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NOTES

1 Expand

14

Go through notes from Paul and Co.

32 Write Lecture 29.
35 Write Topic 4.
37 Write Topic 6.
38 Write Topic 7.
40 Write Topic 9.
45 Write Lecture 36.

Additional topics

Geometric forms of determinant, determinant bundle and gerbe.
Hopkins and Singer?

Dirac and Bunke.

Segal’s classifying spaces

Loop groups and representations.

Primitive determinant bundle over whole of loop group.

Higher Gerbes.
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INTRODUCTION

In this course I plan to describe aspects of smooth K-theory.

I will start with a discussion of the algebra of smoothing operators in its various
forms and properties including finite-dimensional approximation, the Fredholm
determinant, group of invertible perturbations of the identity and hence to definitions
of odd and even K-theory.

Subsequently I will discuss:-

1. The loop group and delooping sequence and the Chern character.

2. Semiclassical quantization and Bott periodicity. Thom isomorphism and
Atiyah-Singer theorem.

3. The quantization (looping) sequence and Quillen’s line bundle.

4. Segal’s representation of the loop group and the K-theory gerbe.

As time (and the enthusiasm of the audience) permits I will discuss twisting of
K-theory and bordism.
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1. LECTURE 1: THE SMOOTHING GROUP
WEDNESDAY, 27 AuGusT, 2008

My first goal is to introduce the infinite-dimensional but ‘smooth’ group, G~°.
This is a classifying space for odd K-theory and is central to the content of these
lectures. This basic classifying group comes in many different manifestations, more
or less geometric. I will first start with some words of orientation, then I discuss the
‘sequential’, really least geometric, version of the underlying ‘Schwartz’ algebra and
then the group. In subsequent lectures much smoother-looking geometric versions
of the algebra and group will appear, associated with (finite-dimensional) manifolds.

Complex K-theory, which is what will be discussed for the most part here, is
closely connected with the algebras of N x N complex matrices M (N, C) and more
particularly the group of invertible matrices, GL(N, C) and the subgroup of unitary
matrices U(N) C GL(V, C).

I leave you to remind yourself of the basic properties of matrices, multiplication,
determinant, invertibility, polar decomposition, retraction onto U(N) etc.

Now, the odd K-group of say a compact manifold K*(X) can be defined in terms
of all the smooth (or continuous) maps from X into GL(N,C) (or into U(N,C).
One ‘difficulty’ inherent in this finite-dimensional approach to K-theory is that
one needs to stabilize everything. That is, one has to consider the embedding of
GL(N,C) in GL(N +1,C)

1 0
0 A

Of course, this can be iterated to get GL(N,C) — GL(N + M, C) by interpreting
1 as Id € GL(M,C). The need for these stabilization maps tends to make things
intrisically non-smooth. Instead, the group G~°° is an a priori stabilization which
I want to take the time to discuss carefully — since it is so fundamental to what will
follow.

So to the sequential version, which is a direct generalization of matrices but
which I will not use directly later — although it is isomorphic to the more geometric
versions that I will use, as we shall see. As basic space consider ¥~ *°(N) where
N={1,2,3,...}, which for the moment just means rapidly decreasing sequences
(1.2) a:NxN-— C, supi"j¥|a;| < 00, V N,

i

(1.1) GL(N,C) 5 A —» ( ) € GL(N +1,C).

where the map is written as a double sequence.

This is a rather standard Fréchet space — let me remind you about this. First,
it is countably normed as is clear from the definition
(1.3) llaee|l() = sup ™ jNa;;| are norms.

i

Thus a subset is open if it contains an open ball around each of its points, with
respect to one of the norms (depending on the point). The additional requirement
for a Fréchet space is completeness. Indeed, ¥~°°(N) is a complete metric space
with respect to the metric

el = bllgw
1.4 dla,p) =S o~V 127NN
14) @)= 2 e

If you haven’t seen this it is worth doing as an exercise — at least check that this is
a metric and that the open sets with respect to it are the same as stated above.
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In fact U~°°(N) is a Montel space, as are many related spaces. Namely it has the
Heine-Borel property that every closed bounded set is compact. This is equivalent
to the condition that any sequence which is bounded with respect to each of the
seminorms is convergent — hence convergent with respect to eavh of the seminorms.
This is straightforward to check, namely the boundedness with respect to || - || x41)
implies that the ‘tails’ of the sequence with respect to the [ - ||(5y norm are equi-
small and hence that it has a sequence which converges with respect to [ - [[(n). A
sequence which converges with respect to all the seminorms can then be found by
diagonalization.

Of course the important point is that the standard matrix product extends to
this space, so that there is a bilinear map

(1.5) ¥7°(N) x ¥7°(N) — ¥™°(N), (acb);; = Zailb[j is jointly continuous.
=1

The joint continuity of such a bilinear map reduces to estimates, for each N there

exists N’ and C = C(N) such that

(1.6) llaoblly < Cllaf[x|[bl| v
In fact it is enough to check this for large N since the norms increase with N. So

take N > 1. Then the definitions of the norms imply that

(1.7) au| <i™NM1Mall vy =
1> aubi| < NN aallb]
l l
< llallm bl D172 < Cllall o [1Bll vy -
l

Thus
(1.8) lladll(ny < Cllallnvyllbll(ay ¥V N > 1.

Thus, ¥~ >°(N) is a topological algebra.

As is well-known, the fact that the norms on the right in (1.6) are the same as the
norm on the left is especially helpful — although it is not necessary for continuity. It
has an important consequence for the unital extension of the algebra. That is, let
us formally add an identity — since I haven’t made these matrices act on anything
yet, this is a formal identity. It really means changing the product on ¥~°°(N) so
that it looks like Id +%~°°(N) using the natural identity

(1.9) (Id +a)(Id +b) = Id +ab + a + b.
Clearly then it makes sense to ask that Id +a be invertible in the sense that
(1.10) 3 b€ $7°°(N) such that (Id +a)(Id+b) =1d, i.e. ab+a+b=0.

Definition 1. The group G~ *°(N) C ¥~ *°(N) consists of those elements a for which
Id +a is invertible in the sense of (1.10).

Next time I shall prove at least part of the following

Proposition 1. The group G=*°(N) is an open dense subset of ¥~°°(N) in which
the product and the map a — b = (Id+a)~* — Id are continuous. There is an
entire analytic function

(1.11) U~°(N) 3 a —> detp(a) = det(Id+a) € C
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for which G=°° is the complement of the null space.

The definition and properties of the Fredholm determinant will have to wait a
little longer. Of course the main thing to observe here is how close this is to the
finite dimensional case of GL(N,C) C M (N, C) — the main difference is that in the
finite-imensional case the algebra is unital.

The condition on a (non-unital) Fréchet algebra that the group of invertibles,
in this case G°°(N), is an open subset of the Fréchet algebra, here ¥~ °°(N), and
in particular that Id +a is invertible for the elements of a small open ball around
the origin, is often expressed by saying it is a ‘good’ Fréchet algebra. This seems
so lame to me that I refuse to follow such usage. If necessary I will refer to this
condition by saying the Fréchet algebra is ‘Neumann-Fréchet’ since it is at least the
analogue of the convergence of the Neumann series for (Id +a) ' when a is small
(and generally can be proved precisely this way).
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2. LECTURE 2: FINITE RANK APPROXIMATION
Fripay, 29 AucusT, 2008

From last time recall the definition of the sequential version of the ‘smoothing
group’

(2.1) G™™(N) = {a € ¥"*(N);3 b € ¥~°(N) satisfying
(Id+a)(Id+b) =Id+a+b+ab=1d = (Id +b)(Id +a) }.

It is not quite obvious here that the existence of the right inverse, the first identity,
implies the existence of a left inverse as in the second identity, and the equality
of the two. In fact this is true as we will check later, but for the moment we just
require the existence of a two-sided inverse.

The main thing for today is to see that it satisfies variants of the ‘obvious’
properties of GL(N, C).

Proposition 2. The group G~ (N) is an open, dense, (path) connected subset of
U—=(N) in which the product and the map a — b = (Id +a)~! —1d are continuous.

To prove these results we will use finite dimensional approximation, so really the
same stabilization that was the reason for looking at a group like this in the first
place. Let IT;, be the projection on the space ¥~°°(N) which ‘cuts off the tails’ after
k terms:

(2.2) (i (a))i; = {

0 ifi>korj>k.

Clearly IIj, : ¥~ °°(N) — ¥~ °°(N) is linear and continuous — in fact it decreases
each of the norms

(2.3) IMgall vy < llall(n
and H% = Hk.

Proposition 3. A set K C V~°(N) is precompact (has compact closure) if and
only if each of the norms || e ||(x) is bounded on K and on such a set

(2.4) IMxa — all(ny — 0 uniformly as k — oo V N.

Proof. Note that the difference a —II;a has all entries with i, j < k vanishing. Thus
from the definitions of the norms,

(2.5) lla —xall(vy < &~ Hlallvsay

since at least one of 4,7 > k on all non-zero elements. This shows that (2.4) follows
from the assumption that all the norms are bounded on K. This in turn implies
sequential precompactness (which is precompactness for a metric space) of a set
satisfying these conditions by the usual diagonalization process. That is, given a
sequence a(n) in K, Ilxa(n) is in a bounded subset of a finite dimensional space, so
we can extract successive subsequences such that each IIya(ny) converges. Passing
to the diagonal subsequence and relabelling it as a(n) it follows that we may assume
that IIya(n) — II,a for each k and some fixed double sequence a;;. It follows from
(2.5) that in fact @ € ¥~°°(N) and that a(n) converges to it in ¥~°°(N).

The converse is similar, maybe a little easier, and anyway of less interest in what
follows, so I leave it as an exercise. O
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To prove that G~>°(N) is open we will also use another property of ¥~>°(N).

Lemma 1. The algebra $~°°(N) has the ‘corner property’ that for any a, b, ¢ €
¥~>°(N) and any N,

(2.6) llabel|(ny < Cllall bl llell vy, N > 1.

Here C' is actually independent of N but that is not really the point. As you will
see when we get to the geometric realizations of this setup, (2.6) corresponds to the
‘smoothing property’ of these operators

Proof. This is just the same sort of estimate as before:

2.7) i |(abe)ig] <D i aillbunl iV lems| < Q1 m™)lall v 16l llell vy -

Im Im

O

Proof of Proposition 2. So, we want to show that for each point a € G~°°(N) there
is an open ball centred at a with respect to one of the norms which is contained
in G7°°. We will use a Neumann series argument. Clearly the group product is
continuous, since it is (a,b) — a + b + ab. Thus, if Id+a € G= and U is a
neighourhood of Id € G~ then (Id +a)U is a neighbourhood of Id +a. Thus it
suffices to show that

(2.8) {a € T°(N); llally) < 1} € G°(N).

To see this consider the Neumann series for the inverse
(2.9) (Id+a)~ ' =Td+ Y (-1)%d’.
j=1

This is Cauchy with respect to the norm || e _(1) provided |[la||;) < 1. Of course,
to get (2.8) we need to show that it is Cauchy with respect to all the norms, since
that implies that it is Cauchy with respect to the distance. This is where Lemma 1
comes in, since if ||a||;) = ¢ < 1 then from (2.6)

(2.10) lla? 2|y < Cllallfnye

which implies that the sequence is Cauchy with respect to each || o [|(x). Thus the
sequence in (2.9) does indeed converge. The limit is a two-sided inverse to Id +a.

The continuity of the inverse map follows from this argument and the continuity
of the product is clear.

Next we want to show that G~*°(N) is connected. Here we can use the finite
dimensional approximation to good effect. Since we know that IIya — a as k — oo
and now that G~°°(N) is open, it follows that ta + (1 — t)IIra € G~°°(N) for
t € [0,1] if k is large enough. Thus Id +IIza € G~*°(N) is connected to a. From the
uniqueness of the inverse in a group, Idg«x +1;a € GL(k, C) when thought of as a
finite dimensional matrix. Here we are using the fact that we can embed GL(k, C)
in G~°° by subtracting the identity in GL(k,C) from it, extending the resulting
matrix as zero for i,j > k and then adding the formal identity to it afterwards.

So, the connectedness of G~°°(N) follows from the connectedness of each of the
GL(k,C) (well, we only need this for k large enough). This of course is well known.
One way to see it is to use a little spectral theory. If a € GL(k,C) then aa*
is positive definite, in particular is selfadjoint with positive eigenvalues, so has a
positive square root and defining v by a = (aa*)%u makes u unitary. Moreover the
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curve t(a*a)® + (1 — t)Idjx) connects the positive definite factor to the identity
through positive, hence invertible, elements. Thus it is enough to show that U(k),
the group of unitary matrices is connected. The spectral decomposition of u gives an
orthonormal basis of eigenvectors on each of which u acts as e?’ for some 8 € [0, 27).
Rotating this to 1 on each eigenspace connects u to the identity. Thus each U(k)
and hence G~*°(N) is connected. O

As for k x k matrices, it is nice to know that invertibility is determined by
the non-vanishing of a ‘character’, which is to say a multiplicative map defined on
¥~°°(N) in the sense that

(2.11) det ((Id +a)(Idp)) = det(Id +a) det(Id +b).
This is often called the ‘Fredholm determinant’.

Proposition 4. There is an entire analytic function

(2.12) U7°(N) 3 a —> detp(a) = det(Id+a) € C
such that G~ is the complement of its null space and if a = Hga then
(213) detpT(a) = det(Id —|—a) = det(Idkxk +Hka)

reduces to the usual determinant.

So the proof I have in mind is the first use I will make of differential forms on
G~°. There are other, possibly simpler, proofs but this one has the virtue of linking
up with the Chern classes later on — in fact that is what we are discussing here, the
first odd chern class.

I will therefore launch into a brief discussion of analysis on G~°°(N). This is
fairly straightforward since G=°°(N) is open in ¥~°°(N); it is therefore a complete
metric space, so we certainly know what continuity means. For differentiability I
will take a strong definition — there are lots of possibilities on Fréchet manifolds
but many of them coincide here. So, first note that as an open set of a linear space,
the tangent space at any point can be identified with ¥~°°(N) itself. For a function
f:U — C where U C ¥~°°(N) is open, to be differentiable at a we will require
the existence of a continuous linear map D f(a) : ¥~°°(N) — C such that

fla+0b) — f(a) = Df(a)-b=o(||bl|(n)) for N sufficiently large
—
3 N such that V § > 0 3 € > 0 for which
Ibll(vy < €= [[f(a+b) = f(a) = Df(a) - bll(ny < 6[[bll(n)-
Note that if N is large enough and € > 0 is small enough then a+b € U if |[b]|(n) < €.
The special properties of G=°°(N) allow us to require as part of the definition of

once continuous differentiability, which or course requires differentiability at each
point, that (2.14) hold everywhere with the same N and that the derivative

(2.15) Df:U x ¥~*°(N) — C be continuous with respect to || ® || x

(2.14)

on both factors. This does not make much sense unless U contains open ||| x)-balls
around each of its points — which of course is the case for G=*°(N).
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3. LECTURE 3: K-GROUPS AND LOOP GROUPS
WEDNESDAY, 3 SEPTEMBER, 2008

Reconstructed, since I did not really have notes — because I was concentrating
too hard on the 3 lectures on blow-up at MSRI!
(1) Odd K-theory
(2) Loop group
(3) Even K-theory
(4) Delooping sequence

Having defined the group G—°°(N) and shown that it is open (and dense) in
¥~>°(N) we can define the odd K-theory of a space simply as the set of smooth
equivalence classes of smooth maps. For the moment let us just consider a compact
smooth manifold X then a map

(3.1) fiX — G®(N) = T~(N)

is smooth if it is differentiable to infinite order. For a map into a fixed topological
vector space this is quite a simple condition. Namely forget for that X is compact,
then we certainly know what a continous map is. Differentiability at a point £ € X
is the existence of the derivative, which is to be a continuous linear map,

(3.2) Df(z): Tz X — ¥~°(N)

such that in local coordinates near Z, for given § > 0 there exists € > 0 such that
(83)  |If(2) = £(&) = DF@) (@ = B)llw) <z — 7| in |2 — 7] < e.

Then we require that D f(Z) exists everywhere so defines a map

(3.4) Df:TX — ¥~(N)

which we then require to be continuous and differentiable. Proceeding inductively
we can require the existence of higher derivatives by the same procedure, where
differentiablilty in the linear variables is trivially true. Thus the kth derivative is
required to be a map

(3.5) DFF(Z) : Te X x TeX -+ x Te X — U™°°(N)

for each point £ € X which is the derivative of the k — 1st derivative and which is
continuous in all variables.

Examples are immediately provided by smooth maps X — GL(N,C) in the
usual finite-dimensional sense, for any N because of the smooth inclusion

(3.6) GL(N,C) — G~°(N).

So, having defined smoothness on compact manifold — including a compact
manifold with boundary, we then define a smooth homotopy between two such
maps. If fo, f1 : X — G~ *°(N) are smooth maps then they are said to be
smoothly homotopic if there exists a smooth map

(3.7 F:[0,1; x X — G *(N)
such that
(3.8) F(0,z) = fo(z), F(l,2) = fi(z) Vz € X.
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Definition 2. The odd K-theory of a compact manifold X is defined to be the set of
equivalence classes under smooth homotopy of smooth maps f: X — G~*°(N) :

(3.9) K YX)={f:X — G N}/ ~.

The same definition applies to compact manifolds with boundaries, or with corners.

For non-compact manifolds I will require the smooth maps to have ‘compact support’,
meaning they reduce to the identity outside some compact set. The maps F' in the
homotopies are then also require to be equal to the identity outside a compact set,
although of course the set is not itself fixed. I will use the slightly non-standard

notation

(3.10) K YX)={f:X —G =N IKeX, fz)=ldVreX\K}/ ~

C

in this case.

Now, in fact K~1(X) is not just a set, but is an abelian group. That it is a
group is relatively clear. The commutativity of the group structure follows from
the approximation properties.

Proposition 5. Group composition in G~°°(N) induces the structure of an abelian
group on K—1(X).

Proof. Given two smooth maps f; : X — G~°(N), i = 1,2, the product f; fo(z) =
fi(z) f2(z) is smooth in view of the smoothness of the product map on G~*°(N).
To see that K~1(X) inherits a group structure from this, we need to check that
it is consistent with homotopy, i.e. is independent of the choice of representative.
However, that is obvious enough since if f/ : X — G *°(N), i = 1,2 are two
other representatives of the same K-classes then, by definition, there homotopies
F;:]0,1] x X — G~*°(N), ¢ = 1,2 which are smooth and such that

Then, F1F5 is a smooth homotopy between the products, so the class [fif2] €
K~1(X) only depends on the classes [f1], [fo] € K~(X). This product makes
K~1(X) into a group since the inverse of [f] is clearly [f~!] and the other group
conditions follow from G~°°(N).

So, the remaing thing to show is that the product is commutative. To do so,
we show that each element [f] € K~'(X) can be represented by a smooth map
f'+ X — GL(N,C) for some N (and hence for any larger N by stabilization).
This follows from the approximation result proved early. Namely, the image of f is
certainly compact (since X is assumed to be so) and thus

(3.12) Iy f(z) — f(z) uniformly for z € X.

It follows from the openness of G~°°(N) that for N large enough the smooth
homotopy F(t,z) = (1 —t)f(z) + tlny f(z) takes values in G~*°(N) and so Iy f
also represents [f] € K }(X).

Now, having take two classes, represented by f and g. For N large enough, these
classes are represented by Il f and IIxg which take values in GL(N,C). We can
also embed GL(N, C) in GL(2N, C) by stabilization and see that each of these classe
is represented by a map taking values in matrices like this

(3.13) (E‘) IC?N>
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which are block NV x IV matrices. Now consider the following homotopy which is
really just ‘rotation by a 2 x 2 matrix’ for say f :
(3.14)
1 in(l 1 —sin(L
Fit,n) = ( cos(5t) sm(%ﬂ't)) <f(:z:) 0 ) (COS(%ﬂ't) sm(27rt)>‘

—sin(§7t) cos(zmt) 0 Idy) \sin(3wt) cos(§mt)

2
The outer matrices are inverses of each other (of course there are hidden Idy’s in
the 2 x 2 matrices). At t = 0, F reduces to the suspended f but at ¢ = 1 it is

Id 0
3.15 .
(319) (0 )
Thus, f is homotopic to a map which commutes with g. The product is therefore
commutative. O

For the moment, I will not go into any detail, but these abelian groups (which
are written additively, so that the class [Id] = 0) behave like (and indeed form)
a cohomology theory. Thus, under a smooth map between compact manifold, A :
X — Y, these odd k-groups pull back:

(3.16) h*:H YY) — K Y(X), h*[f] = [f o h].

Check for yourself that this is well-defined.

As well as this bald definition of odd K-theory, which is only really justified by
subsequent properties, I want to introduct even K-theory and also the delooping
sequence today. Even K-theory here will be defined in terms of the appropriate
loop group as a classifying space. Loops in general are just maps from the circle.
In the case of a group, for us G~°°(N) one can restrict to smooth pointed loops,
which take the value Id at the base point, 1 € S. In fact, for analytic reasons that
will appear later, it is best here to take an even smaller group the flat-pointed loop
(smooth) loop group:

_ _ d*b
(3.17) G X(N)={b:S— G °(N);C*, b(1) =1d, W(l) =0V k>1}.
Thus these loops not only take the value Id at the point 1 € S but all derivatives
vanish there as well, making the loop ‘flat’. 1 use the abbreviation ‘sus’ for this
group to indicate that it is obtained by ‘suspension’ from G~°°(N) in a way that
will be clarified below.

Now, I did not do the following in the lecture, because I did not have my notes!

—0o0

(N) is open and dense in the Fréchet algebra

Lemma 2. The suspended group G

(3.18)

300 — 00 —00 dkb
¢2([0, 2], ¥7*(N)) = {b: [0,27]p — ¥™(N); - ¢
Proof. So, to do this properly I need to show that

(1) The space (3.18) is a Fréchet algebra
(2) There is a natural map from the group in (3.17) into it.
(3) The range is open (and in fact it is dense).

So, this is just like the relationship between ¥~°°(N) and G~*°(N). O

b(#) =0, =0, 27V k > 0}.

Having defined this suspended group, we can set by direct analogy with the odd
case above

(3.19) K2(X)={f: X — G.2(N);C®}/ ~

sus
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with the equivalence relation being smooth homotopy in the same sense. Thus f
and f; are homotopic if there exists

(3.20) F:[0,1] x X — GLX(N); F(0,z) = fo(z), F(l,2) = fi(z) Vx € X}.

sus

I need to expand a bit on the things I said in the later part of the lecture. Namely
there is a natural injection

(3.21) K 2(z) — K (S x X)

which corresponds to the fact that an element of G;,2°(N) is already a smooth map
of S into G~*°(N) and hence a map from X into G;°(N) can be regarded as a map

from S x X into G7°°(N). In the lecture I did not prove injectivity but I did say:
Lemma 3. For any compact manifold there is a natural short exact sequence
(3.22) K2(X) — K 'S x X) — K '(X).

Proof. O

The relationship between the circle S and the interval [0,27], which already
appears (at the moment implicitly) above gives rise to the delooping sequence.
This comes above by cutting the circle at 1. So, consider in place of (3.17) the

group
(3.23) G.2(N) =

k

{b:1]0,27]y — G~=(N);C>, b(0) = Id, %(t) =0,t=0,2rVk>1}.

Thus, these are smooth maps from the interval, hence ‘open loops’, which take the
value Id at 0 and which are flat at both ends. However the value at the far end,
t = 2m, is not specified. The topology on this group is of the same type as is (not
yet) discussed above.

Proposition 6. The natural maps, given by the identification S = R/27N with
fundamental domain [0,27r] and by restriction to 2w, give a short exact sequence of
groups

(20 {1} G () = G () — = G () —> {1},

Proof. Identifying S = R/27Z gives a smooth map [0, 27] — S, explicitly 8 — €%,
under which 0 and 27 are both identified with 1 € S. Thus, elements of G °(N),
being maps on S, pull back to [0,27]. In fact, comparing (3.17) and (3.23) this
map is injective into G5,2°(N) and has range the subset on which b(27) = Id. The
restricition map in (3.24) is just evaluation at = 27 so exactness at G5,°(N) also
follows. The surjectivity of this map follows from the connectedness of G~*°(N).
In fact the argument above, by approximation gave a piecewise smooth curve from
any given point of G~*°(N) to Id. To prove surjectivity we need to show that this
curve, which can be assumed to be from [0, 27] can be chosen smooth and flat at
the ends. If it is smooth, reparameterization makes it flat. Namely consider a map
¥ 1 [0,27] — [0,27] with is smooth and constant near the ends with ¢ (0) = 0,
¥(2m) = 2m. Then if ¥ : [0,27] — G~°°(N) is smooth, b’ o ¢ is smooth and flat
at the ends. The same construction allows a piecewise smooth curve to be mad
smooth, by making it flat at the special points. This completes the proof of the
exactness of (3.24). O
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Add some words about the contractibility of G;2°(N) and why this might be
important.
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4. LECTURE 4: DELOOPING AND CHERN FORMS
FRrIDAY, 5 SEPTEMBER, 2008

(1) Contractibility of G52°(N).

(2) Odd Chern forms.

(3) Even Chern forms — only started.

(4) Transgression under delooping; next time.

Last time I defined two versions of the loop group on G~*°(N) and discussed
the delooping sequences. The central group in the sequence consists of open loops.
Identifying the circle with the quotient of the interval [0,2n] there is in fact no
contuity condition corresponding to 0 = 27 so this group can be written as
(4.1)

- _ d*b d*b

G X (N)={b:[0,27], — G~ °(N); b(0) = Id, W(O) =0, W@W) =0Vk>1}.
Thus, the value at the end, s = 27, of the loop is ‘free’ but the curve is required to
be flat there and also to be flat as it approaches Id at s = 0.

Proposition 7. The is a smooth global retraction

R:[0,1]; x Go2(N) — GL2(N),

sus

R(1,b) =b, R(0,b) =1d ¥V b € G (N).

sus

(4.2)

Proof. The idea is to simply shorten the curves but we need to be a little careful
in order to maintain the flatness conditions. First choose two smooth functions

¥; :[0,1] —> [0,1],i = 0,1 with
(4.3) P (1) =11in s> 3/4, 1(s) =0in s < 1/2,
Yo(s) =0in s > 3/4 and s < 1/4, o(s) +¢(s) =1in s > 1/2.
Then consider a smooth function f : [0,27] — [0, 27] with f(s) =0 in s > 1/20,
f(s) =2min s > 2m — 1/20 and define
(4.4) X 1 [0,1] x [0, 27]s — [0, 27] by x(£,5) = f(s)o(t) + sth1(2).

Clearly x(0,s) = 0, x(1,s) = s for all s € [0,2x]. Moreover, x(t,0) = 0 forall ¢,
x(t,2m) = 2w, for ¢t > 1/2 and for ¢t < 1/2,

dFx
Then the desired homotopy is given by
(4.6) R(t,a)(s) = a(x(t,s)) € G™>(N)

where the flatness at s = 0 follows from the flatness of a at s = 0 and the flatness
at s = 2x follows from that of a for ¢ > 1/2 and from that of x for ¢ < 1/2. Thus
(4.2) follows, proving the Proposition. O

Now, let me turn, or return, to the Chern forms. As in a Lie group, the canonical
map g : G~°(N) — ¥~ °°(N) which embeds the group as an open dense subset of
the algebra trivializes the tangent bundle to the group, so we can identify

(4.7) dg : TG~ =G> x T~(N).

The ‘name’ chosen for this identification, dg, is supposed to be suggestive but can
be confusing. Really the ‘g’ here just tells you at which point of the group you are
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supposed to be and the ‘d’ indicates the identification of tangent spaces. However,
it does give magical formulae which fortunately are correct.

So, the higher tensor spaces, multi-tangent bundles, are just the formal tensor
products. This means that if we want to have a cotensor at a point of G~ it will
just be a continuous multilinear map

(4.8) T°(N) x T~(N) - - T~ (N) — C.

The continuity of such multilinear maps automatically generates a completed tensor
product of the dual spaces, so we do not have to worry about formalizing this at
the moment. In short then a k-form on G~°° should be a smooth map

(4.9) G~®°(N) x T~°(N) x T~°(N) - ¥~°(N) — C

which is linear in each of the last k factors and which is totally antisymmetric in
these. Before worrying too much about differentials etc, let’s just check that we
can manufacture some.

The simplest forms one could think of would be those ‘independent’ of the first
factor in (4.9) — although such independence is illusionary since the trivialization
of the tangent bundle introduces a degree of twisting. Thus, since we have the
product in the algebra and the trace functional at our disposal we can just consider
(4.10)

UO(N) x OT°(N) - U™°(N) 3 (by,...,bx) —> Y sgn(i) tr(bi, by, . - biy)-

MEY;
Here I have explicitly introduced the exterior product by antisymmetrizing in all
the variables. So, at the identity of the group this can be written

(4.11) tr(dg Adg A ...dg)(by,...,b) at g =1d € GT°(N).

This does indeed define a global form on G~ but not a very interesting one as it
turns out. Rather we need to introduce factors of g~! to map everything back to
the identity. So we consider the k-form

(4.12) tr(g7dg A ...g7 dg) = tr ((g_ldg)k) .

Written out at any point on the group it just looks like (4.10) with g~!’s inserted
between the factors and then antisymmetrized in the tangent variables. Clearly
(4.12) is a rather simpler formula, especially when we suppress the wedge product
as well!

Now, from antisymmetry alone this form vanishes identically if k£ is even. You
can think of this as ‘moving’ the first factor to last — which is okay because of the
properties of the trace — but in doing so one has to pass over an odd number of
terms each of which reverses the sign, so overall it is equal to its negative. Thus we
only consider the odd case and write

(4.13) Ch9t, = Chogsr = tr (¢ 'dg)**™), k=0,1,2,....
The ‘odd’ here is redundant, since the forms are only in odd degree anyway.

Note that the insertion of the factors of g—! makes this form left-invariant. That
is, consider the map from G~°° to itself given by multiplication on the left by

h € G=*°(N), fixed but arbitrary. Ther is of course a similar right multiplication
map, which conventionally has an inverse inserted

Ly : G >*(N) — G *(N), g+— hyg

(4.14) .
Ry : GT*°(N) — G™°(N), g+ gh™
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are both global diffeomorphisms.
Lemma 4. All the (odd) Chern forms in (4.13) are are bi-invariant.

Proof. Trivial enough. Namely (hg) ™! = g 'h~! and d(hg) = hdg. Thus even the
product g~'dg = (hg)~'d(hg) is left-invariant. On the other hand under the right
action, R} (g~ 'dg) = h(g~'dg)h~'. Thus the forms are obviously left-invariant and
right-invariance follows from the invariance properties of the trace:

(4.15) Rj Chyyy = tr (h(g™"'dg)** " h™") = Chypy, -

Most importantly of all, of course, is that
Lemma 5. The (odd) Chern forms are closed.

Proof. The operator d is perfectly well-defined as in the finite-dimensional case.
Let me just leave this as an exercise for the moment! In fact d makes good sense
on smooth forms valued in any vector space, such as ¥~°°(N). Thus we see,

(4.16) g7 i GT(N) «— GT®°(N), dg~ = —g~'dgg™".

As usual, this just follows by differntiating the identity g~'¢ = Id . Thus the product
g 'dgg~! is closed, in fact is exact. Similarly of course, dg is closed — being the
differential of a linear map. So,

(4.17) tr((g 'dg)** ™) =tr (¢ 'dg(g ‘dgg 'dg)").

Since tr is a continuous linear functional dtr(F) = tr(dF') so we see that

(4.18)  dChopey = tr ((dg~")dg(g"dg)*) = —tr (9™ dgg~"dg(g~"dg)*) = 0
since we are back to the case of an even number of factors. O

Where does this lead us? Each of these Chern forms defines a cohology class on
G~°(N) — of course we have not yet checked that they are non-zero. In fact they
are and so it is interesting to consider the pull-backs:

Proposition 8. The odd Chern forms define maps for each k
(4.19) K Y(X) — H*(X;C)
for any compact manifold.

Proof. By definition an odd K-class is defined by a smooth map f : X — G~°°(N).
Thus we can simply pull the forms back to get

(4.20) f* Chopyr = tr ((f1df)* )

where now we can think of f as a map into ¥~>°(PN) (which happens to map into
G~*(N) of course). So, we only need to show that the cohomology class defined by
this form is the same for homotopic f’s. Given a homotopy F : [0,1]; x X — G—*°
the Chern form pulls back to v = F* Chy; which is a smooth closed form on
[0,1] x X. Then if fy and f; are the restrictions to ¢t = 0 and ¢ = 1 it follows that
(421) fl* Chgk —fg Chgk =dr

for a smooth form 7. Indeed v = dt A v + v’ where v, v' are forms on X which
depend on ¢ as a parameter. That v is closed means that

o'

(422) a - dXU = 0, dX’UI =0.
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Hence

1 i 1
(4.23)  f7 Chay —f; Chyy = v'(1) — v'(0) = %—Utdt =dyr, 7= / v(t)dt.
0 0

O

In fact it is usual to sum these forms up, to give the Chern character mapping
from odd K-theory to odd cohomology — this involves questions of normalization
which I will postpone for a little while.

So, next consider the even analogue of these forms. Of course there are no even
forms on G~°°(N) but these are forms on G_2°(N). In fact these are induced by
the forms we already have on G—°°(N) through the evaluation map

(4.24) ev:Sx G X (N) — G™°°, (0,9) — g(b).

Since this map is smooth, we can pull the forms Chyy,; back to the product and
then we can push-forward to the suspended group by integrating over the circle.
Thus reduces the degree by one, so we define

(4.25) Chgy™ = / ev* Chagy1 on G (N).
S

Now, it is straighforward to write this form down in terms of dg, the same map on
G~*(N) and the parameter § € S :

(4.26) Chyy, = /tr <g_lag(g_1dg)2k> :
S 06
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5. LECTURE 5: HARMONIC OSCILLATOR
MoONDAY, 8 SEPTEMBER, 2008

I have not really talked so far about the topology on the loop spaces. I hope to
get to this today, or at least do the preparation for it, and also consider the first
‘geometric form’ of G~™°°, namely the ‘isotropic smoothing algebra’, or Schwarz
algebra, of operators on R.

Schwartz space

Harmonic oscillator

Creation and annihilation operators
Eigenfunctions

Hermite polynomials

Completeness

Convergence of eigenseries

The algebra ¥~°°(R) and group G~*°(R).
Loop groups again.

I will assume that you are somewhat familiar with the Schwartz space S(R), but
let me remind you of the definition and basic properties. In fact we might as well
consider S(R") for any n.

So, S(R™) C C*°(R™) consists of all the (complex-valued) smooth functions of
rapid decay, meaning that all the norms

(5.1) lullpoo = sup (14 [2[)5|D"u(2)] < o0
2€R", 0<|a|<p

are finite. Here a = (ay, ..., ay) is a multi-index, so o; € Ng = {0,1,2,...}
oM g%

(5.2) DYy =il u(z), la) =ay + - +ay

Dzt T Oz

where the powers of i are there for reasons to do with formal self-adjointness. This
sequence of norms is just like those considered on sequences above. Just as there,
S(R™) is a complete metric space with the distance

(5.3) 22 p_lullpoo

1+ {Jullp,o0

where convergence of a sequence with respect to this distance means exactly the
same as convergence with respect to each of the norms ||u||p o (With no uniformity
in p). The dual space, the space of continuous linear maps

(5.4) U:SR") — C,

is the space of tempered (or temperate) distributions, S'(R™). There is a natural
inclusion, almost always treated as an identification

(5.5) S(R™) = S'(R™), u+— U, : S(R") > f — u(z) f(x)dz.
R’n
Since it is treated as an identification we normally write U, = u.

Now consider the algebra

(5.6) U-°(R) = S(R?)

150
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where the product is
(5.7) ab(z,z') = / a(z,z'")b(z", z")dz".
R

These are the Schwartz smoothing operators on R. They act on S(R) in the obvious
way, as integral operators

(5.8) a:S(R) — S(R), (au)(z) = /Ra(m,m')u(m')daz'.

Then (5.7) is operator composition.
The spectral theory of the harmonic oscillator

2

d 2

on the line can be discussed in an essentially algebraic way. This is based on the
two first order operators,

d d
1 A= — - _ =
(5.10) dm+m and C dm+x’
respectively the annihilation and creation operator. The idenitites
d 22
(5.11) H=CA+1, [AC] :2[d—,x] =2, Ade” 7 =0
x
are easily checked. Since
22
(5.12) /(e_T)Qda: = /e_wzda: =7
R
the function
22
(513) hl = W_%B_T
has norm 1 in L?(R) and satisfies
(5.14) Hhy = hy.

This is the ground state of the harmonic oscillator. The higher eigenfunctions
are obtained by applying the creation operator. Thus
(5.15)
C*h, (x) satisfies
H(C*hy) = C*hy + CAC*hy = C*hy +2C*%hy + C?PAC*'hy = (1 + 2k)C*hy
as follows from (5.11) by induction. Moreover it also follows inductively that
(5.16) C*hy(z) = (2827 + g 1) () by ()

where g, _; is a polynomial of degree at most k — 1. Certainly, C*h; € S(R). The
L2 norm can be computed by integration by parts using the fact that A and C are
adjoints of each other

(5.17) /R(C’“hl(m))zd:r = /Rhm(a:)Akahl(a:)dm =2k,

Moreover C*h; and C'h; are orthogonal in L? by a similar argument and hence
the

(5.18) he =23 (k)2C*hy, k=0,1,2,...

form an orthonormal sequence of eigenfunctions of H.
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In fact this is a complete orthonormal basis of L?(RR). To see this observe from

(5.16) that the span of the first k elements consists of all the products q(m)e‘é
where ¢ is a polynomial of degree at most k. In particular if u € L?(R) then

(5.19) /u(m)hk(w)d:ﬂ =0Vk<<= /u(m)wke_édac =0Vk.

Taking the Fourier transform and using Plancherel’s formula and the fact that the
Fouier transform of hy is a multiple of itself, (5.19) is equivalent to

d* , z?
— —_ —tTT
(5.20) WU(O) =0VYEk, o(r) = /e u(z) exp(—?)dm.
Now wv is entire, since the integral defining it is absolutely convergent for all 7 € C.
It follows that v = 0 and hence u = 0 by Fourier inversion. This shows that the hy
form a complete orthonormal basis of L?(R).

Lemma 6. If u € S(R) it follows that the Fourier-Bessel expansion of u in terms
of the hy, converges in S(R) :

(5.21) u(z) = chhk, cp = /hk(x)u(:r) = ka|ck| < ooV p.
k=1 k
Proof. This follows from Stirling’s formula
k
(5.22) k! ~ V2rk (i) .

which implies the existence of positive constants R, ¢ and C' such that
(5.23) cRFEMTS < 2Fk < CRFERS

Fix p € N. Then hyy, = p(k, p)CPhy, so integrating by parts from the definition of
the coefficients in (5.21),

(5.24) Cpth = u(k,p)/hk(a:)Apu(:v)dm.
R

Now, in terms of the seminorms on S(R),

(5.25) | APu(z)] < 2P(1 + |2]) 7 flullps 2,00

where the extra factor is to ensure integrability. Thus

(5.26) |Cp+k| < N(k:p)2pl|u||p+2,oo-

Combining (5.23) and (5.26) it follows that

(5.27) lepel < Cpk ™2 lullpoo.

Thus the coefficients decrease rapidly.
Estimating directly it also follows that

(5.28) i llp.o0 < CpkP/*+
so the sequence does indeed converge in S(R). O
Proposition 9. The map
(529) \I’ioo(N) 3 a;; — Za”hz(l‘)hj(.fl) € ‘IJfOO(R)
ij

is an isomorphism.
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Proof. This requires the same sort of argument as in the previous proof, but now
applied in both variables. O

So everything I have said for ¥~ >°(N) carries over to ¥, >°(R) and we can define
the group G, ,;°(R) which is similarly isomorphic, as a topological group and by
a smooth isomorphism, to G~%°(N). The trace functional is the integral over the
diagonal

iso

(5.30) Wo(R) 3 a — tr(a) = /R o(z, z)dz.

Thus the Chern character forms look the same as before but now involve lots of
integrals instead of sums.

Now, if T get this far, the loop group on ¥~°°(N) can also be written is ‘Schwartz
form’. Namely we can take an isomorphism

(5.31) (0,27r) — R, T'(#) = arctan((f — 7)/2)
which identifies smooth functions on [0,27] which vanish with all their derivatives
at the end points with S(R). Basically only the ‘polynomial’ behaviour of T at

0 and 27 (and the fact that it is a diffeomorphism of the open sets of course) is
important here.
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6. LECTURE 6: HIGHER LOOP GROUPS AND DETERMINANT
WEDNESDAY, 10 SEPTEMBER, 2008

Before picking up where I left off last time, let me outline where I will head after
the coming week-long break. What we need to justify the definition of the odd
K-theory of a space as the homotopy classes of maps into G~°°(N) is to prove Bott
periodicity:

_ {0} j even
6.1 (GT°(N)) =
(6.) (G () {Z L
We already know that G—°°(N) is connected and using the Fredholm determinant
it is reasonably easy to show the result for 7;. The general case will following from
this by constructing a weak homotopy equivalence

(6.2) G20 (N) — G™(N).

I have not defined the group on the left yet, but will do so today. It is just an
iterated loop group; see (6.8).

At the end last time I talked about turning flat loops into Schwartz functions.
The basic statement is simple enough. Consider the diffeomorphism of the open
interval to the line

(6.3) T:(0,27) > 6 — tan <9;”>.

The derivative is £ sec?(£5%) > 0 on (0,27). As 6 | 0, §7(f) — —2 and similarly

at the other end, (27 — 0)T(0) — 2.

Lemma 7. Pull-back under T in (6.3) gives a topological isomorphism
(6.4)
d*u

T* : S(R) — C*([0,2n]) = {u € C*([0, 2n)); dtT’“(e) =0,e=0,2n, VEk> 0} .
Proof. Clearly under T* an element v € S(R) pulls back to be smooth in the
interior. The derivatives of T" all grow at most polynomially at the end points from
which it follows easily that T*v € C*°([0,2n]) and the converse is similar. O

Of course this proof could do with a bit of expansion!
Anyway, it follows from this Lemma, or a rather a generalization of it, that the
suspended group can be moved to the real line.

be G, 2(N) = {beC>(0,2n]; ¥ °(N); (Id +b(9)) € G~>=(N)}
(6.5) =
b=T"V, b' € S(R; ¥~®(N)) and Id+b'(t) € G*(N) YV ¢ € R.

The point here, as usual, is that having values in ¥~>°(N) is really no different
from usual complex-valued functions.

It is also important to note that the even Chern forms, defined on G;2°(N) are
independent of such a change of parameterization, even though it is from a compact
to a non-compact space. Namely they are all given by push-forward of forms on

this manifold, and this is independent of choice. At a more prosaic level the forms
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look like

(6.6) /0ﬁtr(...zg...)dH:/Rtr(...Z‘(Z...)dt

with the Jacobians cancelling.

Now, one reason why this change of point of view, which is all I have really done
here, is that combined with the shift last time from the sequential to isotropic forms
of G™°° it makes things look much more uniform. Thus we can write

G™®(R) = {a € S(R?); (Id4+a) ™! =1d+d’, d’' € S(R?)}
G2 (R) = {b € S(R?); (Id +b(t,8)) € G (R) V t € R}
(6.7) G2(R) = {b € C*°(R?); (Id +b(t,8)) € G™(R) V t € R and
Jag € S(R?), ao € ¥ °(R) such that
b(t) = a_(t) int <0, b= ac +ay(t) int > 0}.

In the second case, t is the first variable, which is just a parameter, and the other
two are ‘non-commutative’ in the sense of the operator product. Of course the
assertion here is that these two groups are, as has already been shown for the first
two, isomorphic to G=>°(N), G5 (N) and G;2°(N), respectively, using the Hermite
expansion and in the second two cases the compactification of R corresponding to
T—1. 1 leave the last case to you.

Now, since the suspended group is just the invertible Schwartz perturbations of
the identity, it is reasonable to define higher loop groups in the same way:
(6.8) Gs_u‘;?p) (R) = {b € S(RPT?); (Id +b(1,e)) € G™(R) V 7 € R?}, p€ N.

Having earlier shown that the spaces on N and R are the same I will simplify the
notation and now write ¥~>°, G~°° and G;u‘;?p) for either case — and some more
which will appear later.

Next I meant to discuss the Fredholm determinant rather briefly — actually I
spent the rest of the lecture doing so!

Theorem 1. There is a unique C*° functions, which is in fact entire analytic,
det(a) = det g-(Id +a)

(6.9) det : ¥=>° — C
satisfying the multiplicativity condition
(6.10) det g ((Id +a)(Id +b)) = det p.(Id +a)det g-(Id +b) V a,b € T
and the normalization
d
(6.11) %detpr(ld +ta)|t:O = tr(a).

The last condition prevents one from replacing det by a power.

Proof. The multiplicativity means that at any point (Id +b) the derivative can be
computed:-

d
(6.12) adetFr(Icl +b+ta)|,_, =

detp; (Id +b) %detFr(Id +t(Id+b)~"a)|,_, = dety (Id+b) tr (Id+b)~'a) .
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This is just the first odd Chern form discussed earlier. Namely, the total derivative
must satisfy

(6.13) ddetp,(g) = detr,(g) tr (¢~ 'dg) -

Of course, (6.13) is just the standard formula for the logarithmic derivative of
the determinant for N x N matrices.

So, to define the function detp, we can use the connectedness of G~°° to choose
a smooth curve

(6.14) x:[0,1] — G, x(0) =1d, x(1) =g

and then set

(6.15) detr,(g) = exp </X tr (gldg)> = exp (/01 tr (Xl(t)d);it)> dt> .

Since the integrand is smooth the integral on the right certainly exists. However,
we need to show that the result does not depend on the choice of path. We will do
this in two stages, first showing homotopy invariance.

