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COMBINATORICS AND INVARIANT THEORY

Richard P. Stanleyl

ABSTRACT. Let p:G+GL{V) be a representation of a compact Lie group
on a finite-dimensional complex vector space V. The action of G extends
to the polynomial ring R= [V]. If y is an irreducible character of G,
then let R® denote the module of y-invariants of G over the ring RG of
absolute iﬁvariants. Combinatorial techniques are used to investigate
the Molien series (or Poincaré series) of RG and conditions for Rg to
be Cohen-Macaulay,

1. PRELIMT ARIES. Invariant theory is for the main part concerned
ith the Ffo! Jwing situation. Let G be a group, and let p: G*GL(V) be a
zr.agentation of G as a group of linear transformations of a vector
space V of dimension m<= over a field k., When geG and veV, we write
~ r for plgl{v). ILet Xyreors Xy be a basis for V. Then G acts on the
~olynomial ring R = k[xl,...,xm] by g-f{xl,...,xm) = f(g-xl,...,g-xm).
A polynomial £ in R is an invariant of G {or more precisely, of the
pair {G,p)) if g-f = £ for all geG., The set of all invariants forms a
subalgebra R® of R called the ring of invariants of G. We are concerned
with the problem of "determining” RG, or at least saying as much as pos—
sible about the structure of RC.

In order to say anything nice one must pﬁt additional restrictions
on G and p. Here we will assume that k = £, that 6 is a compact Lie
group,and that p is continuous. (This latter assumption on p will be
avtomatically assumed without further comment.)] Under these assumptions,
the representation of G on R breaks up {uniquely} into irreducible re=-
presentations, so we have a vector space direct sum R = ll Qs+ where
each Q4 is an irreduecible G-invariant subspace., Each irreducible re-
presentation of G is determined by its character y: G+ . Let RS
denote the direct sum of those Qi which correspond to the irreducible
character x. WNote that if yx is the trivial character (y(g) = 1 for

all geG), then RG = Rg. It follows from 3chur's lemma that each Rg
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is a module over the ring RG, called the module of invariants relative

to x or the module of x-invariants., Note that R = ll R , where ¥ ranges
over all irreducible characters of G. Note also thg& 1f ¥ 1s a linear
character of G (i.e., a homomorphism G+ C* = {C-{0}), then RX =
{feR: g-f=x{g)}f for all geG}.

let R, denote the vector space of all polynomials in R (including 0)
which are homogeneous of degree n . Then R becomes a graded algebra,
i.e., R = llU Rpr RjRCRy 40 Ry = € . since R -is clearly a G-invariant

subspace, it follows that R® has the structure of a graded algebra (viz.,

G G G G
Rn = f}R } and that each Rx has the structure of a graded R~ module,

i.e., R = nlé( nt RE(R | C:(RX}1+J The Molien series (also called

the Pepincaré series, Hilbert series, or generating function) of RS is the
formal power series

F_(G,A} = (deg x) 2 c ) A"
X n=_

where ¢ (n} is the multiplicity of ¥ in the action of G on R,- Thus
dimE(Rx)n = {deg x)cx(n). When ¥ is trivial we write F(G,}) for FX(G,A].
Note that
P (G,A) = (L-n) .
x X
A theorem of Molien [9][3,%227] gives an expression for FX{G,R} when
G is finite. This result generalizes immediately to compact groups once
the rudiments of the representation theory of such groups is known.
1.1 THEOREM. &Let G be a compact Lie group acting on V, and let
¥ be an irreducible character of G , Then

A = [ X{gia
F (G,}) = (deg 0 L TeETEorey - (1)

where the integral is the Haar integral and the bar denotes complex con-
jugation.
For instance, when G is finite ther (1) reduces to

- de ¥ (g}

A fundamental result of invariant theory states that when G is
compact, R® is a finitely-generated { -algebra (see [10} for a brief
history of this problem). The same techniques can be used to show that
Rg is a finitely-generated RG-module. It follows from a standard result
of commutative algebra [2,Ch.11] that F_(G,A} is a rational function of

i . The Krull dimension of Ri, denocted dim Ri, is defined to be the
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order of the pole of FX(G,A) at A =1, It follows from a well-known
property of Krull dimensicn that dim Ri = dim(RG/nnn Ri}, where

