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Summary

My research fits into two different areas within number theory. On the one hand, I work on the represen-
tation theory of p-adic groups and the local Langlands correspondence; on the other hand I pursue a
variety of projects in computational number theory.

My thesis falls on the representation theory side of my interests: I give an explicit construction of
certain L-packets for tamely ramified unitary groups [40]. More recently, I have joined forces with Clifton
Cunningham to describe a sheaf-theoretic version of the local Langlands correspondence for p-adic groups
G. We began by exhibiting, for any torus T over a local field K, a scheme T so that characters of T (K)
correspond to certain sheaves on T [11]. We hope to relate representations of G to perverse sheaves on
an associated scheme G, and then to construct sheaves on G from sheaves on T. I have also been studying
rectifiers with Moshe Adrian, which measure how the actual Langlands correspondence differs from a “naive”
construction. In particular, we extend the construction of rectifiers from GLn to other unramified reductive
groups [2]. I am also working on a paper with Andrew Fiori classifying tori in unitary groups.

My computational interests focus on applying p-adic numbers to number theoretic questions. As the lead
developer of p-adics in Sage [43], I study both p-adic algorithms and their implementations. With Xavier
Caruso and Tristan Vaccon, I have described a framework for working with precision in p-adic arithmetic,
decreasing the precision loss in algorithms for p-adic polynomials and matrices [8]. I have also started a
project with Ander Steele and Rob Harron with the aim of computing families of overconvergent modular
forms in positive-slope families. Finally, I have a number of long term projects bridging the gap between
computation and the Langlands correspondence: creating a database of p-adic tori and building capabilities
to compute L-packets in Sage.

1 The local Langlands correspondence

In the past few decades, research on modular forms has culminated in proofs of Fermat’s last theorem [49],
Serre’s conjecture [30], the 290 theorem [4], and progress toward and solutions of many other conjectures in
number theory. The Langlands program generalizes much of the theory behind these results to a vast web of
connections between number theory and representation theory of algebraic groups (see [19] and [20] for the
big picture). Classical modular forms constitute the GL2 case of the theory. In addition to the global part
of this program, the local Langlands correspondence relates representations of Galois groups of local fields
to representations of reductive algebraic groups defined over local fields.

Though the general local Langlands correspondence remains conjectural, we know the case of GLn due
to the work of Harris-Taylor [25] and Henniart [26]. Recent work of Arthur [3] proves the correspondence for
orthogonal and symplectic groups by endoscopic transfer to GLn; additional small rank examples are also
known [17]. However, most of these proofs do not give a concrete construction of the correspondence, and the
exceptional groups remain out of reach using these methods. Much of our progress in the understanding of
classical modular forms and elliptic curves derives from our ability to compute with these objects explicitly.
The Birch and Swinnerton-Dyer conjecture [5], for example, originated in computational observations. In
order to work with the local Langlands correspondence explicitly, we need to use a technique other than that
of Harris-Taylor and Henniart. DeBacker and Reeder [13] provide an alternate approach to understanding
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the local Langlands correspondence; we will return to their work after making the Langlands conjectures
more precise.

The conjectures

Let K be a local field with finite residue field k, and let G be a connected reductive group defined over K
and split by E/K. We write Ĝ for the complex connected reductive group with root datum dual to that of
G; we can define an action of Gal(E/K) on Ĝ as in [21, §3.1], and set

LG = Ĝo Gal(E/K).

Recall that the Weil group WK is the (dense) subgroup of Gal(K̄/K) of elements whose projection
onto Gal(k̄/k) is an integral power of Frobenius. A Langlands parameter is an equivalence class of certain
homomorphisms

ϕ : WK × SL2(C)→ LG.

Among other requirements, we ask that the projection onto the Gal(E/K) term of LG restricts to the
standard projection from WK to Gal(E/K); we consider two Langlands parameters equivalent if they differ
by conjugation by an element of Ĝ.

The correspondence relates Langlands parameters to representations of G(K). We say that a represen-
tation π : G(K) → GL(V ) is smooth if the stabilizer of every v ∈ V is open in G(K) and admissible if,
furthermore, the subspace of vectors fixed under any open subgroup is finite dimensional. One can define a
process of parabolic induction, which takes as input a representation of the Levy factor of some parabolic
subgroup of G(K) and yields a representation of G(K). We say that an irreducible representation is su-
percuspidal if it does not arise as a subquotient of any representation parabolically induced from a proper
parabolic subgroup.

