur functicon sl(xl,...,xn] is an irreducible poly-
nomial character of SL(n,cC ), different A's vield different characters,
and every irreducible polynomial character has this form.

Ve will call any Laurent pelynomial f(xl,...,xn) a character of
the representation p:SLi{n, }+Gm if tr plA} = f(el,...,e ) for all

n
AESL(n,C ) with eigenvalues © 8 . GSince 81---Gn = 1, the character

1'°°"%p

is not unique {as it was for Gn). The character fp of p is, however, a

uniquely defined element of the quotient ring A(xl,...,xn)/(xl‘--xn—l),

where A(xl,...,xn) denotes the ring of symnetric polynomials with integerx

coefficients in the variables XppewasX o Thus frequently we will carry

out our computations with characters of SL{n,g } in this quotient ring.
Finally, SU({n} bears the same relation to SL{n,C ) as U(n) does

to GLi{n, ).

2. SOME EXAMPLES

Let us consider some "naturally occurring” representations of Gn

and try to compute their characters. FPirst we have the defining repre-

sentation $:G *G given by ${Ay = A. 1If A has eigenvalues el,...,en

then ¢(A) also has these eigenvalues, Hence tr ¢f{A) = 8 +---+en and

1
f¢(x) = xl+---+xn. Since for each 1<i<n there is exactly one way to put
i into the shape A = (1) to forr a colurn-strict plane partition, we
have sl(x) = X teeetx . Hence f¢ = s, and ¢ = ¢l.

Suppose ¢:Gn+Gn = GL(Vm) is any representation. Choose a basis
t 1
&
21,...,zm for the vector space Vm. Let S (Vm) denote the vector space

of all homogeneous polynomials of degree k in the variables ZyreariZ .
m+k-1
k

Any BEGm acts on S (Vm) by the rule B'g(zl,...,zm) = g(le,...,Bzm) S0

. k k
Thus dim S (Vm) = }, and § (Vm) is the k-th symmetric power of Vm.

-

. k . .
we have a representation of Gm on S (V. ), i.e., a homomorphism
m E

x ~ k - .
G >GL{(S (Vm)) =G k- + Hence G acts on S (Vm) by composition, i.e,,

. . K )
if AeG_ and ge$s (V_J then A*g = ¢(A)*g. The resulting revresentation is
denoted Sk¢:Gn*GL(S (Vm}). It is an important and difficult problem
(which comes close to subsuming all of classical invariant theory) to
decompose Sk¢ into irreducibles.
The problem of decomposing Sk¢ {up to eguivalence) may be stated
in combinatorial terms as follows. Let A = diag(el,...,em)EGm, with

regpect to the basis zl""'zm of Vm. Write SkA for the action of A on
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skvm, i.e., SkA = (Sk¢l){h), where ¢1=Gm+Gm is the defining representa-

a a
tion. A monomial zy ---zmme skvm is an eigenvector for SkA with eigen-
a, a ' a a
value 91 ---8 m. Since the monomials = ---zmm of degree k form a basis
for skvm, we have accounted for all the eigenvalues of SkA. Hence
X 2
tr S A = Eel...em
al+...+am=k
k o -1
= coefficient of g in 11 {1-O, q) . (4)
i=1
Let M b be the multiset of monomials for ¢: Gn+Gm defined ahove,
50 £ (X, ;ec.,X ) = L u, It follows from (4) that
1 n
ueM¢
Lf X {(xygk= I {l-uq]_l. {5}
k>0 S ¢ ue M

¢

Thus the problem of decomposing Sk¢ {(up to equivalence) is equivalent
to the combinatorial preoblem of expanding the right-hand side of (5) in
terms of Schur functions. This is a special case of the notion of
plethysm of Schur functions; see Macdonald (1979), p.82.

