'GENERATING FUNCTIONS*

Richard P. Stanley

I. ENUMERATION

One of the fundamental concepts in combinatorial theory is tl}&t
of enumeration, and one of the basic techniques for dealing with

problems of enumeration is that of generating functions. In this

paper we shail survey some of the highlights_of _the theory.of
generating functions and shall discuss some app-]lcatlons_ to specific
problems of enumeration. Many examples will be given—some
classical and well-known, some motre obscure, and a few new.
Qur object will be two-fold: (1) impart to the CaSU?.I reader
some of the flavor of recent work with generating functions, and
(2) impart some facility for using generatiqg functions as a tool for
solving combinatorial problems. In some instances, fuch as Prop-
osition 4.13, Proposition 5.3 and Example 6.11, we bring the reader
pear the frontiers of what we believe to be exciting new areas of re-
search.

* Partially supported by NSF Grant No. P36739,
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Naturally, we can only give a small selection of topics from the vast
subject of the enumerative theory of generating functions. In Sec-
tion 3 we shall consider the “abstract” theory of generating
functions. In Sections 4 and 5 we shall be concerned with two
special classes of generating functions—rational functions and
algebraic functions. Finally in Section 6 we shall discuss a result,
known as the “exponential formula”, which deals with the occur-
rence of the exponential function in certain types of enumeration
problems. Further information about generating functions can be
obtained from, e.g., [10], [28], [33]. These books are devoted
almost entirely to the use of generating functions for solving com-
binatorial problems.

Let I be an index set, and let § = {S.: ¢ € I} be a system of
finite sets S, indexed by I. For our purposes, the Jundamental
problem of enumeration is to “determine” the cardinality of each
. as a function of « € 1. Equivalently, we wish to determine the
counting function N: I — N defined by NG) = |S.|. Here N de-
notes the set of nonnegative integers and |S,| denotes the cardi-
nality (number of elements) of S.. In any combinatorial problem,
there will be some combinatorial relationship between ¢ € I and §..
For instance, we could have I = N with S, being the set of all sub-
sets of the set [n] = {1, 2, ..., n}. Here N(n) = 2. Examples of
index sets frequently encountered in enumeration preblems include
the following:

(i) N, the nonnegative integers.

(ii) N X N, pairs (k. n) of nonnegative integers. For instance,
Si. w could be all subsets of [n] of cardinality k. Then N(k, n) is

commonly denoted ( z )

(iii) P, the positive integers. For instance, S, could be the set of

divisors of n, so N(n) is the well-known number-theoretic function
din}.

(iv) m, the set of all partitions A = (A, A, ...) of all nonnega-
tive integers. Here A € Ny A = N = -+, and N\ is finite. If TN,
= n, then \ is called a partition of n, denoted A + n. For instance,
S could be the set of all permutations in the symmetric group &,
(A + n) whose cycles have lengths Ay, N2, ... . If we write A =
< 1727 3% «.. > to signify that exactly r, of the Aj's are equal to
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i (so if A — n then L ir; = n), then N(A) = |5.| = nl/(1nn)

(2mra)37ra) - .

11. GENERATING FUNCTIONS

We shall not attempt a rigorous general definition of generating
functions but shall content ourselves with various examples. Heu-
ristically, a generating function is a represeniation of a counting
function ¥: I — N as an element F{(N) of some algebra @. The
following are examples of types of generating functions which have
actually arisen in specific enumeration problems. :

2.1. Ordinary generating functions. Here ] = N, @ = C[[X]}

(the ring of formal power series over the complex numbers C), and
N: N — N is represented by

KN, X) = gﬂ N() Xn,

called the ordinary generating function of N. Sometimes I = P
and the sum starts atn = 1.

2.2. Exponential generating functions. J = Nand @ = C{[X]]

as before, while

FIN: X) = EDN(H)X"/H[

2.3. Eulerian generating functions (cf. {16]). Let g be a fixed
positive integer (almost always taken in practice to be a prime power
corresponding to the field GF(g)). Take I = N, @ = C[[X]], and

FN; X) =
éo Nayx/A+ g1 +qg+g)--d+g+ -+ g
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Frequently the denominator is replaced with (1 — g1 — g .-
(1 — g°); this amounts to the transformation X — X/(1 — q).
One advantage of our “normalization” is that F(N; X) reduces to
an exponential generating function when g = 1.

