9.8.

9.12.

9.23.

9.29.

9.41.

Math 430 — Problem Set 4 Solutions

Due March 18, 2016

Prove that Q is not isomorphic to Z.

Solution. Suppose that ¢ : Q — Z is an isomorphism. Since ¢ is surjective, there is an z € Q with
¢(x) = 1. Then 2¢(x/2) = ¢(x) = 1, but there is no integer n with 2n = 1. Thus ¢ cannot exist.
Prove that Sy is not isomorphic to D1s.

Solution. Note that D5 has an element of order 12 (rotation by 30 degrees), while S4 has no element
of order 12. Since orders of elements are preserved under isomorphisms, S4 cannot be isomorphic to
.D12.

Prove or disprove the following assertion. Let G, H, and K be groups. If G x K 2 H X K, then G = H.
Solution. Take K =[[;2,Z and G =Z and H = Z x Z. Then

GxK>2K>~HxK

but G 2 H. Thus the assertion is false.

Note that the assertion is true if K is finite, but it’s difficult to show. Many people tried to used an
isomorphism ¢ : G x K — H x K to construct an isomorphism G — H. The difficulty is that ¢ does
not necessarily map G x {1} to H x {1} (and if it does, it may not be surjective).

Show that .S,, is isomorphic to a subgroup of A, 2.

Solution. Let 7 = (n+1,n+2) € S,,42. Identifying S,, with the subgroup of S, 1o that fix n+ 1 and
n + 2, we define

(b : S’n, — An+2

o if o even
g —
or if o0 odd

We check that ¢ is an injective homomorphism. Note that o7 = 7o for all ¢ € S,,. Then

o109 = ¢(o1)P(02) if o1 even, oo even,
01097 = ¢(0 o if o1 even, o9 odd,
(onra) = 4 7102 d(o1)9(02) 1 2

o170 = ¢(01)P(o2)  if o1 odd, oo even,
010972 = ¢(01)p(02) if o1 odd, o5 odd.

Thus ¢ is a homomorphism. Moreover, since o7 is never 1 and ¢ is the identity on A,,, ¢ is injective.
Thus it defines an isomorphism with its image, a subgroup of A, 1.

Let G be a group and g € G. Define a map iy : G — G by iy4(z) = grg™*

automorphism of G.

. Prove that i, defines an



10.4.

1 1

Solution. Since iy(zy) = gryg~' = grg~'gyg~ = i4(z)iy(y), we see that i, is a homomorphism.
It is injective: if i4(z) = 1 then gzg~! = 1 and thus z = 1. And it is surjective: if y € G then
ig(¢g7'yg) = y. Thus it is an automorphism.

Let T be the group of nonsingular upper triangular 2 x 2 matrices with entries in R; that is, matrices

of the form
a b
0 ¢/’

where a,b,c € R and ac # 0. Let U consist of matrices of the form

b 1)

where x € R.

(a) Show that U is a subgroup of T.

Solution. Taking x = 0, we see that the identity matrix is in U. The inverse of (§ ¥) is ((1) _1””),

which is also in U. Finally,
1 z\ (1 y\ _ (1 =z+y
0 1)\0 1) \oO 1 ’

which is in U.
(b) Prove that U is abelian.

Solution. This follows from the formula for multiplication of elements of U given above, together
with the commutativity of addition in R.

(¢) Prove that U is normal in T
a b\ (1 z\(a b\ '
0 ¢/\0 1/\0 ¢

(d) Show that T'/U is abelian.
Solution. Note that

Solution.

(8 ax:b) (1éa _b1//<gc)>

(3 a331/0>
69696 %)

so every coset in 7'/U has a representative that is a diagonal matrices. Since diagonal matrices
commute with each other, T/U is commutative.

Alternatively, note that

(GG 262 (50 =05 ) (5 )
_ ((1) (ab — bic)/(cc')) .

Since U contains the commutator subgroup of T, T'/U is abelian by 10.14.
(e) Is T normal in GLy(R)?



Solution. No. For example,

(o) ) (o)=Y

10.7. Prove or disprove: If H is a normal subgroup of G such that H and G/H are abelian, then G is abelian.

Solution. U < T from the previous problem provides a counterexample, as does Ag < S3.

10.9. Prove or disprove: If H and G/H are cyclic, then G is cyclic.

Solution. Aj <S35 provides a counterexample, as does Zg < Zg X Zs.