G

Ann Rg = [£cR; ng = 0}. Clearly Ann Rg =0 if Rx is non-void, so we

have
aim 8G = aim R®, if RC # g . (3)
X X

ILet d = dim Ri. It fellows from the Noether normalization lemma
that there exist homogeneous elements 91""'ed € RG, necessarily alge-
braically independent over T, such that Rg is a finitely-generated
module over the polynomial ring ﬂj[el,....ed3. The polynomials 61,...,Qd
are called a homogenecus system of parameters (h.s.o.p.) for Ri. From
(3) it follows that if Rg # §, then ©,,...,0, is an h.s.o.p. for R® if
and only if 91"“'9d is an h,s.o.p. for RG. A basic result of commu-
tative algebra [11,p.IV-20, Thm.2] states that RS is a free ([91,...,ed]—
module for some h.s.o.p. el,...,ed if and only if Ri is a free

tf[el,...,ed]-module for every h.s.0.p. 91....,ed. If Ri is indeed a

free (Tel,...,ed]—module, then ®° is called a Cohen-Macaulay module.
(IF R® jtself is a free G:[el,...,ed]-module, then r®
G

Macaulay ring.) Suppose that R
Macau-ay ring Y
h.s.o0.p., and that Nyraeaety is a homogeneous basis for Rx as a

Gf[el,...,ed]—module. This may be written symbolically as
t
g€ = [l Cley,.v00840n, (4)
X i=1

One reason that it is nice for (4) to hold is that every element f of R

is called a Cohen-
is Cohen-Macaulay, that @ ,...,Sd ig an

G

¢an be put in a simple canonical form, viz., £ = pi{el,...,ed}ni, where
p; € {Iel,...,ed]. Let o; = deg @,, e, = deg n. A simple combina-
torial argument shows that

e, d C,
x Hsmo-a Gy {5)
1

e

P (G,}) =
X

1.2 EXAMrLE. Let G be the group of order 2 generated by
g = diag{~1l,-1) ({with respect to some basis x,v for V). Let y be de-
fined by x{g) = ~1. Then we have

R€ = 1, yi1 (1 @ xy)
Ry = C,7%) (x @ y)s
G G _ 2 2.2
Hence R’ and R are Cohen-Macaulay, and we have F(G,i}={1+1°)/(1-2")",

X
FX{G,}\}=2X/{1—A2)2. Note that F(G,l]+FX(G,J\)=1/(1—l}2.

1.3 EXAMPLE. Let G be the one-dimensional torus G = {g{u) =
“1. jlul =1}, Forie 7, let X; be defined by

xi(q(U}} = u'. Then it can be shown that Rg_ is Cohen-Macaulay if and
i

diag(u,u,u_lfu

only if i = -1, 0, or 1. The "if" part follows from Theorem 3.5 helow.
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It is not hard to compute that F, (G,A) = F, (G,A) = 32ty 70033
2 -2
There is no way to write this in the form {5} {e.g., the numerator will

G

always have the positive root ¥3). Hence Rx and r® are not Cohen-

2 X_2

G is not Cohen-Macaulay for |i| > 3.

Macaulay. We omit the proof that RX

G

Suppose that R” is Cohen-Macaulay, so that it has a decomposition
t

= I&%d:[el,...,ed]ni. There is then a useful and important ®C-module

Q(Rﬁ) associated with &G which is a kind of "dual® module. The simplest
description of R(Ril is the following. Let B =(£[el.....ed!, and let

Q(Ri] = HomB[Rg,B). This defines Q[Rg} as a B-module., The rC-module

structure is given by (f¢){g} = ¢{fg) where £er® ’ ¢EQ(R 1, gst It turns
out that Q{R ), considared as an RG—module, is Lndependent of the choice

of the h.s.o.p. B1re-re9g- When y is trivial so Ri = RG, one calls

Q(RG} the canonical module of RG. Sea, e.9., [5][15 §71 for further in-
formation, A basic combinatorial property of Q(R ) which follows from
the technlques of fl14] is that Q(R } has a natural grading such that its
POanare series F (6,4} is given by

F, (6,4 = <-1)d1qpx(c,1/x} (6)

for some g ¢ ZZ, where 4 = dim RG. If the module Q(RG} is a free RG-

module of rank one (i.e., isomorphic to R® as an RG—module), then RC is
called a CGorenstein ring. It follows from (6) that if 8% is Gorenstein
then F{G,1/}) = (—l}dqu(G,l} for some q € ZZ . It follows from [14,

Thm. 4.4} and Theorem 4.1 below that the converse is true:

1.4 THEOREM. A necessary and suffiecient condition for RG to be

Gorenstein is that F{G,1/)) = (—l)dqu(G,l] for some q = éz .