Conjecture 1 ([48, Conj. 4.3]). There is a natural, surjective, finite-to-one map from irreducible admissible
representations π of G(K) to Langlands parameters

ϕ : WK × SL2(C)→ LG,

characterized by a number of conditions, including matching of L and ε factors. The fibers of this map are
called L-packets. The Langlands parameter associated to a supercuspidal representation vanishes on SL2(C)
and the restriction to WK is irreducible.

Ph.D. Thesis

Reeder and DeBacker [13] provide an explicit construction of the L-packet corresponding to a given Langlands
parameter ϕ under certain restrictions on G and ϕ. They first assume that G splits over an unramified
extension. They then restrict their attention to Langlands parameters that are

1. tame – vanish on wild inertia,

2. discrete – the centralizer Aϕ of ϕ in Ĝ is finite,

3. regular – the centralizer of ϕ(τ̃) is a torus, where τ̃ generates tame inertia.

Under these assumptions, they construct an L-packet associated to ϕ. This L-packet is parameterized by
irreducible representations of Aϕ and they prove that it satisfies certain expected properties. In my thesis
[40], I extend their construction to the case that G splits over a tame extension. In particular, I consider
tame unitary groups, though the methods should extend to arbitrary tame reductive groups. I outline the
strategy below, highlighting the ways in which I modify DeBacker and Reeder’s approach to handle tamely
ramified groups.

Let G be quasisplit, S be the centralizer of a maximal K-split torus, W the Weyl group of (G,S), Knr

the maximal unramified extension of K and I = Gal(K̄/Knr).
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1. Use ϕ to define an abstract torus T as an unramified twist of S. Such twists are parameterized by
H1(Gal(Knr/K),W I) but T is always ramified since S itself is ramified. We obtain an element of
this group by projecting the image of Frobenius under ϕ onto Ŵ ; the discreteness of ϕ implies that
T is anisotropic. There are no serious complications in this step beyond those faced by DeBacker and
Reeder.

2. We have a Moy-Prasad filtration on T (K), where T 0(K) is the connected component of the identity
in the Néron model of T (K), and T 0+(K) is the maximal pro-p subgroup of T 0(K). Using the local
Langlands correspondence for tori, we can construct from ϕ a character χϕ of T 0(K) that vanishes on
T 0+(K). The necessity for the use of T 0 as opposed to T comes from the fact that we only apply the
correspondence for tori after restricting to Gal(K̄/Knr) and need a cohomologically trivial Gal(Knr/K)
module in order to descend back to a character on T (K).

In DeBacker-Reeder context, T 0(K) = T (K), so many of the constructions used in this step arise in
my thesis for the first time. In addition, I work around the fact that the normalizer of T̂ in LG is not
a semidirect product in a different manner than DeBacker and Reeder do.

3. We now assume that G is a unitary group. For each ρ ∈ Hom(Aϕ,C×), we embed the abstract torus
T into a pure inner form G′ of G by defining a Hermitian space, depending on ρ, on which T acts. In
fact, we embed T into a specific maximal compact subgroup H of G′. By Bruhat-Tits theory, such
a maximal compact also has a filtration coming from its structure as an OK-scheme; the quotient
H0/H0+ is a connected reductive group over k, with maximal torus T 0(K)/T 0+(K) and character
χϕ : T 0(K)/T 0+(K) → C×. In this situation, we can produce a Deligne-Lusztig representation π of
H0/H0+. Inflating this representation to H0 and compactly inducing up to G′(K), we obtain the
desired element of the L-packet.

While the representations of H0/H0+ arise from Deligne-Lusztig theory just as in DeBacker-Reeder,
I have a different way of organizing the L-packets. Rather than parameterizing the representations in
terms of cocharacters of T̂ , I get a representation for each embedding T ↪→ G. I also face a complication
in the induction process, since the stabilizer of a facet in the Bruhat-Tits building is not necessarily
equal to the associated parahoric when G is ramified.

From characters to sheaves

Three years ago, Clifton Cunningham and I set out to replace sections of this construction with geometric
versions, motivated by Deligne and Lusztig’s work on character sheaves for groups over finite fields [14]. We
initially aimed to find a class of sheaves on T that could play the role of characters of T (K). The étale site of
T did not prove rich enough to encode all characters of T (K), but we did succeed by using a scheme over k
obtained from T . Recall that the Néron model of T is a smooth group scheme T over OK with generic fiber
T with the property that T (OK) = T (K). Now write T for the Greenberg transform of T ; T is a scheme
over k with T(k) = T (OK). We define a class of sheaves on T that can play the role of characters of T (K).

