
THE INVERSE SPECTRAL PR OBLEM FOR PLANAR
DOMAINS

RICHARD MELR OSE

1. Intr oduction

In these �v e lectures1 on the spectral, and more particularly the
inverse spectral theory of the Dirichlet problem in planar domains I
wish to show how the investigationof a concretemathematicalquestion
can draw on quite extensive areasof mathematics. Thus I hope that
thesetalks will help to bind together various parts of the material you
will have seen,or be seeing,elsewherein this Workshop.

Each of the lectureswill centre on oneor two explicit `results'which I
will try to put into context. Then, as time permits, I will outline some
of the proofs and discussextensionsand re�nements of the various
questions.For the most part I will refer elsewherefor details

In summary the topics of the �v e lectureswill (probably) be:

I. Spectrum and resolvent of the Dirichlet problem
II. Heat kernel and heat invariants

I I I. Wave kernel and length spectrum
IV. Short geodesics
V. Polygonal domainsand Other problems

2. Dirichlet Pr oblem

Considera smooth planar domain 
 � R2: By this I meana compact

subsetwhich is the closureof its interior
�

 with boundary @
 = 
 n

�



consistingof a �nite number of smooth simple, non-intersectingclosed
curves

@
 = 
 1 [ 
 2 [ � � � [ 
 N : (2.1)

The �rst curve, 
 1; will always be taken as the `outer curve', i.e. the
unique curve which boundsa compact set containing 
 :

1In the end there were only four since I decided to spend the last Friday in
Sydney at the beach in preparation for a return to the frozen north.

1
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Figure 1. A planar region

The basicanalytic problem I will consideris the search for solutions
to

(� � s)u = f in
�



u � @
 = 0:
(2.2)

Here � = � @2

@x2 � @2

@y2 is the (geometer's)Laplacian, f 2 C1 (
) is a
given function, u 2 C1 (
) is the unknown function and s 2 C is a
complexnumber. The spaceC1 (
) deservessomediscussion,it is the
spaceof continuousfunctions u : 
 � ! C which have derivativesof all
orders

@j + k

@x j @yk
continuous on 
 : (2.3)

3. Spectr um

The problem (2.1) is `Fredholm' for each �xed s 2 C: This means
that there are �nitely many linear conditions on f which are neces-
sary and su�cien t for there to exists a solution and then there is a
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�nite dimensionalvector spaceof solutions, this spaceI will denoteas
Eig(s) � C1 (
) : Let D(s) = dim Eig(s) be its dimension. By de�nition
s is an eigenvalue of the Dirichlet problem if D(s) 6= 0: The spectrum
is the set of eigenvaluesbut I shall considerthe `augmented spectrum'

Spec(
) = f (s;N ) 2 C � N; s 2 C and N = D(s ) 6= 0g
(3.1)

which alsocontains multiplicit y information.

s

D

Figure 2. The augmented spectrum

Although I shall not pay too much attention to it, the Diriclet prob-
lem is self-adjoint on the appropriate domain in L 2(
) : My intention
here is to bring out the geometricaspects of theseproblemsso I shall
not make much useof such Hilbert spacemethods. Not only are the
eigenvaluesreal but they form a discreteset, soanother way to arrange
the information in (3.1) is to write the eigenvaluesasa non-decreasing
sequence,with each s repeatedexactly D(s) times

0 < s1 < s2 � s3 � : : : sn ! 1 : (3.2)
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Here I have also included two additional facts, that s1 is simple (i.e.
D(s1) = 1) and that there are in�nitely many eigenvalues.

4. Ka c's question

The basicsubject of theselecturesis
Doesthe Dirichlet spectrum determinethe domain?

In this form the answer is obviously NO, sincetranslations, rotations
and re
ections of 
 leadto (generallydi�erent) domainswith the same
Dirichlet spectrum, so we amendthe questionby adding

... up to rigid motion?
This is the famousquestion of Mark Kac ([15]) which was rephrased
by Lipman Bers as `Can one hear the shape of a drum?' In fact Kac
mostly consideredthe question for polygonal domains,2 rather than
smooth ones. In that case,as I shall discussat the end, the answer in
this form has recently beenshown to be no. However the main issues
still remain open, for examplefor convex domains.3 So in generalit is
only fair to warn you that I do not know the answer!

Beforebrie
y reviewingthe proof of the resultson the spectrum that
I have discussedabove (they all date from the nineteenth or early twen-
tieth century) let me mention someextensionsand related questions.
Essentially everything that I have said, or will say, remains true with
only minor modi�cations for the Neumannproblem in placeof (2.2)

(� � s)u = f in
�



@� u� @
 = 0
(4.1)

where@� is the inward pointing normal to @
 : The only formal di�er-
enceis that 0 is a simple eigenvalue so the spectrum becomes

0 = sN
1 < sN

2 � sN
3 � : : : sN

n ! 1 : (4.2)

5. Dirichlet vs. Neumann

Onestandardcharacterizationof the eigenvaluesin the Dirichlet case
is by the mini-max principle

sD
j = min

u1 ;:::;u j
max

06= a2 Rj

( R

 jr uj2
R


 juj2
; u =

jX

i =1

aj uj

)

(5.1)

2Mostly, I think, in view of the methods available at the time. It seemsto me
that the smooth caseis more interesting than the polygonal, which is inherently
�nite dimensional.

3Whether polygonal or not. The recent progressfor polygonal domains has all
beenin the form of examples.
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wherethe minimum is taken over all j -tuples u1; : : : ; uj 2 C1 (
) which
satify u � @
 = 0 and which are linearly independent. 4 The same
characterization holds for the Neumanneigenvalueswith the minimum
being taken over the larger set of all independent j -tuples in C1 (
) :
From this it follows that

sN
j � sD

j 8 j 2 N (5.2)

for any smooth domain. More remarkable (and remarkably recent) is
a result of L. Friedlander ([7]) which statesthat

sN
j +1 � sD

j : (5.3)

Note that this canbe described assaying that for a drum with `sliding'
boundary the �rst positive frequencyof vibration is smaller than for a
drum with �xed boundary.