Thus, suppose that x(¢,s), ¢t,s € [0,1] is a smooth homotopy in G~ with
x(0,s) =1d, x(1,s) = g fixed. The homotopy invariance follows from the fact that
Ch; is closed, but let me prove it directly for reassurance. Thus we just compute

the derivative
d [! -1 dx(t)
ds Jy (X (t)dt> at

! dx(t, s) dx(t, s) d*x(t, s)
_ —1 ) —1 ) —1 )
[ (st D8 WD 0 T )

A tr <—X_1(t,8) dX(t,S) X_l(t,s) dX(t,S) +X_1(t=5)d X(t,S)) dt

(6.16)

dt ds dtds

_ /01 %tr <X_1(t,s)d>:lit)> dt = 0.

Here the trace identity has been used and of course the constancy at the ends.

It also follows directly that the result is independent of the parameterization of
the curve. We can use this, as discussed above, to reparameterize the curve so that
it is flat at both ends. Alternatively, this could have been required in the original
definition. This flatness allows us to ‘add’ to curves and keep smoothness. Thus if

k
(6.17)  x;:[0,1] — G~ are smooth with ﬁxi(t') =0Vk>1t'=0,1,
X,(O) =1d, XZ(]-) =gi, 1=1,2

then we can simply define

2t 0<t<1i
(6.18) 0,1 = @) A
ax1(2t-1) 3 <t<1
and conclude (using left invariance of Ch;) that
(6.19) detpy(g192) = detg(g1)detr(go)

once we have shown independence of the choice of homotopy class of path.
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To show this independence it suffices, using (6.18) to see that if x is a closed
smooth curve into G~ starting and ending at the identity then

(6.20) /0 1 tr (X—l(t)d’;gt)> dt € 2miZ.

Since we have already shown homotopy invariance it suffices to show this where
x(t) = Id +a(t) is replaced by Id +IIyall ;. This reduces to the case of the determinant
on GL(N,C) where I assume it is well-known and I leave it to you. O

Below is what I meant to cover today, instead of spending so long discussing the
Fredholm determinant.

So, that takes care of what was left over from last time. What I wanted to
do today was consider the effect of the delooping sequence on the Chern forms.
Written in terms of this isotropic version of the groups the delooping sequence is

(6.21) GZ2(R) —> G20 (R) —> G=(R).

sus sus

So far I have defined Chern forms on the first and last groups. The even Chern
forms were defined by pull-back and integration and the same idea works for the
middle group. However, I will call the resulting form an ‘eta form’.

Thus, for each k > 0 there is a form on G;,2°(R) given explicitly by

sus

(6.22) ok = — / tr (glag(gldg)%) dt.
A Bt

The main thing to observe here is that the integral is absolutely convergent. This
follows as before from the fact that the term 0g/0t is Schwartz in ¢, since both
the identity term and the constant term in the expansion as t — oo are killed by
differentiation. Thus the whole integrand, evaluated on 2k tangent elements is itself
an element of S(R?).

Now, the main difference between the eta form and the Chern forms is that the
latter were closed. The eta form is a ‘transgression form’.

Proposition 10. The eta forms in (6.22) restrict to the subgroup G °(R) to the
even Chern forms and have ‘basic’ derivatives in the sense that

(623) dn2k = R* Ch2k+1 .

Proof. The first statement is immediate, since we are using the same formula, (6.22)
to define both even Chern and even eta forms. To prove the second part we need
to compute the derivative. Let me remind you of the proof that the even Chern
forms are closed — obviously we just follow that and see what happens.

We know that the odd Chern form is closed. When pulled back under the

evaluation map from G~ to R x G52 this becomes the condition

(6.24) Dtr((g~'Dg)***) =0, D = dt% A +d.
Expanding out the form according in terms of the product we find
B
(6.25) ev* Chopy 1 =dt A A(t) + B(t) = %—t = dA(t) and dB(t) = 0.

Integrating over ¢t we find by definition

(6.26) 12, = /tr(A(t))dt = dnay, = /tr(dA(t))dt = /tr( i )dt = B(00).
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In the case of the Chern forms A and B are Schwartz. Here A is Schwartz, since
there is a t-derivative somewhere. However, B(t) involves no ¢ derivative, so it has
a possibly non-zero limit as ¢ — oo. Clearly in fact

(6.27) B(00) = tr((9!dgeo)?* ™) = R* Chapyy -
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7. Topric 1: DETERMINANT AND ETA
IN PLACE OF LECTURE FOR FRIDAY, 12 SEPTEMBER, 2008

A natural question to ask yourself is:- Was it really necessary to construct the
Fredholm determinant by hand? In fact Boris did suggest something pretty close
to that! Indeed the answer is no, it was not really necessary, but how else would
you appreciate the following?

Recall the delooping sequence

(7.1) G — (oo —Es g,
Now, I showed that the first odd Chern form, Tr(g~dg) can be ‘lifted’ to the central
group — not by using R don’t be confused on this — by using the evaluation map
and push-forward. This defines, in general, the eta forms or in this case the eta
invariant on the central group:-

(72) n:Go — @) = [ (052 )

Is this really an eta invariant you ask? Well, in this context it is, it is not exactly
THE eta invariant — that is essentially the same thing for the quantization sequence
as we shall see later.

Ezercise 1. Show that the eta invariant as defined in (7.2) is log-multiplicative:-

(7.3) n(gh) = n(g) +n(h).
So, how does this construct the determinant? Well, I showed before that
(7.4) dn = R* Ch; .

In particular, combined with (7.3) this just means

(7.5) 77|G’°° is locally constant.

Ewercise 2. Show by finite dimensional approximation (remember that S(R) behaves
like C*°[0, 1])) that

(7.6) n: G — 2mil.

So we can define an integer-valued ‘index’ map (really it is the winding number of
the Fredholm determinant)

. n —
(7.7) ind = 7 G — 7.
This can be added to the exact sequence above to get a commutative diagram:
—0o0 ~N— R _
(78) Gsus - C;suiO — =G

lind in ldet
2miX exp

Z C C*.

Now, what about
SG™* ={g € G™;det(g9) =1} = G,
(7.9) Gt = {9 € Go25m(9) = 0},

Gsu(:ind:O = {g € Gs_uzoan(g) = 0}
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Ezercise 3. Show that é;g?nzo is contractible and that the combined diagram

(7.10) {1d} (1d} (1d}

_ = R
{Id} - Gsu(;?ind:O - Gsu?n:O SG=*° {Id}
ind n det
{ld} —— G ——— G — > G {1d}
ind n det
{0} 7 2mwi X (C exp (C* {1}

{0} {0} {1}
is commutative and has exact rows and columns.

The first row is a reduced classifying sequence for K-theory.

Ezercise 4. (Needs a bit more analysis) Define the unitary subgroup of G=°°, show
that G~°° retracts to it and construct a diagram as in (7.10) based on the unitary
group and its loop groups and their subgroups.
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8. ToriCc 2: HIGHER DIMENSIONAL HARMONIC OSCILLATOR
IN PLACE OF LECTURE FOR MONDAY, 15 SEPTEMBER

Carry through the discussion of the higher-dimensional isotropic smoothing operators,
forming the algebra ¥~°°(R"), the associated group G;>°(R"™) and corresponding
loop groups. Similarly, for any compact manifold X, for the moment without
boundary, discuss ¥~°°(X), G=*(X) and G2 (X) etc.

Here are some steps to help you along the way.

(1) Show that S(R?") becomes a non-commutative Fréchet algebra which will
be denoted ¥;_°(R"™), with continuous product given by operator composition
as in the 1-dimensional case

(8.1) aob(z,z2') = / a(z, 2" )b(2", 2")dz".

(2) Discuss the higher dimensional harmonic oscillator using the n creation and
annihilation operators

(82) Cj = —6ZJ. + zj, Aj = C]* = 8zj + zj,
HZH(TL) = ZC]'A]‘ +n, [Aj,Cj] =2,j=1...,n.
j=1

Show that H has eigenvalues n + 2Ny with the dimension of the eigenspace
with eigenvalue n + 2k equal to the dimension of the space of homogeneous
polynomials of degree k in n variables.

(3) Compute the constants such that the functions

(8.3) ho = coexp(—|2[%/2), ha = caC%hg, a € N2

is orthonormal in L?(R") and show that they form a complete orthonormal
basis.
(4) Show that for any u € S(R") the Fourier-Bessel series

(8.4) F = {fhadha

converges in S(R™) and that this gives an isomorphism

(8.5) S(R™) — {{ca};sup|a|N|ca| < 00, VN €N}, |a| = Zaj.
“ j

(5) Show, either directly or by discussing the appropriate ‘higher dimensional’
versions of ¥~ *°(N) based on sequences as in (8.5), that ¥, °(R") is
topologically isomorphic to the algebra ¥~>°(N).

(6) Briefly describe and discuss the group G, ,J°(R™).

(7) Introduce the (higher, pointed, flat) loop groups of G;g?k)7iso(R").
(8) Show that

(8.6) tr(a) = /" a(z,z)dz

is the trace functional on ¥, >°(R"™).
(9) Can you show that it is unique up to a constant multiple as a continuous
linear functional which vanishes on commutators?

(10) See how everything else we have done so far looks in this setting!
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(11) Extend these results further to any compact manifold, using the eigendecomposition
for the Laplacian. I will come back to this and disuss it more seriously later.
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9. Toric 3: CLIFFORD ALGEBRAS
IN PLACE OF LECTURE FOR WEDNESDAY, 17 SEPTEMBER

Clifford algebra. If you know all about Clifford algebras, go to item 17 below.

(1) Let V be a real vector space, of dimension n, equipped with a Euclidean
struture — that is a positive-definite symmetric bilinear form

(9.1) h:V xV —R.

We will associate with V' two algebras, the real and complex Clifford algebras.
The latter can also be defined for a complex vector space with a positive
definite hermitian bilinear form. In fact only non-degeneracy of the form is
really needed but the Euclidean case is the one we want.

(2) Recall the full tensor algebra on V. This consists of the formal direct sum
of the tensor products

(9.2) T = i(v*)@@’“.

0

Thus an element of 7 is a sequence with kth term an element of (V*)®* and
with all but finitely many terms zero. This is an algebra in the obvious way,
with component-wise addition and tensor product. Of course the sequences
should be thought of as finite sums terminating at some point.

(3) Note that I have not fixed the coefficients here. Thus (9.2) corresponds to
real coefficients, with (V*)? = R. We are actually more interested in the
complex version

(9.3) Te=C&T

in which V* is replaced throughout by its complexification.

(4) The tensor product of two copies V* ® V* is the space of bilinear forms on
V and so decomposes into the symmetric and antisymmetric parts, S*V*
and A2V*. The former has dimension %n(n + 1) and the latter dimension
$n(n — 1), with S?V* spanned by elements of the form

(94) w1 ® wo + wa @ wy, wi, wy € V™.
(5) If h* is the dual metric, induces on V* by h as a metric on V consider
(95) J = {w1 & Wo + We X Wy — 2h*(w1,w2) eT.

This is a linear space, with complexification J¢ given by the same terms
with complex coefficients. Note that it is more conventional to replace the
— sign in (9.5) by a +. If that is the way you like it, bad luck.

6) In 7 consider the ideal generated by J

TJ=TJQXTCT, Jc=C®JCT¢.

CUV)=T/J, CIV) =Tc/Jc = Cx CL(V).

8) Show by an inductive argument (or otherwise) that as linear spaces the
Clifford algebras are isomorphic to the corresponding (real and complex)

(
)
(7) Finally then we have the Clifford algebras, real and complex:
)
(
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exterior vector spaces
n
k=0

of sums of totally antisymmetric k-linear forms on V.
(9) Show that the odd an even parts of the tensor product descend to the
quotient so that the Cliffor algebras are Z,-graded
(9.9) ClV) = Cleyen (V) @ Cloga(V)

with the product graded in the sense that the product of two even, or two
odd, elements is even and the product of an odd and an even element is
odd.

(10) Show that the Clifford algebras are filtered by degree where an element is
of degree k or less if it can be written as a sum of products each consisting
of at most k elements of V* :

(9.10) QI (V) ={ueClV);u=_ cow;...wy,

<k

c1®(v) 1l (v) c ci* ), civ) =y (v,
j=0

(11) Check that
(9.11) Cl9 =R, Q1Y =Vv* o R = V* = CI(V).

(12) Show that an element of V*, injected into C1(V') has an inverse if and only
if it is non-zero.
(13) Show that the associated graded algebra is canonically the exterior algebra

(9.12) Z C1Y) /1YY = A*V as algebras.
J

(14) Show that if V is given an orientation, so (using the metric as well) A"V* =
R (or C) this map defines the supertrace

(9.13) str: Ch(V) — CL(V)/ Cl" D (V) = A"V* = R, str(ab— (—1)%ba) = 0

where a and b are either even or odd and the sign is 4+ unless they are of
opposite persuasions.

(15) Proceeding inductively (or otherwise) construct the fundamental spin representations,
which are to say algebra isomorphisms to the matrix algebras

CI(R) = C & C, CI(R?) = M(2,C), CI(R?) = M(2,C) & M(2,C),
CI(R?*) = M (2*,C), CI(R**+1) = M (2%, C) & M(2%,C).

(16) Work out, if you have the time and energy, the 8-fold periodicity analogous
to (9.14) for the real Clifford algebras!

(17) There is plenty more about Clifford algebras, but why are they useful here?

In the even dimensional case, so V = R??, the injection of V* into a1 (V)
leads to an embedding of the unit sphere

(9.15) S~ = {w € R*; jw|y- = 1} — CI(R*) = GL(2%,C) — G=°.
(18) We will show that (9.15) generates all the homotopy groups of G~°.

(9.14)
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10. LECTURE 7: SEMICLASSICAL QUANTIZATION
FriDAY, 19 SEPTEMBER, 2008

We will show that there is a way to directly ‘pass from’ S(R?) with its commutative
product to ¥, >°(R), which is the same space with the operator product. In fact
this will ‘work’ much more generally, but it should be understood at the outset
that this is not a map. It does define maps at various levels but ‘semiclassical
quantization’ in this sense is not itself a map.

Going back to the definition of ¥;_>°(R) recall that I just defined this directly in
terms of the operator product. We have already discussed smooth families of such
operators. For one parameter families this just corresponds to C*([0, 1]; S(R)). We
will give this space another family of products in which the product depends on the
parameter. Namely the ‘semiclassical operator product’ is initially only defined for
€ > 0 since the integrals look singular.

I will try to motivate it after writing it down. First let me change coordinates,
to “‘Weyl coordinates’ on R? which emphasize the diagonal

(10.1)  f(2,2") :F(%(z-{-z'),z—z’), F=W{f, F(t,s) :f(t+%s,t— %s)

Clearly, W is a linear isomorphism of S(R?).
Definition 3. A smooth family A € C>((0, 1]; ¥;,>°(R)) is said to be a semiclassical

iso
family of smoothing operators if it is of the form

(10.2) A.u(z) :e*l/RF(e,%(Hz'),

Note that as an operator A, only makes sense for ¢ > 0 but the kernel function F
is required to be smooth down to € = 0, thus the singularity at e = 0 is of a very
particular kind. Since F' is determined by its restriction to € > 0, it is actually
determined by the family of operators A..

Z_TZI)u(z')dz' with F € C([0, 1]; S(R?)).

Lemma 8. If A and B are semiclassical families of smoothing operators then so
1s the composite A, o B,.

Proof. Suppose A corresponds to the kernel function F' € C*°([0,1]; S(R?)) and B
to G in the sense of the definition above. The composite operator, for each € > 0
has kernel in the ordinary sense

(10.3) (A¢ o Bo)u(z) :/c(z,z')u(z')dz',

" "ot

R
clez#) = | Fle,s(z+2"), 7006 5 (" +#), =—)de".
R €

Thus the kernel function defined, H, defined from (10.2) by ¢ is

(104) H(e,t,s) = ec(e, et + %s,e_lt - %s) -

t 2 1 " 1 " 1
et /RF(e, §+%s+gz”, €2 t+ Es—%)G(e, %ZII+§t_€22’ %—C_Qt—l— is)dz”.

Changing variable of integration z” = er + e~'t this reduces to

(10.5) H(t)—/F( bt e s Gt = te)r+ Ls)d
. e,,s—R €, 5 1+ 58), 58 —1)G(e, 5 (1= 58),7 + 5s)dr.
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The absolute convergence, and rapid decay of the result, is clear for € > 0 and
for e small follows uniformly from fact that the integrand is bounded by

(10.6) On(1+|t+(r+s/2) NA+|r—s/2) NA+|t+ ;(r —s/2)) N
x (14 |r+ s/2|)’N
SCA+ )N+ )TN+ s

Derivatives can be estimated in the same way. Thus (10.6) defines a continuous
bilinear map

(10.7) C([0,1; S(R?)) x ([0, 1]; S(R?)) — ([0, 1]; S(R?)).
This shows that the semiclassical smoothing operators form an algebra. O

I will denote this algebra as \Ilslfso(]R), with the parameter suppressed into a
suffix — remember it is by no means simply a smooth parameter as € | 0.
Notice what the product looks like at € = 0. The limiting rescaled kernel of the

product is simply

(10.8) H(0,t,s) / F(0 s —-r)G(0,t,r + 1s)dr.

2
This is a product on S(R?) so we have found another one! However, notice that it is
commutative — changing variable from r to —r effectively reverses the product. Not
surprisingly this product can actually be reduced to the usual pointwise product
on S(R?) by the simple expedient of taking the Fourier transform in s. For any
semiclassical family, (10.2), we define the semiclassical symbol to be the Fourier
transform of the limit at e =0 :

(10.9) oa(A)(t,7) = / F(0,t,5)e *"ds.
Then for the product .

(10.10) oa(AB)(t,T) = / H(0,t,5s)e ""ds
and then (10.8) becomes -

(10.11) og(AB)(t,7) =

1 ) 1
// ~iths=n7 (0 s _T.)e*Z(%SJ”")TG(O,t,T’-F§S)d’l“ds:0'sl(A)Usl(B)'

Proposition 11. The algebra of semiclassical smoothing operators with symbol
homomorphism to the commutative algebra S(R?) gives a short ezact (and multiplicative)
sequence
(1012) 00— elIIsl 1so( )C—> ‘IJSIT:C)(R) - S(]R2) —0.

So, how do we get our (weak) homotopy equivalence? We simply ‘turn on’ the
non-commutativity.

Ezercise 5. (Will be done on Monday). Show that if a € S(R?; M (N, C)) is such
that (Id +a(t, 7)) ! exists for all (¢,7) € R? then if A € ¥ (R;CV) is a (matrix-

sl,iso

valued) semiclassical family with o4 (A) = a (which exists by (10.12)) then Id + A, €
G .2°(R; CN) for € > 0 small. This works uniformly on compact sets, so if f : X —s

180



38 RICHARD MELROSE

S(R?; M(N,C)) — G a2y then the quantized map f. : X — G7°° (where these
are different realizations of G—°°) for € > 0 small, is well defined up to homotopy.

This leads to the homotopy equivalence
(10.13) Qa1 (G o)) — ™ (GTF) VY,

SllS

which will prove Bott periodicity for us (with a bit more work).

Exzxercise 6. Consider the differential operators on R with polynomial coefficients

d

k J - i

(10.14) P= ;0 ckja" D], Dy = —i.

Give z and D, ‘homogeneity one’ and so filter these operators by the combined
order — this is the isotropic filtration.

Now, show that if A is a semiclassical family of smoothing operators then so is

eNPA if P has total order N in this sense. Compute the semiclassical symbol of

eNPA.

Exzercise 7. Show that the definition of semiclassical families of smoothing operators
extends directly to operators on R” simply by reinterpretation of the formulae.

Ezercise 8. In preparation for what I will do on Monday, if A and B are semiclassical
smoothing families as defined above, we have shown that the function H € C*°([0, 1].; S(R?))
fixing its kernel is determined by the corresponding functions F' and G for A and

B. Show that the Taylor series of H at € = 0 is determined by the Taylor series of

A and B and derive a formula for it — you will get a variant of the ‘Moyal product’
(although several differnt things go under this name). The most important thing

for us is the second term in the expansion (well, given that we already know the

first term!)
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11. LECTURE 8: BOTT ELEMENT
MoONDAY, 22 SEPTEMBER, 2008

The first thing I want to do today is to use the three Pauli matrices to construct
the Bott element. Let’s not worry about what this element is, or even where it is,
for the moment. The initial objective is to find something non-trivial on R2.

The Pauli matrices, all elements of M (2,C), I will denote

1 0 01 0 —

Clearly they are linearly independent over C and, together with Ids 2 span M (2, C)
as a linear space. Their products satisfy the cyclic conditions
Y1Y2 =13, V273 = 71, YY1 = 172,
(11.2) Y1 = —iy3, Y31 =~V M3 = —iY2
N =9 =7 =1d, myeys =ild.
and hence the Clifford identities
(11.3) VY + Vv = 2035, 1,5 =1,2,3.

This shows (see ) that they give a representation, to wit the spin representation, of
the complex Clifford algebra for R2. I will not use this explicitly here, but it is one
way of getting a better understanding of what is going on. Each of the self-adjoint
1nvolutions 7; has determinant —1 and so has two one-dimensional eigenspaces with
eigenvalues +1.

Let us now choose a handy smooth function on R satisfying
(11.4) O:R— R, 0@)=0,t<-2 0@ =mt>-1, '(t) >0.
So, €©(®) is a smooth flat pointed loop into the circle from the line.

Now consider the map from R? into M (2, C) given in terms of polar coordinates

(t,7) = r(cosf,sinh),
b(t,7) = cos(O(—r))y1 +sin(O(—r)) cos(8)y2 — sin(O(—r)) sin(#)~s,
[ cos(O(—=r))  sin(O(-r))e?
bt 7) = <sin(®(—r))e—i9 —cos(@)(—r)))

Let’s hope I have made a sensible choice of signs!
The first thing to observe is that —r is running from —oo to 0 as we come inwards
from infinity, so

L[ w2
(10 e {—% <1

(11.5)

It follows that b : R? — M (2, C) is smooth and is in fact a compactly-supported
perturbation of v; :

(11.7) b—v € CX(R?, M(2,C)).
Secondly, the Clifford identities show that
(11.8) b* = cos*(O(—7))yi + sin?(O(—r)) cos®(0)y3 + sin? (O(—r)) sin?(0)~3
+ A(my2 +72m) + B(yays +7372) + C(yam + mys) = 1d.
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Thus, b is in fact a family of self-adjoint involutions. Moroever, it follows (without
computation) that det(b(t,7)) = —1, so again it has one-dimensional eigenspaces
with eigenvalues +1. Let me denote the spectral decomposition by

(119) b(t7T) = bJr(t:T) —b (t,T),

by — (é 8) € C(R% M(2,C)), b — <8 ?) € C°(R2 M(2,C)).

Here, by are the orthogonal projections onto the £1 eigenspaces; probably b, best
deserves to be called the Bott element. Its range is a 1-dimensional (over C of
course) subbundle of C? over R? which is trivial (just the first component) near
infinity but not globally trivial, as we shall see, if one only allows trivializations
which are constant near infinity.

Exzercise 9. Try to show directly that b4 is not homotopically trivial, in the sense
that there is no homotopy through families of projections to a constant projection
where the constant projection has to be always constant at infinity (either fixed
forever there, or just constant for each value of the parameter, it doesn’t matter). I
think the easiest way to do this is to find an homotopy invariant which shows that
such a deformation is not possible. The obvious one is the total curvature of the
line bundle. The curvature is a 2-form on R? of compact support. I will compute
it later, probably not today.

We can proceed with either the involution b or the projection b, . Since it is more
in the spirit of what we have done so far, consider the involution. It is definitely of
the form

(11.10) b(t,7) =y + 6(t,7), 6 € S(R*; M(N,C))

so we can apply ‘semiclassical quantization’ to the perturbation §. Remember what
this means: It just is the statement that

(11.11) 3D e T, 2 (R;C?) s.t. og(B) =6.

sl,iso
Here we need to work component by component in the 2 x 2 matrices. This we

already know, from the surjectivity of the semiclassical symbol map, but we can do
quite a lot more.

Lemma 9. The semiclassical family D in (11.11) can be chosen so that (as operators
on S(R; C?))

(11.12) (1 +D)? =1d.

That is, the quantization can also be chosen to be a family of involutions. Notice
that we are ‘quantizing’ the constant matrix to the same constant matrix — really
componentwise a multiple of the identity as an operator — which is not by any
means a semiclassical family of smoothing operators. However, it is consistent
with the way we (or rather you) showed that differential operators with polynomial
coefficients compose with semiclassical families. This we are just demanding that
the identity be quantized to the identity and this is consistent with the semiclassical
symbol map, etc.

Ezercise 10. Show (without doing any work) that in the same sense as in the
Lemma, the projections by can be quantized to commuting projections (also called
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idemptotents if we do not demand they be selfadjoint) By with

1 0
B = (O O) +Dy, Dy € \Psl ISO(R;(CQ): USI(DJr) = b4

_=1d-B,, B=B, - B_, BL =B..

(11.13)

Ezercise 11. Check, if only mentally, that it is consistent to extend the semiclassical
symbol map to constant matrices, where the symbol is just the matrix itself, in the
sense that this gives us a multiplicative map symbol

(11.14)  ogso : M(N;C) + ¥ (R;CN) — M(N;C) + S(R*; M(N;QC))

sl,iso

for this algebra into the algebra S(R?; M(N;C)) with constant multiples of the
identity appended. We will do this more systematically later.

Proof. To do this I will need to check another couple of important facts about
semiclassical quantization, but let’s proceed anyway. For the first step we don’t
have much choice. Using the surjectivity of the symbol map, choose a D as in
(11.11), but denoted Dy. The choice of symbol, together with the multipicativity
and the exactness of the symbol sequence shows that

Ey = (v1 + Do)? —1d = v1 Do + Doy1 + D§ € ¥ (R; C?) satisfies

sl,iso

0a(E1) =0= E, = €E; € ¥ (R;C?).

sl,iso

(11.15)

Thus our first choice ‘works to first order’. We wish to modify Dy, the initial
choice, by choosing D; = €D} € e¥_ 52 (R;C?)) to get the desired identity (11.12)

sl,iso
to second order. Clearly adding €D changes the computation to

(11.16)
Ey = (v1 + Do + €D})? = 1d = E; + €(y + Do) D} + €D} (v + Do) + €*(D})?

= €(E] + (v + Do)D} + Di(y + Dy)) + €*(D})*.

Thus to ensure that Fy = 2E} € 20 (R; C?) we wish to choose D} so that

sl,iso

os1(E] + (v + Do) Dy + Dy (y + Do) = 0 <=

basl(Dll) + Usl(Dll)b = _Usl(Ei)'
Here T have used the original choice of o5 (Dg) = §. The symbols are still non-
commutative, but only because they take values in 2 x 2 matrices; this is just
matrix algebra. So why is such a choice possible? The matrix on the left in the
last identity is not arbitrary. Indeed, recalling that b =b, —b_, Id = b + b_ it is
necessarily diagonal with respect to this decomposition, since it is just
(11.18) 2by04(D])by — 2b_og(D})b_.

Thus, (11.17) can only be solved if og(E;
because of the associativity of the (operator

(11.17)

is also diagonal. Fortunately it is,

)
) product which shows that
(11.19) ByE, = By((By)* —1d) = ((By)* — 1d) By = E\By =
) bog(E1) = 05 (Er)b = 0 (E1) = byoa(E1)by +b_og(E1)b_.

Thus indeed we can choose D] to satisfy (11.17), for instance just require

1 1
(11.20) 0a(D}) = =3bs0w(Er)bs + 5b_0a(E1)b-.
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So, to complete the ‘formal’ part of the construction we just repeat this argument
inducively. Suppose we have shown the existence of D’ € \I!s_lfjo (R;C?) for 0 < j <
k so that (11.12) holds to order k (or is it k + 17)

(11.21) (m+ Y, €D}’ —1d = By € U7 (R;C).

0<j<k
Then we want to choose D}, to get to the next step. Adding ek‘HD;ngl changes
the left side by

(11.22) et (v + Do) Dj oy + Djiy(v1 + D)) mod U2 (R;C?).

sl,iso

The choice (11.20), with 1 replaced by k + 1 throughout works for the same reason.
Thus, we can find a full formal solution.
Now, to proceed further we need first to pass from the formal series

(11.23) > €D
j=0

to an actual element of ¥ 5 (R; C?). This is Borel’e lemma.

Lemma 10. [E. Borel] Given any sequence D € W50, (R; CN)) there exists an
element D' € ¥ (R;CN)) such that

sl,iso
k
(11.24) D' =3 D) e o % (R;CN).
j=0
Proof. 1 will not do this, since it is just Borel’s lemma when applied to the functions
Fi(e;t,s) representing the opertors. Namely if F] € C*([0,1]; S(R?)) is such a
sequence, with no constraints, then there exists F' € C*°([0, 1]; S(R?)) such that

(11.25) F— % &dF ed™c>(0,1;S5([R*) V k.
0<j<h

O

With this D’ for our sequence, or series, as constructed above we conclude that

[e.0]
(11.26) (Y+D')? —1d € W % (R;CV)) = [ € ¥ 5%, (R; C).
j=0
That is, this one element works to all orders.
Lemma 11. The residual space
(11.27) X3 (R CY)) = () @055, (R; C2) = () 0 (0, 1); Wi (R; C2))
=0 j=0

is just the space of smooth families, in the ordinary sense, of Schwartz smoothing
operators on R vanishing to infinite order at € = 0.

Exzxercise 12. T will almost certainly not have time to do this but it is straightforward.
Think in terms of the kernel of the semiclassical family written out as
e(z+2") z—2

(11.28) a(e,z,2") = e 1F (e, TR ).
€



BKLYO08 43

The function on the left is unque, it is the kernel of the operator and is certainly
Schwartz for € > 0. The assumption is that the one function on the left can be
written in the form

e(z+2") z—2

(11.29) L )
for each k where Fj, € C*([0,1]; S(R?)). What we want are the estimates on a
(11.30) supe N |DP2I(2')* D! DMa| < oo

for all indices. Just check that any finite set of them follows from (11.29) by taking
k large enough. The converse is easy.

So, now we know that our summed-up choice of quantization, D' satisfies
(11.31) (71 + D')? —1d = E' € €*°C™([0,1]; ¥.>°(R; C?))

150
where the, perhaps improper, notation is too suggestive not to use. We still want
to actually solve the problem, to get rid of the error term on the right. Just to
keep you oriented, remember that oy (D') = § and we are way beyond changing the
leading term.

So finally the claim is that we can add an element of e>C>°([0, 1]; ¥, >°(R; C?))
to D' to get rid of E’. This is now ‘genuinely non-linear’ where up to this point we
have been linearizing.

So, first notice that if d > 0 and z € C is such that |z — £1| > d then

1 1
(11.32) (B'—2)7' = ((1 - z)—1§(B' +1d) — (1 + z)_li(B’ - Id)> (Id+F),
F € e*C™([0,1]; T;,°(R; C?)), 0 < e < e(R) > 0.
Here the operator on the left ‘should have’ eigenvalues 1 — z and —(1 + 2) on the
positive and negative pieces of B’ if this were an involution, so the first term on
the right side is formally the inverse of this. To prove (11.32) compute the product

uy—z)01—z)1;@r+1@-41+z)1;ad—33>

1-—22 1-—22

=L (py 2 ld—t1d+
Tl =22 1—22 1-—22

As a result of our work so far, (B')> —Id = E' € ¥, *(R;C?). Thus, by using
Neumann series, the operator on the right in (11.33) is invertible, with inverse of
the same form — at least for 0 < e < ¢y for some ¢y > 0 depending on d and
other constants. Thus (11.32) follows, with F' € €*C*([0, &]; T;;>°(R; C?)) and
holomorphic in |z — £1] > d.

Finally then we can use this to construct the quantization D, or B = v, + D we
want. Just set

(11.34) B,

(11.33) :(B’-;;)( L gy 2 Id)

((B')? - 1d).

= (B' —z)~'dz, B=2B. —1d.

27 Jja-11=4
I probably will not even get to this point today, but a few things remain. Namely
we need to show that B makes sense and is a projection, that

B - By € ¢ ([0, eol; T (B; C2))

150
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and that B satisfies all our requirements. I leave this as an exercise in contour
shifting — notice that the fact that ¢y < 1is only a technical inconvenience, we can
simply rescale the parameter (starting at %eo) to make B exist out to € = 1. Mostly
the semiclassical families are only of interest near € = 0. O
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12. LECTURE 9: ADIABATIC ALGEBRA AND GROUP
WEDNESDAY, 24 SEPTEMBER

To carry through the argument for Bott periodicity that I have been edging
towards, I have decided to take a slightly higher road than I initially intended. I
hope this will actually be pretty clear but the first step is to throw together what we
have done so far and work with an adiabatic algebra of smoothing operators. This
is the same as the semiclassical algebra except that ‘adiabatic’ refers to a situation
in which the ‘semiclassical degeneration’ occurs in only some of the variables. The
name arises from Physics and refers to a formal motion which is so slow that the
system remains in equilibrium. Here this just means that some of the variables
become commutative. I will get to more geometric versions of this later in the
semester. In fact we might as well jump into the higher dimensional case, which
really makes very little difference.

Definition 4. A one-parameter family A € C>((0,1]; ¥~ >°(R¥**)) is an adiabatic
family of smoothing operators, with respect to the the first d variables, if its
Schwartz kernel is of the form

(12.1)
I ! —d E(Z + ZI) z—2 ! 00 2d+2k
CLE(E,Z,Z,Z,Z):E F(eaTaiaZaz)v FecC ([Oal]aS(R ))
€
So the case discussed up to this point corresponds to d = 1 and k = 0, although
we allowed matrix values — which we could include here at only notational expense.

If k=0 but d > 1 we are in a higher dimensional semiclassical setting.

Proposition 12. The adiabatic operators as in (12.1) form an algebra, denoted

\I/;d‘f‘i’so(Rd : R¥), under operator compostion for ¢ > 0.

Proof. The proof generalizes easily from the case above where d = 1 and k£ = 0.
Let me give the defining isomorphism (12.1) a name:

(12.2) kW00 (RY D RE) — €°([0, 1]; S(RHH2F))

ad,iso
which we are pretty free to regard as an identification — indeed that is what I have
been doing implicitly up to this point. What we showed when d = 1 is that operator
composition for € > 0 induces a product which can be (corrected) generalized and
written out explicitly:
(12.3)
H=k(AoB)=
€ 1.1 €2 1 1
F(e,t + — =8),=s—1 272, Z"G(e,t + —(r — = =5, 2" 7"\dZ"
[ et Gt 5955 = n Z.2")Gle b+ G o = go)or + 35,2, 2)
F =k(4), G = k(B).
Recall that this just arises by noting the relationship of the Schwartz kernel, a, of
Aand F =k(A):

e(z+2") z—2

a(C,Z,ZI,Z, ZI) = eidF(ea 5 0 Z) ZI):
(12.4) g €.
F(e,t,s,2,2") = ea(e,e 1t + Es,eflt - §S,Z, zZ",

substituting into the formula for the product and changing variable. The same
estimates as before show that this product is indeed a continuous bilinear map

(12.5)  €([0, ; SRF24)) x ([0, 1) S(R*H)) — ([0, 1]; S(R?+24)).
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O

One thing I did not get to before is the extraction of the ‘Moyel product’ from
the formula (12.4). Notice that (apart from the explicit dependence of x(A) on €)
€ only occurs through €. Computing the Taylor series therefore gives

(12.6) H(et,7) = > e " cap(0p02F(e,t,7)) 0 (8] 02G(t,T)).
J=0  |a|+[Bl=j
where I have not (yet) computed the coefficients properly. Here the product is just
the product in the suspended algebra \Il;;;?m)’iso (R*).
A little later I will need (only in the 1-dimensional case in fact) the two leading
terms. The first leads to the product law for the adiabatic symbol

H(et,7) = F(e,t,7) 0 G(e,t,7)
d
) +e2 Z (8,5].13’(6, t, 7)o (‘%.G(e, t,7) — BT].F(G, t,T)o 8t].é’(e, t,7)) + O(e*)

Jj=1

(12.7

H(et,7,2,2"Y= | H(e,t,s,2Z,2")e " Tds.
Rd
This implies the analogous symbolic property to 1-dimensional case:-

Oad : U2 (RY:RF) — @ (RF),

ad,iso sus(2d),iso
(12.8) |
O'ad(A)(taa) = / K(A)(O,t,&Z, Z’)e—zs~7—d8
Rd
satisfies
(129) O'ad(AB) = Uad(A) o Uad(B) in O~ (Rk)

sus(2),iso
This sum in (12.7) correspnd to the Poisson bracket, as it should! Of course I
hardly need pause to say that o,4 gives a short exact sequence
(12.10) €U 2 (RY: RM)C—> 0% (RY: RF) 245 W (RF).

ad,iso ad,iso sus(2),iso
Now, one thing I have been pushing, rather relentlessly, in these lectures so far
is that one should take these sorts of algebras ‘seriously’. In particular look at the
corresponding group and see what you get. Let me do again what we did earlier,
perhaps with a little more care. Namely the algebra ¥, 2% (R? : R*) does not have
a unit. So simply append a unit by taking the direct product and considering

(12.11) OO RY:RE) = C+ 0% (RY: R¥)

ad,iso ad,iso
where the product is the obvious one and in particular, Id = 1 4+ 0 is the unit.
Less abstractly one can consider C as being the complex multiples of the identity
as operators on S(R?*) depending trivially on the parameter e. Then one can
consider the group
(12.12)
G0N RY:RY) = {Ae ¥ 2R :RF): I B e U 57T (R?: R¥), AB = BA =1d}.

ad,iso ad,iso ad,iso
In fact it follows that if A = 2Id +A’ is invertible in this sense then z € C* and

Id+z'A' is invertible. Thus we really do not lose anything by considering the
group of the type we have been considering all along:-

(1213) G5 (RE:R*) = {Id+A" € G20 (RY: RF)} s w2 (R : RF).

ad,iso ad,iso ad,iso
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This is all just formal. What is important, as I indicated earlier, is that this group
happens to be open in terms of the inclusion (12.13) and hence is a nice topological
(and of course smooth) group. We need to check this, but in fact lots of amusing
things happen here so let me list this more formally.

Theorem 2. The inclusion in (12.13) is open and the two maps, the adiabatic
symbol (12.8) and the restriction map

(12.14) R:¥_® (RY:RF) ==} O (RITF)

ad,iso iso

lead to a commutative diagram where the lower two maps are surjective, and admit
compact lifting, and the upper two spaces are weakly contractible:

(12.15)

{A € Gad 1so(
ad 1so

/\

Gisor RCH_A sus Zd) 1so(Rk)'

150

(4) = 1}

Recall that weak contractibility here means that for any smooth map from a
compact manifold into the space there is an homotopy to a constant map — in
this case taking the value Id. The diagonal sequences are therefore exact. Note
that compact lifting would usually be stated, at least in the topological literature,
in the form that these sequences are ‘Serre fibrations’. It means precisely that if
f: X — @ is a smooth map into one of the bottom two spaces, then it can be
lifted to f : X —» G 2o (RY - R¥) so that Rf = f or oaqf = f respectively. Of
the five or so things to be proved here, three are reasonably straightforward and the
remaining part, amounting to the (Serre) exactness of the ‘R’ sequence, depends
heavily on the construction I did last time. I will postpone the proof, probably
until next time.

Remark 1. (Frédéric Rochon) The two diagonal sequences in (12.15) are in fact
fibrations, not just Serre fibrations. So, if you know a little topology, the Serre
lifting condition does in fact follows from the surjectivity. I will prove it directly
anyway but this observation makes it clear why the proof of the lifting condition is
no harder than the proof of surjectivity!

So, suppose we have managed to prove the theorem, then what? Basically it
amounts to a weak homotopy equivalence between the bottom two spaces. That is,
the diagram induces a map, which is an isomorphism,
(12.16) Paa : [X; G (R*)] = [X;G

sus(2d),iso

(Rd-i-k)]

150

for any compact manifold X. Namely, take a smooth map f: X — Gsuzo @, 150(Rk)'
The ‘Serre property’ asserts that it can be lifted to f : G5, (R? : R¥) so the map

in (12.16) is supposed to be induced by

(12.17) [f] — [Rf].
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Of course, we need to check that this is well-defined. For fixed f two liftings (1)
and f(2) are such that F = f(2)~'f(1) : X — satisfies 0,q(F) = Id. So the
stated weak contractibility in the Theorem implies that this is homotopic to the
constant, identiy map — hence f(1) and f(2) are homotopic. It follows that Rf(1)
and Rf(2) are homotopic so the image class in (12.17) is well-defined given f. On
the other hand if fy and f; are homotopic, so represent the same class [f] on the

left, then an homotopy F : [0,1] x X — G_ 0, <o (R¥) can also be lifted and

shows that the resulting image classes are the same. Thus (12.17) does lead to a
well-defined map (12.16). Of course, the argument is reversible in the sense that
there is a similar map defined the other way. These two maps are then inverses of
each other. Recalling that we have defined

(12.18) K™172(X) = [X; G (RM)] vV d >0,

sus(2d),iso
with the result indepedent of the choice of k we conclude:

Corollary 1 (Bott periodicity). For any compact manifold semiclassical quantization
induces an isomorphism for any d :

(12.19) Pag s K172(X) — K1(X).
In fact the Theorem and the isomorphism (12.19) extends to the case of non-

compact manifolds X. We just need to consider the ‘homotopy groups of maps with
compact support’

(12.20) Ko'7(X) = [X5G5.%5) 0 R

sus(7),iso
:{f:X—>G*°° (R); f(z) =1d, z € X \ K, K@X}/N

sus(j),iso

where the equivalence relation is through homotopies also reducing to the identity
outside some compact subset. Then (12.19) extends to

(12.21) Pad s Ko H(X) — KH(X)
In fact,
Lemma 12.
(12.22) K7 9(X) =K, "(X xR) Vj>0.

Proof. Left as an exercise, but said in brief as follows. Schwartz functions can
always be approximated by functions of compact support. O

There are many ways to rewrite these isomorphism including the form of Bott
periodicity mentioned earlier.
Corollary 2.
o
(12.23) my(Ge) = § 10F J even
Z J odd

Proof. Assuming we know that G~°° is connected and that w1 (G~°°) = Z then we
just note that

o (GT) = K~/ (pt) = K~ (pt) = {0},

(12.24) - el _ _
7T2]'+1(G OO) =K 1=2j l(pt) =K Z(Dt) - 71'1(G OO) = 7.
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13. LECTURE 10: BOTT PERIODICITY
FriDAY, 26 SEPTEMBER

I will start the notes, if not the lecture, with an extended reply to a question
from the end of the last lecture.

Question 1. (Jesse Gell-Redman) What has this got to do with index theory?

Answer 1. My first answer is that we need to develop K-theory in order to understand
the index theorem, however I am trying to do more than that. This question is out
or order of course, I don’t mean parliamentary order here, just logical order. Still,
let me run ahead a bit, taking this as an opportunity to indicate where I am trying
to go — since for one thing you might not wish to come along!

The second answer is that ‘this’ meaning Theorem 2 really is an index theorem,
or at least is closely related to one. Let me try to describe this relationship, even
though I will use some as-yet-undefined objects. The index theorem most closely
related to Theorem 2 is Fedosov’s index theorem on isotropic operators. Well, the
original theorem was about the numerical index but let me jazz it up to the families
theorem. First, an isotropic pseudodifferential operator corresponds to equal scaling
for z and D, on R", as I have indicated earlier in relation to isotropic smoothing
operators. So, whatever they are, isotropic pseudodifferential operators of order 0
are bounded operators on L?(R™) and they have symbols. Since they are ‘isotropic’
the symbol is just a homogeneous function on R?” \ {0}, or equivalently on S?"~!
with values in M (N;C). The operator is Fredholm if and only if the symbol is
invertible. Let X be a parameter space, then the symbol of an elliptic family of
such operators, parameterized by X, is a smooth map

(13.1) a:X xS$*1 — GL(N;C) — G™°°.

This defines a K-class, [a] € K 1(X x §?"71). If we had the Kiinneth formula at
our disposal, which we do not, we would know that K }(X x §*» 1) = K }1(X) ®
KOS DoK' (X)oK~1(S?7~1), where K°(X) is the soon-to-be-introduced group
based on vector bundles, or projections. Now, both K-groups of the sphere are Z
so this means that K (X x §?"71) = K!}(X) @ K°(X). This can be understood
more directly here in terms of two maps

(13.2) K (X) <2 K1(X x §27 1) —2> KO(X x R?").

The map on the left is just pull-back by choosing a point, say the South Pole,
on the sphere. The map on the right is a version of the ‘clutching construction’
which in this context just means a map made explicitly with matrices which turns
an isomorphism into a bundle. The maps in (13.2) are each isomorphisms when
restricted to the null space of the other, so the K-space splits as indicated.

Now, the elliptic family of symbols can be quantized to a family of operators
which are not only Fredholm but have constant rank null spaces. The null spaces
then form a bundle over X as do the null spaces of the adjoints and the formal
difference of these (we will get to this next week) define an element of K°(X); this
is the index (in K-theory) and it only depends on the class of the symbol [a]. This
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gives us the little diagram

(13.3) K-1(X)

Is

K—l (X X SQn—l)

J{indiso

KO(X).

where I put in the upward map because one consequence of the discussion below is
that the null space of this isotropic index map is the same as the map on the right
n (13.2). Now we can add the clutching construction above and another variant of
the clutching construction both above and below to get a bigger diagram

(13.4) K~Y(X)
o
K 71X x §271) > KO(X x R21) —2> KL (X x R2"+1)

) Py p;’f’d
indiso
X x R)

KO(X)

where I have added in two more maps. Namely, the ‘odd’ semiclassical Bott
periodicity map — on the far right — that we are currently discussing and its even
brother in the middle that we will soon get to. The ~’s indicate isomorphisms.

