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BALANCED COHEN-MACAULAY COMPLEXES
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RICHARD P. STANLEY'

ABSTRACT. A balanced complex of type (a,, ..., a,,) is a finite pure sim-
plicial complex A together with an ordered partition (Vy, ..., V,,) of the
vertices of A such that card(¥, N F) = g; for every maximal face F of A. If
b= (b),...,b,), then define f,(A) to be the number of F € A satisfying
card(¥; N F) = b,. The formal properties of the numbers f,(A) are inves-
tigated in analogy to the f-vector of an arbitrary simplicial complex. For a
special class of balanced complexes known as balanced Cohen-Macaulay
complexes, simple techniques from commutative algebra lead to very strong
conditions on the numbers f,(A). For a certain complex A(P) coming from a
poset P, our results are intimately related to properties of the Mobius
function of P.

1. Introduction. We are concerned with the problem of obtaining
information on the number f = f(A) of i-dimensional faces of a finite
simplicial complex A. (All terminology is defined below.) There are two
significant classes of complexes A for which a complete characterization of
the numbers f, 0 < / < dim A, has been obtained, viz., the class of all
complexes and the class of Cohen-Macaulay complexes. Here we introduce a
new class which we call balanced complexes. Balanced complexes possess
invariants f, more discriminating than the numbers f, and the formal
properties of these invariants will be investigated. In the case of balanced
Cohen-Macaulay complexes A, simple techniques from commutative algebra
lead to conditions on the invariants f, which are considerably stronger than
those obtained merely by assuming A is Cohen-Macaulay. For a certain
complex A(P) coming from a poset P, our results are intimately related to
properties of the Mdbius function of P.

We now proceed to the basic definitions and terminology. We employ the
following notation throughout:

N, set of nonnegative integers,

P, set of positive integers,

[n], {1,2,...,n}, wheren €P,
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T c S, Tisasubsetof S, allowing T =Jor T = S,

e, the i/th unit coordinate vector in N”, ie., e = (g,...,¢t,), where
g = §.

Now let A be a simplicial complex, or complex for short, on the vertex set
V={x,...,x,}. Thus A is a collection of subsets of V satisfying the two
conditions: (i) {x} € A for all x € V, and (ii) if F € A and G C F, then
G € A. If F € A and F has i + 1 elements, then we call F an i-face of A and
write dim F = i. If § = max{dim F: F € A}, then we call A a §-complex and
write dim A = §. If every maximal face of A is a §-face, then we say that A is
pure. Let f;, = f,(A) denote the number of i-faces of A. Thus f, = n. The vector
f=1Q)= (fo f1, .- ., f5) is called the f-vector of A. We will employ the
notation A = {abc, bcd, bde)> to indicate that the maximal faces of A are
{a, b, c}, {b, ¢, d} and {b, d, e}. Hence the f-vector of this A is (5, 7, 3).

The problem often arises of obtaining information about the f-vectors of
various complexes A. The first significant result along these lines, essentially
due to Joseph Kruskal [12] and G. Katona [11] (see [9, §8] for an exposition),
is an explicit characterization of those vectors f = (f, f}, . . . , f;) Which are
the f-vectors of some complex A. We will call such vectors K-vectors. Kruskal
and Katona actually only proved that the condition in Theorem 1.1 below is
necessary; but the sufficiency of this condition is immediate from their
proofs.

1.1 THEOREM. Given positive integers f and i, write

() () )

where n, > m_; > -+ >n >j>1 (such a representation exists and is
unique), and define

ﬂi)=(if1)+(ni;1)+"'+(jijl)'

Then the vector f = (fy, f1, . . ., f;) of positive integers is a K-vector if and only
i <ffYfro<i<é—-1. O