There is an old conjecturerelated to (5.3) which shows just how little
we know. . Poly�a conjectured(at least for convex domains) that

(sN
j )2 � 4�

1
A(
)

j < (sD
j )2 8 j and 8 
 : (5.4)

hereA(
) is the area. It is known that (5.4) holds for `generic'strictly
convex domainsfor j > J (
) :

6. Spectral pr oblem

Although I am putting empahsisin these lectures on the inverse
problem I should make clear that the main questionsreally concern
the forward spectral problem. One can put this very bluntly

Exactly which sequences(3.2) can occur as the eigenvalues
of the Dirichlet problem for a (smooth) planar domain?

(6.1)

This seemsto be well beyond current understanding. Of courseevery
time somethingis proved about the spectrum another necessarycondi-
tion is added,the problem is to �nd non-trivial su�cien t conditions for
a sequenceto arisefrom a domain. This is by way of a very non-linear
Fourier transform.

So,to look for a moment on the positive side,what sort of things do
we know? The results I shall describe are of the following types.

(1) Spectral invariants. Certain propertiesof the domainareknown
to be determinedby the spectrum. Examplesinclude the area
and the boundary length.

4Try to usethis characterization of the eigenvaluesto seethat the �rst eigenvalue
is simple becauseit must correspond to a non-negative eigenfunction. Somesmall
e�ort is required.
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(2) Determined domains. Somedomains are known to be distin-
guishableby their spectra amongstall domains. One example
is the disk. IndeedI claim (but there is no proof written down
soyou shouldn't believe me) that all ellipsesare sodetermined.

(3) Restricted problems. There are restricted classesof domains
the elements of which can be distinguished,one from another,
by their spectra.

(4) Counterexamples. There is a fair number of these! If one re-
stricts the information in the spectrum in variousways (related
to approachesto the problem) then onecan give counterexam-
ples to show that this restricted information is not enoughto
di�erentiatiate betweencertain domains(generally rather spe-
cial ones).

7. The resol vent f amil y

Now to the `meat' of the Dirichlet problem. I have written the spec-
tral information in the form (3.1) to make it into a divisor in the
algebraic-geometricsense.This is natural becauseof

Prop osition 1. There is a unique (weakly) meromorphic family of
operators R(s) : C1 (
) � ! C1 (
) which gives the solution to (2.2),
u = R(s)f ; for s 6= sj ; and which has a simple pole of rank D(sj ) at
each eigenvalue,

R(s) =
Pj

s � sj
+ R0

j (s) (7.1)

where R0
j (s) is holomorphicnear s = sj and Pj is the self-adjoint pro-

jection onto Eig(sj ):

I cannot give the completeproof of this proposition, which forms the
basisfor a large part of the subject of Functional Analysis, but I will
describe the `secondhalf' of the proof, to do with analytic Fredhold
theory, today and (maybe) discussthe �rst half tomorrow. I give this
proof (very informally) becauseit is of a type that occurs in many
places.

My starting point is the assumption (justi�ed at least roughly to-
morrow) of the existenceof a parametrix for the problem. To describe
what this is, let me �rst de�ne the notion of a smoothing operator. A
smoothing operator (on 
) is a linear operator A : C1 (
) � ! C1 (
)
which is given by integration against a smooth kernel

Af (s) =
Z



A(z; z0)f (z0)jdz0j whereA(�; �) 2 C1 (
 � 
) :

(7.2)
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Here jdzj = dxdy is just the usual Lebesguemeasure. I will write
	 �1 (
) for the spaceof smooth operators (consideredas the space
of pseudodi�erential operators of order �1 ): Thus 	 �1 (
) is just a
pseudonym for the spaceC1 (
 � 
) viewed asa spaceof operators. It
is important that it is an algebra5

A; B 2 	 �1 (
) =) A � B 2 	 �1 (
) : (7.3)

Of courseC1 (
 � 
) is also an algebra under pointwise multiplica-
tion, the algebrastructure in (7.3) is di�erent, it is for instancenon-
commutativ e.

By a parametrix for (2.2) I shall meanan entire family of operators
E(s) : C1 (
) � ! C1 (
) satisfying

(� � s)E(s) = Id + A(s) in
�

 with A(s) 2 	 �1 (
) and

E(s)f � @
 = 0 8 f 2 C1 (
) : (7.4)

Thus, E(s) solvesthe problem up to a smoothing error.

8. Anal ytic Fredholm theor y

So, let us assumethat such a parametrix existsand seehow to con-
struct R(s): This dependsreally on the properties of 	 �1 (
) ; rather
than thoseof E(s):

Lemma 1. If A(s) is an entire family of smoothing operators and �;
R > 0 are given then there is a �nite rank entire smoothing operator

(A0(s)f )(z) =
Z

A0(s; z; z0)f (z0)jdz0j where

A0(s; z; z0) =
MX

j =1

f j (s; z)f 0
k(s; z0)

(8.1)

with the f j ; f 0
j 2 C1 (
) for j = 1; : : : ; M depending holomorphically

on s and

sup

 � 
 ;jsj� R

jA(s; z; z0) � A0(s; z; z0)j � �: (8.2)

Proof. This can be shown using Fourier series(or many other approx-
imation methods). �

Lemma 2. If B 2 	 �1 (
) has kernel satisfying

sup
(z;z0)2 
 � 


jB (z; z0)j < 1=A(
) (8.3)

5This is really a form of Fubini's theorem; check that you seewhy it is true.
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then Id + B : C1 (
) � ! C1 (
) is invertible with inverse

(Id + B) � 1 = Id + G; G 2 	 �1 (
) : (8.4)

Proof. The Neumannseriesfor G

G =
1X

j =1

(� 1)j B j (8.5)

convergesin C0(
 � 
) becauseof (8.3). The sum can be seento be in
C1 (
 � 
) ; i.e. 	 �1 (
) ; sinceG = � B + B 2 � B � G � B :6 �

Using theselemmasthe resolvent family R(s) can be related to the
parametrix E(s): First we use Lemma 1 to improve the parametrix,
for jsj < R: Thus we can write A(s) = A0(s) + A00(s) where A0(s) is
�nite rank as in (8.1). Choosing � small enoughwe can arrange that
(8.3) holds for A00(s) = A(s) � A0(s) for all jsj < R; so (Id + A00(s)) �
(Id + G(s)) = Id whereG(s) 2 	 �1 (
) : Applying the operator Id + G(s)
on the right to both sidesof the �rst equation in (7.4) reducesit to