For now we will be content with decomposing Sk¢l (where ¢1:Gn+Gn

is the defining representation). By {(5) we have

X n

If X (x)g = T (1l-x, q)
k>0 s°¢ i=1

— 1
k
= L h {x}
>0hk q .

where hk(x} is the sum of all nmonomials in Xpres-rx of degree k (called
n

the complete (homogeneous) symmetric functions). For any integers

bl,...,bnzp gatisfying Zbi=k there is a unique tableau of shape (k) =

{k,0,0,...) with b, i's. Hence f hk(x) s (%), i.e., Sk¢ is
i g ¢ k 1

irreducible with character s, . Since f = §. we can write = Sks
k ¢, 1 Sk

In an exactly analogous way, given ¢: Gn“*Gm GL(V ) we can complute

1°

the character of ﬁ ¢: G +GL(AkV ), where Ak denotes the k-th exterior
power, 0<k<m. Keeping the same notation as before, a wedge product

z, NNz, , 1<i <---<1k<m, is an eigenvector for ﬁ A with eigenvalue
i, i 1
8. ---8, , Hence

il

191
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o X
T f x (xg = I (ltug. {6)
k=C¢ AT¢ ueM $

Letting ¢ = ¢l we obtain

m
K
L £ K (#)g =

(1+xiq]
k=0 A%, i

1

=i

|
|| =]

k
ek[x}q P

k=0

where ek{x) denctes the k—-th elementary symmetric functicon in XyeoeveX .

FPor any integers lfplf...<ck§p there is a unigue tableau of shape

(lk) = {1,1,...,1} {k ones) with parts CqresnsCype Hence f X (x):ek(x)z
k A g
s k(X)’ i.e. A ¢l is irreducible with character s " and we €an write
1 1
K
s, =As_.
lk 1

Let us compute one additional example of this nature, which will be
of use in Section 4, Let Mn denote the nz-dimensional vector space of
all nXn matrices. Then AeG, acts on M by the rule B+A-lBA, where

BeM . This representation of G, is called the adjoint representation,

dencted ad. We now compute its character. Let Eij be the elementary

matrix with a one in position {(i,j) and zeros elsewhere. " Choose

R -1 -1 :
A—dlagtel,...,en). Then A EijA = ei ejEij. Thus
-1
tr(a@d A) = L ei 9,
i3
-1 -1
= (el...en) iEj(el...Qn]Qi ej. (7)
r

Consider the partition {2,1,...,1)n. %To form a tableau of this shape
with laréest part <n, choose any {(n-l)-element subset S of {1,...,n}
and insert it {uniquely) intec the first column. The additional entry can
be any element of {1,...,n}, with the sole exception that it cannot equal
n when 5§ = {1,...,n-1}. It follows that

-1
szln_z(xl,...,xn) = _Z‘(x ...xn]xi xj - (xl...xn).
1,]

1

Comparison with (7) yields
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~ -1 -
fad = (det) szln_z + Sg (¢ = null set).

Since Sg is the character of the trivial representation, this means
that Mn has a (unigue) one-dimensional subspace W fixed pointwise by
Gn' Of course W is just the set of scalar matrices. The complementary

. o .
invariant subspace Mn to W (the one which affords the character

{det)nls n—z) consists of the matrices of trace 0. If we restrict the
21
action of Gn on Mg to 5L{n,C), then we obtain the adjoint representation

of sL(n,0 , with character

ad n-2 1

-1
f = 5 (K. pouesX ) = Eo(x ee.Xx)x. %, + (M-1)(X.uuaX )a
21 1 n i#3 n i3 i n

Since characters of SL{n,§ are defined modulo the relation xl...xn =1,

we could also write
£.= & x;lxj + n-1. (8)
i#¥j
Though this is not in the "canonical form"™ given by Thecorem 1.3, it is
an equally valid expression for fad {and one which is more natural from
the Lie-algebraic viewpoint}.

As an exercise, the reader may wish to compute the characters of
the actions of G on M_ given by Ba, A_IE, BA*, AtB, a'sa, a tea” , and
AtBA* , where t denotes transpose and A* = (At) _l.

Virtually any identity invelving symmetric functions canke inter~
preted in terms of representation th.eoxy. We give one such exanple here.