One can now ask for special classes of complexes whose f-vectors have
characterizations analogous to that of Theorem 1.1. One class for which such
a characterization can be given consists of the so-called Cohen-Macaulay
complexes [23]. These may be defined either algebraically or topologically; it
is a basic result of G. Reisner [16] that the two definitions are equivalent.
Both definitions will be of use to us here. First we define the notion of a
Cohen-Macaulay ring in the case of interest to us. Let k be a field, and let m
be a positive integer. Suppose R is a finitely-generated N™-graded k-algebra.
Le., the additive group of R can be written as a direct sum R = Saen Ry
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where R,Rg C R, g, Ry = k, and R is finitely generated as a k-algebra. If
x € R, we say that x is homogeneous of degree a, written deg x = a. If we
wish to emphasize that @ € N™, then we say that x is N"-homogeneous. It
follows from the fact that R is finitely-generated that dim, R, < oo for each
a € N”, and we define the Hilbert function H (R, &) = dim; R,, a € N". If

a=(a,...,a,) let A*=A{--- A% and define the Poincaré series
F(R,AN) =2, H(R, a)A“. It is well known that the formal power series
F(R, M) represents a rational function of A = (A, . . ., A,,). Let d be the Krull

dimension dim R of R, i.e., the maximum number of elements of R which are
algebraically independent over k. (Do not confuse the Krull dimension “dim”
with the vector space dimension “dim,”.) Suppose 8, ..., 8, are homo-
geneous elements of R of nonzero degree such that dim, R/(8,, ..., 60, <
oo, or equivalently, such that dim R/(4,,...,0,) =0. Then @,, ..., 0, are
called a homogeneous system of parameters (h.s.o.p.) for R. Again if we wish to
emphasize that degd, e N", 1 < i < d, then we call §,,...,0, an N"-
homogeneous system of parameters. If m = 1 then the Noether normalization
lemma guarantees the existence of an h.s.o.p. Moreover, if k is infinite and R
is generated by R,, then we can choose each 8, 1 < i < d, to have degree
one. However, when m > 1 an h.s.o.p. usually will not exist; indeed, a crucial
point of this paper concerns the existence of an h.s.o.p. in certain situations
when m > 1 (Theorem 4.1). At any rate, suppose 6,, . . ., 8, is an h.s.o.p. for
R. Let S=R/(,,...,8,). Since 0,, ..., 0, are homogeneous, S inherits
from R the structure of an N™-graded k-algebra. We now say that R is
Cohen-Macaulay if *

d
F(R,A) = F(S,N) I (1 — Ades8)™", (1)
i=1
This is not the usual definition of a Cohen-Macaulay ring, but it is equivalent.
For a reconciliation with the usual definition in terms of R-sequences, see
[24). It is important to realize that the question of whether or not R is
Cohen-Macaulay is independent of the grading chosen for R, though this is
not immediately obvious from (1). Thus once we know that R is Cohen-
Macaulay, we know that (1) holds for whatever grading we choose for R.
From the combinatorial point of view, the importance of Cohen-Macaulay
rings R is that the much smaller ring S carries a lot of combinatorial
information about R, in particular, the Hilbert function of R.

Now given a complex A on V' = {x,, ..., x,}, associate with it a certain
N-graded k-algebra A, as follows. Let 4 = k[x,, ..., x,], the polynomial
ring over k on the vertices of A. Let I, be the ideal generated by all
monomials x; x; -« - x, with iy < i, <- -+ < and {x;,x,,..., %} &A

Define a grading on 4, = A/I, by setting deg x; = 1. We say that A is a
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Cohen-Macaulay complex (always with respect to the field k) if 4, is a
Cohen-Macaulay ring. This is the algebraic definition of a Cohen-Macaulay
complex.

To give the topological definition, recall that if F € A, then the /ink of F is
the complex Ik F = {G €A: F N G =&, F U G € A}. In particular, Ik &=
A.

1.2 THEOREM. Let A be a 8-complex and k a field. The following three
conditions are equivalent.

(i) A is Cohen-Macaulay (over k).

(ii) For all F € A, H,(lk F) = 0 if i < dim(k F). (Here H denotes reduced
simplicial homology with coefficient field k.)

(iii) Let X = |A|, the geometric realization of A, so that A is a triangulation of
X. Then H(X)= H(X,X —p)=0 for all i < & and all p € X. (Here H
denotes reduced singular homology and H relative singular homology, both over
k.)