10.14. Let G be a group and let G’ = (aba~'b~1); that is, G’ is the subgroup of all finite products of elements
in G of the form aba~'b~!. The subgroup G’ is called the commutator subgroup of G.
(a) Show that G’ is a normal subgroup of G.

Solution. Suppose v = aba~1b~! is a generator of G’. Since gyg~! = (gag=!)(gbg~1)(gag=*)*(gbg—1) 1,
we have that gyg~' € G’. Since conjugation by ¢ is a homomorphism, every product of such ele-

ments will also be an element of G'. Thus G’ is normal.

1 1

Alternatively, note that gyg~t = gyg~'y 1y € G’ since v € G’ and gyg~'y~! is a commutator.

(b) Let N be a normal subgroup of G. Prove that G/N is abelian if and only if N contains the
commutator subgroup of G.

Solution. Suppose a,b € G. Then
(aN)(bN) = (bN)(aN) < Nab = Nba
& Naba b "' =N
< aba"tb"t e N.

So

G/N is abelian < (aN)(bN) = (bN)(aN) for all a,b € G
Saba bt e Nforalla,be G
s G CN.

11.2. Which of the following maps are homomorphisms? If the map is a homomorphism, what is the kernel?

Hla) = ((1) 2)

Solution. This is a homomorphism since (§ 9)(39) = (§ 5 ). The kernel is {1} C R*.

(b) ¢: R — GLy(R) defined by

(a) ¢: R* — GL2(R) defined by

(¢) ¢: GLe(R) — R defined by

Solution. This is not a homomorphism since it maps the identity to 2, which is not the identity
in R.



(d) ¢ : GLy(R) — R* defined by
¢((45)) =ad—be

Solution. This is a homomorphism, since

o (° b\ (a' V) _ 8 aa’ +bc  ab’ + bd'
c d)\d d)) ca' +dc b + dd’
= (aa’ 4+ bc')(ct +dd') — (ab' + bd')(ca’ + dc’)

= adad'd + beb' ¢ — adb'c’ — bea'd’
= (ad — bc)(a'd —b'c’)

= 0))o(C 2))

The kernel is SLa(R), the subgroup of GL2(R) consisting of matrices of determinant 1.

(e) ¢ : My(R) — R defined by
o((2a)) =0
where My (R) is the additive group of 2 x 2 matrices with entries in R.

Solution. This is a homomorphism, since

() (&) =oev=ef(Ea) rel(e w))

The kernel is the group (under addition) of lower triangular matrices:

{5 0):ancer}.

11.9. If ¢ : G — H is a group homomorphism and G is abelian, prove that ¢(G) is abelian.

Solution. If z,y € ¢(G) then there exist a,b € G with z = ¢(a) and y = ¢(b). Then zy = ¢(a)p(b) =
¢(ab) = ¢p(ba) = p(b)p(a) = yzx, so ¢(G) is abelian.

11.15. Let G; and Gz be groups, and let H; and Hy be normal subgroups of G; and Gz respectively. Let
¢ : G1 — G2 be a homomorphism. Show that ¢ induces a natural homomorphism ¢ : (G1/Hy) —
(Ga2/H>) if (Hy) C Ho.

Solution. We define ¢(gH1) = ¢(g9)H, for g € G1. We show that this is well defined. If ¢'Hy = gH,
then ¢'g™! € Hy so ¢(g'g™") € ¢(H1) € Hy. Thus ¢(¢')d(g9)™" € Ha, so ¢(g'Hr) = ¢(g')Hz =
¢(9)Hz = ¢(gHn).

It is also a homomorphism, since

= ¢(gH1)o(g'Hy).

11.19. Given a homomorphism ¢ : G — H define a relation ~ on G by a ~ b if ¢(a) = ¢(b) for a,b € G. Show
this relation is an equivalence relation and describe the equivalence classes.



Solution. Checking the conditions for an equivalence relation is straightforward: a ~ a since ¢(a) =
¢(a); if a ~ b then ¢(a) = ¢(b) and thus b ~ a; if a ~ b and b ~ ¢ then ¢(a) = ¢(b) = ¢(c) so a ~ c.

The equivalence classes are precisely the cosets of K = ker(¢), since

a~be ¢la)=¢(b)
& plab™ ) =1
sSab e K
& aK = bK.