(� � s)E 0(s) = Id + F (s); F (s) = A0(s) + A0(s) � G(s) 2 	 �1 (
) :
(8.6)

In fact F (s) is �nite rank.
It follows that for each jsj < R (where in fact R is arbitrary) the

problem is Fredholm in the sensethat if f satis�es the �nite number of
conditionsF (s)f = 0 then u = E 0(s)f solves(2.2). To seethat there is
only a �nite dimensionalspaceof solutionswecanuseduality. Suppose
v 2 Eig(s) for somes and u 2 C1 (
) sati�es u � @
 = 0: Integration
by parts (Green's theorem) then gives

Z



v(z)( � � s)u(z)jdzj =

Z




�
(� � s)v(z)

�
u(z)jdzj = 0:

(8.7)

Thus, if there is a solution, u to (2.2) for a given f then
Z



v(z)f (z)jdzj = 0 8 v 2 Eig(s): (8.8)

This givesD(s) = dim Eig(s) independent linear constraints to be sat-
is�ed by f for (2.2) to have a solution. It follows that dim Eig(s) must
be �nite. In fact this argument canbe reversedto show that (8.8) gives
all the constraints for solvabilit y of (2.2).

6This is the bi-ideal property of smoothing operators. If A and B are smoothing
operators and D is, for instance, a bounded operator on L 2(
) then A � D � B is a
smoothing operator.
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It remainsonly to show that all eigenvaluesare real and that they
form a discreteset in the real line. The reality of the eigenvaluesfollows
from Green'sformula

Z



u(z)( � � s)u(z)jdzj =

Z




�
jr uj2 � sjuj2)jdzj = 0:

(8.9)

if u = 0 on @
 and u is an eigenfunction. The discretenessfollows from
(8.6) using the �niteness of the rank of F (s):

The main di�cult y of the inverse spectral problem is, obviously
enough, the extraction of information from the spectrum. The indi-
vidual eigenvalues are functions of the domain, but it is di�cult to
cometo grips with such functions, especially collectively. It is there-
fore natural to try reorganizeand �lter the information in somehelpful
way. There are various approachesand `transforms' which have been
used. The �rst one I will talk about is the heat transform and associ-
ated invariants.

9. Heat equation

The analytic problemon which the e�ectivenessof the heat transform
is basedis the initial value problem for the heat operator

(@t + � )v = 0 in [0; 1 ) � 


v � f t = 0g = v0 2 _C1 (
) ; v � [0; 1 ) � @
 = 0;
(9.1)

where v 2 C1 ([0; 1 ) � 
) and _C1 (
) � C1 (
) is the subspaceof
functions vanishing to in�nite order at the boundary.

Prop osition 2. The initial valueproblemfor the heat equation, (9.1),
hasa uniquesolution v 2 C1 ([0; 1 ) � 
) for each v0 2 _C1 (
) and the
operators so de�ned

e� t� : _C1 (
) � ! C1 (
) ; e� t� v0 = v(t; �) (9.2)

are, for t > 0; a semigroup of smoothing operators.

The semigroupproperty hereis the condition e� t� � e� s� = e� (t+ s)� ;
t; s > 0; As usual I shall only give an indication of the proof, and that
towards the end of the lecture. The proof I have in mind is rather
constructive and it gives quite a bit of information about the heat
kernel, which is the function H 2 C1 ((0; 1 ) � 
 � 
) such that

e� t� v0(z) =
Z



H (t; z; z0)v0(z0)jdz0j; t > 0; (9.3)

the existenceof which is guaranteed by the proposition.
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10. Tra ce

Let meconsidersomefurther propertiesof smoothing operators. The
trace of A 2 	 �1 (
) is de�ned to be

Tr(A) =
Z



A(z; z)jdzj: (10.1)

That is, Tr(A) is the integral of the restriction of the kernelof A to the
diagonal. One reasonfor interest in the trace functional

Tr : 	 �1 (
) � ! C (10.2)

is Lidskii's theorem which statesthat

Tr(A) =
X

j

� j (A) (10.3)

where the � j (A) are the eigenvaluesof A repeated accordingto their
(algebraic) multipicit y, which is �nite for � j (A) 6= 0: If A(z0; z) =
A(z; z0) is Hermitian symmetric then the � j (A) are necessarilyreal
and the multiplicit y is just the dimensionof the associated eigenspace.
In particular this is the casefor e� t� : Moreover it is easyto seethat
the eigenvalues of e� t� are the numbers � j = e� ts j where sj are the
eigenvalues of the Dirichlet problem and the multiplicit y is exactly
D(sj ): Thus we seethat the function

h(t) = Tr
�
e� t�

�
=

X

j

e� ts j ; t > 0; (10.4)

is a spectral invariant.

11. Heat inv ariants

As a spectral invariant h(t); for any positive value of t; is not much
di�erent to the individual sj ; in brief it is di�cult to say much about
it. The important question is what happens as t # 0: Notice that
e� t� v0 ! v0 as t # 0 for v0 2 _C1 (
) : Thus, in some weak sense,
e� t� ! Id as t # 0: Clearly then something has to happen to h(t)
becausethe right side of (10.4) is formally in�nite at t = 0: The most
fundamental point I want to make is that singularities are interesting.
Here is a basicexample.

Prop osition 3. As t # 0 the heat transform hasa completeasymptotic
expansion

h(t) � c0t � 1 + b0t � 1
2 + c1t0 +

X

j > 0

bj t j � 1
2 +

X

j > 1

cj t j � 1:
(11.1)
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First, let me make sure that you understand the meaning of the
relation � in (11.1). The right hand side is a formal sum of the type

X

p

apt � 1+ p=2 (11.2)

for someconstants ap: The precisemeaningof (11.1) is that, given any
J 2 N there is a constant CJ such that

jh(t) �
X

j <J

aj t � 1+ j =2j � CJ t � 1+ J=2 in 0 < t < 1:
(11.3)

Here the term on the right is just the size of the �rst missing term
on the left. In fact a stronger form of this statement is true with
similar estimatesfor the derivates (essentially what one would get by
di�erentiating both sidesof (11.3).) The most important point is that
the constants cj and bj are determined by (11.1). Another way to
look at the meaning of (11.1), together with all the relations for the
derivatives,is that the function r 2h(r 2) is C1 down to r = 0 and (11.1)
is its Taylor seriesexpansion.