The equivalence of (i) and (i) above is a theorem of G. Reisner [16], while
the equivalence of (ii) and (iii) is a purely topological result first explicitly
proved by J. Munkres [15, Theorem 2.1]. A stronger result was later proved
by Hochster [10, Theorem 4.1].

Let us remark that the following results are immediate consequences of
Theorem 1.2: (a) every Cohen-Macaulay complex is pure, (b) a Cohen-
Macaulay complex of dimension greater than zero is connected, and (c) a
graph (= complex of dimension zero or one) is Cohen-Macaulay if and only
if it has no edges or is connected.

Let H(A, m), m € N, denote the Hilbert function of 4,. It is easy to see
[22, Proposition 3.2] that

1, ifm=0,
_] s
H(4, m) = Zf,.(’”i‘l), itm >0, @)
i=0
where (fy, fi, - . ., f;) is the f-vector of A. An immediate consequence of (2)

(using [1, Theorem 11.4]) is the result dim A, =1 + dim A = 1 + §. Since
H (A, m) is a polynomial in m for m > 1, it follows that there are integers
1= hy hy, ..., hs,, such that

(A =N'"F(Ap,N) = hyg+ BA+ + -« + h A'+E,
The vector h = h(A) = (hy, hy, . . ., hy ) is called the h-vector of A. We wish
to state a characterization analogous to Theorem 1.1 of the h-vector of a
Cohen-Macaulay complex A. To do so, recall that a multiset M on a set S is a

set with repeated elements belonging to S. More precisely, M is a function
S — N, where M (x) is regarded as the number of repetitions of x € S. The
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cardinality of M is card M = 3, . M(x). A multiset M': S—>N is a
submultiset of M (denoted M’ c M) if M'(x) < M(x) for all x € S. A
multicomplex is a collection of multisets such that if M € A and M’ C M,
then M’ € A. The dimension and f-vector of a multicomplex are defined in
the obvious way in analogy with complexes, i.e., f, = card{M € A: card M
=i+ 1} and dim A = max{i: f; # 0}. Any vector (fy, f}, . . ., f;) which is
the f-vector of a multicomplex is called an M-vector. We allow f,,, = f..,
= ... = f; =0 in an M-vector; if also f; # 0 this means that the corre-
sponding multicomplex A has dimension ;.

In analogy with Theorem 1.1 we have the following result essentially due to
Macaulay [13] (explaining our terminology ‘“M-vector”). A common
generalization of Theorems 1.1 and 1.3 appears in [3], and an exposition of
these results appears in [9].

1.3 THEOREM. Given positive integers f and i, write

f=(’;i)+(ini—-11)+ o +(’3)

where n, > m,_ >+ -+ > n; > j > 1 (exactly as in Theorem 1.1); and define
f<,~>=(n,~+1)+.“+ nj+1
i+1 j+1)
with 0% = 0. Then the vector f = ( Jo fis - - - » f3) of nonnegative integers is an

M-vector if and only if f,,, < [P for0<i<8-1. J

We can now give the characterization [23, Theorem 6] of the h-vector of a
Cohen-Macaulay complex.

1.4 THEOREM. A vector (hy, hy, ..., hs,,) is the h-vector of a Cohen-
Macaulay complex of dimension & if and only if hy =1 and (hy, hy, . . ., by, )
is an M-vector. []

2. Balanced complexes. We wish to introduce a class of Cohen-Macaulay
complexes for which Theorem 1.4 can be considerably strengthened and
refined. Recall that an ordered partition of a finite set V is a sequence
V..., V,) of nonvoid, pairwise disjoint subsets of V satisfying V,
Jg---ubv,="V

DEFINITION. A balanced complex of type (ay, ..., a,) is a pair (A, 7)
satisfying:

(i) A is a pure §-complex on a vertex set V,

@()7 = (Vy,...,V,)isan ordered partition of V, and

(iii) for every maximal face F € A and every i € [m], we have card(F N
V)=a. (Hencea, + --- +a,=86+1)