2.4. Doubly-exponential generating functions. 7 = N, @ =
CiX]l, and '

FN; X) = :230 N )X/ (n!)

For instance [3], if N(r) is the number of n X n matrices of non-
negative integers such that every row and column sum equals two,
then FIN; X) = e*2 (1 — X)~'"2, (See Example 6.11.)

2.5. Chromatic generating functions (cf. {7], [321, 39D. I =
N, @ = C[IX]], g € P is fixed, and

FV; X) = "gzo N(n)X"/q( 2 .

n

Sometimes one sees g replaced with q"z’z, amounting to the trans-
formation X — X/g*.

2.6. Power series in two variables. Here 7 = N X N (or pos-
sibly P Xx NN x P, P x P)and @ = C[[X, Y1), the ring of
formal power series in two variables X. Y over C. Then F(N; X, Y)
can take such forms as

o -]

FN; X, )= T ED Nim, n)X"Y",

m=0 n=

ﬁtﬁs

FN; X, V) = ] "EO N(m, n)XmYr/nl,
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FN; X, V)= 20 ;0 N(m, n)XmY"/m!nl,

etc.

2.7. Power series in infinitely many variables. There are two
common possibilities for 7. One is the set $* of all sequences (m,
m, ...) of nonnegative integers with only finitely many # 0,
while the other is the set 7 of all partitions of nonnegative integers.
In either case @ = C[[X,, X3, ...]] = ClX]], the ring of fc{rrfla]
power series in X1, X2, ... over C (each monomial containing
only finitely many different X;). If I = S*, then

FN: X0, Xo, ..)= L _ Nou,m, . XX ..

... =

while if I = =, then

e 8

F(N; Xl, Xa, ) = E NWIXH XS ..., (1)

n=0 A

where A has exactly 7; parts equal to i.

2.8. Dirichlet series. J = P and @ is the algebra  of all
formal Dirichlet series with coefflicients in C. Then

F(N;s) = g‘ NG@n—s.

As C-algebras the two algebras © and C[iX]] are isomorphic (via
the transformation X; -- p;~* where p; is the ith prime), but of
course their analytic behavior is entirely different.

11I. BINOMIAL TYPE

The problem atises of trying to “‘explain” combinatoriaily why
certain types of generating functions such as ZN(#)X" and IN(n) X

B o
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Xr/n! often arise, while other types like EN()X=/(1 + n?) or
IN(n)X"/1' 22 3% - . n" never seem to cccur. Two abstract theories
of generating functions have been formulated to try to solve this
problem—the Doubilet-Rota-Stanley theory of “reduced incidence
algebras™ [11], and the Bender-Goldman theory of *prefabs” [7]
(cf. also the “dissect' theory of M. Henle [22], which combines
features of both the preceding theories). To give the reader some
feeling for this subject we shall discuss the main theorem of
Doubilet-Rota-Stanley concerning power series generating functions
in one variable, :

A partially ordered set (or poset, for short) P will be said to be
binomial if it satisfies the following three conditions:

(a) P is locally finite, i.e., every intetval [x, yI={zix =z < y}
is finite, and P contains arbitrarily large finite chains. (A chain is
a totally ordered subset of P.)

(b) For every intetval [x, y] of P, all maximal chains between x
and y have the same length n = n(x, y). We then call [x, y] an n-
interval. (The length of a chain is one less than its number of ele-
ments.)

(¢} For all # € N, any two n-intervals contain the same number
B(n) of maximal chains.

Clearly from these definjtions we have B(0} = B(l)=1,B(2) =
|[x. y]| ~ 2, where [x, ¥] is any 2-interval, and B(0} = B(1) = B(2)
S DR :

Examples of binomial posets

3.1: P = N with the usual order. Then B{n) = 1 for all # € N.
3.2: P is the lattice of all finite subsets of N, ordered by inclu-
sion. Then B(n) = n!.