The constants are the heat invariants of the domain 
 : There is no
known universal formula for them but their structure can be described
fairly easily. The �rst three are

c0 = cUA(
) ; b0 = cUL(
) ; c1 = cU � (
) : (11.4)

Here I am using cU to denote various constants which are universal
(independent of 
) and non-zero.The functions A; L and � arerespec-
tively the area,the length of the boundary and the Euler characteristic
of the domain, the latter being N � 1 whereN; in (2.1), is the number
of boundary components.

12. Disks are determined

Before describing the higher heat invariants let me give the �rst,
simple, inversespectral result (due I believe to Kac).

Theorem 1. Amongst planar domains the disks are determined by
their Dirichlet spectra.

Proof. The proof is the isoperimetric inequality which states that for
any planar domain

A �
L2

4�
(12.1)

with equality only for disks. �
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13. The heat inv ariants are not enough

This seemsa good start towards the inversespectral problem and
spurs one on to look at the higher invariants. To describe these I
have to brie
y considerthe parameterizationof domains. Let me �rst
restrict myself to simply connecteddomains, i.e. those having only
oneboundary component. The domain is determinedoncewe know 
 ;
its bounding curve so the simplest thing is to considerthe arclength
parameterizationof curves. The curve is then described in terms of its
curvature � 2 C1 (R=L) asa function of arclength. If �( s) is the angle
betweentangent and x-axis then

� (s) =
d
ds

�( s): (13.1)

The curve, up to rigid motion, can be recovered from �:

s

Figure 3. Tangent angleto a curve

All the heat invariants, other than c0; are integralsover arclength of
polynomials in the curvature and its derivatives. The interesting ones
are the bj which can be written

bj =
Z L

0
B j (�; � 0; : : : ; � (j � 1))ds (13.2)

for a polynomial B j : Here� (p) = dp�=ds p is the pth derivative of � with
respect to arclength. Even more can be said, namely that

B j (T0; T1; : : : ; Tj � 1) = cUT2
j � 1 + B 0

j (T0; T1; : : : ; Tj � 2):
(13.3)

There is alsoan overall homogeneity property in that

B j (sT0; s1+ 1
2 T1; : : : ; s1+( j � 1)=2Tj � 1) = s2j B j (T0; T1; : : : ; Tj � 1) 8 s > 0:

(13.4)
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The cj ; for j � 1 are similar. Before consideringsomepositive con-
clusionsthat we can draw from theseproperties let me note a nasty
counterexample.

Example 1. There is a family, dependingsmoothly on any given �nite
number of parameters,of strictly convexdomainsno two of which are
equivalentunder rigid motions but on which all the heat invariants are
constant.

Figure 4. Deformation with constant heat invariants

Description. Start with a circle. Then make a �nite number (onemore
than the number of parametersdesired) of small smooth disjoint de-
formations of the boundary. This can be done so that the domain
remainsconvex. Now considerthe domainsobtained by `sliding' these
perturbations with respect to each other aroundthe original circle. The
heat invariants are constant sincethe integrals (13.2) are merely being
rearranged. �

Theserather simplecounterexamplesreally suggestmany moreques-
tions. For example,do the heat invariants determine real analytic do-
mains? Do they locally determine domains under perturbation from
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a small, genericdomain (in particular one which is not the circle!) I
don't know any results in this direction. The obstruction seemsto be
�nding the coe�cien ts of the polynomials B j in su�cien t detail.

14. Boundedness of isospectral sets in the C1 topolgy

Althought this may seemdisheartening,notice that in passingfrom
h(t) (which has exactly the sameinformation as Spec(
)) to the heat
invariants wehavedroppedinformation. Next time I will describesome
methods for keepingmore of this lost information. Let me note one
consequenceof the propertiesof the heat invariants which canbe found
in [23].

Prop osition 4. For any isospectral set of domains (i.e. set of do-
mains with the sameset Spec(
)) there are uniform boundson all the
derivativesof the curvature (of all the componentsof the boundary)

sup
s

j
dp� (s)

dsp
j � Cp (14.1)

with Cp independnetof 
 in the isospectral set.

Proof. This follows from (13.3) and useof the Sobolev embedding the-
orem. �

Figure 5. Non-compactnesswith curvature bounds

The estimates (14.1) show the `precompactness'of the isospectral
sets. They don't quite show compactnessbecausethey do not show
that the isospectral setsareclosed.Indeedfor setsof domainssatisfying
uniform estimates(14.1) there is still the possibility that two distant
parts of the boundary will approach each other along a sequence.If
there are several boundary components it is equally possiblethat one
boundary component might approach another. Later I will describe
methods which show that the isospectral setsare indeedcompactand
that such degenerationcannot occur.
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15. Zet a function

The next analytic object I want to talk about is the zeta function
(treated �rst in this sort of centext by Seeleyin [26]). This is really
rather closelyassociated to the heat transform. Indeed with h(t) de-
�ned by the �rst equation in (10.4) the zeta function is given in terms
of the Mellin transform of h(t)

� (� ) =
1

�( s)

Z 1

0
h(t)t � � dt

t
: (15.1)

Formally inserting the secondpart of (10.4) gives

� (� ) =
X

j

s�
j : (15.2)

In fact the seriesin (15.2) convergesfor < � < � 1
2 and then the equality

holds.

Lemma 3. The zeta function extendsto a meromorphic function with
simple polesonly at the points � = � 1

2 + j =2 for j = 0; 1; 2; : : : and in
fact there is no pole at � = 0: The residuesat the poles (togetherwith
the valueat � = 0) can be expressed in terms of the heat invariants and
conversely.