An elegant combinatorial proof (Knuth 1970, Stanley 1971) can he
given of the identity

n -, ©F -1
It (1—xi) i (1-x x.) = z sl(xl,...,x ). (9
i=1 i,3=1 1] A n
i<y L) %n
2
= 5 - = = T -hHand
Now sl(x) X, and Sll{z{) A sl(x) % xixj. Thus the left-hand

i<

side is the character of the representation S(pl+ pll

action of Gn = GL(Vn) on the symmetric algebra S{vn D szn] - Thus by (9)

}, i.e., the natural

we see that in the representation S(p +p..}, every irreducible pelynomial

1711
representation of Gn occurs exactly once. A refinement of (9)
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{Macdonald 1979, p.46, Ex.7) asserts that

1 1 c(A)

E(l—txi) .H_{l~xixj) = It 5 (x),
i i<] A
where c(A} is the number of colums of odd length in A. From this it is

easy to obtain the decomposition of each Sk(pl+p }, viz.,p. appears in

11 A

Sk(p + ) (with multiplicity one) if and only if k = %‘(|k|+c(ll).

1 Pz
3. UNIMODALITY
Consider the group SL(2,C). By Theorem 1.3 the irreducible

characters are just the Schur functions

sm(x,y) = xm+xm 1y+--.+ym .

. . m .
(Thus the irreducible representations are just S (pl).) It is more usual

to write this character as

-1 -m -m+2 m
sm(x,x ) =x  + x +er4x

which of course is the same as before modulco the relation xy = 1. Now
suppose p i5 any representation and that Dm appears in p with multi-
plicity a - Then for sufficiently large k, p has the character

k

£ (x,x_l) = I am(x—m+x_
P m=0

m+2 m
+--Fx )

k .
= I b.x?,
j=-k

where b, = a_+a. _+a.

] i g2 e
L xb zb 2... and Zh 2er- . W e 1
00 2P, da bl 3 e say that a sequence CO'Cl' ,cr is

imod i T & el = . - - : B
unimodal if egtey c, and ¢ CS+1> ;tr for some s, and is symmetric

+-++ for $0, and by =b_,. It follows that

if ¢, = e ;- Thus we have shown:

3.1 Theorem. For any representation p of SL{2,) with character

k .
E (x,x l) = b b.xj, the two sequences b
p feeg d
] .
b—k+1'-k+3""'bk—l are symmetric and unimodal.

—k'b—k+2""'bk and

Theorem 3.1 can be used as a tool in showing that certain sequences
of combinatorial interest are unimodal. For a general discussion of this
topic, see Almkvist (1982). Here we present the prototypical case, vig.,

. k m . .
the action of SL(Vé) on 5 (S VQ) or equivalently, the representation
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K
S pm.

] -1 ~ - k .

Since sm(x,x } = x T ex m*2+---+xm, the character of P = S pn is
given by
T T r
-1 -m, 0, -m+2 1 m m
fp(x,x ) =L (x ) “(x Yy T {x)

Y_+2r +ss o +my
~ 2
xmkE(x)l 2 rrlr

I

where the sums range over all nonnegative integral sequences

(ro,r ,...,rm) satisfying r +rl+'”+rm = k. Identify (ro,rl,...,rm)

1 0
with the partiticon X with ri parts equal to i. Then the sum ranges over

all partitions A whose Ferrers diagram (e.g., Andrews 1976, p.6) Ifits in

a kxm rectangle, and r . Hence the coefficient of

+2r ke omr = 2N
k2] o

1
in fp(x,x l) is equal to the number p(j,m,k} of partitions of j
fitting in a k*m rectangle (i.e., with $k parts and largest part %m).

It follows from Tneorem 2.1 that for fixed m and k, the seguence
p(O,m,k), P(1,mk), ..., plmk,mk}

is symmetric and unimodal. Although it is possible to prove this result
without mentioning SL(2,C) (e.g., Stanley 1982, Cor. 2.6), no simple
combinatorial proof is known.

Let us also mention that the polynomial ¥p(j,m,k)q’ is the

g=binomial coefficient [m;k], defined by J
[m+k] _ mrk]!
k [m] ¢ [k]! !
. . 2 ' '
where [i]! = {l-q) {1l-g )---(l—ql). (See Andrews 1976, Thm. 3.1) Thus

.. + . .
we have shown that the coefficients of [mkk] are symmetric and unimodal.