- 3.3: P is the lattice of all finite-dimensional subspaces of a vee-
tor space of infinite dimension over GF(q), ordered by inclusion.
ThenBe) = (1 + gl +q+¢)--U+g+g+ .. +g ).

3.4: P is the poset of ali subsets of N X N of the form § X T,
where § and T are finite subsets of N of the same cardinality,
ordered by inclusion. Then B(n) == nl2,

3.5: Let V be an infinite vertex set, let ¢ € P be fixed, and let
P be the set of all pairs (G, o), where G is a function from all 2-sets

A
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{u, v} C V{u # v)into {0, 1, ..., q — 1} such that all but
finitely many values of G are 0, and where o: V — {0, 1} is a map
satisfying the two conditions: (a) if G({x, v}) > 0 then o(u) # o(v},

and () L o(v) < o,
veV

If (G, o) and (H, 7} are in P, define (G, o) < (H, 7) if:
(i) o(v) = 1(v) for all v € V, and
(ii) if o{u) = 7(u) and o(v) = 7(v), then G({w. v}} = H({u, v}).

Then P is a binomial poset with B(n) = ;E?Y This rather arti-
ficial-looking example arises naturally in [39, §3] in connection
with the coloring of graphs.

Observe that the numbers B(n) considered in 3.1-3.5 appear in
the power series generating functions of 2.1-2.5. If we can
somehow associate a binomial poset with generating functions of
the form EN(n)X"/B(n), then we will have “explained” the form of
the generating functions of 2.1-2.5. We also will have provided
some justification of the vague metaprinciple that.ordinary gener-
ating functions are associated with the nonnegative integers,
exponential generating functions with sets, Eulerian generating
functions with vector spaces, etc.

To see the connection between binomial posets and generating
functions of the form IN(X"/B(r), it is necessary to consider
incidence algebras. If P is any locally finite poset, the incidence
algebra I(P) of P (over C, say) is the vector space of all functions
f: S(P) —C, where S(P) is the set of all nonvoid intervals [x, y] of
P, endowed with the multiplication (convolution)

Jelx.y) = L flx, 2)glz. y).

zglx. p|

(We write flx, v) for f{[x. ¥]), etc.) Note that the above sum is finite
since P is locally finite. It is easily seen that I(P) is an associative
algebra with identity & given by 8(x, ¥) = 4, (the Kronecker delta).
If P is binomial, let R(P) be the subspace of I(P) consisting of
functions f constant on r-intervals, i.e., flx. y) = f(z. w) when-
ever [x, y] and [z. w] have the same length. If f € R(P), we write
f(n) for f(x, y), where [x, y] is an n-interval.

A fundamental property of binomial posets is that R(P) is a sub-

T
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aigebra of I(P), i.e., R(P) is closed unde i
, L€, Inder convolution. N
that & € R(P). Indeed, it is easy to see that ote also

n [F
e = £ | ] ftogtn — , @
where | " | denotes the b i - .
; number of elements z in an n-interval [x, vl

such that [x, z] is an i-interval. Since B()B(n — £} maximal chains
of [x, y] pass through a given such z, we have

—._:H— - B(n)
) B(i)B(n — §) * 3)

This is the P-analogue of the formula

Aav _ n!
i e — iy

This analogy is strengthened further by observing that

B(n) = A(mA( — 1) -- - AQ1),
where A(i) = E

We mE.Bn&EmG have from (2) and (3) the following main theo-
rem on binomial posets.

3.6. THEOREM: hmn.ﬁ be a binomial pos P
et. Th _
morphic to C[[X]] via P en R(P) is iso

f= FiXx) = ;W. Jn}X"/B(n).

. Let us consider some applications. In the following example, P
1s assumed to be a binomial poset: ,

L
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3.7. Example: Define { € R(P) by {(n) = 1 for all n € N. Then
for an n-interval [x. y],

{2 = e y) = I {lx, 2) (2 p)

z€[x.p]
= L 1= |[xyll.