16. Determinant

Thus the singularitiesof � (� ) carry the sameinformation asthe heat
invariants. However there is at leastoneextra invariant of somesignif-
icancewhich can be extracted from � (� ): Namely if (15.2) is formally
di�erentiated and then evaluated at � = 0

� 0(0)\ = "
X

j

logsj : (16.1)

Thus it is reasonableto de�ne the determinant of the Dirichlet problem
to be

det(� ) = exp(� 0(0)): (16.2)

Unlike the heat invariants themselves this is not a local invariant,
i.e. cannot be expressedas a local integral of the curvature and its
derivatives. However its properties were analyzedby Osgood, Phillips
and Sarnak([23]) enoughto seethat

Prop osition 5. Any set of simply connected domainson which all the
heat invariants and the determinant are �xed is compact in the sense
that they are uniformly smoothly embedded.
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In particular this shows that isospectral setsare compact in the C1

topology and cannot degeneratealong any sequence.
There are di�culties treating non-simply connecteddomains this

way so I shall instead deducethis result from a discussionof the wave
trace, to which I now turn.

17. Wave equation

This third and last transform of the spectral data is basedon the
initial value problem for the wave equation

(D 2
t � � )w = 0 in R � 
 ; w � R � @
 = 0

w� f t = 0g = w0; D tw� f t = 0g = w1:
(17.1)

Here D t = 1
i @=@t: For each pair (w0; w1) 2 _C1 (
) there is a unique

solution w 2 C1 (R � 
) to (17.1). This existenceand unqueness
theorem can be encapsulatedin the existenceand properties of the
wavegroup

U(t)
�

w0

w1

�
=

�
w(t; �)

D tw(t; �)

�
: (17.2)

This extendsto a group of operators on the `domain of � 1 ' which
is to say on the spaceof functions C1

D (
) 2 where

C1
D (
) =

�
w 2 C1 (
); � j w� @
 = 0 8 j = 0; 1; : : :

	
:

(17.3)

The group property U(r ) � U(s) = U(r + s) follows from the uniqueness
of solutions to (17.1). Amongst the many interesting properties of this
wave group are the �nite propagation speed

w0(z); w1(z) = 0 in fj z � z0j < rg =) w(t; z) = 0 in fj z � z0j < r � jtjg :
(17.4)

18. Tra ce of the wave gr oup

As distinct from the heat semigroupthe operatorsU(t) cannever be
smoothing, sincethey are invertible! So to take the trace we needto
smooth them. This can be doneby averagingin the time variable. Let
S(R) be Schwartz spaceof C1 functions of rapid decreaseat in�nit y.

Lemma 4. For any � 2 S(R) the averaged wavegroup

U(� ) =
Z

R
� (t)U(t)dt (18.1)
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is a 2 � 2 matrix of smoothing operators on 
 with trace

Tr U(� ) =
X

� 2
j = sj

�̂ (� j ) (18.2)

where

�̂ (� ) =
Z

e� i�t � (t)dt (18.3)

is the Fourier transform of �:

The sum in (18.2) is over those real numbers � j = � s
1
2
j (since the

sj are positive.) It is quite easyto seewhere (18.2) comesfrom and
not too hard to prove it. Formally the wave group can be written asa
function of the Laplacian with Dirichlet boundary condition

U(t) =
�

cos(t
p

� ) sin(t
p

� )=
p

�p
� sin(t

p
� ) cos(t

p
� )

�
(18.4)

This leadsoneto expect that Tr U(t) = 2Tr cos(t
p

� ): Thus an eigen-
value sj of � shouldcontribute a term 2cos(t� j ) = ei� j t + e� i� j t where
� 2

j = sj : This shows why (18.2) and (18.3) should hold.
Another way of writing (18.2) is to observe that Tr U(� ) de�nes a

(tempered) distribution which I will denote � (t) 2 S0(R): Then (18.2)
can be rewritten

� (t) = F � whereF is the Fourier transform and

� (� ) =
X

� 2
j = sj

� (� � � j ):
(18.5)

This is sometimescalledthe Poissonformula for (the Dirichlet problem
on) 
 :

19. Poisson rela tion

As always the usefulnessof the transform � (t) of the spectral data
lies in our abilit y to say somethingabout � (t) directly, other than using
(18.5). This amounts to studying the hyperbolic problem (17.1). For
the moment let me discuss,without preciselyde�ning, the notion of a
geodesic for the domain 
 : As we shall see,thesecurves arise in the
study of � (t): A geodesicis a curve in 
 ; i.e. a continuous map

� : I � ! 
 (19.1)

for somenon-empty interval I � R (it could be open, closedor in�nite
at either endbut I do not want it to beeither empty or just to consistof
onepoint; more preciselyit is an in�nite connectedsubsetof R) which
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neareach interior point (of 
) is a straight line segment parameterized
by arclength. At a boundary point of 
 the curve is supposedto satisfy
`Snell'sLaw' of equal angle re
ection. For the moment I do not want
to make this precise.A geodesicis closedif I = R and � is a periodic
function with someperiod L: Let L � (0; 1 ) denotethe set of lengths
of closedre
ected geodesicsin 
 : Then the Poissonrelation statesthat

singsupp(� ) � �L [ f0g[ L : (19.2)

Note that, by de�nition, a point �t is in the singular support of � if � is
not equal to a smooth function in any open neighbourhood of �t:

The relation (19.2),provedin [11](seealso[10]), is part of the general
principle that singularities are interesting. It is unfortunate that it is
only an inclusion, but what it is trying to tell us is that the length
spectrum is a spectral invariant of 
 : Unfortunately this is not known
to be the casesincethere is the possibility of cancelation;in a certain
senseevery closedgeodesiccontributes a singularity to � ; all that can
happen is that two (or more) such contributions from geodesicsof the
samelength may cancelout. Under certain circumstancethe inclusion
in (19.2) can be reversed. Before saying somethingabout this let me
�rst discussthe singularity at t = 0:

20. Weyl asymptotics

The singularity of � at t = 0 turns out to be a simple one. First
note that it is always isolated, i.e. there cannot be a sequenceof closed
re
ected geodesicsof length L j > 0 such that L j ! 0: Thus the set L
hasa positive in�m um Lmin : Take a smooth function � 2 C1 (R) which
is identically equal to 1 in a neighbourhood of 0 and which vanishesin
say jtj > 1

2Lmin : Let us take the Fourier transform of � localizednear
0: This givesa smooth function which turns out the have a complete
asymptotic expansionas � ! 1

b�� (� ) �
X

j

aj � 2� j ; � ! 1 : (20.1)

The coe�cien ts here are therefore spectral invariants. They do not
depend on the choice of � and might therefore appear to be very in-
teresting. Alas, they tell us nothing new becausethey are in reality
simply the old heat invariants (slightly reorganized.)