Suppose that H is a smooth commutative group scheme over k, H̄ = H ×k k̄, m̄ : H̄ × H̄ → H̄ is
multiplication and F : H̄ → H̄ is the Frobenius automorphism. A quasicharacter sheaf on H is a triple
(L̄, µ, φ) where L̄ is a local system on H ×k k̄ and µ : m∗L̄ → L̄ � L̄ and φ : F ∗L̄ → L̄ are isomorphisms
satisfying certain compatibility diagrams. Write QC(H)/iso for the group of quasicharacter sheaves up to
isomorphism.

Theorem 2 ([11, Thm. 4.6]). There is a canonical surjective homomorphism

QC(H)/iso → Hom(H(k), Q̄×` )

with kernel H2(π0(H̄), Q̄×` )F .

Since T(k) is canonically isomorphic to T (K), we may interpret characters of T (K) as sheaves on T.
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Proceeding beyond commutative groups, we aim to apply this method of transitioning to the residue
field to general reductive groups. If G is a noncommutative reductive group over K we lose access to Néron
models, but the plethora of OK-group schemes attached to points in the Bruhat-Tits building can serve as
a replacement. Inspired by Schneider-Stuhler [41], we hope to define a scheme G over k built up out of the
Greenberg transforms of integral models of G so that admissible representations of G correspond to a certain
class of perverse sheaves on G. For a given embedding T ↪→ G, an analogue of Lusztig induction [34, §12]
would allow us to pass from quasicharacter sheaves on T to perverse sheaves on G. Cunningham and others
are working to geometrize the other side of the correspondence as well [1, §2-3], at which point we hope to
interpret the local Langlands correspondence purely through operations on perverse sheaves.

As an outgrowth of this line of investigation, we believe that we have found a p-adic analogue of the affine
flag variety. Suppose G is a connected reductive group over an equal characteristic local field K, and let I
be an Iwahori subgroup of G. The affine flag variety G(K)/I plays a key role in the geometric Langlands
correspondence [16]. It is an ind-scheme over the residue field k, but no analogous construction is known in
mixed characteristic. We hope to provide such an analogue by gluing together Greenberg transforms.

We also hope to offer a different perspective on the Artin reciprocity map of local class field theory. If
we can construct covers of T with the appropriate automorphism group then we can transform characters of
inertia to quasicharacter sheaves, and then to characters of T (K). See [11, §16] for more details.

Rectifiers

I have also been pursuing a separate line of inquiry with Moshe Adrian. Bushnell and Henniart [6,7] describe a
“naive Langlands correspondence” for GLn(K). Using the Langlands correspondence for tori, they associate
to each essentially tame, supercuspidal Langlands parameter ϕ a degree n extension L/K and a character
ξ of L×. There are then various ways of associating a supercuspidal representation πχ of GLn(K) to each
admissible character χ of L×; in depth zero all constructions reduce to Deligne-Lusztig theory but in higher
depth there are various natural choices. The rectifier of ξ is a character µξ of L× so that ϕ 7→ πξ·µξ is the
local Langlands correspondence for GLn(K).

In [2], we generalized this notion of rectifier to unramified, connected reductive groups G. Using groups
of type L (generalizations of LT ) and the local Langlands correspondence for tori, Gross has constructed
an elliptic torus T , splitting over some extension L of K, together with a character ξ of the coinvariants
T (L)Gal(L/K). Our rectifier is another character µξ of T (L)Gal(L/K) so that ξ · µξ descends to T (K) and
yields the local Langlands correspondence for G. Our description serves to connect the explicit constructions
of Bushnell and Henniart on the one hand and DeBacker-Reeder [13], Kaletha [29] and Reeder [38] on the
other hand.