2€ [x.y]

Hence, the cardinality N(n) of an n-interval is given by

mzﬁ:ﬁ?\mnzv = ﬁm“e X/ B(n)).
n=0 n=

Thus from 3.1 we have that the cardinality N(») of a chain of length
n satisfies

T NGXr = (5 X0 =11 — X} = L (n+ DX
n=0 n=0

| whence N(n) = n + 1. Similarly from 3.2 the number N(x) of sub-

sets of an n-element set satisfies

m NeXr/n! = { mo X /nlp = e ﬂ:m“c 27 X"/nl,
n=0 n=

whence N(n) = 2. The analogous formula for Eulerian generating
functions first appeared in {16].

3.8. Example: Forn = 1, let N{n) be the number of sequences
0 H a“o < a < --- < @ = n of integers a; such that no ai+1 — a
=1for0 = i < k. Also set N(0) = 1. Let P = N, and define 5 €

R(P) by

a=10orl,

r
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The number of sequences we. mm.mr of length k is m_mmn_w n*(n), so
N = (T 39m) = (1 = -i(n),
NowF,(X) =X+ X3 + ... = X/(1 = X), so
I N@WX = (1 — FyX)-

={1—-XV1—-X—X? @

1+ X4+ X 4+ 25 +3x5 + ...,
It follows that N(n + 1) = F,, the nth Fibonacci number, a well-
known result. The reader should by now be able to find analogous
results for sets, vector spaces, etc., and invent his own modifica-
tions and generalizations. For instance, if |§| = » and M(n} de-
notes the number of chains @ = S, Cc §, C --. ¢ Sy = § such

that each [Siey — 8] = 2,0 < i < &, then in complete analogy to
(4} we have

m._aivx::_ =1 =@~ 1—X)' =2+ X — Nt

For a host of other applications and generalizations to other
types of generating functions (such as Dirichlet series), see [11].

1V. RATIONAL FUNCTIONS IN ONE VARIABLE

Theorem 3.6 sheds considerable light on the “meaning” of gen-
erating functions and reduces certain simple types of combinatorial
problems to a routine computation. However, it does not seem
worthwhile to attack more complicated problems from this point
of view. For the remainder of this paper we will consider other
techniques for obtaining and analyzing generating functions. In
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this section we will consider some aspects of ordinary generating
functions

F(X) = m N(n) X~

which are rational functions in the ring C{[X]], ie., for i:_mw
there exist polynomials P(X), Q(X) € CIX] such that F(X) r.m
P(X)Q(X)"t. Here Q{X)™' is interpreted S. be .z:m element n..m
C[[X]] satisfying QCOQ(X) " = 1. QX)) will .ﬂ:ﬂ if m:&. o:_%._
Q(0) % 0. The fundamental property A.:. rational .?:.nro:m in
C[[X]] from the viewpoint of enumeration is the following:

4.1. Tueorem: Let oy, o1, ..., ©a be a fixed sequence of
complex numbers, d = 1 and aq # 0. The following conditions on
a function N: N — C are equivalent:

(M T NeX* = POO/QU),

where (X) =1 + X + o X* + -+ + Qmu_?_. and P(X) is a
polynomial in X, of degree less than d. relatively prime to QX).
(ii) For all n = 0,

N +d) + alNit + d — 1) + a:Nn |_| d—12)
+ - FasNm) =0, - %)
and N satisfies no relation N(n + ¢} + BiNn + ¢ — O+ -+

B.N(n) = 0, where ¢ < d and each B, is a fixed element of C.
(iii) Foralln = 0,

X
N(n) = .W_ Py,

* L
where 1+ o X + o X2+ -+ + a,X = 11 (1 — vX)%, the vi's

i=]

are distinct, and P{n) is a polynomial in n of degree d; — 1.0J
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Theorem 4.1 is well known in the calculus of finite differences
and has many proofs. Perhaps the simplest ptoof involves
decomposing P(X)/Q(X) by partial fractions. Other proofs can be
given using the calculus of residues, finite difference operators, the
method of undetermined coefficients, ete. :

The main application of Theorem 4.1 is as follows: One fre-
quently can show by non-combinatorial means that a generating
function ZN(n)X" is rational. Theorem 4.1(ii) and (i) then pro-
vide a simple recurrence for calculating N(zz) and a means of esti-
mating the growth of N{n). We shall give as a non-trivial illustra-
tion a minor modification of a result of D. Klarner [23] and G.
Polya [46].