4. A LITTLE INVARIANT THEQRY

If a group G acts on a ring R, then the fixed ring
G
R = {f€R | Af = £ for all ASG }

is called the ring of invarianits of G. Suppose we're given a decomposi-

tion R = R0 @R B «--, where each Ri is a finite-dimensional wvector

1
space over a field K and @ denotes vector space direct sum. Suppose G

acts so that GR. = R.. Then RG = RG ® RG & «+., where R(.; = R.N RG. We
1 i ) 1 i i

tnen call the power series

G _ T . G,i
F{R ,q) = i?O{dlm Ri)q
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; . G .
the Molien series of R (or of G acting on R).

Consider the special case G = SL{n,Lf} and R = S(V)I= T e Sl(V)
("] Sz(V) @ -+--, wnere V affords the adjoint representation cf SL(n,EZ}
(i.e., V ig the space of nxn complex matrices of trace 0, and G acts on
V by conjugation). It is easy to see that RF is generated by n-1

algebraically independent elements 91,..,6n_ of degrees 2,3,...,0N.

1 N
Namely, for 3£V take Gi(B] to be the coefficient of A" il in the char-
acteristic polynomial of B. It follows that
G 2 n
F(S(V) ,q} = L/{l-q )+--(1l-q ). {10)

We will give a combinatorial derivation of (10).

Since we are working with SL(n,f) , we deal with the variables
X = {xl,..,xh) and all our computations are performed module the rela-
tion x ceex = 1. Let A = (Xl,...,)\n_l) be a partition, and deline

- 1
= - - . =A . i
A (Al,}\l hn-—l'}\l ln_z, ,)\l 2) We c¢laim

= s- 1
Sl(l/xl""’l/xn) sk(xl,...,xn) {11)

{always modulo xl---xn=1}. While it is easy to give a representation-

196

theoretic proof of (1l1l), a combinatorial appreach is instructive. lNamely,

given a tableau T of shape * and largest part =1, define a new tavbleau T
of shape A by the following condition: 1if al,...,ak are the elenents of

the i-th column of T, then the elements bl""bn K of column Al-i+l of

T consist of the elements of the complementary set {l,...,n}-{al,...,ak}.

For instance, if n=4, then we have

44333211 444444732
3221 333221 .
11 2211

T T

Tnis sets up a one-to—-one correspondence between the terms of

AL
Siixl'°°°'xn) and ml v xn) sx(l/xl,...,l/xn), so (11) follows.
Next consider the product
-1 -1
T {1-gx.x. = P f12
{ ax; j } I A(q)sk(x), 112)

i3 A= Oyrennd )

(l_q)—n+l

where PA(q) is a formal power series in g. It follows from {5) and (8)
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that FG(q] = Pg(q}. In order to expand the left-hand side of (12), we
begin with the identity

n
I (1-x,%) = y (x)s, (¥}, (13)
ig=1 A= ,...,1 )S" E

witich can be given an elegant combinatorial proof {(Knuth 1970, p.726;
Stanley 1971, Cor.7.2) similar to that of (9). Make the substitution
yj - qx;l in (13). We obtain
-1 -1
(1~q) % (1-qx, i %5 ) T
i#j A
z

qmsz (), (1/%)

q'”%\(x)s}-\-(x] (by (11)). (14)
A

{(This is similar to Macdonald {1979, ex.5, p.37.} We now appeal to the
Littlewood-Richardson rule (Macdonald 1979, I.9} for multiplying Schur
functions. It is easy to deduce from this rule (see Stanley 1977,

Thme, 3.4) that for any partitions M and v into®%n parts, when we expand
su(x}sv{x) in terms of sp(x) for £({p) €n-1 {working modulo x ---xn=l as

1

always), the coefficient s (x) is 6uV . In particular, the coefficient

]
of sg(x) in sk(x)si(x] is one. Taus from {14} we cbtain
(1=q) -lpg‘q) = z qh I
;\"‘{l r°--:A )
L n

= 1/(1-0) (1-g2) ... (1~

.

so (10} follows.
An analogous argument applies to the case G = GL{n, and
2
R=AV) = Ca MV @ ... ® Al(v), where once again V affords

the adjoint representation. Instead of (13) we use

on
I (1+x.y.) = I s, (x)s (v} (15)
i,3=1 3 3‘~=(i\l:...,ln) A A

where A' denotes the conjugate partition to A (see Knuth 1970, p.726;
Stanley 1971, Cox.9.2). Thus we obtain