So, there is your index theorem. The main claim is that this diagram commutes,
so the index for isotropic operators is equal to the product going around the right.
In this context the Bott periodicity maps are ‘topological’ and the index map is
‘analytic’. Of course the semiclassical definition makes the periodicity maps rather
analytic too, but that is one thing I am trying to get at! So, how to prove it?
The Atiyah-Singer approach was to give enough properties of these maps that
they forced into uniqueness, the general principle being that if you have a natural
construction — so it is universal in X — and it is non-trivial and has a few more
properties then there is only one possibility. The proof I will give later is more
analytic, as you might guess. Basically we can deform the isotropic pseudodiffer-
ential operators, following the clutching construction, into families of projections
valued in smoothing operators and then into the group of invertible perturbations
by smoothing operators — and this corresponds precisely to the three maps along
the top.

To make the picture more symmetric I can add in the odd version of the isotropic
index theorem, for elliptic self-adjoint operators or suspended operators, and get a
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bigger commutative diagram:

(13.5)

K 1(X) K. '(X xR)

Ss* s*

K (X x §2771) S KO(X x R27) 3 KL(X x R2+1) <5 K H(X x R x §2n1)

even odd
. qeven 7 odd
indigg ind g

cl

K°(X) ——K;"(X x R)

What I am really after in the course is not only to do these things, and of course
the geometric versions of them which include the Atiyah-Singer theorem, but also
to do it in such a way as to carry the Chern charcter along. Diagrams such as
(13.5) need to be ‘subsumed’ into a smooth K-theory.

Jesse, does this start to answer your question?

Just so that we don’t get too lost, let me very briefly outline the proof of
Theorem 2 — which I should finish on Monday.

(1)

(2)

(13.6)

(13.7)

The group G;doyfso(Rd : R¥) is open in \II;dO’?SO(Rd; R*) : — I have not
given the appropriate product estimates in this algebra. Instead I show for
perturbations near 0 in the algebra the operators on L? for each € € (0,1]
are invertible and then show that the inverse is in the group.

The map 0,4 : G;d‘f‘i’so(]Rd : RF) — G;J‘;‘Ezd)’iso(Rk) is surjective and any
compact map into the image lifts:- Invertibility of the adiabatic symbol
implies invertibility of the operator for small ¢ > 0 and uniformly on
compact sets. Modify the family in € > 0 to get the lifting property.

The subgroup {4 € G, (R? : R¥);004(A) = 0} is weakly contractible:-
Show that on compact sets one can ‘cut the family off’ near e = 0 preserving
invertibility. Then we are reduced to contractibility of the half-free loop
group shown earlier.

The map R : G5 (R : R¥) — G 5°(RTF), given by restriction to € =
1, is surjective and any compact map into the image lifts:- This is the most
involved part. The main thing to show is that the semiclassical quantization
of the Bott element, introduced last week, is a rank one perturbation of the

matrix projection at infinity, and so can be deformed to

(o o) m (o 2)

where P, is the projection onto the group state of the harmonic oscillator.
Then it follows that the element

<é 8>+g(w)H1 (8 (1)>+(1—H1) (8 2)

is in the image, where everything has been tensored by M (N,C) and g
is an arbitrary map X — GL(NN,C) of compact support. However, any
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element in the image space is homotopy to one of these, so we have the
lifting property.

(5) The subgroup {A € G5, (R? : R¥); R(4) = Id} is weakly contractible:-
This is where we use Atiyéh’s clever rotation, and this follows rather miraculously

from the previous step it.

So, to work. Let me go through the simpler parts of the proof of Theorem 2
first, probably leaving the last step until Monday. For convenience I will break the
result up into pieces and I will likely not go through the ‘easier’ part in as much
detail in the lecture as in the notes.

Lemma 13. The group G, (R% R¥) is open in U_>° (R RF).

ad,iso ad,iso

Proof. There may be a more direct proof than the one I will give here — if you find
one please let me know! Since we are in a group we know that the issue is only
the invertibility of Id + A where A lies in some small metric ball around the origin.
As we know this just means that for one of the norms on C*([0,1]; S(R24+2k),
and for some € > 0, ||Al|(ny) < € implies the existence of B € \I!;do’cs’l(Rd; R*) such
that (Id +B) = (Id +A)~!. We will get this by using the ‘old-fashioned’ method of
invertibility acting on L2(RFT?).

Thus, we first need to show that each element of ¥_ 7%, (R%; R*) defines a uniformly
bounded operator on L? for € € (0, 1]. Note that € is a parameter so the only problem
is at € = 0 were the operator blows up. Just to make sure there is no confusion,
we are considering A, as an operator on say L?(R¢t¥) through the usual integral
formula

(13.8)  (Au)(z,2) :e*d/ Ale,

R4 xRk 2 ’

' o
) 222 (e, o, 2)de 7

and we want to get a uniform estimate on the L? norm as € J. 0. This follows from
Schur’s lemma (not the one in representation theory of course) which says that the
norm satisfies

(13.9)

|A|32 < sup/ la(e, z,2', Z, Z")|dz'dZ" x sup/ la(e, z,2', Z, Z")|dzdZ,
2,74 JRA+k 2", 7' JRA+k

assuming I have not missed out a constant. So, we just need to show that the right

side is small if some norm on A is small. There is symmetry between the two terms

so it suffices to consider the first and to see that

sup/ la(e, z,2', Z, Z")|dz'dZ'
2,2 JRa+r

42 o
(13.10) = sup /ﬂw e~ A(e, @ % AL A
z,

sup/ |A(e, —€°s/2 + ez, 8, Z, Z")|dsdZ' < C||Al|(n
z,Z JRA+k
where we have just made the change of variable of integration from 2z’ to s =
(z — 2')Je. Here N is just large enough to ensure convergence of the integrals.

So, from this it follows that if |[A[|xy < € for some € > 0 then the family
Id +A, has an inverse as operators uniformly on L%, Id +B,, where B, is small
with A. So, it remains to show that this inverse actually comes from an element
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B e G 7%, (R : R¥). To do this we just need to construct the inverse near ¢ = 0

since we already know what happens for € > ¢y > 0. The adiabatic symbol,
(13.11) Tad,iso(4) € UI20, 1 1o (RY)

is small with ||A[|(x) and hence
(13.12) (Id +0ad,iso(4) ™ = Id +0ad,iso(B) in G225 o (RY).

—0o0

cue(2d) oo (R?) with this symbol, as usual, and we only

Now we can choose By € ¥
need to invert

(13.13) (Id+By)(Id+A) = Id +eA".

To do this we can use Neumann series to remove the Taylor series at e =0 :

(13.14) D (=1)7el (A"
J

Sum this series using Borel’s lemma and then we are back to a trivial case Id +A"
where A" € €°C°°([0,1]; U, (R4"*), which is automatically invertible for small €
with inverse of the same type. Of course, we could have done this from the start.
However, summing the Taylor series invovles norms of all orders and the problem
is uniformity. However, we already know the existence of the L? inverse uniformly
down to € = 0. Here we have shown that this inverse, being unique, is in fact an
element of G;d?so(Rd : R¥) without directly getting a bound on B.

This might make one wonder about the continuity of the inverse map, A —
(Id+A)~! —1d. However, the construction above works uniformly on compact sets
and so the sequential continuity of the map follows — and we are in a complete

metric space so all is well. O

The last part of this proof is very close to proving the properties of the ‘adiabatic’
sequence.

Lemma 14. The adiabatic symbol gives a surjective map
(13.15) Tadjiso : Gog o (R? : RF) — Gonta d)JSO(Rk),

—0
sus(2d),iso

outside a compact set, can be lifted under (13.15) and the elements mapping to 1d
under (13.15) form a weakly contractible subgroup.

and any smooth map X — G (R*) on a manifold, reducing to the identity

Proof. The argument in the proof of the Lemma above shows that if

be G5 (R¥)

sus(2d),iso

then any element B € Id +%,_ 7% (R? : R¥) which has 0,4 i50(B) = b is invertible on
some smaller interval [0, €] which depends on the choice of B. However, € is just
a parameter so we can ‘expand’ it by choosing a diffeomorphism [0, 9] — [0, 1]
which is the identity near 0. Thus in fact the adiabatic symbol map is surjective.
The same argument works uniformly on compact sets gives the lifting property.
The uniquess of the lift, up to homotopy, is the weak contractibility of the kernel-
group. That is, we need to show that a smooth map
(13.16) FiX — {A € G2 (RY: RM); 0aqiso(A) = Id}

ad,iso



54 RICHARD MELROSE

is smoothly homotopic to the identity, where if X is not compact both the map and
the homotopy are required to restrict to the identity outside some compact subset
of X.

This looks very like the contractibility of the half-open loop group and it may
be that there is a global retraction of a similar sort to used there. At the moment
I do not know it, so we actually reduce to that case using the compactness of the
supports. So, given a map as in (13.16) we can insert a cutoff, choosing

. 1 ) 1
(1317)  peC™([0,1]), ple) =1inp <7, ple) =0ine> 5,0 <ple) <1
and consider the family

(13.18) fi(x) =Id +etp(e/d) + e(1 — p(e/d))Ale, z), f(z) =1Id+eA(e, ).

The uniformity in the construction of inverses above (and the factor of €) shows that
0 > 0 is chosen small enough then this is an homotopy in the group in (13.16). At
t=1itis f and at f = 0 it is in the flat loop group, since it reduces to the identity
near € = 0. The earlier contraction argument therefore allows it to be retracted to
the identity. O
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14. LECTURE 11: ADIABATIC PERIODICITY MAP
MONDAY, 29 SEPTEMBER

Last time I started the ‘easier’, or perhaps better to say ‘routine’, part of the
proof of Theorem 2 — giving the adiabatic diagonal sequence, from top left to bottom

right in
Q ?

(14.1)
ad 1so

(4 € G
/ \

Giso® RCH_A sus(Zd) 1so(Rk)'

180

(4) = 1}

Observe that this already gives us a map — following the arguments of last lecture

(14.2) [X;G (RF)]e — [X;G5

sus(2d),iso

(]RdJrk)] .

150

So once we see the same properties for the other sequence we conclude that this
must be an isomorphism. In fact for the moment I will only do this for d = 1.
Addendum to Lecture 11: GL(N,C) and the Bott element From Paul
Loya
Here we present the proof on Sept. 26-th that the restriction map to ¢ = 1:
R:G72 (R,R*) - G;°(RF1),

ad,iso 150

is surjective at the level of homotopies using the Bott element.
Preparing for the Bott element: Lemmas from Lecture 14
The following lemma is Lemma 16 in Lecture 14.

Lemma 15 (Finite Rank Approximation). Let II be the orthogonal projection
onto an N-dimensional subspace of S(RY) and choose an identification of linear
maps on the range of 11 with M (N, C), and consider the map

M(N,C) > A+ 1d—II + AIl € Id +¥,%°(R?),

is0

where ATl on the right is the matriz A acting on the range of 11 through the chosen
identification of linear maps on the range of I with M (N, C). This map restricts
to a map

GL(N,C) 3 A+ Id —IT + ATl € G;°°(RY),

and for any topological space X, induces a map
[X, GL(N,C)]e = [X, G2 (R)].

that is defined independent of the choice of the N-dimensional subspace of S(R?)
chosen and the choice of identification of linear maps on the range of II with
M(N,C). Moreover, any element of [X,G;°°(R?)], is in the image of this map
for a sufficiently large N.

is0

The following lemma is Lemma 17 in Lecture 14.
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Lemma 16. If I, is the orthogonal projection onto a 1-dimensional subspace of
S(RY), then the map'

G2 (R*) 5 h +— Id —II; + hII; € G, 2°(R*"7)

is0 80

induces an isomorphism
[X, G (RM)]e = [X, G20 (RFF)],

is0 is0

that is defined independent of the choice of the 1-dimensional subspace.

Proof of the theorem: The Magical Bott element
Recall that the Bott element is an operator B € H_7°(R) = {involutions in” y; +
U 2°(R,C?)}, which has the property that

1 0
B+|E:1 ~ (0 H1>

0 0
B|E=1N<0 1—H1>

where II; € ¥; °°(R) is the projection onto a one-dimensional subspace of S(R')

(say the ground state of the harmonic oscillator).

and

Theorem 3. The restriction map to € = 1:
R:G. 2 (R,R*) - G, °(RF),

ad,iso 50
is surjective at the level of homotopies. That is, for any topological space X and
any element [g] € [X, G20 (R¥1)]. there is an element [§] € [X, G giso(R, R¥)].
such that [Rg] = [g].

Proof. By finite rank approximation, any element of [X, G;,>° (R¥+1)], is homotopic
to an invertible matrix through Lemma 15 and by further stabilization we may

assume that

0 g
Idy is the N x N identity matrix, and

Fy : GL(2N,C) — G;;>°(R¥1)

180

g=F <IdN 0> , where go:X — GL(N,C),

is the map in Lemma 15 defined by some choice of 2N-dimensional subspace of
S(R*+1) — it’s not important now what subspace we choose although at the end
of this proof we’ll take a subspace in S(RF¥*!) = S(R* x R!) spanned by 2N
independent functions in S(R*) times a function in S(R'). The reason we take g
in terms of a 2 x 2 matrix (of N x N matrices) is because the Bott element is given
in terms of 2 x 2 matrices. We shall find a map
§:X = G5, (R,RY)
such that [Rg] = [g]. To define g, let
Fy : GL(2N,C) = G;,2°(RF),

180

LOn the right-hand side, as operators on S(R¥+4) = §(R* x R%), II; only acts on the R¢ factor
and h on the R¥ factor.

2Recall that 41 = <[1) _01) and note that ¥ (R, C?) consists of 2 x 2 matrices of operators

in U, (R).
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be the map in Lemma 15 induced by some choice of 2N-dimensional subspace of

S(R*), and then define

Id
gi= (1% YY) (1dy ©B,) +1dy ©B_.
0 go

Let’s pause to think about this! Note that B4 are 2 x 2 matrices whose entries
are operators in Id +¥_°(RR), so Idy ®B are 2N x 2N matrices of the same sort.
Using that B = ; modulo a 2x 2 matrix of operators in ¥_ > (R) one can check that
g1 = Iday +R where R is a 2N x 2N matrix of operators in ¥_ > (R). Moreover,
g1 is invertible with inverse

Idy 0
0 g

where

) (IdN ®B+) +Idy ®B_.

It follows that
g = Flgl € Gg?l,iso(]RJRk)'
Now we claim that
_ _ Idy O
9|51~9—F0< 0 go>'

To see this, recall that

1 0 0 0
B+|€=1N<0 H1> and B|E=1N<0 1—H1>'

Therefore,
1d 0
gile=1 = ( 0 ) (Idy @By )|e=1 + Iy ©B_|c—
9o
Idy O Idn 0 N 0 0
0 Jo 0 IdNH:L 0 IdN—Idan
Id
= Idon — Idon 0y + ( o 0) 10,
9o
Hence,

- Id 0
Gle=1 = Fig1]e=1 ~1d —II; + <F1< ON >> II,.
9o

In other words, if

Fy 1 [X, G2 (R¥)] — [X, G2 (RM)]

1850 180

is the isomorphism induced by the map, which we also denote by F5,

(14.3) G 2°(R*) 5 h — Id —TI; + hII; € G 5°(R*1)

iso 180

found in Lemma 16 with d = 1, then we see that

~ Idy O
e= :F F .
e 2( 1( 0 90))

To summarize, we are left to show that

(7 o) =187 )]
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Thus, our theorem is finished off by proving that the composition

[X,GL2N,C)] B (X, G2 (®RM] B X, G2 (R)]

180 180

is exactly the same as the map

[X,GL(2N,C)] B8 [X, G;.2 (RFH1)];

180

in other words, we need to prove that the following diagram commutes:

[X,GL(2N, C)] — 2> [X, G2 (R¥)] — 2= [X, G (RF+1)] .

is0 iso

V

Fo

To prove this we just have to look at what the maps Fy, F1, and F5. Let II be the
orthogonal projection onto any 2N-dimensional subspace of S(R*). Then F} is the
map induced by

GL(2N,C) 5 A — Id —II + ATl € G;,°(R*).

Therefore, at the homotopy group level, F5 Fy is the map (see (14.3) for F5) induced
by

GL(2N,C) 3 A+ Id —II; + (Id -1 + AINII; € G, 2°(RM)

180

=1d-II1I; + AIITI; € G; (R

1850

On the other hand, IIII; is the orthogonal projection onto a 2/N-dimensional
subspace of S(R¥*1) (namely, the space of functions of the form f(z)g(y) where
(z,y) € R¥ x R! with f and g in the range of II and II;, respectively). Hence, we
can take the map Fj to be induced by

GL(2N,C) 3 A+ Id —ITTI, 4+ AT T, € G,°°(R¥),

180

which is exactly F5F7. This completes the proof. O

Extra: Bott periodicity for the general linear group
This section is not needed for the Bott element, but might be useful to be written
down. In this section we prove that mo(GL(N,C)) = {0} and =1 (GL(N,C)) = Z.

Lemma 17. There is a smooth map

T:8°N "1\ {-e;} - GL(N,C) , veT,
such that T,, = Id and for allv € 2N "1\ {—e1}, Tyov = e;.
Proof. Given v € S?V~1, for all z € CV, define

(e1-v)(z-v)—z- e
1+e v

T,(z)=x+4 (z-v)(eg —v) + (e1 +v).

Here “” denotes the usual Hermitian inner product on CV (linear in the first slot
and conjugate linear in the second slot). Using this formula, it’s easy to show that
T, depends smoothly on v € S2V=1\ {—¢,}, T., = Id, and T,v = e;. O

Using this smooth map T, we prove prove the following theorem. (I haven’t seen
a proof of this theorem that uses the linear map T,,. Has anyone?)
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Theorem 4. If 0 < k < N, then the inclusion map

GL(E,C) - GL(N,C) ; A (Ig 2)

induces an isomorphism between homotopy spaces
[S', GL(k,C)] — [S*, GL(N,C)].

Proof. By iteration we may assume that K = N—1. Our theorem follows immediately
from the following two claims, which we’ll prove using the lemma: For any N > 1,

(1) Any element of [S', GL(IV, C)] has a representative of the form <1 0 >,

0 g(z)
where g : St = GL(N —1,C).

(2) Two maps gg, g1 : S* = GL(N —1,C) are homotopic if and only if the maps
<(1) go(()x)> and (é gl(()a:)> are homotopic as maps into GL(N, C).

Let f : S' — GL(NV,C) be a continuous map. Since f(S!) is a compact subset of
GL(N, C), an open set in the set of all N x N matrices, it follows that any N x N
matrix sufficiently close to the image f(S!) must lie in GL(N,C). Using this fact
plus a standard compactness argument, it is straightforward to show® that f is
homotopic to a map (again denoted by f) such that the first column wy (z) of f is
not a positive real multiple of —e;. Hence, v(z) = wy(x)/||w1(x)]| is never equal to
—e1. By Lemma 17 we have T, w1 (z) = ||wi(t)]], so for all z € S,

Toe) f(x) = (”wléx)” g(*x)> ;

where * is unimportant components and g : S' — GL(N —1,C). We may homotopy
the first column to ey, so

/1 0

fl@) ~ Ty (0 9(z)

Now v(z) € "1\ {—e;} = R?"~! so we can homotopy v(x) to the constant vector
e within 87"\ {—e;}. Since 7., = Id it follows that T, ,, ~ Id. This proves
Claim 1.

We now prove 2. Certainly the “only if” part holds, so assume that (é p ?m))
0

and <(1) p (()a:)> are homotopic as maps into GL(N,C), which means there is a
1

continuous map F : S x [0,1] — GL(N, C) such that
(144)  F(2,0) = fo(z) = (é go((’w)> and  F(z,1) = fi(z) = (é gl(()x)> .

By a similar argument as we stated in the previous paragraph we may assume that
wy(z,t), the first column of F(z,t), is never a positive multiple of —e;. Hence,
v(z,t) = wi(z,t)/||wi(z,t)|| is never equal to —e;. By Lemma 17, we have

1 *
Tv(ac,t)F('rat) - <0 g(m,t)) s

31f fni1(z) denotes the N-th row, 1-st column element of f(x), all you have to do is replace
this function by a new function such that fn1(z) # 0 for  # 1.
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where g(z,t) € GL(NV — 1,C). Since v(z,0) = e; = v(z,1) and T¢, = Id, it follows
that g(z,0) = go(z) and g(x,1) = gi(z). Thus, g : St x [0,1] - GL(N —1,C)
provides a homotopy between gg and g;. O

Corollary 3. 7y(GL(N,C)) = {0} and m (GL(N,C)) = Z.

Proof. The second statement follows from Theorem 4 (with £ = 1) and the fact
that 1 (GL(1,C)) = [S',GL(1,C)] = Z (which can be proved using for example
the winding number). The proof of Theorem 4 also works if we replace S! with a
point, so the first statement follows from the fact that 7o(GL(1,C)) = {0}. O
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15. LECTURE 12: ATIYAH’S ROTATION
WEDNESDAY, 1 OCTOBER

Let me try to clarify what we have done so far as regards the proof of Bott
periodicity. Last time we proved that there is a map
IY k .- d+k
(15.1) P+ (X5 G5 oo (BE)]e — [X;5 Ga® (RTH)).
obtained by semiclassical quantization. Indeed let me quickly recall how this map is
defined — I have generalized from homotopy classes of smooth maps from a compact
manifold to homotopy classes of compactly-supported smooth map from a general

manifold, but this makes very little difference to the argument. To define (15.1)

take a representative, f : X — GS_u‘;O(Q a0 iso(R’“) and choose, as we can, a family

fi X — 1A+, 55 (R? : R¥) which has adiabatic symbol f. Last time I showed
that in fact f is invertible for € € (0, €], € > 0, with inverse given by a similar
family. We can expand the parameter so that ¢ = 1 and then (15.1) is obtained by
restriction to € = 1. It doesn’t matter where we restrict, provided f. is invertible
for that € and smaller. So, we showed that this induces a map (15.1).

Now, we also showed that the map (15.1) is surjective for d = 1. To do this we
proved that for a given map with compact support g : X — G.>°(R**) we can
first make a smooth homotopy, and then ‘lift’ it to a family which takes the form
(15.2) Gg=Id+A(t,7)g ' (x) + A'(t,7)g(x) + A" (t,7) € GS_L;?”JSO(R’“)
and where the perturbation is compactly supported on R2. Note that this family
has the nice property that ¢ = Id implies § = Id which is important now that we
want to treat compactly supported families. Thus we proved (modulo properties of
the Bott element which have not yet been checked) that

(15.3) Paa(9) = [9];

thus establishing surjectivity.

Now we want to prove injectivity of p.q, which reduces to the weak contractibility
of a certain subgroup of G_%. (R? : R¥). This can be done by rather tedious,
if imaginative, computation but Atiyah realized that it is a consequence of the
multiplicativity of K-theory. Now, I have not discussed this multiplicativity but we
can just proceed directly and then sort out what we have done afterwards.

Stripped down in this way, Atiyah’s idea goes as follows. Look at g in (15.2). It
is itself a compactly supported smooth map
(15.4) §: X xR — G;2°(RF).

So, we can (after homotopy to finite rank) apply the same construction to it. Let
me call the result

(15.5) G, 7', t,7,2) =Id+A{X,7)g " (x, t,7) + A'(t', 7 g(z,t,7) + A"(t',7").

So this is a function on R* x X with compact support. We recover § (if you like
up to homotopy) by quantizing it in the variables (¢',7'). However, let us make a
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rotation between (¢',7') and (¢, 7), substituting in (15.5)

t' — t'cos@ + tsind,

7' 7' cosf + Tsin b,
(15.6) N
t+—— —t sinf + tcosb,

T +— —7'sinf + 7 cos¥.

This linear change of variables leads to a smooth map

(15.7) G:[0,7/2] x R* x X — G .>°(R¥).

150

So, we can think of this as an homotopy in the variable § and in particular, we can
quantize it in (¢/,7) uniformly in , R? and X. At § = 7/2 the (#,7') variables are
replaced by (¢,7) in the sense that

(15.8) G(n/2,t,7,t', 7" x) =
Id+A(—t,—7)§ " (2, t',7') + A'(=t, —7)G(x, ', 7") + A" (—t, —7).

Thus, at § = /2 we are simply quantizing § and §—!. However, by construction
the quantization (which we may choose) of § is g and hence that of g=! is g~ *.
Finally then see what happens. If § is such that p.q§ = Id then we can find G(6)
which at § = 0 quantizes to § and at § = 7/2 quantizes to Id. Thus in fact g is
homotopic to the identity and we have proved that (15.1) is an isomorphism, well
for d = 1 and modulo the discussion of projections — which I will proceed to do.
Maybe it is worthwhile going back and checking, modulo the same issues of
course, that I have now proved Theorem 2 since that looks more substantial. So,
I claim that, for d = 1, I can pretend to have done everything except the weak
contractibility of the subgroup
(15.9) N ={AeGX (R:RF);R(A) =1d}.

ad,iso

That is, consider a compactly supported smooth map into it. We need to show
that it can be deformed to the constant-at-the-identity map. This is almost what
we have shown. Namely we have shown that if v : X — A/ is such that R(v) = Id
then o,4(7y), which is what we discussed above, is homotopic to the identity in
G = (R*). Now, quantizing this family of symbols (including the homotopy)

sus(2),iso

gives us an homotopy in G, 3%, (R : R*) which I can call ['(¢,z). At t = 0 it is y and
at t = 1 it is Id. We are almost there, but it is not (necessarily) an homotopy in
N. Tt starts there and finishes there but we have done nothing to control R(T'(¢,z))
for t € (0,1). Fortunately we have the lifting map. That is we can lift R(I'(¢,z)) to
a family I" : [0,1] x X — G 75, (R : R) so that R(I'(t,x)) = R(L(t,x)) and so
that I'(0,z) = I"(1,z) = Id since R(I'(t,z) = Id there. Then (I'(t,z))"'T(¢, ) is
a new homotopy from 7 to Id which is in .

Okay, so it is on to projections to check the little facts about the Bott projection
and its quantization.

Let me formalize what we were doing earlier as regards projections and set
(15.10)

H°(R¥) = {a € U 2°(R¥;C?); Ic + ais an involution} , I, = ((1) _01> .
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This is not a group, but it has certain features making it similar to Go°(R¥).
Notably it is an infinite dimensional manifold ‘modelled on (two copies of) S(R2¥).

This I will discuss next time.

Definition 5. The K-groups (not quite immediately obvious that they are groups)
associated to a smooth manifold X are the compactly-supported homotopy classes
of smooth maps

(15.11) KO(X) = [X; H(R)].
Of course we will quickly show that one could just as well take
(15.12) Ko(X) = [X;H ™ (RY)]e

for any k and the results are naturally isomorphic. If X is compact one can drop
the ‘¢’ suffix — and historically it is even dropped in the general case, meaning that
in the literature K°(X) denotes what I am calling K%(X).

The work I did on the Bott element now extends directly.

Proposition 13. There is a well-defined (adiabatic) periodicity map
(15.13) Paa : KO(X x R¥) — KO(X).

Proof. A class in KS(X x R2?) is represented by a compactly-supported map X x
R24 — H~>°(R). The discussion in Lecture 8 shows that this can be quantized to
an adiabatic family of involutions. We need to check homotopy invariance of the
result but this follows the same lines. O

Now we have lots of groups and lots of identifications between them:-
Pad : KX x R?) = K2(X), paa : Ko (X x R*?) = K{(X),
e KYX) — KX xR).cl: K}(X) — K2(X x R)
We do need to make sure that these maps are consistent under compostion — so
we can regard them as identifications (with some care!). Typically the top row are

regarded really as identifications — this is Bott periodicity — and the bottom row as
maps.

(15.14)
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16. LECTURE 13: INvoLuTiONs AND K°
FripDAY, 3 OCTOBER

Last time I introduced the space of smooth involutions #~°°(R), let me immediately
note some properties of it.

Proposition 14. There is a surjective index, or relative dimension, map
1
(16.1) ind : H°(R*) — Z, ind(I, + a) = 3 tr(a)

which labels the components, H,;OO(IR’“), of H=°(R¥). The base component, where
the index vanishes, is a homogeneous space

(16.2) Ho ¥(RY) = Gio* (R C)/ (Gioo® (RY) @ Gig® (R))

iso iso

through conjugation and the other components are isomorphic to the base component
— but not naturally so.

Proof. We use finite rank approximation to prove this. In the construction of the
quantized Bott element I used the idea which lies behind:

Lemma 18. For each I € H~°(R*) there is a neighbourhood
0 € B C U—°°(RF; C?)
such that if b € B then the complex integral

(16.3) J(b) = —Td—"" (;(H— b — (2 — %) Id> i

is an element of H~°°(R¥).

Proof. As Boris said: Just use the functional calculus!

If b = 0 in (16.3), then the inverse of 1 — (z — $)Id = (1 — 2)By — 2B_ is
(1-2)"'B; —27'B_ where I = B, — B_ is the decomposition into projections.
The inverse is uniformly bounded on |z — 1| = 1 so remains invertible there if
perturbed by b/2 in a small ball around the origin. Thus the integrand in (16.3)

does exist and is of the form

(16.4) (;(I +b) — (2 — %) Id)  — (1= 2B — > 'B_ 4 4(:b)

where 7(z;b) is holomorphic near |z — 1| = 1 and valued in smoothing operators.

The integral of the first term on the right in (16.4) is =B so J(b) = I + V' with
b € U~>°(R*; C?). Moreover, b’ is small with b and depends continuously on it. It
remains to check that J(b) is an involution. The square can be written

™

(Wli)z /z—1|; /t—1;+5 <;(I *h) e %) Id> i

<;(1 b — (- %) Id) et

(16.5) J(b)? =1d +2i,/ (;(I+b) . ;)Id>_ iz
e

+
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where the ¢ contour has been moved slightly where § > 0. Applying the resolvent
identity

-1

<;(I+b) . ;)Id> - (;(I+b) . ;)Id> -
(z— )1 (;(H— b — (= — ;)Id> -

—(z—-t)"! (;(I+b) —(t— ;)Id>_1

and inserting this into the the last term allows it to be evaluated by residues as

(16.6) (7r1i>2/z_1|;/t_1|;+5 (;(I+b)—(z—;)ld>l
y (;(I+b) . ;)Id)ldzdt

_ oL <;(I+b) (- ;)Id> T

T J|a=11=5
Thus indeed, J(b)? =1Id. O

This ‘retraction onto = (R*)’ allows any element I, + a to be connected to a
finite rank perturbation of I,,. Namely, if k£ is large enough, depending on a, then

(16.7) Io + (1 — t)a + tTall,

is sufficiently close to I, + a, for ¢ € [0, 1], for the Lemma to apply. Moreover it
follows directly from the formula for J(b) that

(16.8) J(HkaHk) = I+ II;aII;
is indeed a finite rank perturbation. Thus, as an involution it is equal to
(16.9) I (Id —IIg) + II; ATl

where the second term is an involution in M(2,C) ® M (k,C), the latter being
matrices acting on the range of I in S(R*).

For finite rank involutions the first statements in the Proposition become obvious.
In a given vector space they correspond to a decomposition as a direct sum, of the
1 and —1 eigenspaces, of dimensions d; and d_, d; +d_ = N being the dimension
of the space on which the involution acts. Moreover, for fixed N any two such
decompositions are linearly equivalent if and only the positive eigenspaces have the
same dimension, d. . The trace of the involution, d; —d_ = —2N +2d_, is an even
integer which determines the involution up to linear equivalence. It follows that for
the decomposition (16.9), in which II; acts as a multiple of the identity on the C?
factor,

(1610) tr(J(HkaHk) — IOO) = tr(HkAHk) — tI‘(IOOHk) =2pe€2Z

determines the linear equivalence class.
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So, it remains to show that 3 Tr(a) is locally constant. However differentiating
the identity I} = Id shows that

LI+ 11, =0= tr(I) =0,
(16.11)

d
hence T tr(Ily — I) = 0.

since I} is off-diagonal with respect to I;.

This proves (16.1) and that the ‘index’ map is constant on the components of
H=°(RF).

In the case that ind(I, + a) = 0 it follows from the discussion above that I +a
is connected by a smooth path I, + a(t), t € [0,1], in H °(R¥) to I itself, so
a(l) = a,a(0) = 0. For each I € H~°(R*), if b is small enough and I+b € H~>°(R¥)
then

(16.12) T=I+bIi+(I+b)_I_€G >~R"C?
where I +b = (I;)+ — (I + b)— is the decomposition into projections. Moreover,
TI=(I+b)T = (I+b) =T 'IT.

Thus, nearby involutions are conjugate under the action of G~°°(R*; C?).

Apply this at each point t € [0, 1] it follows that there is a finite decomposition
of the interval such that I + a(t) at each lower end-point is so conjugate to the
upper end-point. Composing the action shows that I + a is conjugate to I.

Thus we see that the action by conjugation of G~°°(R¥;C?), is transitive on
Hy °(RF). Tt is clear that the subgroup fixing I, is the diagonal group G~>°(R¥) &
G~ (R¥) which is (16.2).

In each H, *°(R") there is a ‘base point’

{IOO +(Id =1 )My, € Hy™

16.13 ;
(16.13) Lo — (Id+I )T € H™

k>0
Thus it suffices to show that these are conjugate to I,. This can be done by

renumbering the bases — of course these conjugating operators are not in G~°°(R*; C?).
O

This result has quite a few consequences for our defintion of K°(X). However,
the first thing I need to do — to finish the proof of Bott periodicity — is to go back
and look at the quantized Bott involution constructed in Lemma 9. What we want
to do is to compute %tr(De), which we now know to be constant as a function of
€ > 0. Of course we must somehow compute it in terms of the semiclassical limit
as € | 0. By construction D, comes from a semiclassical family, with kernels

t+t) t—t
(16.14) D.=e'Dle, % —)
valued in 2 x 2 matrices. So, for € > 0
(16.15)
1 .
tr(D,) = e / tr D(e, et, 0)dt = €2 / D(e,T,0)dT = 5 / tr D(e, t, 7)dtdr.
R R 2me? o

So, what we know is D(0,¢,7) = 6(¢,7) and what we need to compute is the
(integral of the trace of) the coefficient of €2 in the Taylor series expansion of
D(e,...). Fortunately, the €2 term is the next after the leading term.
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In fact if you recall the construction of D what we did was start with Do which
is a quantization of d; we can take it not to depend explicitly on e. Then we need
to compute the semiclassical symbol of the error term

1
(16.16) (I + Do)? —1d = €2 EFy, 0g(F;) = % (0460,6 — 0,00;6) .
Now, the correction term is €2D; where o4 (D;) has to satisfy
(16.17) bO’sl(D1) + 0'51(D1)b = Usl(El)

which we did by noting that the right side satisfies
1

basl(El) = Usl(El)b SO Usl(D1) = §b051(E1)
works. Thus combining these formulae we need to compute
1
(16.18) —— tr (b (0:00,0 — 0,00.0)) dttT.
T JR2

Since 0.0 and 0,9 are derivatives of b = I, + ¢ we know that b(9;0) = —(0;0)b, etc,
anticommute. So in fact the two terms in (16.18) are the same. Since d is written
in terms of polar coordinates, it is natural to change variable and use a similar
rearrangement to reduce to the integral

1 %] 27
(16.19) ——/ / tr (b(0,0)(0g0)) drdf.

47 0 0
Now, recall what b = I, + ¢ is! It was defined in terms of Pauli matrices
(16.20)  b(t,7) = cos(O(—r))y1 +sin(O(—7)) cos(8)y2 — sin(O(—r)) sin(d)~s.

There are three constant matrices in (16.20). Each of them has trace zero and
the product of any two of them (which is i times the other one) has trace zero.
The product of all three v17273 = — Ida«s has trace —2. Thus there are four terms
which can contribute. Namely the product of ©'(—r) and

3

sin®(0) sin? #y3y1y2 — sin(O) cos? (O) sin? y1v372
(16.21) —sin®(0) cos? #y2y1793 + sin(O) cos?(©) cos? 17273
= —sin(0) Id,

where © = ©(—r). The integral is therefore

(16.22) - /2” /ff sin® #sin(©)dAdO = 8.
Combining all this we co(;ludg that

(16.23) ind(B) = %tr(D) =1

Phew, that proves Bott periodicity.
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17. LECTURE 14: EVEN PERIODICITY MAP
MonNDAY, 6 OCTOBER

Question 2. (Jesse Gell-Redman) The construction of the (odd) periodicity map
looks a bit fishy, would you care to clarify it?

Answer 2. Well, he was politer than that. Let me put things together, maybe a
little more carefully than I did before. First let me try to clarify a couple of things
— the sense in which we are free to switch the number of variables in which our
smoothing operators act and are also free to work with finite dimensional matrices.

Lemma 19. For any N and for any selection of N of the elements of the standard
basis of eigenfunctions of the harmonic oscillator, e;,, ..., e;y the inclusion

N
(17.1)  GL(N;C) 3 gij — § € Gy °(R), gei, = Y gpiei,, ej = ej, j # i,
p=1

is a group homomorphism which induces a map on homotopy classes
(17.2) [X;GL(N,C)]. — [X; G (R)].

180

which is independent of the choice of basis and such that every element in the target
group is in the image for N sufficiently large.

Proof. That the stabilizing map (17.1) is a group homorphism is clear enough and
so it induces a map (17.2). Any two choices of basis are conjugate. To see this it
suffices to change one element at a time to another eigenfunction which is not in
the current set, and then finally relabel. The relabelling is given by an element of
GL(N, C) acting by conjugation and the switching is given by a rotation between
the two elements. In either case on the image space this is conjugation by a fixed
(in terms of X') element of G,o°(R). Since this group is connected, the conjugation
can be removed by a homotopy, constant in X. This proves that the induced maps
(17.2) are all the same. O

One can easily go further somewhat further, as we will later, and conclude that
as long as GL(N,C) is made to act on an N-dimensional subspace of the range of
Ik, for some k, and the identity on a complementary space, and on the range of
Id —IIj, the same map (17.2), at the level of homotopy, results.

Lemma 20. If 0 # e € S(R) and 7o = e® & € U °(R!) is the orthogonal
projection onto e then the group homomorphism

(17.3) G (R 5 1d +a — Id 47, ® a € G°(R4TF)
is a weak homotopy equivalence (Is it an homotopy equivalence?) which induces an
isomorphism, for any manifold X,

(17.4) [X; GRo? (RY)]e = [X; G5t (RTTF)]

150 1S0

which is independent of the choice of e.

Note that e is fixed but arbitrary. As in the proof above, we can deform any of the
maps (17.3) to any other by rotating e.

Note that the embeddings above are constant, i.e. we are not permitting twisting
which depends on the point in X. It is also worth re-emphasizing that in both
these maps the identity is ‘increased in size’, I have been regarding these maps as
inclusions but one does need to be a little careful about this.
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So, what is the inverse of the adiabatic periodicity map exactly? It is based on
the lifting statement for restriction to e = 1
(17.5) R:G2 (R:RF) — G °(RM'H).

ad,iso iso

Namely, take a smooth map h : X — G;>°(R!™*) which is constant at the identity
outside a compact set. We can ‘lift’ this back into one of the groups (17.1), that
is there is a homotopy h; where hg is in the image of the group and h; = h. So,
consider hg instead.

Now, what do we know about b = v + 4, § € CX(R?* M(2,C), the Bott
element. We showed that this involution is the semiclassical symbol of an involution
B =+ D, D € ¥, % (R;C?). More precisely, D, € C*((0,1]; ¥, 5°(R; C?)) is a
smooth family of 2 x 2 matrices of isotropic smoothing operators on R, forming a
semiclassical family with symbol § and such that v, Id +D, is an involution for all
€ € (0,1]. Moreover, last time I finally computed the relative index of this family,

showing it was 1, and hence that say vId; +D% can be deformed to have

(17.6) R(B) = ~1d; +21I1, (8 2)
(which has the same relative index) through involutions — here II; is projection onto
the ground state of the harmonic oscillator (or onto some other element of S(R) of
your choice). Thus, modifying the parameter in € > i a bit we have a semiclassical
family, B, of 2 x 2 matrices, in 1 dimension, which has semiclassical symbol b and
takes the value (17.6) at e = 1.

Now, much as above we want to turn this into an adiabatic family. First we
can undo B into the projections onto its positive and negative partis, B4 and then
consider the semiclassical family of 2N x 2N matrices

a0 g =05'@ o)+ (o )t s B+ B € Gz @),

The first factor makes the semiclassical family have ‘unital part’ — the leading
matrix multiple of the identity — be Iday, giving (17.7) and from (17.6)

(17.8) R(g') = 1d +1I; & (hg — Idn) ® (8 ?) :
This is just ho(z) acting as an N x N matrix on CV, extended to the second part
of the C2, plus the identity on everything else.

Now, we are free to embed M (2N, C) to act on a finite span of the harmonic
oscillator eigenfunctions in S(R*) however we want, and we can do this so that the
ho(x) in (17.8) is the hy we started with. Moreover this embedding corresponds to
the same sort of map as (17.3) but now giving
(17.9) G (R;CN) — G2 (R: R¥; C?).

sl,iso ad,iso

So, combining these steps the image, g, of ¢’ under (17.9) has R(g) = ho-
Modifying the family in € > 0 we can insert the extra homotopy to arrange that
R(g) = h as desired.

Let us note some stabilization results of the same type as discussed above, but
for the classifying spaces H~°°(R?). As for the corresponding groups there are
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isomorphisms — for the moment fixed, but at some point I will have to discuss the
possible choices —

1710 H™®(R) — H~°(R?)
(710 H R CN) — HT(RY).

They are obtained by relabelling basis elements or by extending the perturbation
to have rank 1 in the other ‘variables’. One can also think about this as going back
to our original sequential group and considering the corresponding

(17.11) H>(N) = {a € U °(N; C?); (1 0 ) +ais an involution} .

0 -1

Now, we also have adiabatic and suspended versions of these spaces:-

(17.12)
—o0 ky _
/Hsus(p),iso(R ) -
{a € T2 ) 1o (RECP); <(1) _01> +a(T) e HZP(RF) VT € ]Rp}
H;do,(i)so(]Rd : Rk) =

{a € \P;d‘f?so(]Rd : Rk C?); <(1) _01> +a(e) € H P (RTF), € > 0} ,

including of course those acting on C? ® CV instead of just C2.

At this stage it probably has already occurred to you that we can ‘put things
together’. That is, we can define a combined adiabatic-suspended-isotropic space
of involutions

sus(p),ad,iso ad,iso

(17.13) H_ > (R : R¥) = {a e S(R”; = (R?:R*;C2 o CN));

<é _01) + CL(E) S H;u:(()p),iso(]RdJrk; (CN), Ve> 0}

Here it is understood that if d = 0 or p = 0 one is reduced to the earlier cases.
Proposition 15. The space in (17.13) is classifying for K-theory of the parity of

p (provided k > 0), the base component (which is the whole space if p is odd) is
homogeneous

(17.14)  HI0) aaiso(RY 1 RF) =
Gs_uC:(Jp),ad,iso (Rd : ]Rk; CZ)/ (Gs_uzc()p),ad,iso(]Rd : ]Rk) ® Gs_uzo(p),ad,iso (Rd : Rk; C2)>

and for d =1 (also for d > 1 shown later) the lower maps in the following diagram
are surjective, with the lifting property for compactly-supported families, and with
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the upper spaces weakly contractible:-
(17.15)

{a=(o 5)} {n=(o %)}
e

s(p),ad, 150(
Hg, 00 (Rd+k sus(p+2d) 150(Rk)‘

sus ,iso

Proof. Everything here, except the lifting property for R is fairly straightforward,
meaning it is much the same as before. For the momemnt I omit proofs from the
notes for these parts. To prove the properties of R we need some more properties
of involutions O
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18. LECTURE 15: VECTOR BUNDLES AND K?(X)
WEDNESDAY, 8 OCTOBER

We start with an involution which is a finite rank perturbation of 1, v + a,
e = all, = a. Thus, restricting to C? ® I which we can identify with any other
2k-dimensional vector space we have an involution

(18.1) I =1, —1_ acting on C*>® Ran(TI;) = C**.

Then consider a further slice C? @ (Il3; — ;). Here we can identify Ran(IIs; — ;)
with C?* and so write the restriction of v, ® Id as

(18.2) "Iy +12).
So the part of the involution in C* ® Ran(Ilzy) is
(Iy(z) —I-(2) @ EL @ (I4 +1-)® —E_ ® (II3; — 1),

(18.3) B, = <(1) 8): B (8 (1)>

Now, the I_ part of the first block can be rotated rotated with the I_ part of the
second block and thus there is an homotopy leading from (18.2) to

(I4(z) +1-(z) D EL ® (I+ — ) ® —E_ ® (I — IIy)
— (Be +E) 0T+ B @ (Iy — ) ® —E— ® (g, — ).

This computation proves:-

(18.4)

Lemma 21. Any f € C°(X;H>°(R?) is homotopic through such maps to one of
the form

z I(x 0 Id o
189) fo)=me -+ (17 ) em-m+ (§ 5)em

where I(z) is a smooth family of involutions acting on the 2k-dimensional space
which is the range of I3, — Ij.

In consequence f commutes with v; and has positive and negative projections of
the form

fi(@) = By @ (1d =Tl + I, +T0) + E_ @ I,
f()=E ©Id-I})+E, oI,

which therefore commute (with each other of course and) with £ and E_. One
really might as well write this in the more symmetric form

fr@) = By @ (1[d—P~(2)) + B ® (P*(x),
(18.7) fo(z)=E_® 1d-P*(z)) + EL @ (P~ (x)),
I, P* = P*IN; = (P*)? and PTP~ =P Pt =0
where | = 3k. Then (18.6) shows that we can take P™ = Il;, k < I; by considering
—1I it follows similarly that one can arrange by homotopy that P~ = II} instead.

Note that it follows from (18.7) that
(18.8)

(18.6)

ind(f(z)) =
%tr (B~ + E;) ® P"(z) — (B4 + E_) ® P~ (z)) = rank(P*") — rank(P ).
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This gives us the basic relationship between vector bundles and smooth families
of involutions, namely PT © P~ is a ‘superbundle’ — the formal difference of two
bundles — which also determines the element of K?(X) fixed by f.