4.2. Example: A polvomino is a finite union P of wunit
squares in the plane such that the vertices of the squates have inte-
ger coordinates, and P is connected and has no finite cut set. Two
polyominces will be considered equivalent if there is a translation
which transforms one into the other (reflections and rotations not
allowed). Let N() be the number of inequivalent n-square polyo-
minoes P with the property that each “row” of P is an unbroken
line of squares, i.e., if L is any line segment parallel to the x-axis
with its two endpoints in P, then L © P. By convention set N(() =
0. Then N(1) = 1, N(2) = 2, N(3) = 6, etc. It is easily seen that

Nn) =L, + 3 — Dy + 1y - D) oos emy + e — 1), (6)

where the sum is over all ordered partitions e + 13 + ... + p,
= n of n into positive integers n; (by convention, the partition with
s = 1 contributes 1 to the sum). Let N.(») be the sum of those
terms of (6) with ny = r, where we set N.(n) = 1, and where we
set N(n) = 0ifr > norn < 0. Thus

Nin) = m NAn),

r=1

NAm) ﬂ..m r+i—1)Nin—1), ren (7)
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Define the generating function
_ oy oo Xr.Yn,
FX. )= L X N/(n)
S0
F(1,Y) = El N(n)Y".
Now (7) implies

o

r +i— DN — XY =
| &)

FX. V=5 XY+

1 a=i r=1i=

XY Xy XY e e
1, + L I iN(m)}Y,
—xr T a—xm OV T 1%y,

=1 i=1

by straightforward computation. N
yLet I% be the subalgebra of CI[X. Y]] consisting of all power

series £ £ A,;X' Y7 such that for each j € N, only finitely many Aij
iJ

are unequal to 0. Define two linear operators L, L D —C|iY]] as
follows:

L.(?_.': ;‘Z‘, AyXY) = F()'Z Ai) Y5,

Lz(? JE A XiYi) = JE(‘TT A }YY4

Note that L, and L; have the “representations”
LHX, ¥) = H(, V), LLHX, ¥) = —2 HX. 1) |x=13

however, for purposes of generalization it is convenient to regard L,
and L; merely as “‘abstract” operators.
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Define G(Y) = L,FX, Y). By applying L, and L, to (8), we obtain
two linear equations involving F(1, ¥) and G(Y'). Specifically, we
get:

2 : . )]
— Y ¥2 Y
N == T A=y FL N+ =y GO,

Here we have used the easily verified formulas

1 (1 2%) = 7t = 1 an

X1y?
Lz( 1= XY)I) =2Y¥(1 — Yp.

Eliminating G(Y) from (9) al!ows us to solve for F(1, ¥) as a func-
tion of Y. The final result is

- Y(1 — ¥p
A, n = 1—5YF 772 — 473

1

= E(—5+4Y+

5~ 13Y + 7r2
I =5YF 772 =377 /"

Hence we see that
N + 3} = 5Nn +2) - N+ 1)+ 4N(n), n = 2.

This recursion is by no means apparent, and no combinatorial
proof of it is known.

It is evident that the above method (due essentially to D.
Klarner [23)], [24], who uses a certain integral representation of
our operator L,) will extend to a much wider class of problems,
See also {46]. For instance, the above method yields after a tedious
computation the following result:
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4.3. ProposiTion: Define
N = SUay + fon ooy + Fog F o+ ez + Foas + iy
where [ is any function f: P — C and where the sum is over all

ordered partitions m + my + +-- + n, =nof n (n = 1). By con-
vention, a summand with s = 1is 0 and with s = 2 is 1. Define

FXO = T NX», f= T fiXn A =X/1 = X).

Let % denote Hadamard product, ie., (Ca,X")(Lb,X") =
Ya.b.X". Then
FiX) =

sﬁm
=T =7 =T = ZA = P = A oD

In obtaining the above expression for F{X} an enormous amount
of cancellation takes place. This leads one to suspect that there is
some simpler alternative method for obtaining such results. We do

not, however, know of such a method.