2. PINITE GROUPS, We wish to describe two interesting properties
of the modules Rg when @ is finite. When G is not finite these proparties
nead not hold, and in Sections 3 and 4 we will discuss some combinatorial
techniques for verifying these properties in special cases.

Consider the following two propertiss of the pair (G,y), where G is
a compact Lie group acting on V , and where ¥ is an irreducible character
of G .

Property 1. The module Rg is Cohen-~Macaulay, and the "dual module”

Q{Ri) is isomorphic to rG , where ¢ is the character defined by ¢(g) =

P
¥ (g) (det g}, the bars denoting complex conjugation., {(By det g, we mean
the determinant of the action of g on V.)

Property 2. Let d = dim Ri, m= dim{.v' and let ¥ be as above, Then

_ s_1,4
F,{G,1/3) = {-1) lme(G.l].
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Note that Property 2 yields an expression for the degree of FX(G.X)
{as a rational function), viz., deg FX(A) = - {m +£}, where % is the
least degree of a y-invariant of G. This in turn implies that the
largest e; in (5} is equal to cl+...+cd—m—2. Por instance, if p:G-+SL (V)
then deg F(G,A) = ~m when Property 2 holds.

It follows from {6} and an examination of the way in which Q(RE) is
graded that Property 1 implies that FX{G,I/X) = (—1}quF¢[G,1) for some
integer q. However, in general it need not follow that g = m (see Ex-
ample 3.7). When Property 2 holds, this yields strong evidence for
Property 1.

For finite groups it is relatively easy to verify Properties 1 and 2.

2.1 THEOREM. If G is finite, then all the pairs (G,y) satisfy
Properties 1 and 2.

Proof. Hochster and Eagon [6,Prop.l13] showed that R’ is Cohen-
Macaulay. For a relatively self-contained proof, see (15,531. The same

G

tachniques show 7C is Cohen-Macaulay, Alternatively, we can use Lewma
3.2 below, together with the finite sum decomposition R = li_Ri, to show

that Rg igs Cohen-Macaunlay. The computation of Q(Ri) follows from the

techniques of Watarabe [161 or by a direct argument shown to me by havid
Eisenbud. It remains to prove Property 2. In view of (2) this is a
formal calculation. One immediately sees that

1/det(l-3"tg) = (-1)™™(det g 1) /det (1-Ag™1).

Summing on g-l instead of g gives

_ TR 5 (g} (det g)_ _,,m,mg A,
F, (6;1/3) = (deg x} (-1)™ o ggg-(ma_ (-2 (6,2

Since it is easy to see that dim Ré =m or Fx(l] = F$(A) = 0, and since
deg ¥ = deg ¥, the proof is complete.

3. TORUS GROUPS. We now turn to the case where G is an s-dimen-
sional torus, i.e., isomorphic to the group T=Ts={g(u)=diag{ul,u2,...,HSJ:
|uil = 1}, Every continuous representation of T of degree m may be
described {after a suitable choice of basis for V) by m vectgrs w

s . _ s . 0 ¥ ]
@; E e ltigs., If w = {ml,...,ws) e 7, then write u =u; T...mg .

Then the representation p = p(al,...,am) is defined by g{u)  diag
a a

(u 1....,u ™). The representation p is faithful if and only if the
o1

greatest common divisor of the sxs minors of the matrix |2 is equal to
i ]
m

one. We denote the image of T in GL(V) by Tlo) = T(al,...,am}. Every
irreducible character y of Ty is linear and may be described by a vector

B o= (By,...Bg) € Z°. The character x = Xg is given by x(g{u)) = o,

Conversely, if p is faithful then any such B defines a character. The
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a, ay
module Ri has as a vector space hasis all monomials LSRR such that
B

alcf.l+...+amam = B.