This might indicate that the singularity of � at t = 0 is of no partic-
ular interest; from the point of view of inversespectral theory this is
true sincethe sameinformation can be gleenedfrom h(t): However the
mere existence of the expansion(20.1) does not follow from any rea-
sonableproperties of h(t): This alone has an important consequence,
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known as `Weyl's law' for the growth rate of the eigenvalues. Put
N (� ) = maxf j ; 0 < � j � � g: This just counts the number of eigenval-
uesof the Dirichlet problem, with multiplicit y, which satisfy sj � � 2:
Then

N (� ) = cUA� 2 + O(� ) as � ! 1 : (20.2)

This notation meansthat there is a constant C (which dependson 
)
such that

jN (� ) � cUA� 2j � C�; � > 1: (20.3)

I shouldpoint out that (20.1) is not soeasyto prove, basicallybecause
no way has (yet) beenfound to construct the singularities of the wave
kernelfor a generalplanar domain(it hasbeendonein both the strictly
convex and strictly concave cases).The result (20.1) is dueto Ivrii [14].
The estimate (20.2) was �rst proved by Seeley, [27], [28] by a slightly
di�erent method.

The estimate (20.2) can be improved, under the condition that the
set of closedgeodesicshasmeasurezero, to

N (� ) = cUA� 2 + cUL� + o(� ) (20.4)

wherethe `small oh' notation meansthat
Given � > 0; 9 T such that

jN (� ) � cUA� 2 � cUL� j � � j� j for � > T:
(20.5)

This is due to Ivrii, [14], extending earlier ideas of Duistermaat and
Guillemin [6]. As far asI am aware, for planar domains,it is not known
whether (20.5) always holds; in particular it is not known whether
for smooth planar domains the measureof the set of closedre
ected
geodesicscan be positive (the half sphereis an exampleamongmani-
folds with boundary).

21. Non-communica ting r ooms

Later I shall talk about somepositive results, including further spec-
tral invariants, which follow from the study of the non-zerosingularities
of � (t): First let me cast the usual pall on proceedings!Herethe `data'
one might hope to read o� from � is concernedwith its singularities.
Thus two domainswith wave traceswhich di�er by a smooth functions
would be troubling. Such an examplewas found by Michael Lifshits
someyearsago(but not published); seealso the paper of Rauch [25].

Example 2. There are two smooth planar domainswhichare not equal
up to rigid motions yet whosewavetracesdi�er by a smooth function.
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Before describing this example I have to be a little more precise
about the meaningof a re
ected geodesicthan I have beenup to now.

De�nition 1. A re
ected geodesic is a curve

� : I � ! 
 (21.1)

such that there is an open densesubsetof the parametrizing interval
I 0 � I on eachmaximalopen interval of which� is smooth, parametrized
by arclengthand is either a straight line segment or a segment of the
boundarynear eachpoint of which 
 is locally convex. Furthermore the

following conditions hold at points of I 00= I 0\
�
I

(1) � (I 00) � @
 :
(2) If t0 2 I 00 is the end point of an interval of I 0 such that �

meets the boundary transversally at � (t0) then t0 separates two
intervals of I 0 with equal anglere
ection at � (t0):

(3) There is no point t0 2 I 00suchthat the region is strictly concave
near � (t0):

(4) For any other point of I 00; thecurvature of theboundaryvanishes
at � (t0) and � is di�er entiableand tangent to the boundary.

Figure 6. Two closedC1 geodeics

With this de�nition of a re
ected geodesic(sometimescalled a C1

geodesic)each curve � can be extendedmaximally to a re
ected geo-
desicde�ned on R: On certain domainswith boundary points at which
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the curvature vanishesto in�nite order there may be non-uniquenessof
such an extension(somewhatcontrary to intuition), the �rst example
was given by Taylor ([31]). This cannot happen if the domain is real
analytic. The length spectrum L is the set of periods of maximally
extendedgeodesics.

Figure 7. Non-communicating rooms

Description of Example2. This construction starts with a non-circular
ellipse. The ellipse is unusual in that one can describe its closed
geodesicsin essentially complete detail. Let me just note the fun-
damental property it has,which is that any geodesicpassingupwards
acrossthe major semiaxis,between the foci, is re
ected from the top
of the ellipse back acrossthe major semiaxisbetween the foci. We
then make a smooth modi�cation of the bottom half of the ellipse as
pictured, adjusting the boundary curve so that it touches the major
semiaxispreciselyat the two foci and at which it is simply tangent.
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We also insist that the part of the bounding curve above someline
parallel to the major semiaxisbut below it is symmetric under the
re
ection around the minor semiaxis. Now, the geodesicscan be di-
vided into two classes;namely the �rst classconsistsof those which
either meet the major semiaxisbetween the foci or lie completely in
the `tongue' betweenand below the foci. The secondclassconsistsof
the rest.

Now considerthe domain obtained by re
ecting the tongue around
the minor semiaxis,but not the rest of the domain. This is smooth
becauseof the symmetry insisted on. For an appropriate choice of
domain it is not rigidly equivalent to the original but it does have
all geodesicsof the samelength. A little further investigation shows
that in fact the wave traces of these two domains di�er by a smooth
function. The reasonfor this is a result which can brie
y be described
(somewhatcrudely) as saying that the singularities of solutions to the
wave equation (17.1) travel along C1 geodesics,see[20], [21] and [13].

�

Notice that in this examplethere are open setswithin the connected
region which cannot communicate with each other directly, i.e. no
geodesicfrom one can passinto the other. One can elaborate on this
example to provide arbitrarily large �nite sets of domains with the
corresponding � 's all equal modulo C1 (R) but with no two equivalent
under rigid motions. [Hint, chain together many copiesof examplesas
above.] I know of no continuous family of such domains.