Theorem 4.1 allows us to deduce the linear recurrence (5) which
N(r) satisfies from its generating function P(X)/Q(X). We therefore
ask what other propetties of N(n) can be "‘read off’" from P(X)/ Q(X).
A simple and elegant result along these lines has been given by
Popoviciu [30] (cf. also [12], [41]). If we are given a function N: N
— € satisfying a recurrence (5), then clearly there is a unique way
of extending N to all of Z (the integers) such that (5) holds for all
n € Z. Popoviciu's theorem relates the functions N(n) and N(—n).
It is easily proved, e.g., by partial fractions.

4.4 TueoreMm: Let N: Z — C satisfy (3) for ali n € Z. Define

]

EX)= |=2¢:N._. X)) = m N{—m)X",

n= n=1
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Then F(X) and F(X) are rational functio fsfvi =
{ . X fy (
T ns of X satis g Mu&

POLYNOMIALS

As important class of functions satisfying a recurrence (5) are

the polynomials. In fact, we have the fi i
Thoaotynom e following corollary to

4.5 CoroLLARY: The followin iti ]
: g conditions on :
— Care equivalent: ¢ fumction N: N

(D L NmXm = PX)/(1 — Xy, - (10

“bﬂwm P(X) is a polynomial in X of degree at most d such that P(1)

(i) For nh:.w 0,
o fd+1

while for some n = ()

]

4 d
_.u.m= (— :ALZS + i = 0.
(iii) N(n) is a polynomial in n of degree d. ]

When a polynomial N(n) arises combinatori
. . torially, frequently the
namwmn_mgnﬁ of P(X} (given by (10)) have a combinatorial signifi-
cance. Moreover, Theorem 4.4 may give useful inf i
P(X) via the following corollary: rmation about

4.6. CoroLLARY: Let N: Z — C Fe q polynomial of degree d,
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and let ¥ N@m)X" = P(X)/(1 — Xy, where P(X) = a0 + &, X
n=0

con FoagXe.
+(i) Deﬁn: r to be the greatest integer such that N0y = N({1) =
e =NRY=0. (IFNQO) # 0, letr = —1)Ifr # —1,thenris
the greatest integer such that ao [= a;f= .v- = a, = 0. Moreover,
r + 1) = a.+, whatever the value of r.
N((ii) Dt)aﬁne s to be the greatest integer such that N(—1) = N(—2)
= ... = N(—s) = 0. JFN(—1) # 0,lets = 0.)If s ¢ 0, then
s is the greatest integer such that az = @41 = ==+ = d—s+1 = 0.
Moreover, N(—s — 1) = (—1)4aq—; whatever the value ofs.d .
(iii) Let r and s be given by (i) and (ii). Then P(X) = Xd+itr—s
P(1/X) if and only if N(n) = (—1)*N{r — s — n)foralln € Z.
(iv) The leading coefficient of N(n) is P(1)/d.0Od

PARTITIONS AND PERMUTATIONS

The -theory of partitions is a highly develope'd, elegar}t, and
extensive branch of combinatorics. It otiginated with Euler in 1748
and has occupied the attention of many eminent researchers, such
as Jacobi, Sylvester, Hardy and Littlewood, and MacMahon. For an
introduction to this subject, see for example [20, Ch. 19}, [4, Chs.
12-141, [1], [5], [44). Generating functions have proved to be an
invaluable tool in the study of partitions. We have space here' to
consider only a very small part of the subject, one in .\-Nthh
rational generating functions play an importa.nt role, This is the
subject of P-partitions, various aspects of which were conmd‘ered
by MacMahon, Bender, Knuth, Gordon, Kreweras, E. M. Wright,

- and others, with a general development first apPea_ring in [37]. _
Let P be a finite partially ordered set of cardinality p. A P-parti-'

tion of n € N is an order-reversing map o: P — N satisfying .\'{:.P o{x)

= u. The statement that a is order-reversing means o{x) = o(y)
when x = y in P. We say that o is strict if o(x) > aly) wh.e.n x<y
in P. If for instance P is a p-element chain, then a P-partition of
is equivalent to an ordinary partition of « into at mosjc ,.p.parts,. as
defined in Section 1. If on the other extreme P is a disjoint union
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of p points, then a P-partitioh of n is equivalent to a composition
(ordered partition) of # into p parts, allowing 0 as a part,
Define the following combinatorial concepts associated with P:

a(n) = number of P-partitions of n ¢ N.
d(n) = number of strict P-partitions of r € N.