3.1 EXAMPLE. Let s =2, m= 3, a4y = (1,1}, o, = {1,-1}, oy = {-1,0},
B = (1,0}, so T{a) = {diag {uv, uv L, u Y):ju| = |v] = 1}. The module
R§ is spanned {as a vector space} by all monomials xaybzc with a+b-c=1

B
T 2
and a-b=0. Hence RX = [ {xyz"lxyz.
8

We have seen in Example 1.3 that Ri need not be Cohen-Macaulay. A
[

result of Hochster (7] states that RT is always Cchen-Macaulay. This

result is generalized in [8] and also proved in (4]. We will use

Hochster's result to give a sufficient (but not necessary} condition for

Ri to bhe Cohen-Macaunlay.

8
tative algebra, whose proof is omitted.

Pirst we require a simple result from commu-

3.2 LEMMA, Let A=A
bkra over the field k = A

0@ B @ ... be a Cohen-Macaulay graded alge-

g- Suppose that A = M, @ Ml P ... @M 4, where

M, = B is a graded subalgebra of A and each M is a graded B-module,
Then each M; is a Cchen-Macaulay B-module.

3.3 EXAMPLE. Let r be a positive integer and let O<i<r, Given

A = AO @ Al @ ..., let Mi = Ai & hr+i 2] A2r+i B oave .

Lemma 3.2 clearly hold, so each My is Cohen-Macaulay if A is Cohen-

The assumptions of

Macaulay. The subalgebra B = My is called a Veronese subalgebra of A,

and we may call Mi a Veronese module.

a o
3.4 DEFINITION. Let T(a) denote the torus diag(u 1,...,u ).

fine a character Xg of T{a) to be critical if the system of linear

m De -

equations zlul+...+zmam = f has a rational solution (zl,...,zm) = -

(al,...,amj with the following two properties:

(i)

aiip for l<i<m
{ii} if (bl,...,bm} is an integer solution to

Z 0y te.atz 0 = B such that bizﬁi for all i , then biEP for all i.

We now come to the main result of this section.

3.5 THEOREM, If Ag is a critical character of T , then RT is
Cohen-Macaulay, . B
Proof. Suppose in the notation of Definition 3.4 that ai=_pi/qi far

integers pizp and qi>0. Let p be the least common multiple of Gy rprenne
(u/qi)ai. Let T' T(ui,...;a&].

For any vector v = (Ul,...,vm) of integers satisfving Giuicqi, lat

q,r and define v} = be the torus T' =

L]
R'{v}) be the subspace of RY

€; = v; (mod q;).

c

spanned by all monomials xll...xmm
1
Clearly R'{0,0,...,0) = B is a subalgebra of RT

c
such that

, each
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\ .
R'(v) is a B-module, and BT = ]l R'{v}. (The modules R'{(v) are "gene-
ralized Veronese modules,"} Letvoi be the least non-negative residue of
p; modulo q;, and let g = (0¢y,...,0,). We claim that B = R® and

r
R'{oc) = R§ . Since RY is Cohen-Macaulay by Hochster's result [7], it

8
will follow from Lemma 3.2 that Rz is a Cohen-Macaulay R -module.

B
To prove the claim, first note that B = R® is clear, since this fol-
lows from the statement that (zl,...,zm} is a solution to Zziai =0 in
non-negative integers z; if and only if (qlzl""'qmzm] iz a solution to
Eyiui = 0 in non-negative integers ¥y with Y; 0 (mod qi). Now suppose
(qlz1 + Oqreser Q2. + cm) is a szolution to Zyia; = 0 in non-negative

integers. Hence I(g;z, + 0;)(u/q;)la; = 0, which is equivalent to

P;=0i
E(zi - a; )ui = g8 .

P9 . P30
i e > - (pi/qi) = a;. Hence by assumption zy - _EE__ >

It follows that the linear transformation R' (g} =+ Ri defined hy xll...