Said a different way, the space H;;>°(R*) of involutions itself has an involution
acting on it, namely

(18.9) Hi? (R*) 31 +a— n(n + a)n € Hi®(R).

iso iso

This is however ‘trivial’ as far as homotopy is concerned. Namely

Lemma 22. Any map f € C°(X;H,>°(R¥)) is homotopic to some

150

f € CR(X; H S (RY)) satisfying

150

(18.10) N .
v f(z) = f(x)y1 and a = Ta = ally,

for some k.

Proof by Jesse and Paul, not proofread yet. First suppose that
fir X > H 2 (RY), i=0,1,

180

are maps with f; ~ fo. Then there is a map
F:[0,1]xX — MH;.>(R%

50
F0,z) = fo(x)
Fl,z) = f(z)
f By the above lemma, there is a homotopy from F' to a map F so that F has a
decomposition

F(t,z) = E,®(Id—2P_(t,2)) — E_ @ (Id — 2P, (t,z)),

and that furthermore P_ can be chosen so that P_ = m; for some big k, so
in particular P_(0,2) = P_(1,z). It follows that the P, (¢, ) define isomorphic
bundles for all ¢ by an open and closed argument (openness is always true, and the
closed part follows from the constancy of the rank.)

For the converse, suppose we have an equivalence of bundles

(18.11) PPeoPieS=PlePles=C,

over a space X. Then we choose an identification of C! with a subspace of S(R?)
so that 7 is projection thereon, and define

fi = Ey®(Id-2P') —E_® (Id-2P}),
for i = 0,1. The lemma then follows by using (18.11) and rotating blocks as follows.
f° E,® (Id—2P%) —E_ ® (Id—2PY)
= E,® ((Id-2P%m) - E_® ((Id—2P))m)
+Ey ® ((Id - 2P2)(Id - m)) — E- @ ((Id — 2PY)(Id - m)) ,

so just deal with the middle line, so that we only consider f° (E; ® 7y, + E_ ® mg,),
which is

= E.® (Ide —2P°) — E_ @ (idet — 2PY)
E,®(PL+S-P’)—E_®(P.+S-P?)
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Everything here is in blocks, so you can rotate the two S’s into one another, which
switches their signs. This and another substitution gives

E,®(PL-S-P)-E_®(P.-5-P)
= E,®(2P{ —Idx) — E_ ® (2P — Idg)
= B, ® (Ide —2P') — E_ ® (Idet — 2PY)

Adding this back to the part we ignored gives the homotopy we wanted.

This is a direct consequence of Lemma 21.

Proposition 16. Any map f € C°(X; H>°(R¥)) satisfying (18.10) is of the form

150

(18.7) and two such maps ﬂ are homotopy if and only if there is a vector bundle S
over X which is identified with CP outside a compact set and a bundle isomorphism

(18.12) Ran(P;") @ Ran(P; ) ® S — Ran(P;) ® Ran(P) @ S

which is the natural identification outside a compact set; here the ranges of the
projections are considered as vector bundles over X.

Proof. O

The adiabatic Bott element constructed ealier

(18.13) B=vy ®Id+D, D € ¥7%° (R;C?)

sl,iso
is an involution, B? = Id, and satisfies
os1(B) =7y @ Id+0(t,7) = b(t,7)
R(B) =y ® (Id —1I;) + Id ®II; € M(2,C) + ¥, .>°(R; C?)

150

(18.14)

which is (18.7) with P~ =0, P+ =TI, [ = 1.

Completion of proof of Proposition 15. To prove the even semiclassical lifting property
we can take an element in the form (18.7). Consider

B=v ®(d-P"(z) - P~ (z)) + B® PT(z) - B® P~ ()
€CE(X; M(2,C) + ¥ (R:RF).

ad,iso

(18.15)

I think this quantizes to the right thing and so proves the surjectivity of R in
(17.15). Injectivity follows using Atiyah’s rotation again. O

Now, let me consider the clutching constructions. Perhaps I will take the time
to do this carefully, for the moment I have just written these down and am hoping
for the best!

First, from even to odd. There is an actual map
(18.16) clog : H o (RF) D T = +a —>

(cos(O(t)) — isin(O(t))y1) (cos(O(t)) + isin(O(t))I)
= Id +isin(O(t)) ( cos(O(t)) — isin(@(t))%)a € G _(RF;C?).

sus,iso
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Here © € C*°(R) is non-decreasing, vanishes for ¢ sufficiently negative and is equal
to m for t positive. Similarly, from odd to even

(18.17)  cloe : GL°(RF) 3 g +—s

( cos(O(t))  sin(O(t))g )

1) = sin(O(t))g~! —cos(O(t)) -
(cos(?w —0O(—t)) sin(2r — O(—t)) > - sus,iso .
sin(2r — O(—t)) —cos(2m — O(—t))

t<0

Proposition 17. The clutching maps in (18.16) and (18.17) induce isomorphisms
in K-theory giving commutative diagrams for any manifold X :
(18.18)

Pad

': A

[0 2 (R)] — 5 [X5 G (RE )] — 5 [X5 %, (RF; C2)),

iso sus,iso sus(2),iso

loe .
KOX)— =2 S K!(Rx X)—=" > K%R2 x X
C C

A J

and

v N

(1819)  [X; G (RE)], —25 [X; H 250 (RF)] e —2%5 [X5 G0, o (RES C2)],

iso sus,iso sus(2) iso

cl cloe

K (X)) ———KIR x X) ———K_ ' (R? x X)

A /

Pad
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19. LECTURE 16: THE CHERN CHARACTER
FripAYy, 10 OCTOBER

We now have two ‘series’ of classifying spaces for K-theory. The (loop) groups
based on G~*° and the spaces of involutions 1~ and their looped (or suspended)
versions. I have previously introduced the Chern forms in the first case. Today I
want to introduce the basic Chern forms in the second and discuss their properties
— leading to the definition of the Chern character. You might want to recall that
H~°° is a Fredholm manifold.

Now, the basis ‘zeroth’ Chern form is the index, the relative dimension invariant
used to analyze the components of H ™ :

1
(19.1) Ch)f =ind: H > 51+ (I =m) € Z.

The higher forms do not require ‘regularization’ — the subtraction of «; — because
they involve derivatives, so we can think of (19.1) as a regularized version of § tr(I).
Thus, consider the forms on H._>°(R¥)

180
(19.2) Chif =272k~ tr(I(dI)?*) = 272k tr(IdI AdI --- N dI).
Recall that I? = 1d, so I(dI) = —(dI)I shows that I is an additional anticommuting
factor. Antisymmetry shows that an odd number of factors of dI would lead to zero,
so we only consider the even cases. Notice that dI = da, I = v + a, is a 1-form
valued in the underlying algebra W; >°(R¥; C?) so the trace does exist. Moreover it
follows directly that

(19.3) dChi =272k~ tr(dI(dI)**) = 0

since all the terms dI are closed and the involution I and dI anticommute, so
(A1 = (A2 = —[(d])** T

= tr((d1)2k+1) _ —tr(I(dI)2k+II) _ _tr(IQ(dI)Qk-H) _ —tr((dI)2k+1)

using the trace identity.
Why the factors of 2 in (19.2)? Consider what happens when we pull back these
forms under a map f € C®(X;H>°(R*)). Since Ch}t is closed, it follows that

150
under homotopy it changes by an exact form:

(19.4)

Ezercise 13. Observe, following the discussion in Lecture 4 that the under for
an homotopy f; the parameter derivative % fe Ch™ is exact and hence so is the

differnece f; Ch™ — i Ch™.
So, in view of Lemma 21 we can assume that f is replaced by f in (18.7). Then,
(19.5) f*dI =
d(Ey ® (Id—P~ (2)) + E_ ® (P (z))) —d(E- ® Id—P*(z)) + EL ® (P~ (2)))
=2(E- ®dP*(z) — E; @ dP (2)).
Since B4 E_ = 0, the big wedge product in (19.2) decomposes into two pieces:
(19.6) <2(E ®dP*(z) — B, ® dP—(m))>2k = 22K (E_(dPT)* — E(dP™)%").

Now, recall that the differential of a projection satisfies
(19.7) PdP + (dP)P = dP = PdP = dP(Id —-P), (Id—P)dP = dP(P).
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Thus, inserting the identity as P* + (Id —P*) into the corresponding term and
expanding out we find
(19.8) E_(dPT)** =
E_(PT(dP™)(1d —PH)(dPY)PH* + (Id —P")(dP*)PT(dPT)(Id —-PT)).

Inserting this (for both signs) back into (19.2), note that the factor of I swithces
half the sings, then the trace identity shows that the two terms in (19.8) give the
same contribution. Thus in fact
(19.9) f*Chlt =

tr (P*()(dP* (2))(dP* (2)) P* ()" — (P~ (2)(dP~ (2))(dP~ (z)) P~ (z))")
with the constants cancelling, which is why they were included in the first place.

Ezercise 14. Show that if P(z) is a smooth family of projections, valued in M (N, C)
for some N then the curvature of the connection defined on the bundle Ep =
Ran(P) by Vu = P(z)(du) for any section, is precisely P(z)(dP(z))(dP(xz))P(x).

Thus in fact, (19.9) shows that ChZ, represents the difference of the trace of
the kth powers of the curvature of the two bundles. The standard definition of the
Chern character is then

1 I(dI)2I
(19.10) Z kk' =Str (exp( o ).

The 27i’s are included to make the first Chern class, here Ch , integral — this
is the usual normalization for the curvature of a hne bundle. It is sometimes
omitted, but will then crop up somewhere else. This normalization corresponds to
the multiplicativity.

For pairs of vector bundles, or ‘superbundles’, V. & V_, on a compact manifold
the super tensor product is
19.11) vPevie v ev?) =

(VP eV v ev®)) e (Ve v®) e vV ev®)).

Proposition 18. The universal Chern character (in deRham cohomology) pulls
back to define a homomorphism of Abelian groups

(19.12) Ch? : K%(X) — H®**(X)
which is multiplicative under the super tensor product

(19.13) Ch™([f1lg]) = Ch™(If]) A Ch™([g)).

Proof. Compute after arranging that the projections all commute. O

We also want to understand the behaviour of the Chern character under the
clutching and periodicity maps. To do the latter, for instance to see what happens
under pull-back for (18.17) we need first consider the ‘suspended’ versions of the
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Chern character. These are just obtained as case of the loop groups of G~ using
the evaluation maps

evy t RP x H-% - (RF) — H > (RY),

sus(p),iso iso

ey = [ evpenfh, e - [ e cn

(19.14)

giving a 2k — p form, or sum of such, on H_ % (R*). The pull-back of this form

sus(p),iso
— 00
sus(p),iso
from R? x X into H_>°(R¥), pulling back Ch}% and then pushing forward to X,
i.e. integrating over RP.
Thus, under the map (18.17) we can pull back the whole once-suspended Chern

character to Go°(RF).

under a smooth map into #H (R*) is the same as interpreting this as a map

Lemma 23. The pull back of the once-suspended Chern character

* sus ]' p

Cloo” O = 3 / tr(I(dI(t))*")

(19.15) 1 ' | R( ldg)?
1 o g~ 'dg

= 1—s) 29
2 ), (97" dg) exp (s(1 — 8)=——

Proof. From (18.17),

)ds.

(19.16) dI(t) =

—sin(O(t))  cos(O(t)g\ 4
(COS(G)(t))g_l sin(O(t)) > O'(t)dt

0 sin(@(t))dg>
+ . _ _ <0,
(— sin(©(t))g~" (dg)g™" 0 =
where we can ignore the part in £ > 0 since it is only a function of ¢. Proceeding term
by term, only one factor of dt can occur so there are 2k terms, depending on which
factor of dt is selected. If dt is taken from the p slot then then there are p— 1 factor
of the second term in (19.16) before it and 2k — p — 1 after. These anticommute
with I and using the trace identity and antisymmetry it follows that these terms
are all the same. Thus, after taking the trace, we are reduced to computing
2k 0 dI

19.17) ———— tr | I(t)—©O'(t)dt
( ) 22k+27rik!/_oor<()dt ®)
( 0 - sin%-l(e(t))(dg(gl)%2dg) )

sin®* 1 (0(1))g~ (97" dg)** g 0

Computing directly,

dl 0 -y
19.1 I(t)— =
(1919 0% = (2 7

0 again the two terms from (19.17) are equal and reduce to

! ‘/ sin?*~1(0)dO tr((g~ " dg)** !
*Jo

(1919~ g

_ 1 ! 2\k—1 -1 2k—1
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Thus, the pull-back of the Chern character can be written
o1 -1
g dg 2y 9 A9,
19.20 1—t*)(——=)7)dt
(19.20) | e (=)

Here the variable of integration has been changed to cost and the integral divided
into two equal parts, by symmetry. It is more conventional, to replace t by say
s = (1 —1t)/2 and hence arrive at (19.15). O

To compute the pull-back of the odd Chern character under the clutching map
(18.16) we can start by noting that the image g(t) = cleo(I) is the product of two
invertibles, g(t) = Uo(t)U(t) where Uy does not depend on I — it is just there to
make the leading part the identity. Moreover

g~ (t)dg(t) = iU~ sin(O(t))dI + u—luo—l %Z/I i u_l%

iU sin(O(t))dI + iU (cos(20(t)) — isin(20(t))y1) (I — v)a®'(t)dt.

(19.21)

Expanding out tr((g~'dg)?**') one again gets a contribution of one dt from each
factor and by virtue of the trace identity these are all the same. Thus

(19.22)  tr((g~'dg)?*+1)

= (2k + 1)i%* sin?*(O(t)) tr ((u—luolddbfu + L{_lcjllt{)dt(u_ldl)%) .
Consider the last 2k-fold wedge product as the k-fold product of
(19.23) UTYAT ANUTYAT = dI A dT

since U 1dI = (dI)U. Using the trace identity to move the first factor of /! and
the same identity again we arrive at:-

(19.24)
L didy

tr((g~'dg)***") = (2k + 1)i** sin®*(O(¢)) tr ((uo— - T ulfgt’)dt(df)%>

= —2(2k + 1)i**™ sin®* (O(¢)) cos(0(¢))©' (t)dt tr (I(dI)**) + d; Tar (I).

(I think!) Here the exact form comes from the terms with no ‘I’ factor. It looks as
though I have not made a good choice of normalization here, as regards the ’s for
a start.

Ezercise 15. So, it remains to work out the constants here after integration, i.e.
(19.25) Cop = —2(2k + 1)@2k+1/ sin?*(0) cos(0©)dO
0

and to insert these into the formula for the odd Chern character to see whether we
do indeed recover the even Chern character!

Then look at the diagrams (18.18) and (18.19) and conclude what happens to
the Chern character under the periodicity maps.
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20. LECTURE 17: ISOTROPIC CALCULUS AND LOOPING SEQUENCE
MonDAY, 13 OCTOBER

I am including here more detail (and may add even more later) than I will give in
the lecture where I will assume some familiarity with pseudodifferential operators.
In fact, in the lecture, I started at (20.27) and tried to explain the nature of the
space in the middle that we need to construct — and then talked a little about the
isotropic calculus (the case € = 1 of what follows) and the corresponding group.

Earlier, I worked out the product formula for semiclassical families of smoothing
operators, in terms of their ‘renormalized’ kernels, a(t,t') = € "F (e, Se(t+t'), (t—
t')/€e) where F is Schwartz on R*" and smooth in €. From (10.5) the product is

20.1) Hiets) = [ Flet+ S(r+ 2s), s — )Gt + S(r— & Loy
(20.1) H(e, t,s) = - (e,t+ 5 (r+ 28), 55 r)G(e, t + 5 (r 25),r+ 25) r.
The ‘full symbol’, or Weyl form of this product is obtained by taking the Fourier
transform in s and using the Fourier inversion formula:

2

N ~ : 1 ,
(20.2) H(e,t,7) = (2%)72"/ F(e,t + 6f(T +25), 7 )z Im
o o 2"y
N 2 1 , ,
x Ge, t + 65(7‘ - 58),Tg)el(r—i_%s)m6_1Tsd’l“d8d7'1d7'2.

Introducing t; = t + g(r +1s) and ty =t + g(r — 15) in place of r and s as

variables of integration, so r + £s = 2(t; — t)/e* and r — 35 = 2(t> — t)/€* and
drds = dt1dt,, gives

(203) H(et,7) = (2m)~2" / Fe,tr, 1) C(e, b, )
R2n JR2n

92
X exp (622((.0(151 —t,Tl —T,tg _t,TQ —T)))dwldwg,
w(ty,te, T, T2) =t1 -T2 — ta2 - 11, dw = dtdr.

Here w : R>® x R?” — R is the standard (antisymmetric) symplectic form on R>"
and dw is the corresponding (Lebesgue) volume form on R2?”. In fact the formula
makes sense for an arbitrary symplectic vector space, W, i.e. is invariant under the
application of the same symplectic transformation in all three copies of R?™. Thus
it can be written

(204) h(e,w) = M(f,g)(e,w) = (2r) SmW /W /W Fleywr)g(e wn)

X exp (g(w(wl —w,wsy — w)))dwldwg,
M :C*([0,1; S(W)) x C>=([0, 1]; S(W)) — ([0, 1]; S(W)).

Consider various ‘symbol spaces’ associated to RP, and ultimately any vector
space. First the Fréchet topologies on ‘symbols with bounds’ on R?, namely

(20.5) lallms = sup |1+ [2)) 7" D2al
(t,7)ERP Ja|<k

is a sequence of norms. Denote by S72(RP) the subspace of C*°(RP) on which all
these norms are bounded then
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(1) For each m, SZ(RP) is a Fréchet space, increasing with m. In particular
these are complete metric spaces.

(2) S(RP) is dense in S™(R?) with respect to the topology of S (R?) for any
m' > m.

(3) Pull back gives an action of GL(p, R) on these spaces, which therefore make
sense on any finite dimensional vector space.

(4) Consider the quadratic compactification YR? of RP, with quadratic boundary
defining function p? (e.g. p; = (|z|> + 1)~'. This is a compact manifold
with boundary which is diffeomorphic to a ball and has interior canonically
diffeomorphic to R?,

(20.6) Q:RP —s 7RP.

It is defined to have the property
(20.7)
1

Q*C(“RP) = {u € C(RP); u = i é) in 2 #£0, i € C®([0,00) x " 1)}

The quadratic compactification is invariant under linear isomorphisms, i.e.
the action of GL(p,R) on R? extends to act as diffeomorphisms on ¢RRP.

(5) Similarly the radial compactification, RP, with boundary defining function
p (e.g. p= py) is a compact manifold with boundary, again diffeomorphic
to a ball, with compactifying map giving a commutative diagram of smooth
maps

(20.8) RR—— > TRp

N A

with  a parabolic blow-down map for the boundary. The analogue of
(20.7) is
(20.9)
_ 1
R*C™(RP) = {u € C°(RP); u = u'(m, ;7') inz#0, u €C®([0,00) x P}
The radial compactification is again invariant under invertible linear transformations
and in addition translations on RP? lift to be smooth on it.
(6) Then (with the pull-back maps suppressed)

(20.10) py"CP(RP) C p~™C(RP) C S™(RP)

are linearly invariant.

(7)
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Theorem 5. The bilinear form M defines continuous bilinear maps, consistent
under the natural inclusions,

M+ €((0,1]; p, "€ (FTT)) x C([0, 1] p, ™ € (9T7)
— ([0, 1]: ™ ()

(20.11) M - C>=([0,1); p™C (W) x ([0, 1]; p~™ € (W)

—s C([0, 1) p~ M € (W)
M €%°(]0, 1); ST (W) x €2([0, 1); ST (W) — € ([0, 1]; ST (W)).

Note that this ‘consistency’ is the reason for introducing the spaces S™.
The map in the last line is defined by density from C>°([0, 1]; S(R?"), when
m and m' are both increased by € > . Then the map itself follows by
restriction (and of course has to be shown to be continuous). Then the
other two maps are by restriction — when f and g are in the appropriate
space from (20.10) then so is M (f,g) and it depends continuosly on them
in the stronger topology.

Proof. Not included for the moment — ultimately it can be proved by some
form of the lemma of stationary phase. Much more is proved in the paper
of Hormander [4]. There are other sources which are maybe a bit more
accessible. O

(8) The corresponding associative filtered algebras will be denoted Wi (W),
Ui (W) and W7 (W). Note that for a symplectic vector space these are
not naturally algebras of operators, just algebras. However, in the case of
W = R*" they are all operators on S(R") and then W7 (R") = ¥ (R*?)
etc. Moreover the action on S(R™) extends and restricts, much as for the

product itself to give
diso(R") X p FC= ("R™) — p F7mC> ("R,

qiso

(20.12) T (R™) x p *C®(R") — p~ F~™mC>®(R7),

150

7 iso(R™) x Sk (R") — SEF™(R™).

00-iso

(9) The various algebras of isotropic pseudodifferential operators are what we
get by setting e = 1 (or up to invertible linear change of variable, any other
e > 0). The ‘classical’ space of isotropic pseudodifferential operators have
a leading symbol map

(20.13) Omiso : UL (R™) — C°(S*™ 15 (dp) ™)

which should be thought of as a section of a certain trivial line bundle over
the sphere at infinity — namely the products p~™f, f € C°°(R?" modulo
the p~™*1 f). This symbol is multiplicative in the obvious sense

(2014) Um+m’,iso(AB) = Um,iso(A)Um’,iso (B), Ae \I’Z:O(]Rn), B e ‘I’{:O(Rn)

and gives a short exact sequence

(20.15) W (R WU (R?) T 082 (dp) ™).

150 150
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(10) For the quadratic isotropic algebra we get the same thing, with an improved

‘error estimate’

(20.16) (R T (R™) 2552 00 (S2 L5 (dpg) ™).
For the corresponding algebras on a symplectic vector space the same
properties hold, now with R?” replaced by W and the sphere S?”~! replace
by the ‘sphere of W’ which is SW = (W \ 0)/R*, so for instance (20.16)
becomes the exact sequence

(20.17) Y2 () s T

qisy qisy

(W) 7252 €22 (SW; (dpg) ™).

(11) The adjoint (or transpose) is an involution on each of the algebras described
above and it follows by duality that ¥/ . (R") acts on S'(R").
(12) We are mostly interested below in the algebras of operators of order 0. For
these the symbol can be recovered in part by noting that
(20.18) T (R™) : C°(R") — C(R")

180

where C*°(R") C S'(R"). Then restriction to the sphere at infinity gives
(20.19) u € C®(RY), A€ W (R), (Au)|gy = Tis0,0(A)| o )2t 501

which allows the symbol on the equatorial sphere, 7 = 0, to be recovered.
To get the symbol at all other points of the sphere, except at the ‘vertical
subsphere’ ¢ = 0, one can take a real quadratic (homogeneous) polynomial
g. Then ¢(t) —q(t') = (t —t') L(%) where L is a linear map. There is a
mapping property extending (20.18):

(20.20) W) (R™) : €C®(R?) — €'1C°°(R®)

150

and then as in (20.19)

(20.21) (e_"quiqu)|Sn71 = JiSO,O(A)|[(Rn7LRn)]u|Sn71 Y u € C®(Rn).
From this one can recover the symbol everywhere on the sphere at infinity
by continuity.
(13) The Fourier transform is also an isomorphism on the space of isotropic
operators, thus
App=fif Av=f, veSR"), Ae ¥l (R

150

= A}' SV (Rn)a Um,iso(A]:(taT) = Um,iso(A)(Ta _t)-

150

(20.22)

(14) For the full semiclassical (and ‘classical’) there is both a conventional symbol
as described above and a semiclassical symbol reduced to the previous case
for smoothing operators — I will discuss these more later.

(15) There is yet another generalization of the isotropic algebras that we need
to consider. Namely we want to allow them to ‘take values in (isotropic)
smoothing operators. This is not so hard. I will denote the corresponding
algebras of operators in the form \I!gis_ooo(]R”; R?). These are smoothing in
the last variables. The kernels can be thought of as just Schwartz maps

(20.23) k€ S(R*; ¥, (R").

qiso
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The composition is then given by composing in the isotropic algebra and
then in the usual way as smoothing operators

. ok'(e;2,2') = 2.z o 2" 2z )dz".
(20 24) k kl( I) / k( ”)kl( " I)d "
RP

Make sure you have a picture of how these isotropic operators, especially the ones
of order zero ‘work’. For the moment look at (20.24) and take n = 1, and for the
picture p = 1. Then the kernels can be consider as distributions on R? x R? where
everything is Schwartz in the last two variables. Recall that we are considering
the partial Fourier transform of the Schwartz kernels, so k¥ = k(t,7;z,2') where
the product is given by (20.4) (or (20.3)) in the ¢,7 variables with ¢ = 1. So the
function & is C*° on the product of two disks and vanishes to infinite order at the
boundary of the second (with the z, 2’ variables).

Picture: Product of two disks.

The operator product takes two such functions and composes then — the composition
in the second disk(s) is usual composition of Schwartz-smoothing operators. The
composition in the first disk(s) is really the same, but we have taken a partial Fourier
transform of everything and then this same product extends to C°° functions up
to the boundary. Both parts of the product are non-commutative of course, but at
a point approaching the boundary in the first fact the product becomes more and
more commutative and, as I will discuss later, the Taylor series at the boundary of
the product only depends on the Taylor series of the factors. So the principal symbol
—on in t,7 — is a function on the circle with values in the smoothing operators on
R (or just as well RP) and composes as loops:-

(20.25)  00.giso(AB) = 00 giso (A) 70 giso (B)
in C(S; U °(RP), for A, B € ¥%_(R;RP).

iso qiso
So, let me identify the looping, or quantization sequence in terms of these
algebras. This involves three groups, two of which we are already familiar with:-
(20.26) G (RIF7) — > GO (R; RP) 2255 G0 (RP).

iso qiso sus,iso

In this form it is not quite exact. What precisely is the central group? It is
made up from (20.25). First consider the subalgebra of \Pgis_()oo(R; RP) obtained
by denanding that the (partially-Fourier-transformed) kernel k£ € C*®(“R2? x R?)
— which by assumption vanishes to infinite order at the boundary in the second
variable — also vanishes to infinite order at one point, N € ?R2, on the boundary
of the first disk, say the North Pole (i.e. nothing interesting happens at the North
Pole). As I say, this is a subalgebra because of the Taylor-series-locality at the
boundary. Then the group Ggi;ooo (R; RP) is the operators (on S(R'*P) or instance)
of the form Id +A with A of this form and invertible, with inverse of the same form.

The first map in (20.26) is then inclusion. The Schwartz-smoothing operators
correspond to those kernels (before and after Fourier transform) which vanish to
infinite order at the whole boundary of the first disk as well as the second. The
second map is just the principal symbol — given by the restriction to the boundary in
the first variable (but not in the second set of variables). The identity appears here
either formally, or as it turns out corresponding to the function with is constant in
the first variable (if you like 1 from the Fourier transform of a delta function) and
actually the identity, i.e. §(z — 2'), in the second variable. Anyway, it is just the
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identity in the second variables. Thus the image of an element Id + A of the central
group is Id +sgis0(A) which is the identity plus a function on the circle, flat at N,
with values in the Schwartz-smoothing operators on R? and as such invertible! This
gives the sequence (20.26).

Now, why go to all the gymnastics of the flatness at N7 Well, otherwise we would
not get the loop group out on the right for one thing. More seriously

Theorem 6. The central group in (20.26) is weakly contractible and the range is
precisley the component of the identity in the loop group.

Even when we adjust the targent group the resulting sequence is not exact, but
only for a silly reason. Namely we have not taken into account the higher terms
in the Taylor series at the boundary. When we do this we get the looping sequence
which is an exact sequence of groups:-

(20.27) {Id} — G (R'™P) — GO (R;RP) 2
TN (1.0 S S/ Q)

sus *,i80

Here G ", i5,(RP) is a ‘star product extension’ or formal quantization of the original

group G;g”iso (RP). Namely it consists of formal power series in a formal variable p

(which can be identified with the defining function for the boundary of YR2?) where
the leading term is an element of the suspended group:-

(20.28) ;1(;0*7iso(Rp) Sa= Zp]aj7 ap € G;l(;?iso(Rp)’ a; € \Ilsil(;?iso(Rp)a j=1
>0

and the product is given by differential operators — more about this later! However,

it is important to note that invertibility of such a formal power series is just

invertibility of the leading term and the lower order terms are just ‘affine junk’

from a topoligical point of view — they can be deformed away. However, as we shall

see, from an analytic viewpoint they turn out to be important.
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21. LECTURE 18: THE DETERMINANT BUNDLE
WEDNESDAY, 15 OCTOBER

Even though I have not carefully explained everything that goes into the looping
sequence let me proceed to use it to define the determinant bundle — and then see
what more we need to do. Here I will proceed in a way that is closely parallel to
the content of Section 7. There I used the delooping sequence to (re-)construct
the determinant on G~°°. Let me recall that construction now tying in some of the
things that have come up in the meantime. The delooping sequence is
(21.1) G2 (RF) —— G20 (RF) —2> G=(RF).

sus sus

The clutching map in (18.16) has the property

(21.2) cleo” <1/ tr(gldg)dt> = 1tr(I— 1) = ind.
R dt 2

211
_1dg
leo ™ tr(g~t=2)dt
o ([ ™ G

:/ tr((cos ©—isin OI)(—sin © + i cos OI)
0

To see this, just compute away:-

(21.3)
— (cos© — isin Oy )(—sin O + ¢ cos Oy )dO

= z/ tr(l —1)dO = (274) ind
0

where all the non-trace class terms consisently cancel out. Hence we can say

that this is the same ‘index functional’ on G5 (R¥) as is represented by ind on

H~°°(R*). This will be more fully justified by Fedosov’s index theorem a bit later.
So we have defined the first vertical map in

(21.4) G (RF) ——= G20 (RF) —= G (RF)
7 C exp(27i-) C

and — we know that it maps into Z. The second vertical map, i we defined by
reqularization — or extension — of the index functional. Namely we just used the
‘same’ definition but now on the ‘one-end-open’ loops

215 1@ = 5r; [ w00

This still makes sense since dg(t)/dt € S(R;¥~>°(R¥)) because of the flatness
condition on these half-open loops. Now, we can no longer see that this extended
functional takes integral values — indeed it doesn’t — but we checked directly that
exp(2min) descends to the quotient and there it satisfies all the properties we want
of the determinant, and reduces to it under finite rank approximation. In particular
one crucial thing is that 7 is a log-character on the central group

(21.6) ii(gh) = 7i(g) + 7 (h).
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Ezercise 16. (For the enterprising) Show that the sequence obtained as the kernels
of the maps in (21.4):
(21.7)

{Id} —— G 2o (RY) —— G0 (RF) — B> G20, (RF) —— {1d}

sus,ind=0 sus,7=0 iso,det=1

is a reduced classifying sequence for K-theory — meaning it is exact, that the central
group is weakly contractible and that the outer groups each just have the bottom
homotopy group removed.

So, we want to do the ‘same thing’ but one step up in complexity. Be warned,
I am planning to do the next step up too! Now we start with the determinant at
the beginning of the looping sequence —

(21.8) cr C
detT l
Gi_sgo(RHp) > Ggi;)oo(RQ RP) S s_uzo*,iso,indzo(]Rp)

Here I have added a C and map to the central group and the final group is supposed
to be the image of the ‘full’ symbol map (which now includes the whole Taylor series
at the boundary, hidden in the ). The C is supposed to represent the trivial line
bundle, i.e. the top space is really C x G’g;;ooo (R; RP) but this is a bit messy to
write out; C is of course the fibre so it stands here for the trivial line bundle. The
determinant induces a relation on this space

(21.9) € x G (R;RP) 3 (2, A) ~aer (2 det(g), Ag) € C x Goz . (R RP)

if g € G20 (RP).

180

This relation is multiplicative, because the determinant is:-
(21.10)

(2, 4) ~det (2 det(g), Ag) ~aet ((2det(g)) det(h), (Ag)h) = (zdet(gh), A(gh))-

The identifying maps in (21.9) are linear in z so the quotient is a one-dimensional

complex vector space for each a € G 7%, ico.ina—o(R?) :

(21.11) Lo=Cx AG®(R'™P)/ ~aer if 0010(A) = a € G0 (R!TP)

150 180

which is independent of the choice of A mapping to a. Note that the exactness of
the diagram (21.8) means that the inverse image of any point a € G, i, ina=o
(accepting for the moment that this is the image) is of the form AG, . >°(R'*?) for
any particular A in the preimage.

This leads to the full diagram

(21.12) C* C et r
J ] |
Glg(()xJ (R1+p) Ggis_ooo (]R; ]Rp) E; G;lzo*,iso,illdzo (]Rp)

We need to be a little careful of the sense in which this is a line bundle, because local
triviality isn’t so clear. However, except for infinite-dimensional effects this is the
construction of the vector bundle associated to a representation (the determinant)
of the structure bundle of a principal bundle. To discuss local triviality we need to
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consider the Fréchet topology on the base, etc. However let me state it as a result
before we press on to prove this, and more.

Claim 1. The determinant function on the structure group in (21.8) induces the
(locally trivial) determinant line bundle over the quotient group.

I hope the relation of this line bundle to Quillen’s original definition from [10] will
become abundantly clear as we proceed; for now it may seem rather distant. In
fact what we are constructing here is a universal determinant bundle. One thing I
want to come back to and refine is the following

Claim 2. The determinant bundle, L, over G, i, ina—o(RP) ds universal for
smooth (complex line) bundles over smooth compact manifolds — i.e. any such
smooth line bundle is isomorphic to the pull-back of L under a smooth map into

sus ».iso,ind=0(RP) (hence defining an even K-class). This much is fairly easy.
In fact the same is true for a bundle with connection, it is isomorhic with its

connection, to the pull-back of L with the connection constructed below.

Note the notion of a Claim here is that I believe it to be true but probably do not
have a complete proof at hand — so there is always a danger it is not quite right!

Ezercise 17. There is a similar construction to this one over the classifying space
H~°(R*) due I believe to Graeme Segal. This can be found in [9], in the context
of trace class operators and groups. In the smooth case we can proceed as follows,
and you might like to fill in the details. We have shown that in terms of the action
by conjugation on the zero index involutions

(21.13) o o(BF) = G2(BY; €/ (G (BY) @ G~ (R))

where the two smaller groups are acting on the first and second components diagonally.
So, take the fibre at an involution to be
Lr=(Cx{GeG >®R;C);I=G"nG})/ ~des:

21.14

( ) (Z,G) ~det (SEEE:Z;;Z’ (gl @ g2)G) v g; € G_M(Rk)ﬂ i = 1a2'

Check that this is a line bundle — linearity and local triviality. Note that if we
took the product of the determinants instead of the quotient it we would produce
a trivial line bundle (since the determinants are consistent with that on the big
group). You could even try to see that the pull-back of the determinant line bundle
over the index zero component of G;l‘:’iso(]Rk; C2) under cly, in (18.16) is isomorphic
to the bundle from (21.14) — it is. Report back any success here, since I haven’t
done this explicitly myself myself (yet). Note that there is a subtlety, since the line
bundle above is defined on the x extension of the image group, so you need to do
something about that first for this last part. You can see what to do about this, at
least in part, from the discussion below.

So, apart from proving the claim above, I want to do a little more — and this is
where the * part of the quotient group starts to come into its own. The analogy
between the treatment of the determinant via the delooping sequence and the
determinant bundle might seem somewhat forced. To make it more apparent that
they really are closely related, consider the problem of construction a connection
on £ in (21.12). That is, we want to know how to differentiate sections. One can
construct a connection using local trivializations, but here we can do it directly
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because of the quotient construction of the bundle itself. Namely all we need is a
connection on the trivial bundle over the ‘big group’ which descends to a connection
on the quotient. Since the trivial bundle is, ahem, trivial, any connection on it is
the sum of the trivial connection, d, and a 1-form:
0,
(21.15) V=d—r, 7y €G> (R RY); A,
So what do we need for this connection to ‘descend’ to a connection on L over

G s v iso.ind—o (RP)? There are outstanding issues of local triviality etc., but basically

we need to know that when applied to the lift of a local section of £ to the trivial
bundle over G *°(R; R?) we get the lift of a section. A lifted section, which is

qiso
just a complex-valued function, must have the transformation law along a fibre of
G2~ (R; R?) given by

qiso
(21.16) e(Ag) = det(g)e(A) V g € G2°(RMTP)
so what we need is that
(21.17) det(g)~'ddet(g) — v(Ag) = 0 on AG,.>°(R'*P)

for all A. So, how do we construct such a 77 Basically, (21.17) just says that
restricted to a fibre,

(21.18) v = dlogdet = tr(g 'dg).
So the ‘obvious’ thing to do is proceed as we did for 7, somehow regularized the

formula on the right to get a 1-form on the central group. This we will do as
follows:-

Proposition 19. The trace functional on ¥, .3°(RP x R¥) has an extension to a
continuous linear functional

(21.19) Tr: ) ®°(RP: RY) — C
by Hadamard regularization of the integral and

T 57— P 07_ . .
(2120) Y= _Tr(g ldg) €C™ (C:;qisoOO (R7 ]Rp)a Al))

gives a connection on the trivial bundle through (21.15) which descends to L; the
curvature of this line bundle is the 2-form part of the Chern character.

Question 3. What does the line bundle £ represent — why did Quillen call it the
determinant line bundle?

Answer 3. The determinant line at any point consists of all the possible, or perhaps
one should say reasonable, values of the determinant for the operator (or object)
in question. If the determinant bundle were trivial then it would be possible to
give a global definition of the determinant; if not (which is the case on the whole
space) then not. One thing I hope to do in the sequel is to find a big subgroup on
which the determinant bundle ¢s trivial — although at this stage I am still not quite
convinced that it exists in a useful form.
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22. LECTURE 19: RIESZ REGULARIZATION
FripAY, 17 OCTOBER

Today, let me go back and fill in some of the gaps, or perhaps just paper over
some of the cracks.

First let me say a little more about symbols. I will probably not go through all of
this in the lectures but it may help clarify things a bit to separate the symbol spaces
from R™. (Or it may not, depending on your tendencies!) From our point of view
symbols are the same things as ‘conormal functions at a boundary’. Suppose we
have a compact manifold with boundary M in the case at hand this is a ball —say R?
or RP. Such a manifold comes equipped with a space of smooth functions C*° (M)
with its Fréchet topology of the uniform norm on derivatives over compact subsets of
coordinate neighbourhoods. Since it is a manifold with boundary there is a filtration
by ideals which vanish to higher and higher order at the boundary. In particular
there is always a boundary defining function 0 < p € C*(M), OM = {p = 0},
dp # 0 on M. Then the boundary ideal is
(22.1) J(OM) :pCOO(M):{UECOO(M);U|3M:O}.

The successive ideals are the powers, in the sense of finite spans of products
(223 C®(M) D J(OM) D J*(0M)D--- D> JHM),
| ¢ (M) = N T* ().

We can also add the negative powers, or ‘Laurent functions’ at the boundary and
then think of

(22.3) p=EC® (M) = {u € C®°(M \ OM); pku € C*>°(M)}

as the classical (perhaps more correctly ‘1-step-classical’) symbols of order k, so
elements of J*(OM) are classical symbols of order —k, rather perversely.

Now, we can interpolate with the classical symbols of any complex order by
taking complex powers of p, p* = exp(zlogp) € C*°(M \ OM) and then define

(22.4) pPC=(M) = {u € C®(M \ dM); p~*u € C=(M)}.

These are the classical symbols of complex order z. Notice that the only inclusions
we have are

(22.5) p*TECo (M) C p*C>° (M) V k € Ny.

The topology on p*C*® (M) is the topology of C*° (M) after division by p*. The
common subspace of all these spaces is the ‘Schwartz space’ of smooth functions
vanishing to infinte order at the boundary:-

(22.6) C®(M) C p*C>=(M) is a closed subspace.

So there is no hope of it being dense!

To arrange density we introduce the ‘symbol (or conormal) spaces with bounds’.
Let V(M) be the space of smooth vector fields on M which are tangent to the
boundary — so in local coordinates x = p, y1, ---, Yn_1, dim M = n + 1, near the
boundary, V},(M) is spanned over C* coefficients by 29,, d,,. Then set

(227)  AS(M) = {u€C®(M);Vi... Vip *u€ L¥(M) ¥ V; € Vo(M), ¥ k}.
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This again is a Fréchet space with supremum norms — V,(M) is finitely generated
as a module over C*° (M) so there really are only countably many conditions here.
In fact

(22.8) xpt: A*(M) — A*T! is an isomorphism V ¢,s € R.
Note that p* € AR®*(M) so there is only a real, not a complex, order here and
(22.9) p°C® (M) C A°(M), s < Re(z).

So, now the density result is easy enough. Take a smooth function y € C*°(R) with
¢Yp=1inz < %,¢ =0inz > 1 and consider ¢, = (1 —x)(p/e) € C>(M) for e > 0.
This vanishes for p < %e and is eventually equal to 1 on any compact subset of the
interior of M as e | 0. Then

(22.10) uwe A*(M) = pou — uin A% (M), s' < s.

In particular C°°(M) is dense in p*C°°(M) in the topology of A*(M) for any s <
Re(2).

The algebra of isotropic pseudodifferential operators discussed above is a non-
commutative product on the filtration of Fréchet spaces A° (q@) for any n that
is, it is a consistent associative product

(22.11) AS(TR27) x AL(TR2R) — ASH(IR27) V £, 5 € R
which restricts to define products
(22.12) P C=(1R27) x p* C®("R2%) —> p*+¥ C®(1R2™) V 2,2 € C.

You might ask: How can one characterize p*C° (M) inside .A®(M ), which contains
it for s < Re(z)?

Proposition 20. For a compact manifold with boundary there exists a vector field
R € V(M) such that Rf = f modulo J>(M) for all f € J(M) and then for any
s < Re(z),

(22.13) p*C*™(M) =
{u€ A5 (M);(R-—2)(R—2—1)(R—2-2)...(R—z—k)u € AST*(M)V k € Ny}
Proof. Is not very hard! O

Following the line of thought related to p* for a boundary defining function
p, I will next consider Riesz-regularized integrals over M — which is a compact
manifold with boundary. Suppose 0 < v € C*®(M;() is a smooth density. In
case you don’t know about densities I will add some exercises so that you can
familiarize yourself with them. For the moment just agree that they are objects
which in any local coordinates give a smooth (positive) multiple of the Lebesgue
measure in coordinates and that under change of coordinates the factor changes by
the absolute value of the Jacobian determinant. Alternatively you can assume that
M is oriented (which in our case of the balls it is) and that v is a smooth volume
form which is positive, in the sense that it defines the orientation. Either way, this
means that

(22.14) C(M) 91u—>/ uv € C
M



92 RICHARD MELROSE

is a continuous linear map on the Fréchet space C*°(M). In fact it extends by
continuity, and hence unambiguously, from the subspace C*°(M) to

(22.15) / ow: A(M)—C, Vs> -—1.

M
The limit at s = —1 is just the non-integrability of z—! with respect to dz near 0
on the line.

So, how can we extend this functional? Well, the answer really is that one cannot
do it on the spaces A°(M) for s < —1. However, one can eztend the integral to

(22.16) / ev:p¥(M)—C, keN.
M
Lemma 24. Ifu € p *(M) and v € C*°(M;Q) then
(22.17) F(z,uv,p) = / p*uv is holomorphic in Rez >k —1
M

and has a meromorphic extension to C\ {k—N} with only simple poles at the points
k — N. The residue at z =0 (if any) is independent of the choice of p.

The residue at zero is the ‘boundary integral’ or ‘residue integral’ and will be
denoted

R
(22.18) /uz/ = lim zF(z,uv, p).
z—0

The regularized value at z = 0 is the regularized integral

(22.19) /Muu = lim (F(z,uv,p) — %R/ uv).

z—0

In contrast to the residue integral, this functional does depend on the choice of p
if & > 1. Note that these are both functionals on uv € p=*C>(M;) which are
consistent on restriction from p~¥C>(M;Q) to p *+1C>(M; Q).

Proof. For any k holomorphy of F(z,uv, p) in Re z > k—1 follows from the absolute
convergence of the integral defining it in (22.17), the fact that any one deriviative
with respect to Re z or Im z is also absolutely convergent, since it only introduces
another |log p| of growth, and the holomorphy of the integrand. Now, we can split
the integral into a part near the boundary and a part away from the boundary
using p:-

F(z,uv,p) = F'(z,uv, p) + F"(z,uv, p),

F'(z,uv, p) :/ pruv, F"(z,uv, p) :/ piuv
p<d p>48

(22.20)

where 4 > 0 is fixed and is chosen so small that there is a smooth product
decomposition, of M, in p < é: {p <} ~[0,6], x OM. The term F" is entire in z,
by the same reasoning as above. For the second term we can write the product
(22.21)

L
uv = (O p Rl + p FE ) dpdvgy, v € C°([0,0] x OM), u; € C°(OM)
=0

for any L > k. This comes from the product decomposition of the measure uv,
into the product of dp, a smooth measure, vsy, on M and function p~—*u' with
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u' € C*([0,60] x OM). Then (22.21) is just the Taylor series expansion up to order
L.
The remainder term here makes a contribution to F’ of the form

5
(22.22) Fi(2) = / p* L=k dpdvs s which is holomorphic in Rez > k—L—2
0

by the same reasoning. Thus in this half-space, which of course increases with L,

L
(22.23) F'(2) = Fi(2) + > (2 4] — k+1)71g7H k! / widvay .
iz oM
Since §* is entire, this shows that F' only has simple poles at the points z € k — N
in the half-plane Rez > k — L. Thus indeed F'(z,uv, p) is meromorphic as claimed.
So, it remains to show that the residue at z = 0 — which of course can only be
non-zero if k¥ € N — is independent of the choice of p. The other residue-functionals
are not independent in this way. Any two boundary defining fucntions are positive
smooth multiples of each other so a second can be connected to the first by a smooth
curve

(22.24) ps = ((1=95)1+sa)p = A(s)p, 0 <a € C®(M), 0 < A€ C>([0,1]s x M).
Inserting this into the definition of F' we get

(22.25) F(z,uv,ps) = /M p°A(s)*uv

in the half-plane of holomorphy.

The arguments above now apply uniformly in s € [0,1], with the extra, entire,
factor of A(s)*. It follows by differentiation that all residues and the analytic
continuation are smooth in s. Now

d dA
(22.26) %F(z,uv,ps) =z /M o d,(sS) A(s)* uw.