In future work we hope to explore how rectifying characters arise on the dual side of the Langlands
correspondence. Consider the set X of tame discrete Langlands parameters ϕ whose image is contained
within the normalizer N̂ of a torus T̂ . If N̂ = T̂ o Ŵ then the Langlands correspondence for tori gives an
isomorphism X ∼= Hom(T (K),C×) and we can proceed to construct representations from the corresponding
characters of T (K). But even when N̂ is not a semidirect product, X is a principal homogeneous space for
H1(K, T̂ ) ∼= Hom(T (K),C×). By relating the permutation of characters induced by multiplying by rectifiers
to a choice of a base-point on the dual side, we hope to gain insight into how these Langlands parameters
fit together under endoscopic transfer.

2 p-adic tori

Over the past few years I have become more interested in algebraic tori, especially those over local fields. Such
tori have a rich theory, equivalent to integral Galois representations. I seek to understand their intrinsic
structure – Néron models, Galois cohomology groups, filtrations – as well as how they embed into other
reductive groups.
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Tori in unitary groups

My thesis includes a section classifying anisotropic tori in quasi-split unitary groups that are relatively
unramified - they become isomorphic to the centralizer of a maximal K-split torus after an unramified base
change. This classification is achieved via studying tori as Galois twists and determining which twists will be
both anisotropic and relatively unramified. While the relatively unramified, anisotropic tori were sufficient
for my thesis, I would like to understand other tori in unitary groups as well.

Andrew Fiori approaches tori differently in his thesis. He focuses on tori in orthogonal groups, viewing
them in terms of étale algebras. He considers both local and global orthogonal groups, and finds criteria for
when a given abstract torus can embed in an orthogonal group associated to a quadratic form with specified
invariants. We are currently collaborating on a paper that includes both of these perspectives in a study of
all tori in unitary groups.

p-adic tori

Access to examples makes mathematical experimentation much more fruitful. Cremona’s table of elliptic
curves [10] have proven an invaluable resource for studying elliptic curves. The L-functions and modular
forms database [32] collects information on various number theoretic objects and makes it available to
mathematicians online. I would like to create a database of algebraic tori over local fields to provide examples
of interesting tori for the Langlands correspondence. Two major ingredients of such a project already exist.
A recent paper of Hoshi and Yamasaki [27] classifies tori over arbitrary ground fields using GAP. Jones and
Roberts’ [28] database of local fields includes Galois groups of extensions of Qp for small p. Using these two
pieces I hope to compute component groups of Néron models, Moy-Prasad filtrations and information on
embedding tori into various reductive groups.

3 Other projects

I have a number of other projects – past, present and future – besides those related to the local Langlands
correspondence and p-adic tori. A number of these projects will utilize the open source software package
Sage [43], which I have helped develop for the last seven years. I believe that my experience with Sage will
aid me while experimenting with p-adic precision, overconvergent modular symbols, and other computational
projects that I pursue.

p-adic linear algebra

Two main features distinguish p-adic arithmetic from arithmetic in global fields. Since one can replace
rational values with p-adically equivalent results, one can avoid dramatic increases in the size of matrix
entries and polynomial coefficients. Secondly, one needs to track the precision of arithmetic operations in
order to take advantage of this simplification. This task is straightforward for p-adic numbers, but becomes
more intricate for polynomials, matrices and power series over the p-adics. Xavier Caruso, Tristan Vacoon
and I have begun exploring ways to track this precision [8], and I have started a more extensive project with
Jen Balakrishnan and Kiran Kedlaya with the aim of bringing the methods from archimedean numerical
methods to the p-adic world.

The following lemma from my paper with Caruso and Vaccon provides a tool for analyzing the evolution
of precision in linear algebra algorithms, much stronger than anything analogous for archimedean fields.

Lemma 3 ([8, Lemma 3.4]). Suppose that K is an ultrametric field with ring of integers OK . Let f :
Kn → Km be a C1 function, let x ∈ Kn and assume that dfx : Kn → Km is surjective. Then for any
OK-submodule H ⊂ Kn there is some r > 0 so that

f(x+ aH) = f(x) + a dfx(H)

whenever a ∈ K satisfies |a| < r.

5



We use such submodules aH to represent the precision of matrices and vectors x, and the lemma allows us
to understand how precision behaves under operations such as LU -decomposition of matrices.

Methods derived from this lemma allow the use of fast algorithms for computing the approximation
separately from the precision of the answer. My project with Balakrishnan and Kedlaya aims to analyze
the appropriateness of such algorithms using the notions of stability and backward stability from numerical
methods. For both projects, we aim to have implementations in Sage of the key ideas.