B
< (e, /q,)+a {c_/q }+a
xmmr~+xl 1771 1...xm m’ I ™ je an isomorphism of RT—modules, 80 the

preof is complete,

Note that the condition on {a3s+..,a,}) in Definition 3.4 is automa-
tically satisfied if -l<a <0, In other words, Xg is critical if g lies
in the interior of the convex polytope (actually a zonoctope) by =

{Za oy =l < 0}, called the critical zonotope of T, For instance, if

. . . & Oy *51 -Bs
T is the one-dimensional torus {diag{u ~,...,u ",u srespd 1} with

o; > 0 and Bj > 0, then an integer B belongs to AT if and only if
—Eui < B <« EBj. In general, it can be shown that the number of integer

vectors 8 in the interior of 4, is given by I [—1)S_|xih{x), where X
- X

ranges over all linearly independent subsets of {al,...,am} and where

h{X) is equal to the greatest common divisor of the sxs minors of the

=1
1 [
a,=1, ayr=1l, a,=-1 (as in Example 1.3}, then we obtain l+1+l+l-1 = 3,

matrix whose rows are the elements of X. For instance, if se=1, o

If s=2, al={1,0), u2=(—1,1}, a3=(-2,—4), a4=(0,1}, then we obtain
1+4+1+6+1+2=-1-1-2=-1+1=1],

REMARK. It should be possible to prove Theorem 3.5 using the tech-
nigues of [18], but the proof we have given is certainly more elementary.

3.6 EXAMPLE. Let s=1, al=6, a2=—2, a3=—3, B=6, Then B is critical
(e.g., let (aj,ay,a3) = (9, 3, -1)) but 8 § 4.

3.7 EXAMPLE, Let s=1, u1=1, &2=-1, B=1. Then {T,xs) satisfies
Property 1 but not Property 2.
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3,9 EXAMPLE. [13, Ex.8.6] can be used to produce a pair (T,XB]
which satisfies Property 2 but for which Ri is not Cohen-Macaunlay. For
this example one has s = dim T = 7, dim Ri =4, and m = 11.

We now state a strengthening of Theorem 3.5.

3.10 THECREM. Let Xg be a critical character of the torus T. Then’

(T,XB) satisfies Properties 1 and 2.

Sketch of proof. Property 2 cdan be deduced from (13, Thm. 10.2].
Property 1 follows from Theorem 3,5 and the techniques used to prove
[14, Thm. 6€.7].

4, COMPACT GROUPS. We now turn te the consideration of arbitrary
compact groups. First we state what is perhaps the deepest known result
in invariant theory.

4,1 THEOREM (Hochster and Roberts [B]). Let the compact group G act
on a finite-~dimensional vector space V. Then RG is a Cohen-Macaulay ring.

REMARK. Hochster and Roberts state their result for linearly re-
ductive linear algebraic groups, but this easily yields the result for
compact groups.

As we did for toruses we can ask for a generalization of Theorem 4.1
to y-invariants. We do not know how to prove an analogue of Theorem 3.5
for arbitrary compact G, but by combinatorial reasoning we can give a
plausible conjecture. To do so we now consider Property 2. Recall
{(Theorem 2.1) that Property 2 was verified for finite groups simply by
substituting 1/ for X in (2}, Unfortunately the same proof does not
work for arbitrary compact groups because the operation of substituting
1/%x for A does not commute with the integral in {l). In fact, we know
such a proof cannot work because Property 2 need not hold {Examples 1.3
and 3.7). We can use Theorem 3,10, however, to give a sufficient con-
dition for Property 2 to hold. PFirst we need to review some facts con-~
cerning integration on compact groups.

Let G be compact and connected, and let T be a maximal torus of G.
Thus T is isomorphic to {diag (u;,u,,...,u.): Iul[ =...=]us| = 1}, Suppeose
we have an action p: G + GL({V}. With respect to a suitable basis for Vv,
the image p(T} will be of the form T{a) = T{ul,...,um), with Uyreanes
@ € ZZS. {The vectors Cpreee,® are the "weights" of p with respect to
an appropriate basis.) Then there exist non-zero vectors Bl"“'sr £ ZZS
depending only on G and not on p (the "roots"” of G with respect to an
appropriate hasis -~ the roots are the non-zero weights of the adjoint
representation of G} such that for any irreducible character y of G we

have
(1=, (g))...(1-x, {g}}X(g)dg
Bl Br

_ de
F (G,h) = _I"%TX

e (@) det TI-1g) N
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where W is the Wevl group of G. Equation (7} is an immediate consequence
of the Weyl integration formula {17, Thm. 7.4.D.} {1, Thm. 6.1} and
Theorem 1.1, For an example of the use of (7} in computing F_(G,\A), see
[12, Appendix]. If G is not connected then there is a straightferward
generalization of (7) involving a sum over the components of G. For
gimplicity’s sake we will assume henceforth that G is connected, though
our results can be extended to arbitrary compact G .