FX) = gﬂ atw)Xr, FX) = éﬂ (X,

Q(m) = number of P-partitions g: P — [m].
Q(m) = number of strict P-partitions o: P — [m].
e, = number of surjective P-partitions P — [s].
& = number of surjective strict P-partitions P — [s].

It is easily seen that if p = 1, then

Qm) = E e (m) Qlm) = E e‘,(m) \
=1 s s=1 5

so Q(rm) and Q(m) are polynomials in m of degree p and leading
coefficient e, /p!. .

We shall now establish the connection between P-partitions and
permutations. Let w: P — [p] be a fixed order-preserving bijection
(so x = y in P implies w(x} < w(y)). Define the JH-set £ of P to be
the set of all permutations = = (a), a3, ..., a) of (1,2, ..., p
such that if x < y in P, then w{x) precedes (v} in 7. (The reason
for this terminology appears in [38].) Hence £ contains a total of
¢, permutations. If # = (ay, a, ..., a,) is any permutation of (1,
2, ..., p), adescent is a pair (a. ai+,) such that a; > di+1, while an
ascent is such a pair with a; < a+1. Let a(x) (respectively a(w)) be
the number of descents (respectively, ascents) of the permutation .
Clearly o{n) + al(x} = p — 1. The greater index {7) of x is de-
fined by '

L(?I') = E{] a; > aj+l}-

Similarly, the lesser index i(x) is defined by

r) = L{j: a; < ajni}.
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Hence (x) + dx) = (£ ). (See [28, Section 104].)
2 ,

We now state without proof some fundamental results concern-
ing P-partitions. Proofs of more general results may be found in
[37], especially Corollary 7.2 and Propesition 13.3.

4.7. ProrosiTion: (i) F(X) and F (X) are rational functions of
X given explicitly by

FX)=(L X")/(1-X)1 —-Xy---{1~— Xr).

xel
FiX) = A:mhk,.:_v\: -X){1—X)---(1— X
(i) We have

mc Q)X = (X- L X1 — X)rHh,

L

Q)X = (X- £ X*V(1 — X)»*.0

0 el

-1

m

Using the formulas afx) + alw) = p — 1, x) + ix) = @v.

Theorem 4.4, and the definition of £, we can obtain many mnterest-
ing corollaries to Proposition 4.7, a sample of which are contained

in the following:

4.8. COROLLARY:

() XrF(X) = (—1)F(1/X).

(i) Qm) = (—1)?Y —m).

(iii) Let F(X) = w4 — X000 — X3 --- (1 — Xr). Then
W(X) is @ monic polynomial with nonnegative integer coefficients
of degree @V - km_. 8(x), where 8(x) is the length of the longest chain
of P with bottom x. Moreover, W(0) = 1 and W(1} = e,.

(iv) Let d = deg W(X). Then W(X) = X¢W(1/X) if and only if
for each x € P, every maximal chain of the sub-partially ordered
set {y:y = x} has the same length I = I(x).
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4.9. Example: Let (P, w) be given by

S
3 4
1 2
Then £ is given by:
T alm}  alm) () i)
1 2 3 4 5 0 4 0 10
2 1 3 4 5 1 3 1 9
1 2 4 3 5 1 3 3 7
i 2 3 5 4 1 3 4 6
2 4 1 3 5 1 3 2 8
2 1 4 3 5 2 2 4 6
2. 1 3 5 4 2 2 5 5
Hence

FX)=(1+X+X 4+ X+ 2X' + X5/
1-X0-x)- .11~ X%,

FX) =X+ 22X+ X + X° + X° + Xy
IT—X01—-X).-- (1 — X9,

L Qo)X = (X + 4X2 + 2X5%/(1 — X,

m={

Mabﬁzvks =(2X + 4X* + X7/ (1 — X,

=

e