The same argument regarding meromorphy can now be applied to the integral on
the right, so it can only have a simple pole at z = 0. The extra factor of z ensures
that there is no such pole, so the residue of F(z,uv,ps) at z = 0 is constant in s
and hence indeed independent of the choice of p. O
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23. LECTURE 20: TRACE DEFECT FORMULA
MonDAY, 20 OCTOBER, 2008

Reminder. I am currently examining the algebra lIlgi;fioso(Rk; RP) to establish, and
check various things about, the looping sequence (20.27) and hence the construction

of the determinant bundle in (21.12).

Last time I discussed the Riesz regularized integral of classical symbols on any
compact manifold with boundary and the residue integral at the boundary. Let us
apply this discussion to define a regularized trace functional and a residue trace
functional on isotropic pseudodifferential operators

Tr: U= (RF; RP) — C,

(23.1) B,
Trg 0 Ugilo 0 (R RP) — C, m € Z.

The first is supposed to be an extension of the trace functional which is given on
smoothing operators by

(23.2) Tr: U_(RFP) 3 a— (27r)7k/ trre (F'(t, 7))dtdr.

RQk
Here the two parts of the space are treated differently as far as the kernel is
concerned, with Weyl coordinates and Fourier transform used in the first part
(23.3)

. Z ZI
F(tre#) = [ e fts,52), 02,225 = f(F
Rk

Z— 7' 2,2").

Passing to \I/(’i{;)ﬁo(Rk; RP) amounts to replacing the Schwartz condition by the

partially-Schwartz space p, m/ ¢ (1R2%; S(R2P). Now, in terms of this quadratic
compactification to a ball we know that p, = (1+|(,7)|*)~! is a boundary defining
function — which is to say that £ = R™? is also a boundary defining function near
the boundary. The symplectic volume form is therefore

1
23.4) |dtdr| = R*V|dRdO| = =z " |dzdb| =
2
|dtdr| = p, " Tv, 0 < v € C™(TR?; Q).

Thus the symplectic volume form is the product of a smooth non-vanishing volume
form and an element of p, #*1C>(4R?*). Only in the case k = 1 is this a smooth

volume form. Thus we can use the Riesz regularized index, choosing? pq% as the
defining function, to define

So we could just take the regularized integral of the ‘symbol’ (which is the whole
operator) and this would give a regularized trace. However, it is better to follow
an idea which comes originally from Seeley [11] but was effectively improved by
Guillemin [3]. Namely we observe that pi/? € ¥=* (R) — with no stabilization and

qiso
remembering the annoying %’s. So we can consider the operator product, with A :

(23.5) pi/?o A€ WL O(RM RP), s > —Rez,

oo-iso

4This business about the square-roots and quadratic defining functions is quite irritating; I
will have to think of a clearer course of action
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where I am using the fact, which I forgot to include earlier, that the stabilized
operators are a module over the ustabilized ones (since the unstabilized ones just
act ‘as a multiple of the identity’ in the second variables).

I have just claimed that the composite is an operator with symbol-with-bounds
in (23.5). Of course a lot more is true, since we know that the product is given by
a bidifferential operator up to any preassigned order®

AOB:QN(AvB)+Q(N)(AaB)7 QN(AaB): Z coz,BDaA'D,BBv
(23.6) lee|+18] <N
Qv+ A*(R2ZF) x AY(R2ZF) — AHT2N(R2E) V 5.t € R,

where we actually know the coefficients. The ‘remainder term’ is continuous — as is
the explict expansion. The same formula applies to the suspended algebra provided
we interpret the product as the composition of smoothing operators.

Applying this to the product in (23.5) we conclude that as a function
(23.7) pel? 0 A= p;*Pn(2,pq, A) + Q) (2)

where the leading term is a differential operator applied to A and a polynomial in
z while the remainder term is holomorphic as a map

(23.8) {Rez > L} — WM 2N=Lomoo(gE. gey,

oo-iso

Lemma 25. For any A € U/ > (RF : RP)

qiso,iso
(23.9) Tr(pi/? o A)
is meromorphic in the complex plane with at most simple poles at z € m +n — N.
Proof. The result follows in Rez > L for any L by using the splitting (23.7) for

large enough NN, applying the discussion of Riesz regularization of the integral to
the first part and the holomorphy in (23.8) to the second part. O

So, now we can define
Trg(A) = lir%zTr(pZ/z o A),
z—
(23.10)

z—0

_ . 1
Tr(A) = lim <Tr(pg/2 0A)— - TYR(A)>
z
as respectively the residue and the regularized value of the analytic continuation

of the trace to z = 0. The residue trace was defined in the case of the usual
pseudodifferential algebra on a compact manifold by Wodzicki [12].

Proposition 21. If the order of A is less than —2k then Tr(A) = Tr(A). The
residue trace is a trace functional, Trp([4,B]) = 0, it vanishes on operators of
order less than —2k, is given explicitly by the residue integral

R
(23.11) Trr(A4) = (27)* /Aw,
and the reqularized trace satisfies the trace defect formula
_ 1 _
(23.12) Tr([A, B]) = B Trg ([B,logpg]A), YV A,B € \Iqui’soi:O(Rk : RP).

5Again I should have included this earlier, T will!
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Proof. When the order of A is less than —2k, the trace of p§/2 o A is holomorphic
in a neighbourhood of z = 0. Evaluating there, p,2/2 = 1 is the identity in the
(unstabilized) algebra so indeed Tr(A) = Tr(A). Thus Tr is an extension of the
trace functional.

To compute Trg([A4, B]) observe that this is, by definition, the residue at z = 0
of the analytic continuation of

(23.13) Tr(py/? o ([4, B]) = Te([B, pj/*14)— = Tr([4, o}’ B)

where we have used the trace identity for Re z >> 0 and the uniqueness of analytic
continuation. Using the decomposition of the product in (23.6) the commutator
here can be written as a sum

(23.14) [B, pi/*] = Qn (B, pz'*) — Qn(pZ?, B) + Q) (2)

where if N is large enough the second term is holomorphic and uniformly of order
less than —2k up to z = 0 after composition with A. Thus, the trace of this term
is regular at 0 so does not contribute to the residue; only the first two terms in
(23.14) contribute for N large enough. The leading, commutative product, term
cancels in the commutator so in every remaining term, p;;’/ ? is differentiated at least
once. This produces a factor of z with the trace of the coefficient having at most a
simple pole at z = 0 by the discussion above. Thus there is no pole at z = 0 and
Trr([4, B]) = 0 always.

Again if A is of order less than —2k then so is pg/2 o A near z = 0 where it
is holomorphic. The reside, and hence the residue trace of A, therefore vanishes.
Similarly for general A the difference between Tr(p o A) and the integral of the
commutative product p3/2 A involves all the terms in Qy (p2/?, A) after the constant
term and the remainder. For N large enough, the latter can not contribute to the
residue at z = 0. All the other terms involve at least one derivative falling on pg/ >
so again cannot contribute to the residue trace of A. Thus (23.11) follows by the
definition of the Riesz regularization of the integral.

It remains to prove the trace defect formula (23.12). Following the discussion
above, especially (23.13), Tr([A, B]) is the regularized value of the analytic continuation
of the trace of the product of (23.14) and A. For large N the second term is
holomorphic near z = 0 and of low order so

(23.15) Tr(Qn)(2)A) = Tr(Q(n)(0)A) is regular near z = 0.
However, Q(n)(z) is the ‘low order part of the comutator [B,pg/z]. At z =0
pg/ > = 1is the identity operator so all the leading terms vanish (since they involve

differentiation of 1 so this low order part also vanishes, since the whole commutator
vanishes. It follows that the right side of (23.15) vanishes at z = 0. Thus Tr([A, B])
is the regularized value at z = 0 of the analytic continuation of

(23.16) T ((Qn(B.5/%) — Qn 0}/, B)) 0 A) .

Again, pi/ ? is differentiated at least once, producing a factor of z. Thus the analytic
continuation is regular at z = 0. Writing

23.17 dp!? = (2 %Pay 272
( ) Pq (2 ’ )0,
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it follows that if any subsequent derivative falls on the last factor then this produces
an overall factor of z? and hence does not contribute to the regularized trace. Thus
the effect is the same as if all derivatives acting on the appropriate factor in @y in
(23.16) fall on log p,. That is, the regularized trace is the same as the regularized
value of

z
(23.18) ST (([B,logpq] pil?) oA).
Again expanding out the product with A, the low order term is holomorphic — so
does not contribute — and any differentiation of pg/ 2 produces another factor of z

so also does not contribute. Thus the value of the integral at z = 0 reduces to the
residue trace and (23.12) follows. O

The case k = 1 is particularly simple, since then we can easily compute the right
side of (23.12). The difficulty of this computation is greater when k > 1 since the
residue trace occurs higher and higher in the Taylor series expansion of the symbol

0,—o0 k. mop .
of an element of ¥ " (R" : RP) as k increases.

Proposition 22. If k = 1 the trace defect formula (23.12) involves only the
principal symbols of A and B :
0b(0) 9da(0)

(23.19) ﬁ([A,B]):c/Str( 2 a(9))d0:—c/tr( (@) db,

a=0o(A), b=0¢(b), A, Be ¥% % (R;RP).

qiso,iso
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24. LECTURE 21: CURVATURE AND CHERN CLASS
WEDNESDAY, 22 OCTOBER, 2008

Reminder. Last time I computed the trace defect for the extension of the trace
functional to ‘Iqulso(ﬁo(Rk RP) given by Riesz regularization. Today I want to use
this to compute the curvature of the determinant line bundle. First I have to make
sure of a few technical points, one of these is the proof that the range of the symbol
map in (20.27) is indeed the index zero component — I will use the trace defect

formula to compute the indez.

Recall that \I!glsoof’so(]Rk : RP?) is the space of functions with C*°(?R2k; S(R?P)
with a non-commutative product. Choosing a point on the boundary of the qua-
dratic compactification here — the North Pole — we can consider the subalgebra,

\I/glsoofso(Rk : RP), of functions that vanish in Taylor series there, so identified with

(24.1) {a € C=("R?*; S(R*);a = 0 at {N} x RP, N € aq@} :

I will probably skip the proof of the following result in the lecture. Not that it
is unimportant. However, its proof is generally similar to ones we have seen before,
although not reducible to them. In particular it makes use of the L? boundedness
of these operators, which is significant in itself (and one reason the proof is so long).

I should have used this notation before (but only on the insistence of Frédéric
Rochon am I introducting it now).

Definition 6. A Fréchet algebra, A, without identity, is said to be a Neumann-
Fréchet algebra if the group of invertible elements in Id +.4 is open — it behaves
as if the Neumann series converges near the identity. These are often called ‘good’
Fréchet algebras. Good grief! If it contains the identity then it is Neumann-Fréchet
if the elements in a neighbourhood of the identity are invertible.

Proposition 23. The group Gglsooloso(]Rk'Rp) of operators A € lIlglsooloso(]Rk'Rp)
(R*; RP),
i.e. this is a Neumann-Fréchet algebra, and G >°(R¥*P) is a (relatively) closed
normal subgroup.

such that 1d+A has an inverse of the same form, is open in \I!qlso is0

R*; RP) comes from the C* standard

toplogy of the supremum norms of derivatives, in this case on C®(?R2¥) x R2p).
The rapid vanishing at the boundary in the second factor (of course uniformly in
the first factor) to give the Schwartz subspace and at one point in the first factor,
give a closed subspace. So we need to show that for a in a small neighbourhood of
0 in this topology, Id +b has an inverse with b € \I/glsoofso(Rk RP).

To show this we first need to prove the L? boundedness of elements this algebra,
which acts on S(R*¥*P). This can be done using Hérmander’s approach, which I
will outline at some point. In particular this shows that the L? operator norm is
continuous on \Ilglso o (R¥ : RP), from which it follows that Id +a is invertible on
L? for a in a neighbourhood of 0. So, it still needs to be seen that this inverse is of

the form Id +b, b € ¥%:—°° (R* : R?).

qiso,iso

To see this we first show that if Id +a is L? invertible then it must be elliptic, in
the sense that Id +0y¢ is0(a) € Gsus(zk 1, RP). This can be done by constructive
contradiction. That is, non-ellipticity means that Id +a(p) must be non-invertible as
a smoothing perturbation of the identity on S(RP for some p € S?*~1\{N} ~ R?*~1

Proof. The Fréchet topology is on W

qiso, 150(

ISO(
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(since at p = N it is the identity). This in turn means there must be an element
of the null space. The constructive part is to use this to generate a sequence
u; € S(R*?) which has norm one in L? but is such that (Id +a)u; — 0 in L2.
The idea here is that the solution should ‘concentrated near p’ in a sense that can
be understood in terms of the symbol of the operator. This violates invertibility.
Essentially what is being shown here is that the symbol map extends by continuity
to the closure of these operators in the bounded operators on L2, and so it must
be invertible. Again I plan to add a bit about this at some point.

Once we know that if Id +a is an invertible operator on L? then it is necessarily
elliptic, we can apply usual methods. Namely we can construct a parameterix for
Id +a, Id +b', such that

(24.2)  (Id+b)(Id +a) — Id = Rg, (Id+a)(Id+V') —Id = Ry € U_>°(RFFP).

Then it follows that the inverse is of the expected form since applying (24.2) on the
left and right

(24.3) (Id+a)™' =Id+b' — (Id +a) 'Ry =Id+b' — Ry —b' Ry + Rp(Id +a) ' Ry.
The last term is in ¥;_>°(R**P) because of the corner property of these operators.

This shows that \Ilglsoofso(R’” : RP) (and indeed \Pglsoogo(]}%k : R?)) is a Neumann-
Fréchet algebra.

The last closure property follows directly from the characterization of the kernels.
O

Proposition 24. The quotient
(24.4) Glimino (RY 1 RP) G (RMP) = G0, o (RP)

qiso,iso sus(2k—1
is the group of formal power series in p,, with leading terms forming the component
of the identity (i.e. the part on which the index functional vanishes) in Gsus(2k 1).iso (RP),
with arbitrary lower order terms and a x-product; for the moment we only prove
this for k = 1 although it is true in general.

Proof. From Proposition 23 above, first group in (24.4) is an open subset of the
smooth functions in (24.1). The subgroup is just the subspace which vanishes in
Taylor series on the whole of the product of the boundary of the first factor with
the second factor. This is simply because a smoothing perturbation of the identity
is invertible if and only if it has an inverse in the larger space, i.e. it is an element
of the larger group. Thus the quotient is certainly a subset, and necessarily open,
of the space of formaly power series at the boundary of the first factor. The leading
term, which is the identity plus a function on the 2k —1 sphere, valued in smoothing
operators, must be invertible, and the perturbation vanishes to infinite order at the
point N so it can be identified with an element of GSUS(M 1, iso(RP). The induced
product on the formal power series is given by the loop product of the leading terms,
since this is just the principal symbol, and a x product in the lower order terms, in
the sense that the k the term in the product is give by bidifferential operators on
the first k terms of the factors. More about star products below!

If g e GO ° (R* : RP) then any lower order, formal power series, perturbation
of the image in the quotient can be realized as an actual function, a € ¥, qlso Rk
RP) with the correct Taylor series. Cutting off near the boundary, this can be seen
to have arbitrariy small L? norm, and, as discussed in the proof of (23) this implies
that G +a € GO % (R¥ : RP).

qiso,iso

qiso,iso
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Thus it remains to show that the leading part of the quotient in GS_HC:EQ K1) iso (RP)
is the component of the identity, i.e. on the elements on which the index functional
vanishes. It is at this point that we reduce to the case k = 1. If g € G2 =% (R¥ : R?)

qiso,iso
and h is its inverse then certainly

(24.5) Te([g, h]) = 0 = C/Str(aa’z)go(e))do - —C/Str(gol(G)%%J(O))dG, c#£0.

Here the explicit trace defect formula in Proposition 22 has been used. The last
integral is the winding number of the determinant of gg, the leading term of g,
i.e. the index functional. Thus the range is contained in the component on which
the index vanishes.

To see the converse, we need to do a little analysis to reverse the argument
above. Namely given the symbol Id +a¢ we can quantize it to a not-necessarily-
invertible operator Id +A. However, we know that this has a parametrix Id +B up
to smoothing errors,

(24.6) (Id+B)(Id +A), (Id4+A)(Id+B) € Id +¥ ®(R*?).

150

Indeed, with an error term of order —1 this follows by choosing B with symbol
b = (Id+a)~! — Id. Taking the formal Neumann series for the error term and
summing it allows the parametrix to be improved to (24.6). Now, if Iy is the
projector onto the first N eigenfunctions of the harmonic oscillator on R**? it
follows that

(24.7) (Id +B)(Id +A)(Id —TIy) = (Id + E(Id —Ty))(Id —TIy).

Since E is a smoothing opertor, Id + E(Id —Ily) € G;;>°(RF*P) for N large enough.
Composing on the left with the inverse gives, with a different operator B’,

(24.8) (Id+B')(Id +4') = (Id —IIy), A' = A — Ally — Ily.

Here A’ has the same symbol as A but now must have null space precisely the range
of Il y. Proceeding in the same manner with the adjoint, it follows that Id +A’ must
have range of finite codimension. Composing with an element of G;,>° (RF*™) it can
be arranged seen that, a possibly different, Id +A4’, but with the same symbol, has
null space the range of Iy and range that of Id —IIn. Then B’ can be shifted by

a smoothing operator so that (24.8) holds and also
(24.9) (Id+A")(Id +B') = 1d -l .
Then we see that the index, in the conventional sense,
(24.10) ind(Id+A") = N — N' = Tr(Tly — )

= Tr((Id —IIx+) — (Id —IIy)) = Tr([Id +B',1d + A]).
Here we have used the fact that Tr is an extension of the trace functional. Now we
can apply the same argument as in (24.5) to see that this is a non-vanishing multiple
(—1 I think) of the ‘index’ in the sense of the winding number of the determinant

of g, the symobl of Id +A’. Thus if this vanishes then N = N’ and adding Iy to
A’ gives an invertible lift of the symbol. O

The use of the trace defect formula in the proof above is very close to the
discussion of the curvature below and presages the treatment of ‘n forms’ later
(I hope).
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Proposition 25. The subgroups
(24.11) G- (RFP) € G (RF @ RP),

qiso,iso qiso,iso
of elements where the perturbation of the identity is of order m € —N, are normal
and the quotient map gives a fibration

(24.12) G (RFHP) — = GO (R : RP)

qiso,iso qiso,iso

|

Gtk 1ywis0 B/ (P71 = 0),

i.e. there is a smooth section in a neighbourhood of each point of the quotient.

Proof. The normality of these subgroups follows directly from the order properties
of the product. The handy thing is that the quotients all give fibrations, whereas
in the case lm = —oo it is a Serre fibration only — not locally trivial. It suffice to
give a section of the projection over a neighbourhood of the identity, since this can
be translated to any other point. Since there are only finitely many terms in the
power series in the quotient, they can be summed and cut off near the boundary
on R2*. Provided the terms are small enough, this gives an invertible perturbation
of the identity, following the arguments of Proposition 23, and hence a section —
meaning the sequence is a fibration. O

Lemma 26. The construction in (21.11), (21.12) carries over to the sequence
(24.12) for any m < —2k and constructs a locally trivial line bundle L,, over the
quotient in (24.12). Under any of the projection maps form' < m, m' € —NU{—o0}
(24.13) G2 (Rp)/(p(;m T=0) — G2 (]R”)/(p;"“rl =0),

sus(2k—1)*,iso sus(2k—1)=*,iso

Lo pulls back to be canonically isomorphic to L., , where L= L_ .

In particular £ as constructed originally is indeed locally trivial, so Claim 1 is
vindicated.

Moreover the same is true of the connections. Namely, for m < —k each of
the determinant line bundles £, has a connection given as the quotient of the
connection

1
(24.14) d—r, v= ETr(g_ldg + (dg)g™")
where the regularized trace is defined above.

Proposition 26. The 1-form ~ on G222 (R* : RP) defined in (24.14) induces a

qiso,iso
connection on each L,,, m < —2k. In case k = 1, the curvature is

(24.15) c/(tr (gfl@(gfldgf)dt
R dt

Proof. Let me concentrate on the case m = —oo. The case for finte m corresponds
to the extension of the determinant to the groups Gy (R*+? by continuity — where
it continues to be multiplicative.

So, even though the projection in the delooping sequence may not be a fibration,
the determinant bundle itself is locally trivial. Namely over any small open set in
one of the finite order quotients there is a section and this lifts to the preimage of
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—0
sus(2k—1)x,iso

the preimage in Ggi;ﬁ’;o(ﬂﬁk : RP) with the transformation law

the open set in G (R”) and hence to a section of the trivial bundle over

(24.16) f(Ag) = f(A)det(g), ¥ g € G2°(RFFP).

150

Conversely, a local section of the trivial bundle on the preimage of a set descends
to be a section of £ over that set if and only if (24.16) holds. Now, the connection
on the trivial bundle is

(24.17) V(H(A) =df —~(A)f

SO

(24.18)  V(f)(Gg) = d(f det(g)) —v(Ag)f(Gg) = det(g)(df —v(A)[)
+tr(g tdg)f — %ﬂ(gflAfld(Ag) +d(Ag)g tAT — A7 dA — (dA)ATY).

The combination of the last terms vanishes, since commutation by g preserves Tr
(since the smoothing term permits approximation by smoothing terms) so

Tr(g 'A 'd(Ag)) = Tr(A 'dA) + Tr(g ™ 'dg),

(24.19) Tr(d(Ag)g ' A7) = Tr((dA)A™Y) + Tr(g~ ' dy).

Thus the connection descends to £. The curvature can be compute on the central
group — of course it must also descend to the quotient. It will be exact on the large
group (which is actually weakly contractible as we shall see) but not on the quotient
— reconcile yourself with this as necessary!

The curvature is —dy, or —dvy/2mi according to taste. Anyway, it is enough to
compute:-

(24.20) dy = —%ﬁ(Afl(dA)AfldA — (dA)A~Y(dA)A™Y)

= %ﬁ([(dA)A‘ldA,A_l]

= — Trg (A7Y[A, log p](A7"(dA))?)

= —c/ tr((fl@(aflda)z)dt, a = 0¢.iso(A),
R dt '

using the trace defect formula and in the last line the explicit formula in case k = 1.

Here, you may recognize the 2-form part of the Chern character on the suspended

group (of course I have lost track of the constants at the moment, but it is actually

equal to it — at least up to sign). O

It is very unlikely I will get to this until some time later!
There is another property of this construction of the determinant line bundle
which is a consequence of a wider conjugation-invariance property of the determinant.

Proposition 27. The determinant line bundle is primitive in the sense that for

any two elements o, § € Gs_uz?zk—l)*,iso,ind:o(Rp) there is a natural isomorphism

(24.21) Lo ® Eﬁ ~ ﬁag
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which makes the complement of the zero section L* C L into a group which is a C*
extension of the base, so

(24.22) Cr — L — G oo (RF : RP)

is a short exact sequence of groups.

Proof. The additional conjugation invariance referred to above, is that

(24.23) det(A"'gA) = det(g) V A € Ggl;) °J(RERP), g € G0 (RFFP),
Given this the statement of the Proposition follows readily. Namely if A, B €

150

Gglsooloso( : R?) project to a, B € Gsuzoqu)*,iso(R ) then for g € G,;° (]Rk“’) the
map
(24.24) (2 det(g), Ag)(z' det(g"), By') + (22" det(gg'), AB(B~*¢B)g')

descends to an identification of £, ® Lg with £,s. This can clearly be interpreted
as a group product

(24.25) (la)-(I',8) — (I®1',apB)
on L* which reduces to C* on the trivial fibre above Id . This gives the short exact
sequence (24.22).

So, it remains to prove (24.23). There is a smooth curve, g(t), connecting g to
the identity in G>°(R*¥*P). Certainly

(24.26) AlgA=A"'Id+a)A =Td+A 'ad € G

so consider

(]Rk+l7)

1S0

9 tog (det(g(1) ™ det(A~g(1)4))

d _ _ d, _ _

= 2 log (det(g™ (AT g(1)4)) = Tr (A9~ () Ag(t) (97" (A g(1)A))
=Tr (A7 g (t)g' (DA — A g 1 (D) Ag'(t)g 1A g(t)A) = 0.

In the last step the commutation of factors of A is justifed by the fact that there

is one factor, ¢g’, which is smoothing so A can be approximated by smoothing

operators, in the topology of symbols-with-bounds, of marginally positive order,

in such a way that the product converges in smoothing operators. Since the
determinants are equal when g = Id they are equal everywhere. O

(24.27)

Ezercise 18. Did I explain (24.27) clearly enough? If not, go through the following.
If Ae ¥l 0 (RY - RP) and a € T 2°(R*P) then Aa € U °(R¥P) depends
continuously on A, as does a4, in the topology of ¥ (RF : R?) for any s’ > s.
Since ¥, >°(R*¥*P) is dense in 2 . (R¥ : RP) in this weaker topology, for any
s' > s, and on this dense subspace Tr(Aa) = Tr(aA) it follows in general.

150

Exzxercise 19. Write out in some reasonably explicit form the product on the ‘star-
extended’ loop group G_ =, i inq—o(RP) and show that it can be extended to the
whole of the group G, is,(R”) — which is defined to have the ‘same’ product but
arbitrary invertible leadlng term (rather than index zero) and arbitrary lower order
terms as before. Show that the determinant line bundle can be transferred from
the component of index zero to the other components by choosing a base point in
each. Is it possible to extend the group property to the whole thing? Assuming
that you agree with me that this does not seem possible, can you explain why?
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25. LECTURE 22: ISOTROPIC FAMILIES INDEX (k = 1)
FriDAY, 24 OCTOBER, 2008

Today I am supposed to be proving the weak contractibility of the central group
in the looping sequence. With any luck I will get to that as a by-product of the
families isotropic index, in K-theory for £ = 1 (and untwisted). Namely, what I
want to do is to define the istropic index map

(25.1) indio : [X; G5 (B — [X: Ml

sus,iso

for any manifold X. Here I have written out the homotopy groups explicitly, since
both represent even K-theory, as we already know. The restriction to £ = 1 shows
up in the single suspension on the left (but these arguments do carry over with only
relatively minor changes to 2k — 1 suspension, meaning isotropic operators on R¥
as we will see next week).

For the definition I will use same sort of set up as for Bott periodicity and define
some larger spaces. Thus, let

(25.2) ElL; v, (RF; RP)

qiso,iso
= {Td+A € Vg% (R*; RP); 1d +0160(4) € G 2ok 150 (RO}

So, this is just the set of elliptic elements perturbations of the identity, the operators
with invertible symbols. Then consider a similar space of pairs which are parameterices
of each other

(25.3) Pu_% (RF;RP)

qiso,iso

= {(Id+A4,1d+B) € %% (R*;RP); (Id +A)(I1d +B) — Id,

qis0,is0

qiso,iso
(Id+B)(Id +4) — Id € ¥ ;> (R*P).
Proposition 28. In the diagram
(25.4) qlso = (RF; RP)
Ell ;oo (RE; RP) \ISO (RE+P)
where

(25.5) indiso(4, B) = < 1-2R}  2Rp(Id+Rp)(I1d +B)>

2Rp(Id +A) —1d +2R%

Ry =1d—(Id+A)(Id +B), Rg =1d —(Id +B)(Id +A4),
the left map is surjective with the lifting property for compactly supported maps
and the right map (is well-defined and) has the liftz'ng property up to homotopy, so

every compactly supported smooth map into H..>° is homotopic to the image of a
(R*; RP).

150

map into quso iso

Proof. Of course the first assertion is that the two maps are well-defined. Certainly
the left map is, since it is just projection onto the first factor and this must be
elliptic, since the existence of a parameterix implies that the symbol is invertible. I
will not dwell on the lifting property for this map, since I discussed the construction
earlier. (Where exactly?) A smooth map with compact support into the elliptics
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can be quantized smoothly, to the identity outside a compact set. Then a smooth
family of parametrices can be constructed, also reducing to the identity outside a
compact set.

So, to the index map. This is in the rather obscure form (25.4) because I have
been remiss about filling in the details about the relationship between involutions
and vector bundles. It would be more usual (perhaps, it depends a bit on the circles
you move in) to express the index map in terms of null bundle and null bundle of
parametrix, after stabilization. I did do this quickly earlier too. The explicit map
(25.4) has the advantage that it is explicit and defined for any parametrix, without
stabilization. Of course, I invite you to do the algebra to show that indis, (4, B) so
defined is an involution:

(25.6) indiso (A4, B)?> =1d.
(Which is a strange looking identity.) In doing so it is helpful to note that

(25.7) R.Q = QRg, RrP = PRy, PQ =1d —Rp,
QP =1d—Ry it Q = (Id+B), P = (Id +A).

At this point it only remains to show the lifting property up to homotopy. Given
the normal form for involutions which can be achieved for families, as discussed in
Proposition 16 it is really enough to show that the involution corresponding to any
pair of families of finite rank, commuting projections can be recovered under the
index map. So, as in the periodicity construction we need a ‘Bott element’. In this
case it is easier — and it is certainly possible I should have done this much earlier.
Namely, we know that the annihilation operator, A = 0, + z, has one dimensional
null space but is surjective on Schwartz functions. Of course the order is wrong,
but we can just divide by a square root of the harmonic oscillator to make it of
order zero with the same property. Then its symbol is not flat at NV, but it is equal
to 1 at one point. So, deforming it a little more we can find Id+A4, A € \if?liso(]R{)
which is surjective, with one dimensional null space. Now to recover a given pair of
projections P. (), P_(x) which are smooth families of N x N matrices, consider

AP, (2) + 1d(1d - Py (z)) 0 0 o2
(25.8) ( ’ 0 CP(x)+1d(d —P(m))) € Yoo (B C*1).

Here C is the adjoint of A. It is easy to check (but I have not actually done it
..) that indis, is a family of involutions which ‘recovers’ these two projections. Of
course one should stabilize C*"V into smoothing operators first. O

So, the existence of index map in K-theory, (25.1), follows from the uniqueness
up to homotopy of the lifting on the left extended to:

(25.9) €2 (X; PYLC, (RF; RP)) 205 goo (5 94, 20 (RF+P))

qiso,iso iso

2

€2 (X5 Ellogag 0 (R¥; RP))

qiso,iso

J{Uiso

O (X3 Gy 1 1o (BD)).

sus(2k—1
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Namely the linear homotopies between quantizations and parameterices shows the
uniqueness up to homotopy.
Finally then this isotropic index is rather precise:-

Theorem 7. This isotropic index map (25.1) is an isomorphism with right inverse
the clutching map clg, .

Proof. This requires one to check that the symbols constructed in (25.8) are homotopic
to that given by the map clg, . This implies that ind;so cle, = Id. Since we know
that cle, is an isomorphism at the level of homotopy, i.e. as an inverse to (25.1) it
follows that the index is also an isomorphism. O

So, this is the k£ = 1 case of the isotropic families index. We want to generalize
it in two ways. First to k& > 1. In fact the restriction to & = 1 only occurs in the
construction of the annihilation/creation operators and cle, . The more significant
extension (which is slightly different in form) is to twist the spaces on which the
isotropic algebra acts to be a vector bundle over X, instead of just considering
straight families. This leads to the Thom isomorphism. We can think of the group
on the left in several ways because of Bott periodicity. The most obvious is to
identify it as K{(X x R) and hence as K2(X x R?). This is how the map is usualy
described, as

(25.10) indiso : KY(X x R?) — K°(X)

implementing Bott periodicity. In fact it is precisely this relationship I want to
exploit in order to define the Thom isomorphism

(25.11) K2(W) — K°(X)
for any complex, or symplectic, vector bundle over X (so it has even rank as a real

bundle).
Now, what does this tell us about G%-°° (R¥; R?)? Basically half of what we

diso,iso
want, I would say the hard half given where we are. Namely

Corollary 4. If f: X — G,
for a compactly supported family F : X — G%
homotopic to the identity.

Proof. The index vanishes, so [f] € [X; G, .2, (R¥)]. must vanish. O

sus;iso

k) (is compactly supported) then [ = oiso(F)
= (R*:;RP) implies that f is

sus; ISO(

qiso,iso

In fact the converse is also true but this involves another argument which we can
subsume into what is the last part of the looping sequence.

Proposition 29. The group quso %o (R;RP) is weakly contractible; any compactly
supported map into it is homotopic to the constant map to the identity.

Proof. Given such a map, F, it follows from the corollary that ois(f) is homotopic
to the identity. Let f; be such an homotopy, with fo = Id, f; = f. Since it is an
elliptic family, and has an invetible quantization at ¢ = 0, this can be lifted to an
homotopy Fy : X x [0,1] — Goi %, (R; RP) with symbol family f, and Fo = Id.
This might seem to solve the problem, but not so fast! It follows that F} is a lift of
f to be a family of invertibles, but it is not clear that it is the one we started with.
Since we can deform lower order terms in the symbol away, we can arrange that

(25.12) FTF € C°(X; G (RPTH))

150 (
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since the two quantizations then differ by smoothing terms. So the remaining
problem is to show that the image of a family of smoothing perturbations can be
deformed away in the bigger group Gg{;fizo(R; RP). In fact with the use of a bit
more homotopy theory we already have enough to show this. However, I think it is

worth doing directly. So the proof of this Proposition is completed by the next. [
Proposition 30. If g : X — G.>°(RP**) is a compactly supported smooth map

180

then there is an homotopy G4 € C?O(Gg;;:fso(ﬁ; RP)) with Gy = g and Go =1d.
Proof. This can be done quite explicitly using the creation and annihilation operators.
Here is the idea but I have not checked the details at all. The crucial point is that
we have found an operator of index 1.

First retract g to be of finite rank, on some CV. Then take two copies and
consider the creation and annihilation operators acting on S(R) ® C? as a 2 x 2
matrix with matrix-operator values

(25.13) @1 g)

This is invertible, since the null space of A and the lack of range of C are compensated
for by the off-diagonal 71, projecting onto the null space. Now, tensor with matrices
on CV and consider
(25.14)
cos(f) g(x) sin(8) ' ime g(z) + cos(#)(Id —m1) g(x)sin(6)C
—g Y(=z)sin(f)  cos(h) —g (=) sin(h) A cos(h).
These are invertible matrices, the first normalizes the symbol to be the identity at
N, the point where A and C are both flat to 1.
Then, consider the reverse homotopy through invertibles

(e)cos(6)  g(x)sin(d) \ '
(25.15) <_§—1(;;)Zin(9) ggl x)SCOS(9)> 8

(g(:ﬂ)m + g(x) cos(0)(Id —m1)  g(x)sin(6)C )
—g~Y(z)sin(h) A g () cos(h).

This starts at the same matrix, at § = 7/2 and deforms back to the identity. As I
say, I haven’t checked this. O

There is another approach to proving Proposition 30 which is a bit more machine-
heavy but has other advantages, as I hope we will see. To do this we need the
adiabatic limit for operators of order 0.

When talking about the isotropic product, leading to the algebra \Ifgis_(ffso(]Rk; RP)
that is underlying the looping sequence, I carried along, at least for a while, the
adiabatic version of it. Namely the product in (20.3) is actually smooth down to
€ = 0, just as in the case of smoothing operators discussed earlier. This means we
can set up an algebra of adiabatic operators of order 0 which is just the space of
functions

(25.16) C>([0,1]c x “R?* x; S(R?"))

with the product given by (20.3). Without going into details this will have both
an adiabatic symbol, at € = 0, extending the one in the smoothing case, and now
also a ‘regular’ symbol at the boundary in the second variable (or a ‘full symbol if
we take Taylor series at this boundary). This second symbol depends on € € [0, 1],
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but just as a parameter since the leading term is always just the product (including
the operator product in the last variables of course). The lower order terms, the
star product, does depend on e. We also have the restriction to ¢ = 1 and if you
recall this is how I finally talked about Bott periodicity. I will denote this adiabatic
algebra

(25.17) gore . (RFRP)

ad qiso,iso

Now to this we can add the ‘dot’ conditon of having the functions vanish to
infiniite order at the fixed point IV on the boundary of the quadratic compactification
of R?*. This leads to the subalgebra

(25.18) §ooe . (RE;RP).

ad qiso,iso

Proposition 31. The adiabatic algebras of order 0 in (25.17) and (25.18) (which
are non-unital) are Neumann-Fréchet algebras.

Proof. This requires a combination of the proofs of the earlier cases. O

So now I have at least described the corresponding group of invertible perturbations
of the identity by elements of (25.18)
(25.19) GO~ (RF;RP).

ad qiso,iso

What good is it? Well, it has the same symbol maps as the algebra but now
valued in the groups. This gives us a diagram where the bottom line is the looping
sequence, the middle line is the corresponding sequence with this new group in the
middle and the top line is in principle the adiabatic part — what we get by taking
the adiabatic symbol (i.e. restricting to e = 0 to the extent that it makes sense).

(25.20) G2, . (RP) — = G=

sus(2),iso sus, 150( ) (]Rp)

Py — > G
R; ]R Gsus *,i80,ind=0

=

4>
H

00,iso

ad iso (]R ]Rp - ng iso (]R7 Rp —C> ([0 1] Gsus *,i80,ind=0 (]Rp))
lR lR lR
1s ]Rl-i-p Ggl;) R ]Rp % Gs_us *,is0,ind= O(]Rp)

Now, I need to discuss what is happening here carefully, but the — maybe
somewhat surprising — point to grasp is that the top row is in fact the delooping
sequence for the (terminal) group which is the component of the identity in the
suspended group we are by now getting familiar with. So what this diagram is
supposed to show conceptually is that the delooping sequence is ‘just’ the partly
quantized delooping sequence for the loop group. Now, before I go into a term by
term discussion of (25.20) let me show why it might help us.

Claim 3. All the vertical arrows, up and down, in (25.20) are surjective weak
homotopy equivalences with the lifting property for compact families, all three rows
are exact and the central column consists of weakly contractible groups.

So this is just making the same claim but more so! In fact the very central group
here is easily seen to be contractible by hand. The surjectivity of the middle R
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would imply directly the weak contractibility of the middle group for the looping
sequence, but this is where I have failed to find a direct proof.

However, just look at the bottom left rectangle and see that we can use it, if we
know a bit — particularly the commutativity — to give a proof of Proposition 30.
What we are given is a compactly supported map into the bottom left group. By
the lifting property property this comes from a map into the ‘adiabatic’ group on
the left of the middle row. This can then be sent into the really central group. As
I said above, it is easy to see geometrically that this group is weakly contractible.
Thus it can be deformed away here. Mapping the homotopy forward to the central
group on the bottom row gives, by commutativity, an homotopy trivializing the
image of the original map.
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26. LECTURE 23: ITERATED PERIODICITY MAPS
MonNDAY, 27 OCTOBER, 2008

We have earlier shown that there is a semi-classical relation between involutions
on X x R? and X in the form of surjective maps with the homotopically-unique
lifting property for compactly-supported families

(26.1) H;dffso(]Rk : RP) , k=1
/ Tad
R
Hio™ (RFF7) sus(2k).iso (RY)
This generates the periodicity isomorphism (going from right to left)
(26.2) (X3 H o) iso (RP)] — (X5 H o0 (RM)...

These constructions can be iterated in slightly different sense. We can increase k
in (26.1) and iteratively replace X by X x R? in (26.2). However we need to be
a little careful to check that these give the same result. In particular we have not
shown the surjectivity or lifting property for the map to the left in (26.1) when
k > 1. Now we will. We have already shown that the adiabatic map, the one to
the right, is surjective and has the homotopically-unique lifting property for every
k. Thus the diagram (26.1) does generate a map

(26.3) (X H & (RP)] — [X; H 0 (R¥P), for each k > 1.

sus(2k);iso iso

Proposition 32. For any k > 1 the map (26.3) is the isomorphism given by
iteration of (26.2).

Proof. We need to show is that the quantization of involutions (with relatively
compact support) on R?* x X to involutions on X can be carried out in k steps,
quantizing an R? each time.

The clearest way to really check that this is possible is to think about the doubly-
adiabatic calculus. So, we are interested in operators on R¥1 x R*2 x R? which are
separately adiabatic in the two first sets of variables. So the kernels in question are
determined by elements

(26.4) F € C*([0,1], x [0,1],; S(R*1+2h242p)

€29

through the adiabatic-Weyl quantization where the actually kernels for e < 1 > 0
and e; > 0 are the

(265) f(ela52721)Z17227'Zé)z721)

e1(z1+2)) 21— 2] e(za+2)) 20 —2)

2 ) 61 ) 2 ) 62 ’ Z7 ZI) N
Since the two adiabatic parameters are in different variables the same argument as
before shows that these doubly-adiabatic famililes form an algebra under composition
and that function, as in (26.4), determining the composite can be written down
quite directly — namely taking the Fourier transform in the second of the adiabatic
variables leads to

_ —k1_—ko
=€ ey 2 F(eq, €,

(266) f{(tl,’]’l,tz,TQ,Z,Zl) :/F(tl,Tl,tz,TQ,Z,Z”)G(tl,’ﬁ,tz,’rg,Z”,ZI).
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So, this is just two adiabatic limits going on independently. There are really
three different symbol maps. One where €; = 0 but e > 0 — but this needs to
be understood as an adiabatic family. Another one the other way round. And
then the doubly-adiabatic symbol at €¢; = e; = 0. Clearly this latter one is the
adiabatic symbol of each of the other ones. Said more formally, there are three
homomorphisms of algebras:

k1 . ke . ko .
‘I!adozd 150(R PR Rp) \I]suc:(>2k1) ad,iso(]R e Rp)’
00 k k oo k
(267) \Ilad ad, 150(]R PR ]Rp) ‘Ilad ,sus(2k2), 150(]R b ]Rp)7

\I’adogd 150(]Rk1 : Rk2 : Rp) - ‘115_115(2(k1+k2)) iso(]Rp)'

Here the suspended algebras are just the old algebras depending in a Schwartz
manner on the additional parameters.

All three maps are surjective, but they are not jointly surjective. Rather they
satisfy precisely the relationships given by the commutative diagram

(26.8)

k
sus 2k1 ad,iso R 2
o . (RF: Rk2 : RP)

ad,ad,iso

sus 2(k1+k2)) iso (Rp)

\/

(R : RF= ;

ad ad,i 1so

where all the maps are ‘adiabatic symbols’.
So, here is what we need and a good deal more:

Lemma 27. For (families of ) involutions of the form v1 + A, A€ ¥ (R*2

R*2 : RP; C?), the four maps corresponding to ‘restriction’ to e; =0 =€y =0, ¢ =
0,es =1,¢; = 1,65 =0 and ¢, = es = 1 are all surjective with the homotopically-
unique lifting property for compactly supported families, and hence induce weak
homotopy equivalences between all five spaces of involutions.

ad ad,iso

Proof. There is actually nothing really new here, we just have to apply the old
procedures thoughtfully. O

In particular of course this completes the proof of Proposition 32. O

Assuming that I have not run out of time, let me now start to discuss the
setting of the Thom isomorphism, and closely related isotropic index theorem. This
concerns the case of a complex or symplectic vector bundle over a manifold

(26.9) W

|

X.

In the symplectic case this is a real vector bundle with a symplectic structure on
each fibre, varying smoothly with the base point. Since a symplectic structure on
a vector space is just a non-degenerate antisymmetric real bilinear form, the fibres
must certainly be even-dimensional.
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The relationship between the symplectic and complex structures can be seen
geometrically by defining a metric which is compatible with the symplectic structure.
Take any real fibre metric h and look at the duality map it defines relative to w,
the symplectic structure:

(26.10) we (v, w) = g (v, Jow), Jo : W, — W,.

This uses the non-degeneracy of each of the forms, the one symmetric the other
antisymmetric, from which it follows that J., is a smooth isomorphism. In fact it
is necessary skew-adjoint (it is real) with respect to g since

(26.11) gz (v, Jow) = w (v, w) = —w, (w,v) = =g, (w, JLv) = —g(JLv,w)

for all v, w. Thus it follows that the eigenvalues of J., are pure imaginary and non-
zero, since J., is invertible from the non-degeneracy of w and g. Now, applying the
same procedure as we did earlier in turning near projections to projections, we can
‘compress’ J, to J,, also a smooth family of isomorphism which have eigenvalues
+i. Now, J, is a complex structure on W, and the metric

(26.12) h(v,w) = —w(v, J,w)
is the real part of an hermitian parametrix with imaginary part w.

Exzxercise 20. Show conversely that on a complex vector space, a choice of positive-
definite hermitian inner product generates a symplecti structure, as the imaginary
part of this inner product, on the underlying real vector space such that the given
complex structure on that even-dimensioanl vector space over the reals is the one
constructed above.

Now, we have constructed a complex structure on the vector space which is
consistent with the symplectic structure we can introduce the higher dimensional
analogue of the annhilation and creation operators and in particular the harmonic
oscillator. We already know these in local coordinates, i.e. on R*". The annihilation
operators, A; = 0,, +x; = z; +1iD,;, where D, = %6/8;17, can be assembled into
the creation complex:

A . S(]RQTL;Ak,O) — S(RQH;AkJ’_LO),
(26.13) w=Y uadz® — > Ajucdz; Adz.
« a g

Lemma 28. With A*¥ = A*V for an hermitian vector space V, the annihilation
complez (26.13) is well-defined, i.e. is independent of the choice of complex orthonormal
basis used to define it.

The adjoint complex is the ‘creation complex’. Check that AC + CA = O acts
on complex forms in each degree and reduces to the harmonic oscillator on zero
forms.

Corollary 5. The choice of an hermitian structure on a complex vector space, or
of a compatible metric on a symplectic vector space, fives the associated harmonic
oscillator which reduces to the standard harmonic oscillator in local coordinates in
which the structures are reduced to the standard ones on R>™ and C™.

What we most want from this is uniform finite-rank approximability of smoothing
operators. Let W_>(W/X) = S(?W) denote the smooth functions on the quadratic

180
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compactification of (the fibres of) a symplectic vector space, made into the space
of smooth sections of the bundle of Schwartz-smoothing algebras on the fibres.