{l+q) i} (l+qx x l) = I q‘AISA(X)S (x) .
i#j 3 A xt

The coefficient of S (x) in 5, (¥)s_ (%} is one if A = &' and otherwise

zero. Hence in thlS case by (6) a%d {8} we have

197
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G A
{1+ FLAVY ) = z ql | .
A=At

A={A_ pvea,h
(A, nJ

(16)

It is well-known (and easy to prove combinatorially - see Hardy & Wrignt
(1960) , pp-278-9) that the number of self-conjugate partitions of m with
%=n parts is equal! to the number of partitions of m into distinct odd
parts =2n-1, Thus the right-hand side of (18) becomes (l+q}&+q% .

(1+q2n_l), S0

G 3 5 2n-1
F(MY) T,q) =  (4g7) (1+q )---{1+g ). amn
This well-known result is usually proved by much more algebraic means
te.g., Wevyl 1946, p.233; Kostant 1958).
The "g-Dyson conjecture" of andrews (1973), p.216 (see also Mac-
donald (1981,1982)}, in the case al=-~-=an=k, is equivalent to finding

the coefficient of s_,{x) in

2

Perhaps the combinatorial techniques illustrated here will be of value

in resolving the conjecture.

Late note: OQur proof of formula (7)) is essentially that of
D. E. Littlewood {(1953), On the Poincaré polynomials of the classical

groups, J. London Math. Soc., 28, 494-500,

198



Stanley: GL{n,C )} for combinatorialists 199

REFERENCES

Almkvist, G. (1982), Representations of SL{2,{) and unimodal polynomials.
Department of Mathematics, University of Lund.

Andrews, G.E. (1975). Problems and prospects for basic hypergeometric
functions. In Theory and Application of Special Functions,
pp.- 191-224. New York: Academic Press.

Andrews, G.E. (1976). The Thecry of Partitions. Reading, Mass.:
Addison-Wesley.

Hamermesh, M. (1962). Group Theory and Its Application to Physical
Problems. Reading, Mass.: BAddison-Wesley.

Hardy, G.H. & Wright, E.M. {1960). 2n Introduction to the Theory of
Numbers, fourth ed. Oxford: Oxford University Press.

ﬂames, G. & Kerber, aA. (1981). The Representaticn Theory of the Sym—
metric Group. Reading, Mass.: Addison—Wesley.

xnuth, D.E. (1970). Permutations, matrices, and generalized Young
tableaux. Pacific J. Math., 34, 709-727.

Xostant, B. {1958). A theorem of Frobenius, a theorem of Amitsur-
Levitski and cohomology theory. J. Math. Mech., 7,

237-64. )

lLittlewood, D.E. {(1950). The Theory of Group Characters, second ed.
Oxford: Oxford University Press.

Macdonald, I.G. (1979). Symmetric Functions and Hall Polynomials.
Oxford: Oxford University Press.

Macdcnald, I.G. (1981). Some conjectures for root systems and finite
Coxeter groups. In Sem. d'Alg. Paul Dubriel et Marie-Paule
Malliavin, Lecture Notes in Math., no. 867, pp. S0-97.
Berlin: 'Springer.

Macdenald, I.G. (1982)., Some conjectures for root systems and finite
Coxeter groups. SIAM J. Math. Anal., 13, (1982), $88-1007.
(Expanded version of above reference.)}

Stanley, R.P. (1971). Theory and application of plane partitions, Parts

. 1 and 2. Studies in Applied Math., 50, 1e7-188, 259-79.

Stanley, R.P. (1977). Some combinatorial aspects of the Schubert
calculus. In Combinatoire et Représentation du Groupe
Symétrigue, Lecture Notes in Math., no. 579, pp. 217-51.
Berlin: Springer,

Stanley, E.P. {1982). Some aspects of groups acting on finite posets.
J. Combinatorial Theory (A), 32, 132~161.

Weyl, H. (1%46). The Classical Groups. Princeton, N.J.: Princeton
University Press.