22. Finer singularities

One subtlty here is the notion of smoothness. I have been talking
about C1 singularities. The exampleabove in all likelihood fails if the
notion of singularity is re�ned, for instanceto real analyticit y. However
it is very di�cult to analyzethese�ner singularities for anything other
than real analytic domains. There is no counterexample that I know
of to the statement that for real-analytic domains the singularities of
� ; modulo real analytic functions determine the domain (up to rigid
motion). There is, for strictly convex domains, even somehope that
this is true. For a discussionof Gevreyregularity for the wave equation
seethe work of Harg�eand Lebeau[12] and referencestherein (especially
[16]).
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23. Billiard ball map

Now I want to draw someinformation from the Poissontrace formula
(18.5). First I will considerstrictly convex domains, then discusstwo
results arising from the transversally re
ected closedgeodesics.

So, let me �rst discussstrictly convex domains,those for which the
curvature of the boundary is everywherestrictly negative. In this case
the de�nition of geodesicssimpli�es. Clearly the case4 of De�nition 1
cannot occur. It can be shown that any geodesicis either somepart of
the boundary curve or elseconsistsof transversally re
ected segments,
with the points of re
ection forming a discreteset.

p

p'

a

a'

Figure 8. Billiard ball map

There is a simpler way to examinethesere
ected geodesics,in terms
of the billiard ball map. Considerthe annular region formed by the set

B = @
 � [� � ; � ] (23.1)

where for a point (p; � ) 2 B ; p 2 @
 and � should be thought of
as the angle between the (anticlockwise) tangent and a line through
the point p: By the strict convexity, provided � 6= � � ; the line meets
the boundary at exactly oneother point p0 with angle � � 0: This then
de�nes the billiard ball map

� : B � ! B : (23.2)

Then closedgeodesics(up to translation of the parameter) are in 1-1
correspondencewith periodic orbits under � ; i.e. �nite setsq1; q2; : : : ;
qk with � qj = qj +1 ; 1 � j < k; � qk = q1:
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One of the most important properties of B is that it preserves the
areaform

! = cos(� )dsd� : (23.3)

In termsof di�erential formsthis canbewritten � � ! = ! : Alternativ ely
it meansthat the integral of cos(� )dsd� over � (S) is the sameas the
integral over S for any measurableset S � B : This allows me to make
precisethe meaningof the condition under which (20.4) holds, that the
measureof the closedgeodesicsis zero. In this caseit just meansthat
the measureof the set of periodic points for B is zero. Is this always
true?

24. Existence of closed geodesics

Returning to the direct characterization of closedgeodesics,still in
the strictly convex case,let me recall a result of Birko� ([1]).

Lemma 5. For every integer n � 2 and every 1 � m < n=2 there are
at least two distinct closed geodesicsmaking n transversalre
ections
and having winding number m; i.e. such that the sum over re
ections
of the changeof tangent angleis 2� m:

Proof. Geodesicscan be obtained by �nding critical points for the
length of a curve under variation. Look at the `con�guration space'
of n orderedpoints in the boundary, successive points being distinct,
such that the closedcurve obtained by joining them by line segments,
in order, has rotation number m: Denote this set Pn;m � (@
) n : Now
�x the �rst point arbitrarily and let P 0

n;m (p) be the subsetwith �rst
point p: Maximize the length of the curve over P 0

n;m : The length of
the curve is a continuous function on P 0

n;m ; this set is not compact
(becausesuccessive points must be distinct) but the distancedoesnot
approach its maximum on the boundary (separatingtwo points which
have coallescedincreasesthe length becauseof the convexity). Thus
the maximim of the distanceis attained in the interior. This maximum,
as a function of p 2 @
 is continuous (in fact it is smooth). Points on
@
 at which this function takescritical valuesproduceclosedgeodesics
as desired. The maximum and minimum therefore give at least two,
if they are equal then all boundary points give closedgeodesics. In
any casethere are at least two closedgeodesicsasclaimed. For related
material seethe book of Petkov and Stoyanov, [24], and papers cited
there. �



SPECTRAL PROBLEM FOR PLANAR DOMAINS 25

25. Appr oximation inv ariants

Let ln;m and Ln;m be, respectively, the maximum and the minimum
of the lengthsof closedgeodesicsmaking n re
ections and with winding
number m: For �xed m one can show that for each r > 0 there exists
Cr such that

Ln;m � ln;m � Cr n� r : (25.1)

Furthermore onecan seethat

ln;m �
X

j

dj (m)n� 2j as n ! 1 : (25.2)

The numbersdj (m) arethe `approximation invariants' of the boundary.
Clearly d0(m) = mL; the higher invariants are more interesting.

Figure 9. Closedgeodesicwith n = 6 and m = 2

Lemma 6. The approximation numbers dj (1) can be written as inte-
grals of polynomials in � 1=3; � � 1=3 and the derivativesof � with respect
to arclength. They are spectral invariants of nearly circular regions.

For instance

d1(1) = cU

Z L

0
� 2=3(s)ds: (25.3)

Using theseinvariants (see[17], [18]) onecan for exampleshow that
there are families of strictly convex regions,with any number of pa-
rameters, which are (each) determined by their spectra amongst all
regions.
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26. Isospectral compactness again

Next let mereturn to the alternativeproof of isospectral compactness
that I promised. This is basedon the following result.

Prop osition 6. If 
 is a planar region suchthat the in�mum, L min ; of
L is attained as a local minimum and only by closed geodesicsmaking
two re
ections then Lmin is a singular point of Tr U(t):

Consider a family of domains on which all the heat invariants are
constant. Supposethere is a sequencein the family which is not uni-
formly embedded. As noted earlier, the only way for embedding to fail
in thesecircumstancesis for points on the boundary which are either
in di�erent component curves, or are bounded away from each other
in terms of arclength on the boundary, to approach each other. A sub-
sequencethen satis�es the hypothesisof Lemma 6 and has L min ! 0:
The family cannot be isospectral sinceProposition 6 would lead to a
contradiction of the fact that, for any domain, 0 is an isolatedpoint in
the singular support of Tr U(t): Indeed, far enoughalong the sequence
Lmin is a singular point of Tr U(t); which is by assumptionindependent
of the element.