Corollary 6. On the fibres of a complex, or a real symplectic, vector bundle W
over a manifold X there is a sequence of Schwartz-smoothing projections, Iy €
U > (W/X), on the fibres, smooth over the base, such that for any A € ¥, >°(W/X),
XN A, xAlly — A in U °(W/X) for any x € C(X).

180
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27. LECTURE 24: THOM ISOMORPHISM
WEDNESDAY, 29 OCTOBER, 2008

Reminder. Last time [ talked a little about symplectic and complex vector bundles
and recalled that on a complex vector bundle with hermitian structure one has a
well-defined smooth family of harmonic oscillators on the fibres.

For a symplectic vector bundle over a manifold X we have shown that there is a
well-defined non-commuatative product given on C*([0,1]; S(W/X)), the space of
smooth functions on [0, 1] x W which are Schwartz on the fibres, see (20.4) for the
explicit formula. Thus we have a bundle of algebras where the fibre above z € X is
C>([0,1]; S(IW)) and we will denote the space of global sections of this algebra by
50 (W). In fact if we can consider two, or even three, symplectic vector bundles,
W1, W5 and W3 over X and observe that the algebra defined last time — separately
adiabatic in each of the first two variables and just the product at ¢ = 1 in the
last, is well-defined. We can denote the algebra of global sections of this bundle of

algebras as
(27.1) U0 (W /X Wa /X Wa/X;CN)

ad,ad,iso
where I have thrown in matrix values for good measure. The fibre at some point
z € Wis just U, %0000 (Wh)e (Wa)e (W3),; CV) which is essentially the algebra
we were looking at last time.
Now there is one important thing to note. Even though this bundle of algebras
is ‘twisted’, because the bundles W; need not be trivial, its homotopy properties
haven’t changed much. To see let us note that, given two symplectic vector bundles

over X there is a reasonably natural map of algebras:-
(27.2) B:U. *W,/X)>Ar— A ng(z) € ¥

iso ((W1 X WQ)/X)
Here 7p is the self-adjoint projection onto the ground state of some chosen smooth
family of harmonic oscillators corresponding to a compatible complex structure
on Ws. Different choices of compatible complex structure are homotopic and this
homotopy lifts to np.

We can modify (27.2) to give us a similar map on involutions and invertibles,
where I will add a c subscript to indicate that things are compactly supported —

appropriately trivial outside a compact set:-
By : Hy o (W1 /X) 2 I(x) =7 +alz) —
N +a@np(r) € Higg (W x W) /X)
By : Gigo e (W1/X) 3 I(z) = Id +a(z) —

Id+a®7rB( ) € GISO c((Wl X WQ)/X)

Here the ‘stabilization’ if different in each case — remember for H all the objects
are in 2 x 2 matrices over the obvious one. Of course the homotopies implicit in
the definition of the components have to have uniformly compact support.

180

150,C

(27.3)

Proposition 33. The stabilization maps in (27.3) induce homotopy equivalences
HO(HISO c(Wl/X)) HO(HISO c((Wl X WQ)/X))
o (Giat,(W1/ X)) = Io (Gioo, (W x W)/ X)).

Note that these objects are the spaces of sections, and we can only map from the
base.

(27.4)

150, C(
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Proof. For a change look at the odd case. The main point is that we certainly know
how to do this in case the bundles are trivial, using finite rank approximation,
and we have such finite rank approximation available in the general case. Thus
the projections, 7wy to the span of the eigenfunctions for eigenvalues less than
rank(W) + 2N + 1 are all well-defined and smooth. Thus if a € ¥._>°(W/X) then

150

(27.5) ary, ya — a € U (W/X).

150

The range of 7 is a vector bundle over X which is readily seen to be isomorphic to
the Nth symmetric power of the W as a complex bundle. We don’t really need to
know this, just that it is a vector bundle. It is a standard result that a (compactly
supported) vector bundle can be embedded as a subbundle of any vector bundle
over the same set with sufficiently large rank — this can be proved by the same
sort, of crude method as used to embed into a trivial bundle if the rank required is
not needed, as it isn’t here. Anyway, this means that we can think of the range of
wn(W1), as a vector bundle over 7 (Ws) for some M. This allows us to ‘identify’
the cut-off operator on Wy, gy = mn + myamy, which is invertible if N is large
enough, as an of invertible family of homorphisms g, of 7wy on Wy, extending as
the identity off the subbundle. This means we can rotate in the usual way between

(27.6) gn (z) ® Tg(Ws) and mp(W1) ® g (z) extended as the identity.

This is not quite what we want, since we really want to go the other way, but it
is easy to extend it a bit so that it is. Namely any element Id +a(z) € Gi 5% (W1 x
W)/ X)) can be deformed by homotopy to a finite rank perturbation of the identity
which acts on the range of mx (W) @ nn(Ws) for some N. Then 7n(WW2) can be
complemented to be trivial, and the complement can be embedded in 7p (W;) —
7y (Wh) and mpr(Wa) — mny (Ws) respectively, for M large enough. Thus we can
think of the perturbation as acting on the tensor product of the ranges of two
globally trivial families of projections. This actually reduces us to the case right
at the beginning (although I did not write down a very elegant proof then). In
particular it follows by embedding dim 7 (WW>) copies of the same trivial bundle in
Wy repeatedly in higher ‘tranches’ wps, (W1) — mar,_, (W1). Then the argument in
the flat case works just as well here to show that such an element can be rotated
to act on the range of mp(W1) ® 71 (W3) and hence is in the range of the second
map in (27.4).

The part for idempotents can be proved similary. O

Corollary 7. For any symplectic bundle W (of positive fibre rank of course) over
a manifold there are natural idenifications
Mo (Hisere(W/X)) ~ Ko(X)

o (G (W/X)) ~ Ki(X).

iso,c c

(27.7)

Proof. Apply the preceeding proposition twice in each case to the product of W
with a trivial bundle, say with symplectic fibre R2. O

Now, let us proceed to the Thom isomorphism. This concerns a vector bundle
W over a manifold X. As note above, the Thom isomorphism

(27.8) Thom : K?(X) — K2(X)
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is fixed by the homotopy class of the smoothly varying symplectic form on the fibres
of W, so it depends on some orientation information, but otherwise it is well-defined.
We will get it, by semiclassical quantization.

I have alread briefly discussed the space

(27.9) W > (W x R*?/X; M(N,C)) C C*([0,1] x S(W x R*’/X; M(N,C))

ad,iso

which consists of all the smooth functions on [0, 1] x W x R?? with values in M (N, C)
and which have entries which are uniformly Schwartz functions on the fibres of
[0,1] x W x R?F as a bundle over X x [0, 1]. The product is the adiabatic product
with respect to the symplectic structure on each fibre W,. For N = 2 we consider
the space of adiabatic perturbations of v, and which are involutions

(27.10)

H-® (WxR¥?/X) = {I =y +a, a€ U2 (W xR®/X; M(N,C)), I = Id} .

ad,iso ad,iso

The symbolic properties of this space should by now be fairly clear. Namely the
adiabatic sybol map restricts to
(27.11)

Oad : H, 0 (W x RP/X) — C°(X;H_ )7iso(]Rp)) = S (W H5? (RP))

ad,iso,c sus(W
which is the involutions of the form v, + b, where b : W — H,_ 7 (RP) is uniformly
Schwartz on the fibres of W and has support in the preimage of a compact set in

the base.

Lemma 29. The symbol map (27.11) is surjective and the preimage of each element
s connected.

Since we are now talking about families, necessarily defined on X rather than an
arbitrary manifold, this is the analogue of the homotopically-unique lifting property.

Proof. At some point I will write out a general result for these symbolic lifting
constructions. This is no different to most others. Namely we use the adiabatic
symbol map, the properties if which follow from the case we have been discussing
where W is the trivial product X x R?* since locally over X there is a trivialization
in which the symplectic form reduces to the Darboux form on R?*. Thus we have
a short exact and multiplicative symbol sequence

(2712) eq];dofi)so,c(w X ]Rzp/X; M(N7 (C)) — ‘I’;dofi)smc (W X ]Rzp/X; M(Na (C))
75 Se(W5 Higo® (RP)).

150

Thus, we can lift the an element in the targen space in (27.11) to I}y + by where
(I})? = 1d +ec. The same iteration argument used earlier for involutions and Borel’s
Lemma allows us to improve this to (I')? = Id +¢’ where ¢’ vanishes to infinite order
with €, so is just smooth (and rapidly vanishing) down to ¢ = 0 in the ordinary
sense. Then the same integral formula as before allows this to be corrected to an
involution in [0, €] for some €y > 0 and finally stretching the parameter space we
find a lift of the symbol as desired and (27.11) is therefore surjective.

A modification of this argument shows that any two lifts are homotopic as
families, i.e. the set of lifts is connected. O

Now, the Thom isomorphism comes from looking at the restriction operator R
to € = 1 as before. This gives a diagram (written the other way compared to the
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perioidicity case) where my notation is a bit out of hand

(2713) /H;d(i?so,c(W/X : ]Rzp)
7o \
Se(W; Hige (RF)) Hoo (W x R?P/X)
- -
KQ(W) Thom KO(X).

Here the vertical ‘IIy” maps are just the passage to components. Thus we know that
both maps on the left side are surjective and that the lift is unique up to homotopy.
So the map along the bottom is well-defined

Theorem 8. [Thom isomorphism] For any symplectic vector budle the map on the
bottom in (27.13) is an isomorphism and R on the right is surjective.

So, this is just the same as Bott periodicity in case W = R** x X which we
finally discussed properly last time. We already know how to change the dimension
‘p’ of the isotropic image space, so the Thom map really is well-defined. To prove
that it is an isomorphism we will bring out the main tool we have used so far, which
is the ability to do two things at once.

As mentioned above, we can consider adiabatic families, as we did last time,
with respect to two symplectic bundles W, and W, over X. The hardes thing here
is really the notation! I will let sus(W), as a subscript, replace sus(2p) and here
mean that we are considering sections which are Schwartz, in an appropriate sense,
on the fibres of W. I have already used this without discussing it in (27.11). The
doubly adiabatic algebra, which has two parameters, one in the WW; slots and the
other in the W5 slots, is a non-commutative product on the spaces of sections which
have compact support in the base (or arbitrary support, both work but we mostly
want the compact case)

(27.14) {a € C°([0,1] x [0,1] x TW; x x TW> x ‘R?P);a = 0 at all boundaries}.

Here the quadratic compactifications can be replaced by the radial ones, since we
are considering functions flat at the boundaries anyway. The x x means the fibre
product, so really we are taking the products of the compactifications of (W;), and
(W3), and making them into a bundle over X.
I leave it to you to carefully define the corresponding space of involutions

(27.15) H;dfzgizf)(Wl/X :Wa/X : RP)

which are doubly-adiabatic-smoothing perturbations of 7;, so as usual are 2 x 2
matrices. Now there are a total of seven ‘restriction maps’ we wish to consider.
Six of them correspond to restricting to one of ¢; = €3 = 0 (the doubly-adiabatic
symbol), to ¢; = 0, i = 1,2, the two single adiabatic symbols, ¢; = 1, i = 1,2, the
two restriction maps and €; = e; = 1. The seventh map is the restriction to €; = €5
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(= € if you like). These are of the form
(27.16)
Tad(Wy xWa) * Hagaisa W1/ X : Wy /X 1 RP) — Hsus(W1><W2) iso (RP)

ad,ad,iso
Tad(W1) * Hadadino W1/ X : Wa /Xt RP) — H_ 00 o (W2 /X R2P
Tad(Wa) * Hadadiso W1/ X : Wa /X 2 RP) — M%) 10 (W /X R?P
Reymt : Hoguieg Wi/ Xt Wa /X 2 RP) — HIPo (Wi /X + (We x R?P)/X)

Re=1: Hoguieg Wi/ Xt Wa /X RP) — HIPo | (W2 /X (Wh x R*P)/X)

Rei—ca=1  Hogat oo (Wi /X Wa /Xt RP) — H T (W xx Wa x R?P) /X))

ad,ad,iso
R€1:€2 cHX (Wl/X WQ/X ]Rp) — H ((W1 X x Wz)/X : ]R2p).

)
)

ad, ad iso ad,iso

Here I just thought of the idea of using iso(w) instead of iso to mean that the space
is a symplectic vector space instead of operators on a vector space. The main thing
to swallow is that all these maps exist. Here is a diagram in €, €3 space:-

So, there are lots of things we could easily prove about this picture. However,
recall that at the level of functions these maps really are restrictions to the sets in
question. So they have the obvious consistency properties that I will not write out
but will use below.

Now recall what we want to use this set-up for. We want to consider three
bundles, namely

W1 x x Wy — X bundle over X
(27.17) Wi x, Wy — Wi bundle over Wy
Wi — X bundle over X.

although for vector bundles the notation Wy x W5 for the fibre product Wy x x W is
conventional, here I am just trying to emphasize what things really are. In all three
case we have the Thom isomorphism and what we will use the doubly-adiabatic set
up to show:-

Proposition 34. For any pair of symplectic vector bundles over a manifold the
three Thom maps give a commutative diagram

(27.18) Ko(W, xx Ws)

mm)

Thom K?;(Wl)

A

K%(X).

Proof. The main claim, that I am not for the moment going to write down, is that
the third map above is surjective. This is the same sort of argument as in Lemma 29
above, with a few extra twists because of the two parameters — but not essentially
harder. It follows from this that the first map is also surjective, because this, by
consistency of the symbols, is the adiabatic symbol map applied to the range of the
third map.
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Thus we can start of with an element of k € HS_UC:(’WQ) oo (W1 x R?P/X) which is
in the image, under restriction to €¢; = 1 of an element K € H;dfuswz) oW1/ X

R?P), meaning its class is in the image of the top sloping Thom map. Using the
surjectivity discussed above, this is the image under the third map in (27.17) of an
element K in the doubly-adiabatic space. The image of this under the fifth map
in (27.17) is therefore a lift of x which defines the lower Thom map on the right,
i.e. restricting this element to e, = 1 gives the image of & in K°(X). However the
restriction of K under the last map gives the image of K in this space, and by the
consistency of these restricition maps these are the same. Thus the Proposition is
proved. O

Proof of Theorem 8 — Thom isomorphism. Consider any symplectic vector bundle
W. We know that this can be given a complex structure compatible with its
symplectic structure (and determined up to homotopy). As a complex vector
bundle, W can be embedded as a subbundle of C*V for some N and hence complemented
to this trivial bundle with another complex bundle 1. Conversely W has a symplectic
structure so we can arrange, after a homotopy of the symplectic structure which
does not affect the Thom map, that

(27.19) WxxW=WaeW=R"xX

with consistent symplectic structures. Now Proposition 34 gives the commutative
diagram

(27.20) K2(R?*N x X)

w

Thom=px K(W)

K°(X).

Thus the vertical map is Bott periodicity, so is an isomorphism. It follows that the
lower map on the right, the Thom map for W as a bundle over X is surjective. It
also follows that the upper map on the right, which is the Thom map for W x x W=
RN x X as a symplectic bundle over W is injective.

We have shown that the Thom map is universally surjective. However the upper
map on the right, which we know to be injective, is an example of such a map. So
it must also be surjective, hence an isomorphism. Hence the general Thom map on
the lower right is also always an isomorphism. O

Here is some material that seems to have been orphaned; I will work out where
to put it some time!

Let me recall, and extend, some of the basic results about the space H ;°(R?);
especially since the treatment I gave was rather brief, to say the least.

Proposition 35. Two compactly supported smooth maps I; : X — H._ °(RP),

150

i = 0,1, (through such maps) if and only if they are conjugate under a smooth
compactly supported map g : X — G°(R?; C?) which is homotopic through such
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maps to the identity:
(27.21) I (z) = g7 (@) Io(z)g(z) ¥V = € X.

Proof. Certainly if g = ¢g; for a compactly supported homotopy g. : [0,1] x X —
G2 (RP; C?) with go = 1d then I; = g7 Togi () is an homotopy from Iy to I;.

To see the converse, we will solve a differential equation. Recall that for an
homotopy of involutions

meaning that the derivative must be off-diagonal with respect to the involution.
Now, if we want to solve I; = g, 'Iog;, for the moment for fixed z, we can
differentiate and try to solve

(27.23) Iy =~(t) = —(g, 90 1 + 1 (g 4)-

Now, it follows from (27.22) that this identity is satisfied if we take arrange that

(27.24) 9 == (= LT LI + I LI).

DN | =

Thus, we can simply (try to) solve

g: = %gt’y(t), go = 1Id
(27.25) :
= =Td+a(0). alt) = [ (06) +als)r(9)ds

Now, the integral equation has a unique solution by standard contraction arguments,
and it follows from this uniqueness that the solution is smooth in the parameters.
Moreover it follows that g;(z) = Id +a(t, z) is always invertible, and is equal to
the identity outside a compact set in X. For instance the invertibility follows by
following the determinant since

(27.26) % log det(g:(x)) = tr(y(t, x)).

Ezxercise 21. Do it — check that it works in each seminorm and from uniqueness the
solution to (27.25) is Schwartz.

Now, going backwards it follows that g; implements the conjugation we want. [

Lemma 30. For a symplectic vector bundle W over X, two elements

I € My (W/X;CN) i = 0,1,
are in the same component if and only if there exists g € G;.>°(W/X;CN ® C?) in
the component of the identity such that I, = g~'Iyg.

Proof. The uniqueness of the method used in the previous proof means that it
works in the same way for sections of these bundles over X and then this is simply
a restatement of the conclusion. O
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I did show earlier that any smooth map of compact support I : X — H; .>°(RP)
are homotopic to simple sections of the form
(27.27) I =+ —2E. ® P_(z) + 2E, ® P (z), Py(z)? = Py(x),

InPy(z) = Py (2)lly = Py(z),
(ILy = On)P-(z) = Py (2)(ly — IIy) = Py(z) V2 € X,
P.(xz) = Ay P-(x)B+ are constant for z € X \ K, K € X.
Here M and N are integers and AL and By are matrices acting on the range of
TM -

To extend this to the case of sections of a symplectic bundle W is straightforward
except that we cannot demand the constancy outside a compact set unless we
demand that the bundle W itself is trivial, and has constant symplectic structure
outside such a set — I have been a bit cavalier about this. Fortunatly it is not really

a problem. Instead we just demand the conjugation equivalence in the complement
of a compact set (and I will change things retrospectively at some point).

Proposition 36. Any family of involutions, I € H; >°(W/X), is homotopic over

180
any open subset Q@ C X with compact closure to one of the form

(27.28) =7, —2E, ® P_(x) + 2E, ® P (z), Pi(z)? = Pi(x),
Mx(2) Py (2) = Py (2)Iy (2) = Py (2),
(Il (z) — Uy (2)) P (2) = Py (z)(Mm(z) — Iy (2)) = Pr(2) V2 € X,
Py(z) = AL (z)Px(z)Bx(z) in U\ Q, Q open, ¥ € X, Q C Q.
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28. LECTURE 25: ISOTROPIC FAMILIES INDEX THEOREM
FripAy, 31 OCTOBER, 2008

This lecture did not go over so well, there were definitely blank stares at what I
thought was the punchline! I think one problem was my insistence on working in
the generality of a symplectic bundle W over X instead of working on operators on
(Schwartz functions on the fibres of) a real vector bundle U over X — which is the
special case where W = U @ U’ with the symplectic form coming from the pairing.
It is a bit late now to undo this. In fact I clearly tried to include too much in this
lecture, as I discovered when I tried to write it up! Sorry about that, but T will
press on to the Atiyah-Singer Theorem. The argument I will use there is essentially
the same as this one, so maybe it will become clearer as we go on. This isotropic
index theorem is not actually needed in the proof.

Here is the outline I had originally for the lecture, which is pretty much what
I did. I will try to write out a different version below in the hopes that it will be
more helpful. Of course, part of the problem was that I did not take the time to
do things in detail.

Outline:-

(1) Index for P € WK (R¥), elliptic, is an integer.

(2) Index for an elliptic family P € C*°(X; ¥ (R*)), X compact, is an element

180

of K°(X) determined by choosing a parametrix and defining

(281) indiso(P) = [I(Pa Q)]

1-2R? 2R.(Id+R o
12,Q)@) = (Lt M) € cx iz @,

Ry, =1d—PQ, Ry =1d—QP,

from (25.5).

(3) More generally we want to consider a symplectic bundle W — X (I
will take the base here to be compact to avoid having to qualify various
statements and come back to the non-compact case if necessary — it isn’t
seriously harder). Then we could take an elliptic family

(28.2) Pc Uk (W/X;CN)

150

where this stands for the space of sections — so for each x € X we have an
element P(z) € UL (W,;CY) which varies smoothly with z € X. In fact,
for reasons of generality but also it turns out for topolical reasons that I will
mention somewhere, we will consider a pair of complex (smooth of course)
bundles over X, E = (E, E_) which I write as a superbundle for fun and

brevity. Then we want an elliptic family

(28.3) P e UE (W/X;hom(E)) elliptic,

150

which means ‘formally mapping sections of E to sections of E_.” Of course
the things we have are not operators so what this means is

P(z) € ¥F (W, shom(E, (z), E_(z)) = C*°(‘W,; hom(E (z), E_(x)),
P e UE (W/X;hom(Ey,E_) =C®(‘W;n* hom(E,, E_)

150

(28.4)

where I have written out what these are as spaces of functions (well, sections
of bundles). Thus hom(E) = hom(E,, E_) is the bundle of homomorphisms
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(28.5)
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on the fibres. The form algebras when E = (E, E) is a fixed bundle and
more generally form modules and can be composed when the bundles ‘in
the middle’ are the same.

So, what is the index of an elliptic operator (28.3)7 It is supposed to
be given by the same formula (28.1). Of course we have to remember
the bundles. Still, the construction of a smooth parametrix goes through
unchanged to give

Q € Ui (W/X;hom(E7)), B = (E_, Ey),

150

Ry =1d—PQ € ¥, °(W/X;hom(E_), Rg =1d—QP € ¥,_>°(W/X;hom(E, ).

(28.6)

(28.7)

(28.8)

150 150

So, let us embed E — (C,C") which is to say, embed both bundles
in trivial bundles which can be taken to have the same rank. Let 7y (z) be
the projections onto the ranges of the embeddings of Ey in CV. Now if we
look at (28.1) we get the central block in

Id-my(z) 0 0 0

= _ 0 1-2R? 2R, (Id+Rp)Q 0

I(P,Q) = 0 9RxP  —Id+2R% 0
0 0 0 —(Id —7—(x))

So, this has been stabilized into a C*> @ CV and hence can be mapped
into H;.>°(W x R?/X). This then is our index from the point of view of
involutions. Later I will do the more conventional (but of course very closely

related) stabilization to projections.

Theorem 9. For an elliptic family (28.4) the class of the involution (28.6)
does not depend on the choices involved and so defines an index class which
only depends on the symbol (and of course the bundles):

indiso (P) = indiso(c(P); E) € K°(X).

The index map (say from elliptic-parametriz pairs) factors through the
semiclassicl index map giving the Thom isomorphism in terms of a map
[0] to be described giving a commutative diagram

[o]

{(P,Q)} KO(W)
indiso AThom

K°(X).

Furthermore the vanishing of indiso (P) is a necessary and sufficient condition
for the existence of a perturbation T € ¥, °(W/X;E) such that P+ T is
invertible with inverse (P +T)~' € U _*(W/X;E™).

Let me proceed to the idea of the proof without first defining the K-class
of the symbol, but that is really what I am working towards. For the
moment I will work with projections, but it might be better to do it with

involutions. So, what we have done above is embedd the two bundles as
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projection-valued sections of CV over X. So that is our data:
71 : X — M(N;C), 7% =7y and p, ¢ € C®(SW; M(N;C)),
(28.9) 7 (2)p(ws) = p(wa) = p(wa)mi(2), q(wz)m () = p(ws) = 74 (2)q(w2),
p(we)q(we) = 7 (2), q(we)p(w,) = 74 (2), W, € O'W,.

Here ¢ is just the inverse of p = o(P) extended as zero outside the bundles.
So we need to understand how this gives an element of K9 ().

(7) To do so, let me generalize the symbolic data in (28.9). Namely we can
take exactly the same thing except that we allow the projections to depend

on the variables on W but require them to be smooth up to the boudary
of the quadratic compactification:-

(28.10) 7L 9W — M(N;C), 75 =7nx and p, q € COO(SW;M(N;E)),
T_p=p=pmy, qn_ =p=m4q, pg =7, gp=m4 on O'W.
(8) Now what we want to do is to quantize this more general data. We can do
this in the following way:-
Proposition 37. For general data as in (28.10) there exist semiclassical
families of projections
Iy € U2 (W/X;CN) with 0aq(x) = 7, 0350(Il2) = 71 on W and
P, Q € ¥ (W/X;CN) s.t. o0(P) =p, 00(Q) =g,
R(IL_)P = PR(IL,), R(IL;)Q = QR(II),
Rr = R(Il_) — PQ, R, = R(Il;) — QP € ¥, ;>°(W/X;C").

150

(28.11)

Here R is our usual restriction to € = 1 of the adiabatic family.

Proof. We can quantize the 71 to semiclassical families, with constant
standard symbol (as a function of e.) Such a family is unique up to homotopy
through such families. Then we can quantize p and ¢ to operators P’ and
Q', replace these by R(II_)P'R(Ily) and R(I1.)Q'R(II_). Then we need
to correct a little to get the remainder terms to be smoothing. O

Really this is just a variant of the elliptic construction.
(9) So, we can write down the ‘same’ involution still defining a K-class:-

(28.12)
Id 11, (2) 0 0 0
. B 0 1-2R? 2Rp(Id+Rp)Q 0
[(P,Q,1L) = 0 2RrP —1d +2R% 0
0 0 0 —(1d —TI_(z))

The uniqueness of the construction up to homotopy shows that this defines
an index from the ‘general data’ in (28.10).

(10) 1 now need to define the map for the ‘generalized data’ into K(W).

(11) So, how does it improve things to make the problem harder? Well, there is
one thing to notice here.

Proposition 38. The data where 7. are equal to the same constant projection
outside a compact subset of W and p = q = Id on the range of this projection



BKLY08 125

‘generates’ all generalized data up to operations, stability and homotopy,
under which the index is constant.

So, the proof is really this observation plus the fact that the index in
this case is given by semiclassical quantization.

So that was my original outline. Let me approach things from the other end
writing out the maps that do exist more carefully. Thank you Paul for pointing
out that I had lost a lot giso’s — I was using iso instead. This really does not make
any significant difference; it just makes a difference. Note that X is taken compact
below.

First of all, what exactly is the families isotropic index? Consider the subspace
of elliptic operators

(28.13) EIl?

qiso

(W/X;E) c 92, (W/X;E) = C®(“W; 7* hom(E)).

qiso

As a space of ‘functions’ the space on the right consists of the smooth sections over
21/, the quadratic compactification of W, of the pull-back of the homomorphism
bundle from E_ to E. over X. Thus at each point of w € W one has a linear
map from E,(z) to E_(z) where n(w) = z and this depends smoothly on w. The
elliptic elements are those for which the symbol, p, just the restriction to the sphere
at infinity, is invertible. In particular the ranks of EF. must be equal for there to
be any elliptic elements.

Lemma 31. Any elliptic family P € EI%, (W/X;E) has a parametriz

qiso

Q € B, (W/X;E™,) E™ = (E_, Ey),

qiso
meaning that

(28.14) Ry =1d—QP € U ®(W/X;E,), Rgp =1d—PQ € ¥ *(W/X;E_)

150 150

and any two parametrices are smoothly homotopic within parametrices.

Proof. Pretty much the same old constructions using the symbol map, iteration
and asymptotic summation. O

So we will consider the big set of pairs, of elliptic elements and parametrices as
in (28.14), together with smooth embeddings 71 of the bundles E, as subbundles
of CV over X and denote this P%. (W/X;E) = {P,Q,m+}.

q

Definition 7. Let D(W) be the collection of elliptic data for W with elements
(p',7+) where 7L € C®(X; M(N,C) are projection-valued and p € Iso(SW;x) is a
smooth isomorphism between the pull-back of the range of 7, and the pull-back of
the range of m_ over SW.

Each element, of P}, (W/X;E) defines an involution through
(815) 1(P,Q.7s) =
d-m,(z) 0 0 0
0 1-2R2 2R, (Id+R;)Q 0
0 SRpP  —1d+2R% 0
0 0 0 —(Id —m_(z))
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where, since we have chosen an embedding of E. and E_ into the trivial bundle CV,
so all terms can be regared as ‘operators on’ CV. Thus, the 4-fold decomposition
of C2®@CN = CN @ C! in (28.15) is in terms of the ranges of (Id —7_(z)), 7_(z),
74 (z) and Id —74 (z)). In particular the operators in the central 2 x 2 block are of
the form

(28.16)

<\I/°°(W/X;E) xIJOO(W/X;E)>
U (W/X;ET) OT(W/X;Ey))

Ezercise 22. Make sure that (28.15) is an involution.

Proposition 39. Corollary 7 shows that the involution (28.15) defines an element
of K%(X) and this induces a commutative diagram

(28.17) Paiso(W/ X E)

/ \@fm

K°(X).

D(W)

indjso

Proof. We have to check that the class [I(P, @, 7+)] defined by applying Corollary 7
to (28.15) is independent of the choices of parametrix, @), of quantization P and of
embedding of E4 in CV, including the indepence of N. In fact the last of these is the
simplest since increasing N just corresponds to stabilization which is already part of
the definition of the map in K°(X). By definition the class [I(P, Q, 7+)] is homotopy
invariant — notice that the notation really is inadequate since it depends on the
identification of E with the ranges of 7. Fixing everything else, independence of
the choice of P and @ follows from the fact that the linear family (1 — ¢)Py + tP;
between any two quantization (operators with symbol p) consists of quantizations
and the construction of parametrices can be carried out uniformly in an additional
parameter (which can be hidden in X). Thus, it suffices to suppose that P is fixed.
Then the linear homotopy (1 —t)Qo +tQ1 consists of parametrices. Thus it suffices
to consider P and () fixed and change the embeddings. Changing the embedding of
E. with 7y fixed means conjugating by isomorphisms on the ranges of 7 and 7_
in the middle block (but not the outer block) in (28.5). These can be rotated away
after stabilising a bit. On the other hand, if 7'y is another family of projections with
range bundle isomorphic to Ey, for the same N then there are necessarily elements
Fy € C*(X;GL(N,C)) conjugating 7+ (x) to 7'y (x) for each x and homotopic to
the identity, see Proposition 40 — these can be deformed away. O

Proposition 40. If F; : E — CV are two embeddings of a complex vector bundle
into a trivial bundle then, after stabilizing by further embedding as F; = F; & 0 :
E — CNaCN there is an element A € C*°(X; GL(N + M, C)) which is homotopic
to the identity and conjugates the range of Fy to the range of F.

Proof. Let m; € C°(X; M(N,C) be the orthogonal projections onto the ranges of
the F;. We can consider the joint embedding Fy & F» : E® E — C2N which has
range 71 (z) @ ma(x) at each point. Consider the ‘rotation’ on C?*V obtained by
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decompositing into the four pieces
(28.18) Gy : (v,w) — w(z)v + (Id =71 (z))w + m2(z)w + (Id —m2(z))w
— (cost)m(z)v + (sint) Fy (Fy) ™ (ma(z)v) + (Id =7y (z))w
— (sint) Fy(z) Fy *m(2)v + (cos t)my(z)w + (Id —ma () )w.

Clearly, Go = Id and G > conjugates the range of 71 & 0 to the rang of 0 @ .
Following this by a 1-parameter family of rotations between the two factors, starting
at the identity and finishing at a map which exchanges the factors (and reverses
one sign) finally gives a bundle isomorphism of C?V which intertwines the two

projections and is connected to the identity — where it is easy to make the family
smooth:

(28.19) go =1Id, g7 (m ®0)g1 = @® 0.
O
Theorem 10. (Essentially Theorem 9 above). The relation ~ on D(W) generated

by stability, bundle isomorphisms and homotopy on p, gives a natural isomorphism
D(W)/ ~=K%W) which leads to a commutative diagram

(28.20) Poiso(W/ X 0)
/ \@ji)}
0
D) — K°(X)
\ hom=pg
KG (W)

under which the isotropic index map factors through the semiclassical realization
of the Thom isomorphism. The vanishing of ind(o(P) in K°(X) is a necessary
and sufficient condition for the existence of a perturbation T € ¥ °(W/X;E) such
that P+T is invertible with inverse in U, (W/X;E™) and is also equivalent to the
exists of an homotopy, through elliptic elements starting from a stabilization of P,

to the identity.

So this is the families isotropic index theorem.

Now the main aim is to prove (28.20) identifying the isotropic index map with
the Thom isomorphism. It would be logical to discuss the relation ~ on the
symbol data, however as in the outline above, I prefer to launch into a discussion of
‘generalized symbol data’. The key ingredient in the proof of (28.20) is then that
the index map can be extended to this more general data.

Definition 8. The space 750(W) of generalized elliptic data for W consists of the
elements (p,7+) where 7 € C®(“W; M(N,C) are projection-valued and p €
Iso(SW;m) is a smooth isomorphism between the range of m; and the range of
m_ over SW.

So the only sense in which this is generalized compared to Definition 7 is that
the projections are smooth on the whole of the quadratic compactification of W —
rather than being pulled-back from X and so constant on the fibres. Of course

(28.21) D(W) c D*(W).
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The main thing we need, and at this stage it may seem just like a strange
generalization, is to define the index map on the whole of this generalized data. So

let me consider a big version of P, (W/X;e) discussed above.

Definition 9. Let P°(W/X) consist of all elements (P, @, IL;.) where for some N,
My e (W/X;CN), 2 =1,

ad,qgiso

Oiso(I11) is independent of ¢,
(28.22) P, Q € ¥ (W/X;CN) satisfy

P =R(I.)P = PR(IL;), @ = R(I1})Q = QR(I_),
Rr =R(Ily) —QP, Rp = R(I_) — PQ € ¥ > (M/X;CN)

1S0

where R is the restriction of the adiabatic family to e = 1.

Again we certainly have
(28.23) PO(W) c PO(W/X)

where an element (P,Q,7) can be regarded as an element of P°(W/X) since w4
are just smooth matrices over X so can be thought of as adiabatic families, just
constant matrices on each fibre, which are then completely independent of €. In
particular in this case II. = w4 with the isotropic symbol reducing to 7+ again
and this is constant in e.

Lemma 32. The adiabatic and istropic symbol maps induce a surjective map
(28.24) P(W/X) 3 (P,Q,I4) — (p, 7z = 0y (ILs)) € DO(W).

Proof. The existence of the map (28.24) is just a matter of checking the consistency
conditions. Namely, the adiabatic symbols of Il are projections 7+ € C>®(YW; M (N, C).
The compatibility between adiabatic and istropic symbols means that the istropic
symbol restricted to e = 0 is 74 restricted to the boundary, SW. Then the insistence

in (28.22) that the isotropic symbol be constant in € means this holds everywhere.
Then it follows from the other conditions in (28.22) that p = 05, (P) satisfies

(28.25) T_P=pm, =D

and the existence and properties of () then it means it is an isomorphism from the
range of m4 to the range of m_ at each point of SW.

So, the surjectivity is just the converse, that every such triple in D°(W) arises
this way. This is our usual constructive task — to find IIx and P, () as in (28.24)
given p and 74. First think about the m4. The joint surjectivity of semiclassical
and isotropic symbols means that we can choose II'y € \Ilgd’iSO(W/X;(CN) with
the symbolic conditions in (28.24) — since the compatibility condition is evidently
satisfied. Now, I leave it to you to go back and see that II'_, which are necessary
projections up to leading order, in both the semiclassical and the isotropic sense,
can be deformed to be actual projections with the same symbols, i.e. by adding
terms which are lower order in both senses. In brief this comes from the same
iterative arguments with the symbols as before. Do it first at the semiclassical face,
checking that the resulting correction (after summing the Taylor series) is of order
at most —1 in the isotropic sense. Then do the same iterative correction using the
isotropic symbol and note that all terms, and hence the asymptotic sum, can be
chosen to vanish to infinite order at ¢ = 0 (so they aren’t really semiclassical, just
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smooth in €). This corrects I, to be projections modulo and error (IT',)? — II’,
which is of order —oo and vanishes to infinite order at e = 0. Now, the integral
argument allows this to be corrected to a family of projections in € < ¢y for some
€o > 0. Since the isotropic symbol is constant anyway, reparameterizing allows the
family to be ‘extended’ all the way to € = 1.

Now, having constructed Il we need to construct P and @ to satisfy the
remaining conditions. We can certainly choose P' € W0, (W/X; CN) with 010 (P') =
p. Replacing it by P = R(II_)P'R(II1) does not change the symbol, given the
properties of p and the 71 and of course implies that P = R(II_)P = PR(II;). So,
it remains to construct @) satisfying the remaining properties. By assumption p has
a generalized inverse ¢ € C*°(SW; M (N, C)) such that p¢g = 7_, ¢p = 7, on SW.
First take Q' € W3 (W/X;CV) with 015,(Q') = ¢ and set Qo = R(I1})Q'TL_. We
have everything but the last line in (28.22) and we have this to first order, because
of the properties of p and ¢ — namley

(28.26) Ry = R(Il}) — QoP € ¥  (W/X;CN) has

qiso
Oiso(R1) =74 — qp = 0= R}, € W (W/X;C).

Thus we wish to successively add lower order terms to make successive symbols
vanish. We can in fact add any term of order —1 or the form R(II})Q;R(II_)
to Qo and this has arbitrary symbol of order —1 of the form 7 g;7_. Moreover
it follows by composing the identity in (28.26) on the right with II_ and the left
with I} that the symbol of R} of order —1 is of this form. So, iterating this
argument and asymptotically summing we can arrange that @ satisfies the first
identity on the last line in (28.22) with everything else still holding. So, it remains
to ensure the last condition — which can certainly be done by the obvious variant
of the preceeding argument, but we need both to hold at once! So, go back to the
previous construction and proceed by induction. The extra step is that at stage p
we have arranged that R} is of order —k —1 and RY, is of order —k and we want to
correct the second without destroying the first. The term we add to Q" is IIL Q},II—
where 0_(Q},) = g = —0_R;. However, from the definition of R}, =11, — PQ’,
Rz P = PR/, has vanishing symbol of order —k, so ¢q;p = 0 from which it follows
that both conditions then hold at order —k and the induction can continue.

Thus indeed the operators in (28.22) can be constructed and surjectivity follows,
proving the Lemma. O

Proposition 41. The analogue of Proposition 39 holds for the ‘generalized’ para-
metriz sets and elliptic data, so inducing a commutative diagram which restricts to
(28.17):-

(28.27) POgiso(W/X;E)

/ \@j)]

K°(X).

indjso
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Proof. The main thing to notice is that modifying (28.15) to
(2828) I(P,Q,IL.) =

1d —I1, () 0 0 0
0 1-2R? 2R, (Id+R.)Q 0
0 2RxP  —1d+2R% 0
0 0 0 —(1d-TI_(z))

€ H=°(W/X;CN)

gives a family of involutions with essentially the same homotopy properties as in the
proof of Proposition 39. I will write a little more, especially about the conjugation
which shows up when we change things — here it is a bit more general but the same
arguments work. O

So, if you believe all that, observe that something rather pleasant happens in that
we have another ‘extreme’ subset of DY(W) (the other one being D°(W). Namely
consider

(28.29) D™®(W) = {(7e0, T+);
Ty = Too + a4, ay € SW/X; M(N,C), 7_ = 7o € M(N,C)}.

Thus in this subset, 7_ is constant, 7y is a Schwartz perturbation of 7 = 7
and p is the identity map on the range of 7,,. Thus the —oo is denotes, that the
elements are smoothing perturbations of constant objects (we could allow 7_ to
have a Schwartz term t00).

Lemma 33. The equivalence relation ~_o, on D~°°(W) in which elements can be
stabilized, by the addition of the identity or of zero on a complementary subspace
(so increasing N), or subject to homotopies within D~ (W), so preserving the
constancy of T on ‘W etc, but allowing 7o, to vary in M (N, C) with the parameter,
gives a natural isomorphism

(28.30) D™/ ~_oo—r KUW).
Proof. We define the map (28.30) directly. For an element (74,7 ) in D~°(W)
(so m_ = 7 is a projection in M(N,C) and 7 is a family of projections on W

which is a Schwartz perturbation of my,) let M = rank(ns. The cases M = N
and M = 0 are trivially globally constant. So, we can add either an identity
block of size N — 2M if this is positive or a zero block of size 2M — N in the
opposite case, to arrange that N = 2N keeping equivalence under ~_., . Now, all
projections in M (N, C) of given rank are are homotopy where the curve is obtained
by conjugation with a curve in GL(NV,C). So after an admissible homotopy under
~_qo We can arrange that N = 2p is even and under a decomposition C?? = C2®CP

(28.31) oo = B4 ®Idpyp = I(w) = 14 (w) — (Id =71 (w)) — S(W;H, °(R))

150

where as usual we are further stabilizing by using the harmonic oscillator basis of
S(R) to map into Ho°(R).

It remains to check that passing to homotopy classes in (28.31) projects to a
map (28.30) into K?(W) and that this map is an isomorphism. I omit the details
but surjectivity is clear enough by finite rank approximation and after stabilization

homotopy on the left in (28.31) exhausts the freedom on the right. O
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Proof of Theorem 10. The crucial observation is that we know already how to
quantize the data in D~°°(W) in (28.29). So we prove the main result by looking
at the expanded and rearranged version of (28.17):-

(28.32)

PO (W/X;e)—=7P

qiso qiso

(W/X;0) <——P 7 (W/X;e)

180

D(W)C D(W) "D(W)
[a}l [o] [a]i
DW)/ ~ DW)) ~=——=D"2(W)/ ~_oo == K(W)
indjso indico y Thom
K’(X)

So, we proceed to check that this diagram commutes.

Going down the left side is repeating the discussion above, that we know how to
define the isotropic families index by looking at the family of involutions I (P, Q, 7).
The image, in KO(X) of this isotropic index map factors through the symbol data,
into D°(W) and further under the equivalence relation ~ to the quotient. So the
map from top left down the left side and to K°(X) is the isotropic index in the
sense of [I(P,@,n+)]. The same is true down the middle column, except that the
problem has been ‘aggrandized’ by includion of semiclassical Toeplitz objects — the
ITL. We also know the top two maps from the left column, given by inclusion,
give commutative squares. Similarly for the next map down we know there is an
inclusion-induced map from left to right where I have equality, and this gives a
commutative left side. Everything is the same on the right side, again with a map
now from right to left third down; the equality to KY(1) is Lemma 33.

So the only things left to show are that the maps in the third row are isomorphism,
and given their naturality as inclusion maps can then be regarded as equalities plus
the proof of the commutativity of the lower right triangle.

Let’s do the last part first. Going way back to the discussion of the Bott element.
Modulo checking the details it is clear enough. The ‘isotropic index’ in this case is
obtained by semiclassical quantization of the one projection 7 — the isotropic part
of the quantization is trivial since there we just have 7, itself. So, this map and the
Thom isomorphism are given by semiclassical quantization. Unfortunately on one
side it is given by quantization of a projection and the other side by an involution.
Of course the projection is supposed to be the positive part of the involution, so
the exact correspondence needs to be checked.

By Lemma 33 it is enough to consider the case where 7o, = E, on C?> ® CN
where FE is the projection onto the first element of C2, tensored with the identity
of course. The semiclassical quantization of 7, € C®(“W;M(N,C)) to a family
of projections I} also gives a semiclassical quantization of the involution 7 —
(Id—74) = 71 + a with a Schwartz. So, it is only necessary to check that the
isotropic index, which is [I(P, @, II1)] for this very special data, is the same as the
class of semiclassical quantization of the involution at ¢ = 1 which defines the Thom
isomorphism.
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A bit more detail needed here. _

Proving the horizontal maps are equalities is showing that every class in P/ ~
can be represented uniquely by an element either in P/ ~ or P=°/ ~_, . It is
straightforward.

There is still more to Theorem 10 apart from (28.20) — which certainly follows
from (28.32). Namely, what happens if the index vanishes. Going through the
proof of the equalities of the quotients in (28.32) and of course using the fact
that the Thom map is an isomorphism, one concludes that the vanishing of the
isotropic index implies that (P, Q,7+) ~ 0. Looking at the equivalence relation, the
implication is that the symbol p, between the original bundles, is, after stabilization
by the identity on some additional bundle, homotopic to a bundle isomorphism —
can be deformed to be constant on the fibres of SW over X. This is one of the two
claims.

The other one is more interesting analytically so I will extract it for later
reference. O

Proposition 42. If P € 9% (W/X;E) is elliptic then there is a perturbation

qiso
T € Y ;oo(W/X;E) such that P+T has a generalized inverse Q € ¥ 2(W/X;E7)
meaning

(28.33) are projections

wp=1d_ —(P+T)Q €U X(W/X;E )

{m =1d; —Q(P+T) €U, *(W/X;Ey)
180
and the index is represented by the K-class indiso(P) = Ran(wr) © Ran(wg). If

this K-class vanishes then T can be chosen so that P + T is invertible.

So the isotropic index is the precise obstruction to perturbative invetibility without
any need to stabilize. This is basically because there is ‘enough room’ in the
smoothing terms.

Proof. Replace P by P(Id —IIy) = P + T where I is the sequence of harmonic
oscillator projections and check that for large N this has ‘null space the range of
IIN’ (these aren’t actual operators) and (28.33) can be arranged. If the index K-
class vanishes this means that after increasing N enough (effectively stabilizing)
the bundles defined by Il = II;, and IIg are isomorphic. This there is a further
perturbation 7' which maps precisely from the ‘null space’ of P(Id —IIy) to the
range of I and hence P(Id —IIy)+7T is invertible with the invserse as claimed. O
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29. LECTURE 26: SEMICLASSICAL PUSH-FORWARD FOR FIBRATIONS
MonDAY, 3 NOVEMBER, 2008

At this point I want to start the transition to geometric settings and in particular
the Atiyah-Singer index theorem. This can be paraphrased in the form: ‘The push-
forward in K-theory for fibrations is realized by the index of pseudodifferential
operators’ — although this is slightly misleading since the push-forward is from the
fibre-cotangent bundle of the fibration. That is what I want to examine today.