The character y when restricted to T breaks up into irreducible
characters of T , say

xlg) = x

{g)+...+ {g).
1 x"t

We now define ¥ to be a critical character of the representation
p: G = GL(V} if for all 1<¢i<t and all subsets § of {B;,...,B,}, the

character Xy of the torus T{a) defined by w = Yy - T By is a critical
jes

character of T{a).

4.2 EXAMPIE. Let ¢ = s0(2,L). Then s=1, r=2, 8,=~2, B,=2. For
each positive integer m there is a unigue irreducible representation Py
of degree m, and u1=-m+1,u2z~m+3, u3=—m+5,..., um=m—1. Take, for instance,
the case m=6 and let ¥ have degree 8. Then a;==53, a,=-3, a,=-1, u4=1,
‘-'15=3r l16=5, Yl='7r Y2=_5r Y3="3: T4="lr Y5=1r Y6=3l '\'7:5: Y8=7' Let
w= T={~2) = 9., Now Xm is not a eritical character of the torus diag

{u's,u-3,uhl,u,u3,u5], 50 ¥ is not a critical character of Pge However,
any character y of sU{2,{ ) of degree <8 is a critical character of Pge

More generally, any irreducible character y of SU{2,C) of degree

< % m2-2 is a critical character of P

4.3 THECREM. Let p: G+GL{V) be a representation of the compact
connected Lie group €@ on V. If y is a critical character of p , then
{G,x} has Property 2,

Proof. Write the numerator {1—)(B (g)}...(l-—xB (9))¥(g) of the inte-
1 r

.grand of (7} as a linear combination of characters of T, Thus FX(G,X)
is a linear combination of terms of the form

N J X, (g)1dg

F = .

Y‘ } Tia) detEI-kgi

The definition of critical character insures that each XT is a ecritieal

character of T(a). Hence by Theorem 3,10 we have

{g) {det g)dg
dat {l-iq) ’

g
F_{1/2) = {-1) A"
Y ) T{al)

where dY = dim RiT. Since by {3) the numbers dY are all equal {say to 4)
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whenever RT is non-void, we get

J (l—fhl(g})-..(l-fé (g1 ix{g) (det g)dg
x

a
R, (G,1/A)=(deg x) &-1)AT FET (I-%g)

T{a}

= (-4 P, (G,

since a well-known property of roots states that € is a root if and only

if ~B is a root, Since dim RG = dim RG {the abowve formula showing that
Rg is void if and only if Rg is wvoid), it follows from our original de-~
a _

finition of Krull dimension that (-1} (-l)dlm RX, completing the proof.
(Remark: It is not necessarily true that d = dim RG. but when ¥ is
eritical we have shown that d = dim &S {mod 2). If y is not critical
then this congruence need not hold, s.y., for the adjoint representation
of 8U{2,{ ) when y is trivial}.

Theorem 4.3, together with (6}, suggest the following conjecture,

CONJECTURE. Let p be as in Theorem 4,3, and let y be a critical
character of p. Then (G,x) satisfies Property 1.

There is one special case for which we can verify the above con~
jecture. This is when y is trivial and p: G-+ SL{V}. 1In this case,
¥ = P and Theorem 4.3 states that when y is critical we have

F(G,1/A) = + \TF{G,)}. (8)
Then by Theorem 1.4 ¢ is Gorenstein, so Q(RG} z 8% ana RG has Property 1.
This writer and independently M. Hochster conjecture that for any
p: G + BL(V}, the ring R® is Gorenstein. Theorems 1.4 and 4,3 establish
this for finite G and toraidal G. In these cases independent algebraic
proofs can be given [4] [16]. Hochster and Roberts [8, Cor,1.2] show
that RG is Gorenstein when G is semisimple, although (8} need not hold,
For instance, for the representations P of sU(2,{ )} defined above, we
have (8) for m>4 by Theorem 4.3, However, when m=2 we have F(G,1l/}} =
F(G,1), and when m=3 we have F{G,1/A) = -\°F(G,1).

Presumably algebraic techniques will be required to resclve the

above conjecture, but at least combinatorial reasoning has lad to its
formulation and enhanced its believability.
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