27. Anal ytic domains

Let memention anotherresult which wasobtained,usingthe Poisson
relation, by Colin de Verdi�ere ([5])

Figure 10. Short geodesic

Considera domain satisfying a strengthenedform of the hypothesis
of Proposition 6 as illustrated in Figure 10.
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The in�mim of the length spectrum is attained for exactly
one geodesic, the minimum is non-degenerateand the
domain has a re
ection symmetry about the orthogonal
bisector of the geodesicsegment. (27.1)

Prop osition 7. There can be no one-parameter real analytic family of
real analytic domainsall satisfying (27.1).

Proof. Using invariants constructed from the singularity arising from
the shortestgeodesic,the Taylor seriesof the variation of the curvature
at each end point of the geodesic(the symmetry forcesthem to be the
same)can be shown to vanish. The assumedreal analyticit y therefore
forcesthe variation to be trivial. �

28. Triangles

In this last talk7 I wanted to describe someresult for polygonal do-
mains, i.e. rather than consider
 to be a smooth planar domain sup-
poseinstead that it is bounded by a (non-reentrant) polygon. There
are two basicresults I know of, the �rst oneis in the positive direction.

Prop osition 8. Any two triagular domains can be distinguished by
their Dirichlet spectra.

This was shown by F.G. Friedlander and C. Durso.
Although the disussionabove of the spectral theory for the Dirichlet

problemand the heat and wave equationsdoesnot carry over verbatim,
especially asregardssmoothness,similar resultscanbe obtained in the
caseof polygonal domains(in fact this caseis in most sensessimpler).
For instance the heat invariants are de�ned. Unfortunately there are
only two which are non-trivial, namely the areaand the length of the
bounding polygon. Clearly a triangle, up to rigid motion, has three
independent parameters. Thesecan be taken to be, for instance, the
length of one side, the height from that side and the opposing angle.
The triangle can be recovered from area,boundary length and height.
The main problem is to show that the height can be recovered, under
appropriate conditions, from the Poissonformula.

29. Isospectral pol ygonal domains

Let me now brie
y describe what are the only known examplesof
isospectral planar domains which are not equivalent under rigid mo-
tions. The origin of their construction lies in group theory. The basic

7The notes are very brief, since the talk was not given.
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ideawasformulated by Sunada([29]) (although there weresomeexam-
ples in higher dimensionsbefore). The two-dimensionalcasewasanal-
ysedby Buser([2], [3]) who producedexamplesof two-dimensional
at
manifoldswith corners(including `interior corners') which are isospec-
tral but not isometric. Thesewere �nally shown to be embeddablein
the plane (actually immersiblein such a way asstill to give isospectral
domains)by Gordon, Webb and Wolpert ([9]). See[8] for more details
and extensions.

Seealso the recent article of Buser, Conway, Doyle and Semmler[4]
in which an exampleof this type is shown to have the strongerisospec-
tralit y property that the two domainsare `homophonic'. Not only are
the eigenvaluesthe same,but there is a point in each of the domains
such that the expansionsof delta functions at thesepoints, in terms of
the eigenfunctionsfor the corresponding domain, have the samecoef-
�cients. This meansthat the `drums' struck at the appropriate points
soundexactly the same.

30. Other things

Finally let me �nish these�v e lecturesby describingsomeother `re-
lated' ideas. I havetalkedabout the resolvent family, the heatequation,
the zeta function and the wave equation in relation to planar domains.
Thesesameobjects appear in many di�erent settings. For instance

Direct generalization. There are all sorts of things one can do to
simply generalizethe problem and ask all the samequestions.For in-
stanceonecan replacethe Laplaceoperator � by someother operator
or passto higher dimensions(where generally lessis known). For in-
stance if V 2 C1 (
) one can think of it as a potential and consider
insteadof � the operator � + V: The analysisgoesthrough with fairly
minor changes.If V is real then the eigenvaluesmay becomenegative.
The heat invariants involve V aswell and soon. If V becomescomplex
then the eigenvalues can becomecomplex too (but only a little bit).
One virtue of the method I have described brie
y above to construct
the resolvent family is that it is not seriouslya�ected by allowing V to
becomecomplex. Somethingschangehowever, for examplethe Poisson
trace formula must be modi�ed.

Boundary measuremen t. There is an inverseproblemwhich is more
`analytic' than the spectral problem that I have discussed.To say that
0 is not in the spectrum of the Dirichlet problem for � + V is to say
that the boundary problem

(� + V)u = f ; u � @
 = 0 (30.1)
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has a unique solution u 2 C1 (
) for each f 2 C1 (
) : This actually
implies that the Dirichlet problem itself

(� + V)u = 0; u � @
 = u0 (30.2)

also has a unique solution for each u0 2 C1 (@
) : Indeed, to solve
(30.2), take any function u0 2 C1 (
) with u0 � @
 = u0: Then set
f = (� + V)u0 and let u00be the solution of (30.1) for that f : Then
u = u0 � u00solves(30.2). The uniquenessfollows from the uniqueness
of (30.1).

The map (sometimescalled the Dirichlet to Neumann, or just the
Neumann,map)

N : C1 (@
) 3 u0 7�! @� u� @
 2 C1 (@
) (30.3)

is oneof the basicexamplesof a pseudodi�er ential operator (it is close
to being jDsj): One can ask the question

Doesknowledgeof N (and 
) determineV?
(30.4)

Indeed it does if V is small enough in L 1 norm. Seethe work of
Sylvesterand Uhlmann [30] and Nachman [22].

Scattering theory . Supposeone considersthe exterior problem in-
stead of the interior problem I have been discussing. Thus suppose
that 
 is the exterior of a smooth simpleclosedcurve. Then the nature
of the spectrum of � changesconsiderably;its spectrum is continuous
rather than discreteasin the compactcasediscussedabove. There are
still inverseproblems (solved in part but there are lots of interesting
questionswhich are open). There is a lot of mathematical activit y in
this generaldirection involving spectral and scattering theory on non-
compact spaces,often much more generalthan Euclidean space. You
may (indeed I hope you do) �nd [19] a useful introduction to this area
{ seealso the referenceslisted there.
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