So, let me start with a single compact manifold Z. In fact I will allow it to be
a manifold with corners later, but for the moment let us require that it not have a
boundary. The basic commutative object is C*°(Z), the space of smooth functions
on Z. 1 will also assume that you know about A*Z, the bundle of k-forms on Z.

One thing we need to be able to do is to integrate, invariantly. Given the
transformation law for integrals under coordinate changes we can only integrate, at
least in the usual sense, objects which transform with a factor of the absolute value
of the Jacobian unless we assume that the manifold is oriented. The latter works
because we then only make coordinate changes with positive Jacobian matrices
anyway and volume forms v € C*°(Z;A"Z), n = dim Z, transform with a factor of
the Jacobian:-

(29.1) F*(dzy A -+ Ndz,) = det (81;;(Iz)> dzy A+ Ndzy, zj = Fi(2').
J

Here the fibre at a given point A7 Z can be viewed as the space of totally antisymmetic
multilinear forms

(29.2) T.ZxT.Z---xT.Z — C or R.

In general A*Z is a contraction for A¥(T*Z) and alternatively on can identify A?Z
as the space of linear functions on, i.e. the dual of, A"(T,Z). The latter is a one-
dimensional vector space so we can apply the self-proving

Lemma 34. For any one dimensional real vector space L the space of absolutely
homogoneous functions of degree «

(203)  f:L\{0} — R, f(v) = [tIf(v) ¥ ,€ R\ {0}, ve V' \ {0}
is a well-defined one-dimensional vectors space, denoted QV™, or QV* when a = 1.

It follows easily enough that the fibres Q(A7Z) form a smooth one-dimensional
vector bundle QZ over Z. This is the space of densities.

Exzxercise 23. If you have not done this before, check that the integral is well-defined
by reference to local coordinates and a partition of unity:

(29.4) / :C*(Z;9Z) — R or C.
z

Note that if v € C*(Z;A"Z) then |v| € C°(Z;QZ) can be integrated and if Z
is oriented and v > 0 this gives the integral back again (and in that case |v| €
C>®(Z;Q2)).

Now consider the product, Z; X Zs, of two compact manifolds. The density
bundle on Z can be pulled back to the product, where we can again denote it
QZ,y or m3$2 where wg : Zy X Zy — Z3 is the projection and we drop, as obvious,
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the reminder that the bundle comes from the second factor. Fubini’s theorem then
shows that
(295) SCOO(Zl X ZQ;WRQ) —)COO(Zl)

Za
Ezercise 24. Try to write down a clean proof of the existence, and natural properties,
of the integration map

(296) :COO(Zl X Zz,ﬂ'ZE ®7TRQ) — COO(Z17E), Ty Z1 X Ly — I
Za

being the projection onto the first factor and E being any vector bundle over Z;.

We will make extensive use of smoothing operators. Let me set these up first
for any pair of compact manifolds Z;, i = 1,2 with complex vector bundles E; over
them. Namely a smoothing operator is a continuous linear map

(29.7) A C®(Zo; Bn) — C™(Z1; En)

which is given by the generalization of (29.6). Namely there must exist a Schwartz
kernel A € C*(Z1 x Zy; Hom(Es, Eq) ® mRY) such that

(29.8) Au(z) = A(z1,22)u(z1)

Za
Here Hom(FE>, Ey) is a bundle over Z; x Zs which has fibre at a point (z1, 22) the
linear space of linear maps T : (E2)., — (E1)., — it is unfortunate about the
reversals here. Standard linear algebra gives a natural isomorphism

(29.9) Hom(E», Ey) = Ey R (E»)*.

Then (29.8) reduces to (29.6) since it means we ‘contract’ in E, — or apply the
homomorphism — to get

(29.10) A(z1, z2)u(z2) € (Er) @ Q(Z2).,

and then we can integrate.

Ezercise 25. 1 have not discussed the Fréchet topology on C*°(Z; E) for a vector
bundle over Z — it is basically the same as the earlier spaces such as S(R™). In fact
it is isomorphic to this space! You might wish to go through the topology carefully
(and think about the isomorphism which will appear a little later).

For the moment we are most interested in the case Z; = Zy = Z and E; = E5 =
E, then Hom(E) = Hom(E, E) is a bundle over Z2. The ‘usual’ homomorphism
bundle, hom(E) = hom(E, E) is a bundle over Z which is the restriction of Hom(E)
to the diagonal.

Lemma 35. The space C*°(Z?; Hom(E)®75) is an associative, non-commutative,
Neumann-Fréchet algebra, denoted ¥=°(Z; E) under the operator product

(29.11) (2,2") /Azz (2", 2").

Proof. 1 leave it to you to check that similar arguments as in the isotropic case
show that the product is continuous and that it has the corner property. For the
moment this means that with seminorms (based on continuous derivatives in local
coordinates and trivializations)

(29.12) A1 A2 Aslx < CllAulkl|Azllol| As]lx-
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This again is Fubini’s theorem. It follows that for A in a neighbourhood of the zero
in ¥~°°(Z; E) the operator Id + A is invertible with inverse Id +B, B € ¥=°°(Z; E).
O

Ezercise 26. Let G=°°(Z; E) be the corresponding Fréchet group — it is in fact an
open dense subset of ¥~°°(Z; E) with the ‘drop the Id’ identification. I invite you
to check that many things we have done previously hold for this group. It has a
determinant function, admits finite rank approximation and it is a classifying space
for K' . T will write down the Chern forms and so on later.

This is our replacement in the geometric setting for ¥—°°(R¥; CYV). Moreover
we can generalize at least some of the things we have done before. First we can
introduce the corresponding semiclassical algebra. The scaling here is slightly
different to the isotropic case, but this does not in the end make very much
difference. Of course we immediately know what smooth dependence on a parameter,
even one in a manifold, means.

For the semiclassical calculus we want to consider the appropriate subspace of
kernels

Ay €C%((0,1]; ¥ °(Z; E) = C™((0,1] x Z%; Hom(E) ® m5Q)

where T am even too lazy to write the extra pull-backs from Z2 to (0,1] x Z2. So,
of course the crucial thing is to specify exactly what happens as € | 0. We demand
two things of the kernels A.. First assume £ = C :

(20.13) If K C Z% is closed and K N Diag = § then
' A, — 0 rapidly with all derivatives as € | 0 on K.

(29.14)
If U C Z is a coordinate chart then 3 Fy € C*°([0,1] x U x R") s.t.

_ !
Az, 2') = e "Fy(e, 2, FZ

)|dz'| on (0,60(K)) x K x K, ¢o(K) >0V K € U.

So, there are two main changes compared to the Euclidean case. First we need to
specify the rapid vanishing away from the diagonal — this is true in the Euclidean
case anyway — since we do not have global coordinates. Secondly, the scaling is
different in (29.14) — it simply does not make sense to scale the base variable since
they lie in U. T have also not made the ‘Weyl’ change from z to (z + 2')/2 but this
is only because I would have to put a double covering — since (z + 2')/2 is not in U
in general.

Ezercise 27. Work out the wording for (29.14) in terms of Weyl coordinates.

This is a seriously overspecified definition. Even so, this would not make much
sense if it wasn’t really local:-

Ezercise 28. Check that (29.14) for all coordinate charts is equivalent to the same
definition for a covering by coordinate charts, given (29.13). Check at the same
time that the bundle E can be put back in where in (29.14) U should be such that
E is trivial over it and then f should take values in M(N,C) where N is the rank
of E.

Proposition 43. The semiclassical families form an algebra under operator composition,
denoted W *°(Z; E) with a well-defined symbol map giving a multiplicative short
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exact sequence

(29.15) eV (2, E) — Y ™(Z; E) 2 S(T* Z; hom(E)),
where in any local coordinate system
(29.16) oa(z,¢) = / e 2 CFy (0,2, Z).

Proof. Use the preceeding exercise to reduce the problem to local coordinates and
then check directly by changing variable as we did before. Most importantly, check
that the leading part of Fy, Fiy(0,z2,2)|dZ] is actually a well-defined density on
T.Z for each z € Z, so (29.16) makes sense and gives a well-defined function on the
cotangent bundle — the density is absorbed by the Fourier transform. O

Digression 1. T am pretty unhappy having to do local coordinate proofs like the
one above — that I have not done. So, I now resort to global definititons of things
like the semiclassical calculus described above, where the composition and symbolic
properties become geoemtrically complelling. In this case it is convenient to use the
notion of real blow up. Since I do not have the time to discuss this in the course I
have not used it, although I have come close. You could look at the notes from my
introductory lectures at MSRI this year but it can also be found in lots of other
places. So, let me just assume you know what blow up is. The manifold we want
to consider, a manifold with corners, is by definition

(29.17) Z3 =1[0,1] x Z*; {0} x Diag], B : Z3 — [0,1] x Z*.

That is, it is the kernel and parameter space, blown up at the diagonal at e = 0.
This is a manifold with corners with a ‘front face’ corresponding to the blow
up — it is a bundle over {0} x Diag which is naturally isomorphic to TZ, the
radial compactification of the tangent bundle of Z. The other, or ‘old’, boundary
hypersurface is the closure of the preimage of {0} x (Z2 \ Diag). It is naturally
diffeomorphic to [Z?; Diag], the product with the diagonal blown up. The intersection
of these two faces, the corner, is naturally the sphere bundle, the boundary of the
radial compactification of the tangent bundle of Z.

The blow-down map can be composed with the projections to get, for instance

(29.18) fr=mrof:Z5 — Zand f=my 0f: 23 — Z*
which are also smooth.

Proposition 44. The kernels of semiclassical operators, forming ¥ *(Z; E) can
be identified naturally (by continuity from e > 0) with

(20.19) {A € (B*(e)) "C>(Z3; 5* Hom(E) ® 75 );
(B*e)"A =0 at ({0} x (Z* \ Diag) }.

Thus, except for the power of ¢ (which can be hidden in the density if one
prefers) the kernels are smooth on Z2. The semiclassical symbol then comers from
the restriction of the kernel to the front face. If the e factor is absorbed into the
density, this is naturally a Schwartz function on T'Z with values in the fibre density.
The Fourier transform along the fibres then gives the function o5 (A). The exactness
of (29.15) is then just the fact that vanishing at the front face produces a similar
kernel with an extra factor of € — since the kernel vanishes rapidly at the ‘old’ face
by assumption.



BKLYO08 137

The product itself can be usefully viewed in this picture too. I may put in a
description here if I have an idle moment!

So, all this is setting up the semiclassical calculus of smoothing operators on
a compact manifold. Naturally we want to go further and the main immediate
extension is to operators on the fibres of a fibration. This is the setting of the
Atiyah-Singer theorem.

Recall that a smooth map ¢ : M — Y between manifolds (compact or not) is
a fibration if there exists another manifold Z such that each point § € Y has an
open neighbourhood U C Y corresponding to which there is a diffeomorphism Fy
giving a commutative diagram

(29.20) oI U) ——L—>UxZ

Exzxercise 29. Recall that the implicit function theorem shows that if M and Y

are compact and connected then the condition that ¢ be a submersion, that its
differential be surjective at each point of M, implies that it is a fibration. The
connectedness conditon can be dropped with minor consequences. Dropping compactness
is more serious.

If Y is connected, or by fiat in the definition above, the manifold Z is fixed, up
to diffeomorphism. I will use the notation

(29.21) Z——M

llj

for a fibration and denote the fibre above y € Z by Z, = ¢1(y). There is no specific
map from Z to a given fibre, but such a diffeomorphism does exist by hypothesis
from (29.20).

Now, if I am to get this far I will have to be quick. Let me just say, the
coordinate invariance of the smoothing algebra and the semiclassical algebra on a
fixed manifold, Z, means that it can be transferred to the fibres of ¢ in such a way
that we know what

(29.22) U °(M/Y;E) and ¥;>(M/Y;E)

are, where E is a bundle over M (not necessarily coming from a bundle over V).
They are the spaces of smooth sections of bundles of (families of) operators. In the
first case we get for each y € Y an element of ¥~°°(Z,; E,) where Z, = ¢ '(y) and
E, is the restriction of E to this submanifold (which of course is diffeomoprhic to
Z). In the second case we get a semiclassical family, an element of ¥ °°(Z,; E,).
Enough said, well not quite. We need a little of the geometry of fibrations.

The pull-back of the cotangent bundle of the base ¢*T*Y — T*M is a subbundle
and the quotient is denoted

(29.23) T*(M)Y)=T"M/$*T*Y, n: T*(M}Y) — M.
Its fibre can be thought of as the space of fibre-differentials at that point of M.
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We will let G=>°(M/Y; E) be the group of invertibles in Id +¥~*°(M/Y; E) and
H~°°(M]Y; E) the space of involutions of the form v; +a, a € ¥~ (M/Y;C?® E)
where v is the usual 2 x 2 matrix.

One of the more serious generalization of the isotropic picture that we need is

Proposition 45. IfY is compact and (29.21) is a fibration with compact fibres (of
positive dimension) then for any bundle E over M there are natural identifications

Io(G™*(M/Y; E)) = K'(Y),

(29.24) o(H~®(M/Y;E)) = KO(Y)

To prove this I will rely on a construction that I will not give in the lectures.
Not that it is hard, just that it is not so amusing.

Proposition 46. For any fibration, (29.21), with compact total space and any
complex vector bundle E there is a sequence of elements II; € ¥~°(M/Y'; E) which
are projections, Hf- =1II; and are such that AIl; - A and II;A — A, as j — oo,
for each A € U"°(M/Y; E).

Proof of Proposition 45. We can retract onto operators acting on sections of the
range of the bundle II;, for j large enough, and then stabilize to get elements of
K'(Y) or K%(Y) and conversely. T should do this properly, but it is similar to the
corresponding proof for a symplectic bundle, once we have the II;’s. O

This again means that the twisting by the fibration does not matter and extends
the claims made above that G=°°(Z; E) is classifying for odd K-theory.

Finally then after wading through all this stuff, we get a theorem which should
be almost self-proving at this stage. Let GL(E) be the bundle of invertible linear
maps on the fibres of E and H(E) be the bundle with fibre the involutions on the
fibres of C2 ® E.

Theorem 11. In case the base and fibre of the fibration (29.21) is compact, the
semiclassical symbol restricts to give surjective maps with connected fibres

Ga=(M/Y; E) — S(T"(M]Y); 7" GL(E))
Hy (MY E) — S(T*(M]Y ); 7" H(E)).

Complementing E to a trivial bundle and using the standard stabilizations maps
gives

(29.25)

pozp)  SEQI/YV)iat GLUE)) — KT (M/Y) and
' Mo (S(T* (MY ); 7 H(E))) — KO(T*(M/Y))

which cover the images as E varies and then, using (29.24), define push-forward
maps

pst Ko (T*(M/Y)) 3 [oa(A)]

(20.27) :
ps : K (TH(M/Y)) 3 [o(A4)]

[1
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30. LECTURE 27: ANALYTIC INDEX OF ATIYAH AND SINGER
WEDNESDAY, 5 NOVEMBER, 2008

Reminder. (And partly correction and revision) Last time, despite getting myself
pretty seriously in knots on the board — and even in the notes to some extent, I more
or less succeeded in defining the semiclassical push-forward maps in K-theory. Let
me recall how this goes — see Theorem 11 — or at least should have gone. In fact
I will add a little bit of stabilization. For a fibration with compact fibres, (29.21),
(the compactness of the base is not needed at all here) we can define the stabilized
semiclassical algebra on the fibres. As a space of ‘functions’ this is, as defined in
Digression 1,

(30.1) {F €C™®([[0,1] x M3;{0} x Diag]; S(R*) @ m5€);
F =0 at the old boundary.}

where I am wusing illegal blow-up notation and qu is the fibre diagonal — the
submanifold of M? consisting of the pairs of points in the same fibre. I have also
dispensed with the vector bundle E over M, because it is supposed to be embedded
in S(R) by a projection-valued map ng : M — ¥, (R). This globalized definition
means that the kernel of A € C*((0,1]; ¥, (M/Y x R) is following form in local
coordinates in a patch U in the base and V C ¢~ 1(U) in the fibre

(30.2) Ale,y,2,72',y,y') =
!

UF ey, 2,y Y], F e C¥(0,1) x U x V;S(RY x B”)

Here d is the dimension of the fibre, Z, and Q0 has been trivialized over the coordinate
patch, which is the |dy'| and F' is the local representative of the function in (30.1).
Under composition these form an algebra of operators

(30.3) \I’a(f(o(b) wo MY xR) 3 A:C([0,1] x M;S(R)) — C*([0,1] x M;S(R)).
Moreover they have a symbol map which captures the behaviour at € = 0 obtained by

restricting F' to e = 0 and taking the Fourier transform in the ‘adiabatic variable’
Z which pieces together globally:

(30.4) e\Ilad‘@) oMY x R) — ¥ "OISO(M/Y x R) =5 \IJSH‘;‘ET*(M/Y) o (R).
The image of the symbol map is just a family of isotropic smoothing operators
on R, i.e. elements of S(R?) depending smoothly, and in a Schwartz manner, on
parameters in T*(M/Y) =T*M/¢*(T*Y) the bundle of ‘fibre differentials’.

As usual \Ilad"(°¢) o (MY x R) is a Neumann-Fréchet algebra and we can define
our usual group and space of involutives:-

(30.5)
Gty iso MY xR) = {A € U = . (M/Y x R);

ABe Y 7 . (M/Y xR), (Id+B) = (I1d+4) )~}

MY X R) = {A €W i (M/Y x R)® M(2,C); (n +4)? =1d}.
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Now, the ‘usual symbolic construction and correction’ shows that the adiabatic
symbol maps

ISO(M/Y X R) UA sus T*(M/Y) 1SO(R)
M/Y x R) m Hsu:OT* (M/Y), 150(R)

(30.6) «
Hadw

)7iso(

are ‘homotopy equivalences’ in the sense that they induce isomorphisms
(30.7)

1o (gad(¢>) 1so(M/Y X R)) =4 I (gsus(T*(M/Y) 150(R)) = K}:(T*(M/Y))
0, (’H;dﬁ)’iso(M/Y X R)) 7s4 17, ( ey, ISO(]R{)) — K(T*(M/Y)).
Finally, I ‘explained’ but did not prove that the corresponding restriction to e = 1

gad(¢) 150(M/Y X R) 4 ngO (M/Y X R)

(30.8)
H;d (¢), 1so(M/Y X ]R) 4 HISO (M/Y X ]R)
lead to
Mo (Gt oo (M/Y % B)) 253 Mg (G5 (M /Y < R)) = KL(Y)
(30.9)

M (Hiy o0 (MY % B)) 5550 Ty (M2 (MY x B)) = KO(Y)

180

where it is these last identifications which are not obvious, because of the twisting
in the bundles.

Combining these two maps, the ‘invertible’ one for the symbol and the second
one for the restriction to € = 1 gives the (semiclassical) push-forward, or indez,
maps
(¢m)r : Ke(T*(M/Y)) — K (Y)

(¢m)r : Ko(TH(M/Y)) — K(Y)
where m: T*(M]Y) is the projection onto M and ¢ : M — Y so the composite is
¢ T*(M]Y).

This is a ‘generalization’ (it isn’t really nbecause of the non-compactness of the
fibres) of the Thom isomorphism(s) — where for a real vector bundle, V — Y,
T*(V]Y) =V xy V* =V & V* =W is naturally symplectic, and ultimately the
Bott periodicity maps, where “M =Y x R¥” and “T*(M]Y) =Y x R?*7, In
contrast to these cases the maps (30.10) need not be isomorphisms.

(30.10)

So, either I will go throught that or I will explain the content of the Atiyah-Singer
index theorem in K-theory.

In the same setting of the fibration (29.21) we can consider differential operators
or pseudodifferential operators on the fibres of M. These are just operators ‘between
sections of bundles on Z’ but twisted by the diffeomorphisms involved in the
transition maps for ¢. In fact they can be defined perfectly directly. I will not
go through the definition here, unless there is a desire for me to do so. Let me just
‘remind you’ further.

Pseudodifferential operators of order K on a fixed compact manifold Z can be
defined either globally through their kernels or locally through coordinate patches —
naturally I prefer the first definition but I will briefly describe the second one. First
on R™ we define operators which are not the isotropic pseudodifferential operators
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discussed above. They are very closely related but they are not the same. To see
the difference in terms of kernels, recall that the kernel of an isotropic pseudodif-
ferential operator of order k (recall that there is an issue of a % with the orders) is
a distribution on R?” which can be written in Weyl form as

(30.11) A(Z “; S

(2m) " / a(Z ;r 2 e T dr, a € p R (RN
— Ae Tk (R
The integral here is not convergent if £ > —2n but is then to be interpreted as the
inverse Fourier transform on tempered distibutions. The ‘ordinary’ as opposed to
‘isotropic’ pseudodifferential operators are given by the same formula but with a
different class of amplitudes:-

(30.12) A(%,z — )=

(271')_”/ a(z ; Z,T)ei(z_zl)'TdT, a € S(R™";C°(R2) <= A € U(R").
This is not quite standard notation, but the S denotes the rapid vanishing of the
coefficients. This is again an algebra of operators on S(R"), but neither of these
algebras is contained in the other,

WE(R") o Wh(R") C WA (R"),
TEH(RY) — TE(R™) 72 S(R™C=(R™; Ny)).
Here Ny, is the line bundle over the sphere at infinity generated by the —kth power
of the defining function — it just hides homogeneity. The symbol sequence here is
exact and multiplicative.

If the ‘full symbol’ a in (30.12) is supported in a set of the form K x R»
where K is compact (this is essentially impossible for isotropic operators) then
the kernel A(z,2’) is smooth in  x Q for any open set @ C R” with QN K = {.
In particular there are plenty of pseudodifferential operators with kernels having
compact support in sets of the form U x U where U C R"” is open. Furthermore,
taking such an operator and ‘changing coordinates’ by making a diffeomorphism to
U’ again gives a kernel of the same form, with a different amplitude. This coordinate
invariance allows pseuodifferential operators to be defined by coordinate covering

on any compact manifold Z and acting between sections of any two vector bundles
E and E_ over Z. Thus

(30.14) UM Z;E) 5 A:C®(Z;E;) — C®(Z;E_)

can now be taken to be well-defined. There is a multiplicative symbol map which
is invariantly defined and gives

(30.15) V(7 E) — U*(Z;E) 25 C°(S* Z; 7* hom(E) @ Ny).

Here S*Z = 0T*Z is the boundary of the radial compactification of the cotangent
bundle, 7 : S*Z — Z (and I usuall drop the 7* from the notation) and Ny, is the
same bundle as before. Multiplicativity means
(30.16)

U4(Z;F,E_) o W(Z; E4,F) C (=)¥*"*(Z; By, E_), 041(AB) = ox(A)oi(B).

(30.13)
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Of course there is a lot more to be said, but I am assuming this is all ‘well-
known’. Now for the fibration (29.21) we can define the ‘pseudodifferential operators
acting on the fibres’ because of coordinate invariance and we get a similar space of
operators ‘depending on Y as parameters’:

(30.17)

UH(M/Y;E) 3 A:C®(M;Ey) — C*(M; E_), ¢~ = ¥¥(M/Y;E).
k

Finally then we arrive at the Atiyah-Singer setting where we have elliptic operators,
meaning the symbol has an inverse.

(30.18) EIf(M/Y;E) =
{Aec ¥*(M/Y;E); 3beC®(S*(M/Y);E™ @ N_y, or(A)b = boy(A) = 1d}.
Then we can construct parametrices and set
(30.19) PH¥(M/Y;E) = {(A,B) € ¥*(M/Y;E) ® ¥ *(M/Y;E);
Rr=1d—AoBe€¥~*(M/Y;E_), R, =1d—BA € 9~ (M/Y;E;)}.

Theorem 12. For any fibration (29.21) with compact total space there are natural
maps inducing the analytic index map

(30.20)
PH(M/Y ;) EN*(M/Y;E)
{a € C>(S*(M/Y);hom(E) ® Ny) invertible} > K°(T*(M/Y))
\Linda
H oo (MY E) ——————= o (M/Y x R) KO(Y)

which is equal to the semiclassical push-forward map.
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31. LECTURE 28: RELATIVE AND COMPACTLY-SUPPORTED K-THEORY
FriDAY, 7 NOVEMBER, 2008

Reminder. There are still some gaps in the definition of the analytic index of
Atiyah and Singer which I wish to fill today — and try to give a little more background
as well.

Let me start by considering a compact manifold with boundary, X. In the main
case of initial interest here it is the radially fibre compactified cotangent bundle
of a fibration, X = T*(M/Y). Given our basic odd and even classifying spaces
G~ and H~*° there are six ‘obvious’ K-groups although with several possible,
but equivalent definitions:

KO(OX\0X) =[X \ 0X; 1] =

(31 o ({ : X — 5= £, = m}) = K2(X,0)
(31.2) K(X) = [X;H ]
(31.3) K°(0X) = [0X; H™>]
(31.4) K (X \9X) =[X \ 0X;G ] —

Oy ({f: X — G7% f|,, =1d}) = K{(X,0X)
(3L.5) K'(X) = [X;G]
(31.6) K'(0X) = [0X;G™].

Note the natural equality between the K-spaces ‘with compact supports in the
interior’ and the K-spaces ‘relative to the boundary’. The maps are induced by
inclusions and are isomorphism because we can make small perturbations.

Proposition 47. For any compact manifold with boundary there is a 6-term exact
sequence involving the K-spaces above:

(31.7) K%X,0X) — K°(X) —— K°(9X)

cloe T J{Cleo

K'(0X) <——K'(X) =<— KL(X,0X)

in which the horizontal arrows are induced by inclusions or pull-backs and the
vertical, connecting, maps involve identification of a collar neighbourhood of the
boundary with R x 0X.

Ezercise 30. 1 will probably not have time to go through the proof in class —
of course this is a standard topolical argument, it is just the details that require
checking! The spaces have been defined, so the definitions of the six maps need to
be checked, and then the 12 statements corresponding to exactness at each space
need to be checked. The horizontal maps are clear enough — inclusion of maps
which are trivial near the boundary and restriction to the boundary respectively
and these project to the homotopy classes. Make sure to check that the vertical
maps are well-defined — really they involve retraction to finite rank, followed by
‘suspension’ from odd to even or even to odd by adding a real parameter and then
this ‘suspended’ object can be converted into a compactly-supported map which is
trivial outside a little collar neighbourhood (0,1) x X of the boundary.
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Then to exactness. In the middle this is clear enough — a map trivial on the
boundary comes from one which is compactly supported in the interior. Exactness
at the relative spaces can be seen by observing that a class that is mapped to zero
in the absolute, central, spaces generates a homotopy on the boundary from which
it comes by the map from the boundary space. The exactness at the boundary
spaces is really Bott periodicity, at least in the sense that it corresponds to the
fact that cle, and clye induce isomorphism — it is therefore perhaps the trickiest.
Roughly said, a class on the boundary, say in K* (0X), is represented by a map
into g € C*(0X;G~°). This is mapped into clye(g) which is a family of projections
with an additional parameter, interpreted as the normal variable near the boundary
(sse the sketch). If this is mapped to zero in the interior then this generates an
homotopy. Twisting the neck of the boundary around — again see sketch — and
using the essential surjectivity of cl,e this can be used to construct an absolute
class on the manifold which restricts to the original class on the boundary.

Ezercise 31. Since we do have Bott periodicity at our disposal there is a rather
clearer way to look at the maps in (31.7). Namely we can work with the suspended
classifying spaces G_ 7 ) and consider the spiral of groups

(31.8) e
[(X,0X), (Ggoo(py {1d})] —— [X, G )] ———— 10X, G )]
to level p—2l§\ J{
[0, Gs_us(p =X, G5y = [(X,0X), (G 5,1y {1d})]

In the top left and bottom right the maps and homotopies are required to preserve
the pairs, i.. the boundary is mapped to the identity. The horizontal maps are
the same as before but the vertical maps involve ‘using up’ one of the suspension
variables and turning it into the normal variable in the collar. See what it takes
to show that (31.8) is a long exact sequence as a semi-infinite spiral — starting at
p = oo. Show that the maps commute with Bott periodicity and hence it collapses
to a 6-term sequence and this is the same as in (31.7).

I have included this boundary sequence, both because it is important (and I
plan/planned to include some discussion of analysis for operators on manifolds
with boundary) and because it motivates the ‘mixed’ characterization of the K-
theory with compact supports in the interior — however the discussion above is not
actually needed for this.

Lemma 36. For a compact manifold with boundary there is a natural identification
(31.9) K°(X,0X) =TI, (R *°(X,0X))

R™>°(X,0X) =
(R)) x C(0X; Go® (R; C?); (Rg) 19|, (Rg) = m}-

Recall that G is the ‘half-open loop group’. Meaning that the elements are smooth
maps G : R — G~ which approach the identity rapidly at —oo and approach
some element Rg rapidly at 4oo.

{(7,9) € C7(X; H,,

180 150

Proof. To get the map from the space on the right into K°(X,0X) first observe
that there is alway a diffeomorphism from X onto X with an extra boundary strip
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[-1,1] x 0X glued on and this diffeomorphism well defined up to homotopy through
such. Then just ‘glue’ the curve g(t)’°°7|8Xg(t) onto the end of v — which can be
assumed to be flat to its limit at the boundary, by identifying R with [—1,1].
The map the other way can be taken to be inclusion where ~y is flat to v, at the
boundary and so can be mapped to (y,Id). Of course we need to check that these
maps induce isomorphism at the level of homotopy but that is clear enough if one
recalls Lemma 30 to use in a strip near the boundary. O

In this is the way we can see not only that the symbol data (a,E) of an elliptic
operator generates a class in K(T*(M/Y)) but also where the identification of the
Atiyah-Singer index and the semiclassical push-forward map comes from.

First the K-class of the symbol. Here we use a function © : R — R which is
flat to 0 at —oo and to m/2 at +oo.

Lemma 37. The symbol data a € C*(S*(M/Y);7* hom(E)) of an elliptic family
A € ElI°(M/Y;E) (so a is invertible) generates a K-class through (31.9), namely
if E4 and E— are identified with the ranges of projections T+ € C®(M;CN) for
some N then

EI°(M/Y;E) v [(vE, 9)] € Ke(T*(M/Y), S*(M/Y)) = Ko(T*(M/Y),

dy—r 0 0 0
I 0
= 0 0 0 ’
(31.10) 0 0 0 —(Idy—ms)
Tdy -1 0 0 0
_ 0 cos(O(t))m_  sin(O(t))a 0
9IO=1" o sn@@)a-! cos(O@®))rs 0
0 0 0 Idy -7y

Here both g and g should be stabilized; g is defined on the whole of M but should
be lifted to T*(M/Y") by the projection but g is only defined over the boundary
S*(M/Y), but depends on a parameter and has the property that the value at +oo

Idy —m— 0 O 0

0 0 a 0
(31.11) Rg = 0 0 0
0 0 0 Idy-my

conjugates g on the boundary to ;. There is an issue of orientations here which,
as usual, I have not checked.

Proof. Tt is only necessary to show that this does what it is supposed to in the
sense that it defines an element of the space in (31.9). O

So, the point here is that the symbol of the elliptic operator allows us to identify
the two bundles E; and E_ over the boundary of T*(M/Y") and hence to deform
them back into a family of involutions which has compact support in the interior.

Easy part of Theorem 12. The step I have not discussed in the diagram (30.20) is
the surjectivity of the map on the right in the middle row, onto K%(T*(M/Y)) —
which is what we have just been discussing. In fact we know from the discussion
above that every compactly supported class on T*(M/Y) can be represented by
a pair (,g) in the space on the right in (31.9) and that the class is invariant



146 RICHARD MELROSE

under homotopies in this space. Now, T*(M/Y") is a real vector bundle and hence
T*(M/Y) is a bundle of balls. If v is restricted to the zero section of T*(M/Y)
it defines a family 4 € C*(M;H~>°). Moreover the ball bundle can be ‘retracted’
onto the zero section. This means that « is homotopic in C°(T*(M/Y);H™>)
to the pull-back of 4. One the other hand we know that 4 is homotopic to a
family of the form g in (31.9) (in principle the ranks might be different but
we already know that they are equal since the projection is homotopic to 1 at
the boudnary. Thus « is homotopic to a vg in C°(T*(M/Y); H °°). Under this
homotopy, ‘information’ is streaming out across the boundary, in particular there
is an homotpy 7' € C*([0,1] x S*(M/Y); H~°) starting at ; and finishing at vg
lifted under 7. In fact we know from Proposition ? that such an homotopy can be
realized as a curve under cojugation, that is there exists

(31.12) g € C®(S*(M/Y); G (R;€?)) s.t. o' (s() = g~ () (b),
5:10,1] — R, s(0) = 00, s(1) = —co0.

It follows from this that the map R(g) conjugates vg to v; and I claim that it is,

after stabilization, homotopic to the image of an elliptic symbol.
Kok

Hence the map to K°(T*(M/Y)) is surjective. O
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32. LECTURE 29: TOEPLITZ OPERATORS AND THE SEMICLASSICAL LIMIT
MonNDAY, 10 NOVEMBER, 2008
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33. LECTURE 30: TOPOLOGICAL INDEX
WEDNESDAY, 12 NOVEMBER, 2008

Today I want to go through the definition of the topolical index map, indy, for
a fibration and then start the proof of the equality

(33.1) ind, = (o)™

where the notation on the right indicates that this is the (direct) push-forward map
in K-theory produced by semiclassical quantization.

The topological index is defined following a construction of Gysin. The basic
idea here is to ‘trivialize’ the topology of a given fibration of compact manifolds

(33.2) Z—M

llj

by embedding into a trivial fibration.

Proposition 48. For any fibration of compact manifolds, (33.2), there is an embedding
as a subfibration of a product i : M — M' = RN xY 5% Y giving a commutative

diagram
MC : M —
X 7
Y.

After stabilization, taking the product with some R, any two such embeddings are
homotopic.

L

(33.3) Z RN

Proof. Any compact manifold, such as M, can be embedded in a Euclidean space
of sufficiently high dimension — indeed the dimension can be estimated quite well.
Here we do not care about the codimension of the embedding. To do this, take
a finite covering of M by coordinate neighbourhoods U;, ¢ = 1,...,k, on each of
which the coordinate map is F; : U; — R™, n = dim M. Then take a partition of
unity, x;, subordinate to the cover and consider the smooth map

(33.4)

i M — R™ i(p) = Z eixiFi(p), e; : R® — R™ being the ith embedding.

This is a globally smooth map which is injective and has everywhere injective
differential. It is therefore a global embedding. To get the embedding i giving
(33.3) take i = i’ x ¢ : M — RN x Y where N = nk.

The stable homotopy equivalence we really do not need, but let me indicate
how to do it anyway. First, we can always increase the dimension N by adding
an extra factor of R? to M' and extending the map 4 by mapping M to 0 in this
factor. Given two embeddings, stabilize them to have image spaces of the same
dimension, and then stabilize further by adding an extra factor of the stabilized
fibre dimension, RY, to each map, interpreting the first as mapping into the first
factor and the second into the second factor. Now simply use the standard rotation
between the factors of RV to deform one map into the other — checking of course
that the conditions persist. O



BKLY08 149

Having embedded ¢ as a subfibration of a trivial fibration we now use the collar
neighbourhood theorem.

Proposition 49. The image i(M) C RY x Y of an embedding (33.3) has an open
neighbourhood Q with closure Q@ C RN x Y a compact manifold with boundary
which fibres over i(M) as a radially compactified (real) vector bundle and gives a
commautative diagram

(33.5) Re ac RY x Y
D
(M) /g
|
Y.

Proof. This really is just the collar neighbourhood theorem, perhaps with a little
smoothness in parameters. Namely, an embedded submanifold, such as (M) C
RY x Y has an open neighbourhood which fibres over the manifold and in such a
way that the resulting bundle is diffeomorphic to an open neighbourhood of the zero
section of a vector bundle over i(M) with the fibration being the bundle projection.
Given this we can easily shrink the neighbourhood a little so that it is the image of
a closed ball bundle, and call this Q and the projection 7. The only thing to check
is that we can make this bundle structure over (M) compatible with 7, meaning
that wgp factors through it. This is just the requirement that the vector bundle
structure 7 projects the intersection of w with RY x {y} to the fibre Z, above y. To
ensure that each of the fibres of Q over i(M) is contained in one of the fibres R
it is enough to recall that one proof of the collar neighbourhood theorem proceeds
through the exponential maps of any Riemannian metric, in the normal directions
to the embedded submanifold. In fact it is enough to use a bundle of directions
complementary to the tangent bundle. If the metric is taken to be the product
metric on RY x Y and the bundle of initial points for the exponential map to be
the normals to Z, within the fibre then the resulting map 7 respects the fibres. O

Note that the vector bundle structure defined by 7 on a neighbourhood is
necessarily isomorphic to the normal bundle to i(M) in RN x YV and hence to
the bundle of normals to the fibres Z, in RY. This is later important when we look
at the Chern character of the index, i.e. the Atiyah-Singer index formula.

Consider what (33.5) shows for the fibre cotangent bundle T*(M/Y") for the
original fibration ¢. In the construction above, Q has been identified smoothly with
the total space of a radially compactified vector bundle U — M, if we use i
to identify M with i(M). This means that the fibre cotangent bundle of Q, as a
fibration over i(M) is identified with

(33.6) T*(Q)Y) ~T*(M)Y)& (U U*) =T*(M]Y) & W

as vector bundles over M. Here W = U @ U* has a natural symplectic structure
given in terms of the pairing of U and its dual U*. Thus, by the Thom isomorphism

(33.7) KT (M/Y)) = K (T*(Q/Y))
where we regard W as a symplectic vector bundle over T*(M/Y).
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Now, 2 — RY x Y is an open subset, with consistent fibration. Thus the fibre
cotangent bundle also embeds as an open subset

(33.8) T*(Q)Y) = T*((RY xY)/V) =T*(RY) x Y = R*N x Y.

Thus compactly supported K-theory on the open subset is mapped into compactly
supported K-theory of the larger open set

(33.9) L KYT*(Q)Y)) — KR x Y).

Finally we can apply Bott periodicity to get a composite map which can be written
out in steps:

(33.10) KY(T*(M/Y)) 7% KYT*(Q/Y))

indti l

K°(Y) K2(R?*N x Y)

Bott

but in principle might depend on the embedding.

Exercise 32. Show that this topological index map does not change under stabilization
by additional Euclidean factors in the embedding and also under homotopies of the
embedding. Hence conclude that it is in fact well-defined.

I do not feel the need to show the independence of the choice of embedding in
the definition of indy because we can show (33.1) without using this. Since the map
on the right, given by semiclassical quantization, knows nothing of the embedding
this will show the naturality of the topological index as well.

Theorem 13. The identity (33.1) between semiclassical push-forward and topological
index maps holds for any embedding of M as a subfibration of a trivial fibration as
in (33.3).

Proof. The strategy is to follow semiclassical quantization around the diagram
(33.10) where we have to be a bit careful of some of the identifications that have
been made. So we need to check that all the maps in the following diagram are
well-defined and all the triangles commute:

(33.11) K(T*(M/Y)) <= KW /T*(M/Y))
KT @)Y)

gsl \L
13

KO(V) =~ KYRN x V)

Perhaps unhelpfully there are five maps labelled g5 and I have added an extra
step compared to (33.10) corresponding to the identification of the normal neighbourhood
of i(M) with the normal bundle. Thus the map on the left is semiclassical quantization
(of involutions) on the fibres of a fibration. The top map is isotropic quantization
(in the same general sense) for a symplectic vector bundle over a base — in this case
the base is T*(M/Y"). This we know gives the Thom isomorphism so gives the top
arrow in (33.10) after reversal. The top sloping map is the combination of these —
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isotropic on the fibres of a fibration over a fibre-bundle of manifolds. We need to
check that this is well-defined and gives a commutative first triangle. As you can
imagine at this point, the commutativity is some double-adiabatic argument but
slightly different to what we did before since one part is a compact manifold and
the other is a symplectic vector bundle — before they were both bundles. There is
a more significant difference in that this is not the fibre product of two fibrations
but a double fibration, one is above the other. This means the double-adiabatic
algebra needs to be a little different. The second sloping arrow is somewhat new. I
mentioned this at some point, but this is the ‘same’ as the left arrow except that now
we have a fibration where the fibres are compact manifolds with boundary. Once
this quantization map is defined we need to show commutativity of the triangle
above it, meaning that the ‘isotropic’ quantization can be replaced by the ‘manifold’
quantization (hence coordinate invariant) in this case. Again I mentioned earlier
that this was pretty obvious, but it does need to be done. Finally the bottom g
is again adiabatic quantization. So once again the commutativity here is the key
with the Bott periodicity map isotropic but the one above it not defined precisely
this way. O
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34. LECTURE 31: ITERATED FIBRATIONS AND MULTIPLICATIVITY
FriDpAYy, 14 NOVEMBER, 2008

Reminder. We need to complete the proof of the equality of the topological indez,
introduced last time, and the semiclassical push-forward map in K-theory.

First for the new construction for today, although it is not really so new. Namely
extending the smoothing algebra and semiclassical and adiabatic constructions to
a compact manifold with boundary. A C* manifold with boundary is a Hausdorff
topological space with a covering by open sets on each of which is homeomorphism
is given to a (relatively) open subset of [0, 00) x R*~! such that the transition maps,
on intersections, are smooth. Note smoothness for a map on U C [0,00) x R*!
means boundedness of all derivatives including up to the boundary.

Given such a manifold Z there are two competing candidates for smooth functions.
Namely the ‘obvious’ C*(Z) which consists of the functions smooth in local coordinates
and C®(Z) C C*°(Z) consisting of the smooth functions which also vanish to infinite
order at the boundary. The same sorts of definitions make sense on a manifold with
corners, but for the moment we only need the case of the product Z2. Just as in
the case of a manifold without boundary, the density bundle € is well defined and
its sections can be invariantly integrated over compact sets. This means that there
are two clases of smoothing operators on Z; those with kernels in C*°(Z?; 75Q) and
the smaller class with kernels in COO(ZQ; /). These spaces can be conveniently
interpreted as C*°(Z;C>(Z;Q)) and C*(Z;C>®(Z;Q)) respectively.

Both spaces are closed under operator composition, essentially by Fubini’s theorem
with the composition looking the same as in the boundaryless case

(34.1) Ao B(z,2") :/ZA(Z,Z”)B(Z”,Z').

The two algebras of smoothing operators will be denoted ¥~°°(Z) and ¥~>°(Z),
with the ‘dot’ denoting the infinite vanishing at the boundary.

Similarly there is no difficulty in extending the construction of the semiclassical
algebra to this setting, I leave the details to you. However there is one useful thing
to note about a compact manifold with boundary. Namely it is always possible
to ‘double’ a compact manifold with boundary Z to a compact manifold without
boundary, 27 which as a set is two copies of Z with boundaries identified. In fact
27 is not really well-defined in the sense that there is no natural C* structure on
this double, by there is a choice so that Z — 2Z is a diffeomorphism onto its
range, which is one of the copies of Z.

Lemma 38. Suppose Z — X is an embedding of a compact manifold with
boundary (or corners for that matter) as the closure of an open subset of a compact
manifold without boundary (which is always possible) then the algebra \il’OO(Z) is
naturally identified with the subalgebra of ¥~°°(Z) corresponding to the kernels with
support in Z X Z C X x X.

Proof. The basic observation is that € (Z) is identified with
(34.2) {u € C*°(X);supp(u) C Z}.

Applying this in both factors gives the result, provided densities are taken care
of. O
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In particular, irrespective of the choice of C* structure on 2Z, ¥~°°(Z) is the
subalgebra of ¥~>°(2Z) with kernels supported in Z x Z.

This is important for our proof and also allows us to define the adiabatic algebra
for Z x R™ for instance as the subalgebra
(343) ¥, 75, (Z:R") = {4 € T, 5%, (2Z;R");

the kernel has supp(4) C (0,1) x Z x Z x R" x R"}.

This saves quite a bit of work and allows everything to be extended to fibrations etc
although there are still some things to check. Let me just restate the basic result
we have used in the compact boundaryless case in this context.

Proposition 50. For a fibration of compact manifolds where the total space M has
boundary, but the base Y does not,
(34.4)

H X (MY RY) ={I =y +a; a€ ¥ % (M/Y;R") @ M(2,C), I> =1d}

ad,iso ad,iso
has a semiclassical symbol map which induces an ‘homotopy equivalence’ (identity
on components)
(34.5) H 2 (M]Y;RY) 2% S(T*(M]Y); H;.2°(R™)

ad,iso iso

which via restriciton to €e = 1 induces the push-forward map

(34.6) KU(T*((M\OM)/Y)) =~ To(S(T*(M/Y); Hyo3® (R™)) ==

H .2 (M]Y;RY) ~ KO(Y).
Proof. Everything here is pretty much as before but I should really go through
it step by step. In particular the last part, which is the fact that the homotopy
classes of sections of the bundle over Y of involutions which are fibre-smoothing
perturbations of y; reduces to the K-theory of Y — again this uses the existence of

finite-rank exhausting families of projections. O

Now, having extended the semiclassical quantization, or push-forward, map to
fibrations where the fibres are compact manifolds with boundary it is important to
note that this is related to the isotropic case.

Proposition 51. Under the compactification map R™ < R" the algebras \P*”(W)
and U X (R™) are identified.

150

Proof. This is basically the identification of S(R™) with C>(R"). O

Now the same thing is almost true of the adiabatic versions of these algebras.
The only difference is the (by some accounts weird) scaling in the isotropic case.
Indeed the kernel in the isotropic case can be written
e(z+2') z—2 _ z+2z2 z-2
T: c 7Z7ZI):TE€ 2nF(67 2 7672

where T, is the coordinate change z — z/e.

(34.7) € "F(e, 2, 2T

€

Proposition 52. The parameter-dependent coordinate transformation, Te, reduces
an isotropic-adiabatic family of operators on R"™ to an adiabatic family on the
manifold with boundary R with parameter €.
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This is enough to take care of almost all of the commutativity results we need,
except for the most important one. Namely we need to show the commutativity of
the top triangle in (33.11).