Overconvergent modular symbols

In the past few years I’ve been working on Sage code for computing with overconvergent modular symbols
[39], a project initiated by Rob Pollack. Classical modular forms sit inside a larger, p-adic analytic space of
overconvergent modular forms. Modular symbols provide an efficient way to compute with modular forms,
and overconvergent modular symbols serve the same role for overconvergent modular forms. Overconvergent
modular symbols have also found applications to computing p-adic L-functions [37] and Stark-Heegner points
[12].

Rob Harron and Rob Pollack are in the process of extending the code to work with Hida families [15].
I have recently started a project with Rob Harron and Ander Steele to compute with higher slope fami-
lies. Work on this project will necessitate improving Sage’s code for factoring and root finding with p-adic
polynomials and for computing with power series over p-adic rings. Work on p-adic polynomials in Sage is
ongoing [42], based on theoretical work by a number of authors [22–24,36].

Computing with the local Langlands correspondence

In the long term, I hope to build on a database of p-adic tori and add facilities for computing L-packets to
Sage. Some code for computing the local Langlands correspondence for GL2 exists within Magma [33], but
I hope a more general implementation will prove useful for studying more complicated representations, such
as the simple supercuspidals of Gross and Reeder [21].

A computational understanding of such representations would have global applications. By plugging the
matrix coefficient of a supercuspidal representation into the trace formula, you can eliminate the contribution
of the continuous spectrum and simplify the resulting formula; Knightly and Li [31] have been working on
making this explicit for GL2, and one could attempt a similar study if it were easier to work with the
Langlands correspondence for groups of higher rank.

4 Undergraduate projects

The Langlands program and computational number theory offer a variety of paths accessible to graduate
students. Finding appropriate topics for undergraduate exploration, however, presents more of a challenge.
The Langlands program does not easily lend itself to undergraduate research: even understanding the objects
under discussion requires a huge amount of background study. Yet lower-hanging fruit often droop through
the leaves, some of which are within reach of undergraduates.

Congruent tori

Suppose T and T ′ are tori over non-archimedian local fields K and K ′, splitting over L and L′ respectively.
Then T and T ′ are said to be N -congruent [9, §2] if there are isomorphisms

α : OL/πNKOL → OL′/πNK′OL′

β : Gal(L/K)→ Gal(L′/K ′)

φ : X∗(T )→ X∗(T ′)

satisfying the conditions
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1. α induces an isomorphism OK/πNKOK → OK′/πNK′OK′ ,

2. α is Gal(L/K)-equivariant relative to β, and

3. φ is Gal(L/K)-equivariant relative to β.

I would like to find interesting examples of N -congruent tori, especially in the case that K is equal
characteristic while L is mixed characteristic. I believe that this search would be accessible to an advanced
undergraduate - even if they don’t succeed they will learn a lot of interesting algebra.

Invariants and Coinvariants

The following question arose while working on [11]. Suppose G is a group, X is a Z[G]-module and A is
an abelian group. Recall that the invariants are defined as XG = {x ∈ X : gx = x, ∀g ∈ G} and the
coinvariants are given by XG = X/〈(g− 1)x : g ∈ G, x ∈ X〉. Let X∗ = HomZ(X,A). There is a well defined
map

ρ : (X∗)G → (XG)∗

[f ] 7→ f |XG

When G = Z and A = C×, ρ is an isomorphism [11, Lem. 2.6]. I think an undergrad who has taken an
algebra course would be equipped to explore the kernel and cokernel of ρ for other G.

Sage projects

Sage provides numerous opportunities for an undergraduate with programming skills to learn some math-
ematics while simultaneously contributing to the mathematical community. I have included a sample of
potential topics below, but this kind of project may be easily tailored to fit a student’s interests and level.

1. Create an interface for character tables within Sage [46]. The interface would use existing capabilities
within GAP [18] for the actual computations; the student would instead focus on a clear presentation
of the various aspects of characters, conjugacy classes and representations of finite groups.

2. Implement an algorithm to find a well balanced orientation of a graph [44], as defined by Nash-Williams
[35]. This project would focus on implementing a specific algorithm using Sage’s existing graph theory
data structures.

3. Add endomorphism rings of elliptic curves [45] and complex multiplication [47] to Sage. Sage already
supports isogenies of elliptic curves - the project would consist of packaging them together into a ring.
With such endomorphism rings, you could multiply the point (1, 2) on y2 = x3 + 3x by 1 + i.
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