Proposition 53. Let 7y : U — M be a real vector bundle over the total space
of a fibration (33.2) then the semiclassical push-forward maps give a commutative
diagram

(34.8) KYT*(M)Y)® (U aU"))

gsl
llsll

KT (M/Y)) ———> K°(Y)
where the sloping map 1is given by semiclassical quantization on the fibres, which
compact are manifolds with boundary, of ¢7y : U — Y, the vertical map is given
by isotropic quantization on the fibres of U and the horizontal map is given by
semiclassical quantization on the fibres of ¢.

Proof. The proof is very close to the similar commutation result for the direct sum
of two symplectic bundles. There are two differences, first of course one of the
fibrations has fibres which are compact manifolds and the second difference is that
U is a bundle over M, not over Y, so this is not a fibre product of bundles over Y.
In particular there is only one form of (34.8) — it does not make sense to try to
quantize the ¢ fibration before the quantization on the fibres of U since the fibres
vary along the fibres of M. Still, pretty much the approach works.

Thus, we wish to construct and use a double-adiabatic algebra of smoothing
operators. Consider what the kernels should be. There are two parameters, ¢ and
0 and in terms of local coordinates y in the base, z on the fibres of ¢ and u linear
coordinates on U,,, locally trivialized, the kernels should be of the form

o 15 ' o
(34.9) € "0 PF(e,6,y, 2, S , €20(u +u') , Y - v
€ 2 €20

)

where F' is smooth in all variables and Schwartz in the last three collections of
variables. Note the difference with the double isotropic case, the e semiclassical
parameter (de-) quantizes in both variables, whereas the § parameter does so only
in the fibre variables.

So the kernels are specified locally near the fibre diagonal which is z = 2’ by
(34.9) and away from z = 2z’ the kernels are supposed to be smooth in the z
and 2z’ variables (the difference does not make sense since they are generally in
different coordinate patches) and rapidly vanishing with all derivatives as € | 0.
The behaviour in u and u' is already specified globally on the fibres of U since they
are linear.

Of course the main thing to show is that these operators form an algebra.
However this is not significantly different from the earlier discussions. Certainly
for € > this is just an adiabatic family in the isotropic smoothing operators on
the fibres of U so it is only necessary to check what happesn as € | 0. The rapid
vanishing in the off-diagonal part in the z, z’ variables quelches all other behaviour
as is easily seen. Thus it suffices to look at the composition of two kernels of the
form (34.9) with compact support in the one coordinate patch € in the local fibres
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Z and with U = RP locally. The composite is then

o lé- " o
(3410) 67217,5721)/ F(e,é,y,z, z z : €2 (U+U ), u lu
Q Jre € 2 €26

P 6%(5(11,” + u/) u' —
G(e) §’y72”7 € ) 2 ) 6%6 )

1
e z—2 e2d(u+u) u—u
= O H(e 0y, 2, SO U

)

2 )
where
2 _
(34'11) H(67 67y7z7 Z7 t’ S)’ = / / F(67 (5’y7z7 Zl7t+ M7¥)
Q Jre 4 2
82 (r —
G(e,é,y,z—eZ’,Z—Z’,t%—#,S;T).

Secondly we need to understand the symbolic properties in the two, or in some
sense three, adiabatic limits. These follow directly from (34.11). O
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35. Toric 4: THOM ISOMORPHISM AND THE TODD CLASS
IN PLACE OF LECTURE FOR MONDAY, 18 NOVEMBER, 2008
For any complex/symplectic vector bundle, W — Y, the diagram

C
(35.1) KOy AT geven gy

Thomi lThom

0 even

commutes.
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36. TopiC 5: ATIYAH-HIRZEBRUCH THEOREM
IN PLACE OF LECTURE FOR WEDNESAY, 20 NOVEMBER, 2008

Theorem 14. For any smooth manifold, X, the total Chern character gives an
isomorphsim

(36.1) Ch* : K¥(X) ® C — Hi(X;C).

This was originally proved by Atiyah and Hirzebruch using a spectral sequence
argument coming from a filtration of K-theory and cohomology (which indeed works
for any generalized cohomology theory) based on the ‘skeleton’ of the manifold as a
CW complex. I will outline here a more pedestrian argument, which is essentially
sheaf theory, corresponding to the Mayer-Vietoris complex. In fact it is really a
Cech-theoretic version of the argument of Atiyah and Hirzebruch.

First recall the long exact sequence for K-theory for a manifold relative to its
boundary — Proposition 47. Although I did not go through the proof in detail, any
reasonable proof extends to the non-compact case to give the analogous sequence
with compact supports:-

(36.2) K(X,0X) —= K2(X) ——=K?(0X)

cloe T lCIeo

Ko (0X) <—— Ko (X) =— K (X,9X)

From this we can pass to the Mayer-Vietoris sequence for a decomposition into
manifolds with boundary in the following sense. Let X be a (generally non-compact)
manifold. Let p; € C*°(X) be two real functions such that H; = {p;} are smooth
disjoint hypersurfaces on which dp; # 0 and in addition

(363) H, C X5 = {pz > 0}, HyC X, = {pl > 0}, X =X, UXs.

Since they do not intersect, these hypersurfaces lie in the interior of the ‘other’
manifold with boundary. Thus Y = Xj N X5 is also a manifold with boundary.
Picture.

Proposition 54. There is a long exact (Mayer-Vietoris) complex in K-theory

(36.4) KUY \9Y) ——=KUX; \ H)) ® KY(Xo \ Hy) ——KJ(X)

T |

K (X) = Ko (X1 \ 9X1) © K (X2 \ 9X5) <—— K (Y \ 9Y).
Here the top right and bottom left horizontal maps are the sums of ‘inclusions’ given
by extending maps trivial to the boundary to be trivial across it. The other two
horizontal maps are also given by the two inclusion maps, with appropriately chosen
signs. The vertical, connecting, homomorphisms are the sums, with orientations,
of the restrictions to two H; composed with clye or cle, and then embedded in the
interior of Y.

Proof. 1leave the proof that this is a complex and exactness — which is clear except
on the sides — as an extended exercise, at least for the moment. O
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Proposition 55. If the sequence (36.4), and the corresponding sequence for cohomology
with compact supports, are wrapped up then the combined Chern characters give a
commutative diagram (i.e a natural transformation)

(36.5) H*

c

(X)
Ch*

Ko(X)

"\
/

Y\ oY)

\

o o Ch* 1) o
HY (X)) o HL(Xs) = Kl (X1) @ KL (X>)

7

C

Ch™

H (Y'\ 8Y)

Proof. This mainly involves the earlier discussion of the behaviour of the Chern
character under cly,e and clg, - O

Any compact manifold can be reconstructed from combinations of this type:-

Proposition 56. For any compact manifold X there are two sequences of open
submanifolds X C X, with Xy = 0 and X\ = X, and B C X such that X} =
Xj_1 UBj, the closures Xj,lﬁ and Bj = Bié in X; are smooth manifolds with
boundary with X decomposed in terms of them as in (36.3) for each j and such
that the intersection B; N X} _, is a finite union of disjoint balls.

Proof. This can be accomplished by covering X with finitely many sufficiently small
balls with respect to some Riemann metric and then slightly adjusting the radii to
avoid unpleasant intersections. In particular this gives a good open cover. O

Discuss tensor products of abelian groups briefly and that
(36.6) Ch* : K{(X)® C — H:(X).

Proof of Theorem 14. First check that for an open ball the combined Chern character
does indeed give an isomorphism

(36.7) Ch* : K7 (B) @ C — H(B;C).
It follows that this is equally true for a finite union of disjoint open balls.

Now, proceeding inductively we may assume that the same is true for X ; for
j < k. Then in the (36.5), after tensoring with C, for X} relative to X;_; and
B, two if the Ch* arrows are known to be isomorphisms. It follows, from diagram

chasing often called the ‘Five Lemma’ that the third is also an isomorphism, proving
the desired result. O



(37.1)

BKLYO08

37. Topic 6: THE ATIYAH-SINGER INDEX FORMULA
IN PLACE OF LECTURE FOR FRIDAY, 22 NOVEMBER, 2008

Ch(ind(P)) = / T*(M/B) Cho(P)) ATd(¢) in H™(B).
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38. ToprIC 7: PRODUCT-TYPE PSEUDODIFFERENTIAL OPERATORS
IN PLACE OF LECTURE FOR MONDAY, 25 NOVEMBER, 2008

Algebras of psuedodifferential operators associated to products of manifolds and
fibrations and why they can be useful. The will be used in the next ‘Exercise’, can
be used to give a smoothed-out version of the original embedding proof of the index
theorem by Atiyah and Singer and will be used below in the disussion of smooth
K-homology.
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39. ToriCc 8: MORE ON THE DETERMINANT BUNDLE
IN PLACE OF LECTURE FOR WEDNESDAY, 27 NOVEMBER, 2008

These are as yet very crude notes.
Consider the 3 x 3 commutative block in which the groups are only roughly

identified:-
(39.1)
G Gi2 Gis G Gous : sus(2)
b
G Ga Gas = G — G pt 00 —— CNTYsus(z)
lR iR lR
Ga1 Gar Gas G~ GO T Goind=o

In more detail:-

G11 :

G22 .

G32 .

This is the classifying group for even K-theory G %, (R?) consisting of the
elements a € S(R%) where the first variable is a parameter, so the product
is pointwise in this variable and in the last four variables is as smoothing

operators on S(R?) and Id +a(t) is required to be invertible for all ¢.

: This is the contractible, half-free version of the preceeding group - it consists

of smooth loops in G~*°(R?) which have Schwartz derivative and tend to
Id as t = —o0.

: This is the classifying group for odd K-theory G, >°(R?).

150

: Is therefore the (flat) delooping sequence for G;.>°(IR?).

180

: This is the symbolically suspended group of invertible isotropic pseudodif-

— 00

ferential operators on R with values in ¥,_;
As functions the kernels can be identified with functions on R3 x R? which
are C* and Schwartz in the last two variables. The first variable, t, is
a parameter and the functions are required to vanish to infinite order at
C which is a great half circle in the t direction. The are quantized to
operators by Weyl quantization in the second two variables and then we
require Id +a(t) to be invertible for all ¢. This group is contractible.

This group is supposed to be similar to the previous one except it is now of
product type. As functions the elements are smooth on [R3, {t = co}] x R?
and vanish to infinite order at the lift of C' to the blow up — which means
the closure of the complement of ¢t = co. The product extends to these more
general functions and we look at the group of invertible perturbations as
before. This is also a contractible group.

This is really a x-extended version of the usual group G (R; R). The latter

150

(R) and normalization condition.

consists of the smooth functions on R? x R? which are Scwartz in the last
two variables, flat at a point C' at the on the bounding sphere and such
that Id +a is invertible. The x-extension adds arbitrary lower order terms
in U0 (R;R) which do not affect invertibility.

150

: This is an exact sequence of contractible groups!
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(13 : This is the image of the full symbol map from G1-. It consists of a *-algebra
where, after some reorganization, all terms are Schwartz maps from R?
into Schwartz operators on R and the leading term is such that Id +b is
invertible. This is a classifying space for odd K-theory.

Go3 : This is a half-open version of the preceeding group. That is the individual
terms are not Schwartz but are (I think after rearrangement) Schwartz in
one variable with values in the half-open flat loops in the other; it has a
x-product. It is again a contractible group.

G'33 : This is a x-extension of G5 4_o(R).

G : For each i this is quantizati(;n sequence.

Thus the operators in the top left block of four groups all correspond to certain
functions on R®. The top two of the right column and the left two on the bottom
row correspond to functions on R* and the bottom right group to functions on
R3. In all cases the last two variables are Schwartz. So we can really imagine the
functions as being on R®, R? and R respectively.

Log-multiplicative functionals:

(1) ind : G1; — Z, ind(g)j 7 thr(g_lg@)dt.

(2) n: G2 — C, n(g9) = Tr(g'g) where Tr is the regularized trace-integral
which is a trace on the algebra.

(3) 7 : Ga — C, 7i(9) = 55 Jptr(g g(t))dt which makes sense because of
the flatness of the loops.

(4) 7 : Goy — C, 7j(g9) = Tr(g~'g) where Tr is the regularized trace-integral
which is a trace on the algebra, since the parameter is the ‘good’ variable
in product suspension.

These four maps are consistent under inclusion — i.e. they are all restrictions
of the last map. Thus, restricting to the null spaces of these maps we get a
commutative square in the top left corner. The exponential, exp(27i7)) on Gy
descends to GG31 where it is the multiplicative Fredholm determinant. The exponential
exp(2min) on Gy, again descends to ‘our’ multiplicative determinant on the doubly
suspended group. Again we can restrict to the subgroup where det = 1 in these
two cases and get short exact sequences on the top row and left column.

Ezercise 33. Extend this commutative diagram to the whole 3 x 3 square. In
particular show (I believe Frédéric Rochon has already done this) that the image
groups under R and o respectively in GG3o and G23 are the full groups as before — the
same as without the 77 = 0 restriction. This shows how we can kill the determinant
line bundle since the resulting group in the 33 slot is the central extension of

susind—o Dy the determinant bundle.

Proposition 57. The fact that the determinant bundle is ‘primitive’ as in (24.21)
is equivalent to the fact that the non-zero elements give a C* central extension:

(39.2) C* — [ —> G %°

sus,ind=0"

Exercise 34. Check it. Also, while you are at it, define an Hermitian inner product
on the determinant line bundle which reduces this to a U(1) extension. In the
geometric case this was done by Bismut and Freed.

I will use this central extension to define and discuss the (reduced) K-theory
2-gerbe later.
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Remark 2. The right hand column, in the unreduced picture, constructs the determinant
bundle via the x-extended, suspended delooping sequence.
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40. Toric 9: K-HOMOLOGY
IN PLACE OF LECTURE FOR FRIDAY, 29 NOVEMBER, 2008

I believe this was a holiday even in Berkeley! In any case I was recovering from
a surfeit of Heritage turkey. Still, let me pretend that I was diligently working — I
have been meaning to write an account of ‘smooth’ K-homology for some time.
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41. LECTURE 32: THE K-THEORY GERBE
MonNDAY, 1 DECEMBER, 2008

First let me apologize for not having been able to keep up with the notes while
I was away. With any luck I will catch up a bit with what I had meant to put in
about the Chern character etc.

Today I want to describe the K-theory gerbe in one of its forms. Rather than
define what a gerbe is — in the widest sense the term is used for any geometrical
object which is classified by, or at least realizes all, integral 3-cohomology — I will
describe it and then try to explain the salient features. In brief the wuniversal
K-theory gerbe is a ‘geometric invariant’ associated with, in the first instance a
bundle with some structure over, a (reduced) classifying space for odd K-theory
which ‘captures’ the primitive three-dimensional cohomology class.

However, first let me recall the ‘geometric invariants’ — in degrees 0, 1 and 2,
that we have already introduced, since the gerbe is analogous to these:-

(1) The index.
(2) The determinant.
(3) The determinant line bundle.

Of course the first two of these don’t look very geometric but that is what happens
in low degree.

The index. We have two basic ‘series’ of classifying spaces the loop groups of (a)
G~ and the loop spaces of the space of involutions H~°°. The index is most easily
seen as the map

. 1
(41.1) H 3 {Il =90 +7;7 €V @ M(2,C);I*=1d} > +— itr(’y) € 7.

1

We have usually taken o, = (0

_01> . The index labels the components, i.e. induces

an isomorphism
(41.2) ind: og(H ) — Z

which is additive (under compression to finite rank and direct sum) and as such is
unique up to sign (which needs to be worried about).

The (flat-pointed) loop group on G~*°, G, % is also a classifying space for even
K-theory and we showed that the index can be transferred to it. Namely the map

(41.3) Clog : H™> — G2 (+ C2)

sus

is an homotopy equivalence and under it

. 1 - . 1 L1, dglt
(41.4) ind = 5tr = clep " indgys, indsys(g) = 51 Rtr <g 1(t)£zlsf)> dt.

So, it is reasonable just to write indsys : G5, — Z as ‘ind’ and take (41.4) as a
natural identification; however I will still use the notation indg,s where this seems
helpful.®

Now, the index on G;3° can be recognized as the functional induced by the

sus
1-form

1
(41.5) Ch¢dd = — tr (9 'dg) on G—°.
2mi
6The index functional on the higher loop groups G;u‘:é%Jrl) was supposed to have been

discussed in the write-ups while I was away — this may still appear.
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Namely, under the evaluation map and projection

(41.6) R x G2 > G~ ,indgys = (m2)«(ev* Ch$).
|
G—OO

sus

The determinant. This, meand indg,s, was the basis of the (second) construction
of the Fredholm determinant. Recall the delooping sequence:-

(41.7) G — G —L> g
Here, the middle group is the half-open flat loops,
(41.8)
d
g:R— U7 gt. % ¢ S(R; ™), g(t) e GT*VteRand lim g(t) =0.
dt t——00
This central group is contractible and the construction (41.6) extends to it to define
(41.9) R x G2, = G= 1) = (m2).(ev” Ch§™) : G2° — C.
|-
(;tfoo

sus

This ‘eta function’ has the properties that it restricts to indgys on the subgroup

G, and is log-additive, so the exponentiated function

(41.10) det = exp(2miny) : G~>° — C*

is well-defined, multiplicative and restricts to the usual determinant on GL(N,C)
included into G~ by stabilization. Moreover, we know that

(41.11) dij = R* Ch84d,
It follows that as a map (41.10), det represents a generating class for H!(G~°,Z).

Ezercise 35. If this is not ‘geometric’ enough for you, the picture can be expanded
a little. Namely consider the possible values of ‘logdet’ at a point of G=*° —
there should be a Z of them at each point. To do this explicitly, take G~ x C
and then identify all pairs (§1,21) and (g2, 22) if R(§1) = R(§2) and 23 — 20 =
2miind (g2 o (§1)~1). Show that this results in a principal bundle

(41.12) Z Z——>C

|

G—°.

over G~ with structure group Z on which 7 is a ‘connection’ in the sense that it
is a well-defined function on the total space of the bundle which shifts by n under
the action of n € Z.

Determinant line bundle. The determinant bundle was constructed over the
group G_ . [[p]], the component of the identity in G;.2°[[p]] using the quantization

sus,ind=0
sequence. Here G,

— 00
sus

[[p]] is a * extension of the group G,,%°. Namely as a space it is
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consists of formal power series in p — which is just another way of saying sequences

(41.13) h= Zh,p ho € Goy hj € U5, p=hok =Y Bj(h,k)p
j=0 J

where the product is associative and the B; are differential operators (acting only
in the suspension variable):

dPhy dP kp

(41.14) Bo(h,k) = hk, Bi(h.k) = > cipp e dtr’

I+l +p+p'=j

where the product on the right is in ¥ —°°,

For the quantization sequence, the product just comes from the formula for the
composition of isotropic pseudodifferential operators on R — sometimes called the
Moyal product.

Now, the subject of today’s lecture is the next step, the K-theory gerbe. To
construct this again consider the delooping sequence, but now it nees to be both
restricted and expanded. The basic delooping sequence is (41.7) above. The
restriction is to kill off the determinant — so consider the subgroups

o - R > -
(4115) Gsus ind=0 — Gsus,n 0 GdT 1
R
Gae’ (Chotia G,

From the earlier discussion, the top row is exact.
The expansion is to consider the * product. Thus, consider just the case €2 = 0,
meaing pairs

(4116) h=hg+e€hy, hg € Gdet 1 hi € U™
with the projected * product
(41.17)
1 [dh dkg
hok = (hoko) + €(hoky + hiko + B(ho, ko)), B(ho, ko) = % <0k0 —ho—- 7 )

Then if we take the restricted groups

sus 1nd 0[6/6 ] sus 1nd 0 + 6‘IJsius )
susn 0[6/6 ] susn 0+6‘I’7

where there are no restrictions on the lower order terms, we get a new short exact
sequence in place of (41.7):

(41.19) c

| R

Gsu(;olnd 0[6/62] és_uz?ﬁzo[e/e ] C;deiO 1

(41.18)

Here I have included the fact that deterimant bundle is well-defined over the
‘dressed’ group [e/€%] — it also comes equipped with a connection.
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The basic ‘bundle gerbe’ construction (the idea is due to Michael Murray) is to
take the fibre product of this thought of as a fibration. That is, consider

(4120) G ={(5.9) € CiXimole/) Rlg) = R(g) } = (Go2ymole/e))

which is the ‘fibre diagonal’ in the full product of the central (contractible) group
with itself. This is, by construction, a bundle over G73° ;. Moreover, there is a
map back to the (dressed) flat-pointed loop group:

(2]

(41.21) g —5 - Gs_u?,)indzo[e/e2]
G(;eiozl

Here S(g,9') = h if and only if g’ = hg —since R(g') = R(g) the composite g 'g' =
h is flat to the identity at both ends, and hence is an element of G_2% 4_ole/€”]-
We can use S to pull back the determinant line bundle and so get a tower

(41.22) L=S*L L

| |

g — Gs_uz?indzo e/ 62]

|

G*OO

det=1

In fact, as recalled above, we constructed a connection on £ which therefore pulls
back to a connection on L.
So what is a gerbe? Well, as I said above, there are different points of view on
this. In all cases one is supposed to be able to extract a class in H3(X,Z), where
X is the base, from the gerbe. I would distinguish between several different, but
closely related objects.
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42. LECTURE 33: THE B-FIELD
WEDNESDAY, 3 DECEMBER, 2008

Reminder. Last time I described the K-theory gerbe, without defining the class of
objects of which this is an example, namely the notion of a bundle gerbe. Today I
will finish the discussion of the B-field on the K-gerbe, then quickly show how the
K-theory gerbe defines gerbe data — which I wrote down in the notes for yesterday
but did not discuss — and use this to motivate the, or at least a, general bundle
gerbe.

The determinant bundle in (41.19) has connection given by (21.15). The curvature
of this connection was computed in (24.20):-

da

(42.1) w= —C/Rtr(a_1 5 (a™da)?)dt at a € G [p/p?]-

sus,ind=0

In the discussion of the transgression of the Chern forms for the delooping sequence
this form was ‘lifted’ to G;2° simply by observing that the integral is still convergent

— because one term has been differentiated with respect to t. This leads to
= da 00
(42.2) Mo = Rtr(a E(a da)?)dt at a € G2

which therefore defines a form on the top part of the x-extended group and restricts
to the subgroup defined by 7 = 7o = 0.

The curvature of the pull-back of the determinant line bundle from G_ % —, to
G in (41.22) is the pull-back of the curvature, so it is — up to a constant which I
have lost but which is important — equal to

d
(42.3) S*w = /Rtr(afld—j(aflda)z)dt, a=h"1'g, (h,g) €G.

To compute this we need to expand out the differential, d(h~tg) = —h~*dhh~1g+
h~'dg and similarly for the derivative with respect to ¢. This gives a total of eight
terms.

Lemma 39. The pull-back of the curvature of the determinant line bundle is

S*w = TRy — L2 + do, where

(42.4) o= / tr <dggl(dh)h1 - dhhl(dg)gl> dt and
e\ dt dt
7L, TR:G — é;g?ﬁ:o

are the two projections.

Proof. After expanding out (42.3) as indicated above, the two ‘pure’ terms in which
only one of h or g is differentiated are the two terms obtained by pull-back of ;.
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The other six can be combined to give

d(h~'g)

R e U e G BT

= [t S et = [ (G (@)
25) + [ et 0 ) a0 e~ [ g G g )
=aple — 702 +d </R tr (Zigl(dh)hl - Z?hl(dg)gl> dt)
+/R%tr((dh)h_1(dg)g_1).

The last term evaluates to tr((da)a !(da)a™!) = 0 by symmetry, where a =
Roo(g) = Roo(h) is the common base-, or end-, point. Thus we arrive at (42.4). O

Theorem 15. For the K-theory (principal) bundle gerbe

(42.6) L=5*L L

. | |

— S _
Gsus,ﬁ:O = GsuC:,)ind:O [6/62]

BNy

G—OO

det=1

the pulled-back determinant line bundle has a connection Vg over G with curvature
(42.7) wg = Tgilz — WL

where the ‘B-field’ ij, is a 2-form on G- o with basic differential

sus,n=
(42.8) dijy = RX ctr((a'da)?).

It is important to track the constant, which I have not (yet) done.

Proof. This has all been done! The connection is obtained by adding a to the
pulled-back connection and the formula for the differential of 7> was worked out
earlier. O

What does all this buy us? Or asked another way, are there any interesting
examples? In fact there are plenty of examples!

One such is to consider the group SU(N) of unitary N x N matrices of determinant
one. This Lie group is connected and simply connected — this we have really already
used. Now, we can certainly embed it into the stabilized group

(42.9) in 1 SUN) — Gl

say in the isotropic model by making it act on the first N eigenfunctions of the
harmonic oscillator (and stabilizing by the identity of course). Here we use the
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consistency of the usual and the Fredholm determinant. Thus, we can pull the
K-theory gerbe back to SU(/N) and we have an induced ‘gerbe’

(42.10)

Here £ is the fibre-product of € with itself — which is to say it is the pull-back of
G which is just the fibre-product of é;;:’ﬁzo with itself over G ;7 ;. Moreover, the
set up (42.10), with £ the pulled-back line bundle over £, comes equipped with
a connection on £ and a B-field on the total space of the bundle with ‘curvature’ a
multiple of the 3-form tr((g~1dg)®) on SU(N). How cool is that? Is this the gerbe
of Meinrenken — [6] or is the ‘curvature’ a multiple of the minimal integral form
27 tr((g™'dg)?). This needs to be checked!

Other ‘obvious’ examples come more directly from index theory and I will describe
these below. First let me try to abstract from the K-theory gerbe to get the notion
of a ‘bundle gerbe’ which is due to Michael Murray [8].

So, abstractly, consider a setup as in (42.10)

(42.11)

where X can be a finite dimensional (say compact) smooth manifold and we are
no longer assuming that £ is pulled back from somewhere else. We will need to
specify what sort of bundle £ is over X. Since we can expect, in general, that &
will be infinite dimensional we will need to specify the structure group. Let me
just gloss over this for the moment to get the formal set up clear first. So, just
pretend everything is finite-dimensional (which it could be) and then what makes
the discussion above, relating the K-theory gerbe to Cech gerbe data, work? What
we have used is:-

(1) & is a fibre bundle over X.

(2) £ is the fibre product of £ with itself -~ meaning it is the fibre diagonal
in & x €.

(3) £ is a line bundle over &2,

(4) £ has a primitivity property — if we consider £, the triple fibre product
and the three projections

(42.12) o EBl — Bl 0 =F S C
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where 7p is projection onto the rightmost two factors, mg onto the left-
most two factors and m¢ onto the outer two factors” then there is a given
trivialization

(42.13) T:75L @Rl =5 wiL over EF or

' T:miL@npl @il = C.

(5) Finally we need this trivialization to be natural, in an appropriate sense.
Namely if we go up to Y then there are four versions of T' from the four
ways of mapping from £ back to £B! by dropping one of the factors. Then
the tensor product of the four pulled-back line bundles as in the second
version of (42.13) is canonically trivial and we require that the product of
the four T’s should reduce to the identity.

What is triviality for such a bundle gerbe? It is the condition that there is a line
bundle K over E such that there is an isomorphism of line bundles

(42.14) LS R KoK,

Definition 10. A bundle gerbe with connection is a bundle as in (42.11) satisfying
1-5 where £ — X is a smooth Fréchet fibre bunle, £ is a smooth line bundle over
£l with smooth connection V, the diffeomorphism T is smooth and under (42.13)
the connection pulls back to the product connection.

Ezercise 36. Show, if only formally, that under the triviality condition the B-
field can be taken to be the curvature of K and hence the 3-form which is its
derivative vanishes. Going a little further, show that the Dixmier-Douady invariant,
in H?(X;Z) vanishes in this case.

There are finite dimensional examples. Recall that in SU(N) there are still non-
trivial multiples of the identity, at least if N > 1. Namely 71d € SU(N) if 7V = 1.
These Nth roots of unity form a normal subgroup and the quotient is the smaller
group PU(N) :

(42.15) {r € C;7N =1} — SU(N) — PU(N).

Proposition 58 (At least mainly due to Serre.). Let E be a principal PU(N)
bundle over a compact manifold X then the central extension (42.15) induces a
primitive, flat, line bundle, Ly, over PU(N) which defines a bundle gerbe

(42.16) Ln Ln

the Dizmier-Douady invariant for which is a torsion element of H*(X;7) and all
such elements arise this way.

TThese letter stand for First, Second and Composte, coming from the composition of operators.
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Ezercise 37. Suppose E — X is a principal bundle for a group G where G has a
central extension by the circle (or C*) — meaning there is a short exact sequence of
groups

(42.17) U(l) — G —G.

Show that F fixes a bundle gerbe over X (assuming appropriate regularity especially
if the setup is infinite dimensional).

Here is another example taken from the recent preprint [5]. Let X be a compact
manifold and suppose that L is a complex line bundle over X and f: X — C* is
a smooth function. The former defines an element of H?(X,Z) and the latter an
element of H'(X;Z). Together this gives an integral 3-class, how can we construct
a bundle gerbe out of this data? Choose an Hermitian inner product on the fibres
of L, so that the circle bundle

(42.18) L={peLpl=1} 5> X

is well-defined. It is indeed a principal U(1) bundle over X. Thus if we take the
fibre product L!?! over X then we have the usual S map

(42.19) LB 2 uq).

This map is itself ‘primitive’ (sometimes called a groupoid character), meaning that
the three versions of it over L] satisfy

(42.20) TGS  ThS = TES.

Next think about the map f : X — U(1). Together with (42.19) this leads to a
map to the 2-torus:

(42.21) sx Pl fo L2 — 12,

Over the torus there is a line bundle, corresponding to the Afundarnental, volume,
class in H?(T?;Z). This line bundle can be pulled back to LI? giving at least the
basic setup of a bundle gerbe.

Ezercise 38 (Maybe for me). Check that if L is equipped with an Hermitian
connection then this defines a connection d + v on the (trivial) pull-back of L to L.
Then show that the structure above is a bundle gerbe in the sense of Definition 10
and with B-field on L ed log f A7y (including working out the constant) and with

curvature 3-form
!

(42.22) Z WA dlog f on X.
2mi

Addenda to Lecture 33 The notion of equivalence of a bundle gerbes needs to
be addressed, corresponding to a weakening of the notion of triviality.

First we can say that two gerbes over the same base, are isomorphic if there
is a fibre-preserving Fréchét isomorphism between the corresponding bundles &;,
i = 1,2 such that under the induced isomorphisms of the 51-[2} the bundles £; become

isomorphic and that under the induced isomorphism of the 51[3} the primitivity
isomorphism T; are intertwined.

This corresponds to the ability to pull back gerbes. Thus suppose I is a gerbe
as in (42.11) and ® : & — £ is a smooth bundle-preserving map, where & — X
is a locally trivial Fréchét fibre bundle. Then ®*T is the gerbe with line bundle
(®12)* L over &.
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Ezercise 39. You should check that all the conditions hold for the pull-back and
that if V is a primitive connection on £ then the pull-back is a primitive connection
on ®*L. Check that I' and ®*T" have the same Dixmier-Douady invariant.

Now we can say that one gerbe I'; extends another, Iy, if there is a fibre smooth
map ® : & — & such that 'y = &*I'y. Two gerbes are equivalent if each extends
the other.

Next we can consider the ‘tensor product’ of two bundle gerbes I'; with Fréchét
fibrations &; and primitive line bundles with connection £;, over the same base X.
The tensor product Ty ® T's (maybe it should be written as an exterior tensor
product, I'; ® I'y) is just obtained by taking the fibre product of the bundles
E = (&1) xx (&) and the exterior tensor product of the primitive line bundles.
Alternatively one can think of this in two steps. First define the tensor product
when the fibrations are the same — just as the tensor product of the two line bundles
and connections. Then define the general case as the tensor product in this sense
of the two pull-backs — of T'; to £ under the two projections p; : £ — &;.

Ezercise 40. Check it all — that the required conditions hold for these operations
to be well-defined and most importantly that the Dixmier-Douady invariant of the
tensor product is the sum of the Dixmier-Douady invariants.

Ezercise 41. Make sure that you can see that duality also works — the dual of
a gerbe is just the gerbe with the dual bundle and dual connection and that this
process reverses the sign of the Dixmier-Douady invariant. Observer that the tensor
product of a gerbe and its dual is isomorphic to a trivial gerbe.

Definition 11. Let F — X be a Fréchét bundle over a manifold X, then a bundle
gerbe T over FI? (with Fréchét bundle £ and primitive line bundle £) is primitive
if there is a smooth Fréchét bundle map (as bundles over F13])

(42.23) 7€ X gz M€ +—> THE
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43. LECTURE 34: DIXMIER-DOUADY INVARIANT
FriDAY, 5 DECEMBER, 2008

Even though it is wandering further into Cech theory than I really wanted to go,
I will discuss the Brylinzki-Hitchin definition of a gerbe (calling it ‘gerbe data’),
the derivation of the Dixmier-Douady class and show how the K-theory gerbe (and
more generally any bundle gerbe) defines such gerbe data. If there is a little more
time I will go through, at least in outline, the construction of a principal PU-bundle
from gerbe data.

Let me start with the notion of a Cech type gerbe of Brylinski and later modified
by Hitchin. For orientation, start with the 0-gerbe, the line bundle.

Definition 12. Line bundle data (to be considered as one word) on a manifold X —
for convenience taken to be compact here — consists of the following:-
(1) A (finite) covering of X by open sets, U;, i € N.
(2) A C* complex line bundle L; — U; over each U;.
(3) An isomorphism of complex line bundles for each 4, j such that U;; = U; N
U; #0,
Tij : Li|Uij — Lj|Uij with T]z = TZ;I
(4) The compatibility (cocylce) condition for each i, j, k such that U, = U; N
U;NU, # 0,

(431) TkiTjkTij =1Id on Li|Uijk'

There are extreme cases of such vector bundle data. One possibility is that there
is only one element in the open cover, Uy = Z, and then L — Z is simply a complex
line bundle. Alternatively, all the line bundles could be trivial, L; = U; x C and
then we get what is the usual notion of a trivialization of a line bundle. Namely,
the Tj; become maps t;; : Uj; — C* and the cocycle condition becomes

(43.2) tkitjktij =1.

In fact such line bundle data always defines a complex line bundle. Simply define
the 1-dimensional complex vector space at each point by

(433) Lp = {(Zﬁ) S @ (Li)pQTijZi =Zzj \ ’L,] s.t. pE U”}
peU;
Then L = U, L, is a complex line bundle and moreover there exist bundle isomorphisms

(43.4) T;: L], — Lis.t. TT; = Tj on Uy;.

I do not want to follow all this Cech stuff to its logical conclusion, but observe
that the converse of (43.4) is also true. If L is a line bundle over X and there
are bundle isomorphisms Ti : L|Ui — L; for each i such that Tijﬂ = Tj on Uy
then L and L are globally isomorphic as vector bundles. Moreover, one can refine
line bundle data given a refinement of the cover. That is, if U], [ € N', is another
open cover with a map I : N’ — N such that U} C Uy for all I € N', then the
Ly = Ly py caIry ‘obvious’ induced line bundle data and the line bundle generated
by this data is globally isomorphic to that generated by the original data.

Now, one can always find a good open cover which refines a given cover; it suffices
to take a covering by sufficiently small balls with respect to some Riemannian
structure on the manifold. The condition that an open cover be good is that all
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the non-trivial intersections of its elements be contractible. So, one can find a
refinement to a good open cover still denoted U;. In that case there is a trivialization
ofeach T; : L; — [Nzl = Cx U; over U;. Then INJZ with ti; = TjTijTiil € COO(UZ,(C*)
gives new line bundle data which also generates an isomorphic line bundle. Since
U;; is also contractible, one can choose logarithms

(435) Yij € COO(UZ,(C) s.t. tj; = exp(27ri'yij), Yii = —Vij-
Now, on the triple overlaps
(43.6) Nijk = Yij + Vik + Yri € Z on Uyjy,

is constant and integral, since by the cocycle condition (43.2) exp(2min;;;) = 1
(and Uyj is contractible). Moreover this satisfies the closure condition for Cech
cocycles, that

(43.7) Nijk + Nkl + s + ngig = 0 if Uy # 0.
Thus the n;;;, fix a Cech 2-cocycle and hence a Cech cohomology class
(43.8) w(L) € H*(X,Z).

Of course, there is some work here to show that the Cech cohomology class is
independent of the choice of good cover, etc.
Then one arrives at the well-known result:-

Theorem 16. Two complex line bundles over a compact manifold are globally
isomorphic if and only if they define the same class in H*>(Z,7) and every such
class corresponds to an isomorphism class of line bundles.

Proof. The main thing to see is the independence of the class w(L) of the choice of
good open cover — this really amounts to showing that the same class arises under
refinement to another good open cover, since any two open covers have a common,
good, refinement. The converse, that each class arises this way, follows by the
fact that any Cech cocycle n;, with respect to some open cover, arises from ;;’s
through (43.6). Namely one can just choose a partition of unity y; subordinate to
the open cover and set

(43.9) Yij = Y Xemijk on Usj.
k

Exponentiating the ;;’s gives line bundle data which in turn generates the original
class n;- O

So, why have I gone through all this standard Cechy stuff? Basically, T just
wanted to prepare for the Cech version of a gerbe.

Definition 13. Gerbe data on a compact manifold X consists of

(1) A (finite) open cover U; of Z.

(2) A C™ line bundle L;; — U;; over each non-trivial U;; = U; N U; with
Lji = L;J (the dual).

(3) For each non-trivial U, a trivialization

(43.10) Tijk, = Lij ® Ljk ® Ly — C on Uy
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(4) The cocycle condition that over each non-trivial U

(43.11) Tiji Ty Tei Ty =1
where this makes sense because the tensor product of the four 3-fold tensor
products, as in (43.10), is canonically trivial:

(4312) Lij ® ij ® Lki ® L;k ® L;cl ® Léj & Lkl b Lli ® Lik ® ng ® L;j ® L;’l =C.

Proposition 59. Any gerbe data defines a class (the Dizmier-Douady class) DD €
H3(X,7Z) which is constant under refinement and any two collections of gerbe data
with the same Dizmier-Douady class are isomorphic after refiment (to a common
good open cover).

Proof. The definition of the Dixmier-Douady class follows the same idea as for line
bundle data above. Namely, first refine to a good open cover (of course one has to
define this process and check that it does indeed give new gerbe data). Then all the
L;; are trivial, with trivializations Tj;. The T};; now become maps ¢;;i, : Usj, — C*
and so have logarithms, 7;;z. These generate integers
(43-13) Nijkt = Yijk — Vikt T Vkis — Yiij O Uz’jkl
and these form a Cech 3-cocycle and hence class [n] € H*(X;Z).

So, now the checking begins! I leave it to you (after consulting Brylinski’s book,
[2], if you prefer) to show that this class is well-defined, i.e. does not change under

refinement and determines the gerbe data up to the natural notion of isomorphism
after sufficient refinement. Moreover, every integral Cech 3-class arises this way. O

Theorem 17. Cech gerbe data in the sense of Definition 13 defines a principal
PU bundle over X, where PU = U /U(1) is the quotient of the group of unitary
operators on a separable, infinite-dimensional, Hilbert space by the multiples of the
identity, all PU bundles (up to isomorphism) arise this way and two principal PU
bundles are isomorphic if and only if the Dizxmier-Douady invariants of their gerbe
data are equal.

Proof. Not very likely. O

Now, let me check that we can extract ‘gerbe data’ from the K-theory gerbe as
just described. To do this, consider the pull-back of the gerbe under some map from
a finite dimensional manifold X — G337, — G~°° which therefore represents
an odd K-class on X. Let £ be the pull-back of the bundle G;gjﬁzo. The first thing
to note is that we can find local sections of £, meaning it is locally trivial. Indeed,
without the restriction to 77 = 0 this was discussed earlier. Since 7} exponentiates
to det oR, it is enough to recall that R, is surjective, since on a local section of
G5 on which det oR,, = 0 the funtion 7 is necessarily constant. Thus, there is
an open cover U; of X on the elements of which £ has a section (and as a principal
bundle is then trivial). On the overlaps U;; there are two sections, and hence a
section of 1. Using this the determinant line bundle may be pulled back to define
a line bundle L;; over Uy;. It only remains to check the properties required of gerbe
data in Definition 13. That Lj; is the dual of L;; follows from the primitivity of the
determinant line bundle and the fact that it is canonically trivial over the diagonal.
Similarly the existence of a trivialization of the triple tensor product in (43.10) over
any U, i, follows from the primitivity of £, as does the naturality (43.11).

Thus the K-theory gerbe does define Cech gerbe data.
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Ezercise 42 (I will do this eventually). Show that the Dixmier Douady invariant of
the pull-back of the K-theory gerbe to X is (a multiple of) the second odd Chern
class of the element K'(X) which the map defines.
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44. LECTURE 35: THE K-THEORY 2-GERBE
MonNDAY, 8 DECEMBER, 2008

Frédéric Rochon and I were talking about this, so I thought I would put in what I
know here. I am not at all sure that this is the right way to go — the usual theory of
2-gerbes is categorical. This is for good reasons to do with the non-commutativity
of the groups. However, in this case it seems we can construct genuine bundles
which reproduce, as a kind of curvature, the 4-class which is the second Chern class
for reduced K-theory — after we have killed off the index and the determinant line
bundle. The following gerbal discussion is still quite preliminary.

So, start with the bottom row of (39.1). We do not need the rest of the diagram
(although it might be better to start with the right column instead). So this is just
the quantization sequence with the initial group shrunk, by killing the determinant
and as a result the image group is larger:

(44.1) G (RsR) —— GO(R;R) = F
Gs_uz?indzo,,C(R)'

Now, take the self-fibre product of this fibration to get the same picture as in the
construction of the gerbe

(44.2) S*L c
§r& =———— grgl] g — s ¢

TR L
* [2] [2]
N Toxg Tg \L Pe
L S

F—F—F —> G (RR)

[2]
TF

pF

G;J?lnd:O,E(R)
except that now we have the K-theory gerbe over the structure group. The diagram
in (44.2) is completed by pulling this back.
So, the sense in which this is supposed to be a 2-gerbe is:

Proposition 60. There is a connection on S*L such that its curvature, a two-form
on S*ER, splits as the difference of the two pull-backs of a 2-form on S*E under
the maps 7y, and wg. The differential of this 2-form is basic, i.e. is a 3-form on
FPL which in turn splits as a difference of the two pull-backs of a 3-form on F.
The differential of this is basic and is the desired 4-form ‘curvature’ on the base
G (R).

sus,ind=0,L

Okay, so let’s see if this really works! According to my computation the same
miraculous cancellation does indeed occur. In brief, we take the previously described
connection on £ over £, We already know that the curvature of this connection
splits, as the difference of the pull-back from the two factors of £ of a two form the
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differential of which is basic and is a multiple of the three form
(44.3) Tr((a'da)®) on G=*°.

Thus, pulled back to a bundle gerbe over F12! this all proceeds the same for the
pulled-back connection and pulled-back forms. It follows that what we get on F'2
is the pull-back of (44.3) to F!2I. Writing out the pull-back map, S, as a = h™'g
the pulled-back 3-form is

(44.4) Tr (g *h-d(h'g)-g *h-d(h ' g)-g *h-d(h'g)).

Here I have written the extended trace functional on G® even though all the
composed factors are in G~ since that is what we need to work it out — of course
it reduces to the trace in this case. As a first step, commute the g~—! to the right
to make it more ‘symmetric’. This in principle produces a trace-defect term. In
fact it does not, since any one of the middle d(g~'h) terms is smoothing so the
commutation is justified so (44.4) is equal to

(44.5) Ch3 =Tr ((h-d(h™g)- g ")) =Tr (((dg)g " — (dh)h™")?).
Expanding this out into eight terms gives
Chodd —
Tr (((dg)g~")%) — Tr (((dg)g~*)? ( h)h™t)
(44.6) ~Tr ((dg)g~" (dh)h™" (dg)g™") + Tr ( “H((dh)pTh)?)
—Tr ((dh)h™" ((dg)g~ 1)2) Tr ((dh (dg)g‘l(dh)h Y

+Tr (((dh)h=")*(dg)g™") — Tr (((dh)h’l)g) :

The first and last terms here are the ‘pure’ terms pulled back from the factors.
Now, consider the third and sixth terms on the right. By commutation, using the
trace-defect formula these can be written

—Tr ((dg)g~"(dh)h ™" (dg)g~") = —Tx ((dh)h " ((dg)g~")?) — «
Tr ((dh)h™"(dg)g~" (dh)h™") = Tr ((dg)g~' ((dh)h™")?) +

a=c [ (((dm>m-1)2 < ((amym 1)) :

Here m is the common ‘full symbol’ of h and g (which lie in the same fibre) over
the symbol group. Thus these defect terms cancel and (44.6) can be rewritten as

Chg = T (((dg)g)*) — Tr (((dh)h)?)
(44.8) v (((dg)g ™) (d)h™") + 2T ((dg)g ™" ((dm)h™")?)
~2Tx ((dh)h ™" (dg)g™")?) + & ((dh)h™")*(dg)g™)

(44.7)

That is,
S* Chg® = ns(g) — ns(h) + dp(g, h),
ns(9) = Tr ((dgg™)*), p(g,h) = Tr((dg)g " (dh)h ™).
So, in terms of the diagram (44.2), 3 is a form on the total space of F whereas

p is a form on the total space of F[2l. Recall that Ch3® was obtained as the
differential of the form 72 on £ so

(44.10) N2 =S*n2 —pgpon &

(44.9)
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is a (different) B-field for the pulled-back gerbe over F[? (because the extra term
comes from F[ so cancels out) so

(44.11) Thih — Wil = TS — TS = w(S*L)
gives the curvature of the pulled-back connection on $*£. On the other hand
dns = —dTr(dg Ad(g~ ") Adg-g )
=Tr(dg Ad(g~") Adg-d(g™))

(14.12) = JT((dg" (dla)g™ 7))

= %c’/RTr <Z§gl(d(g)gl)“> + %c’d/RT&« <Z§gl(d(g)gl)3>

— 11 even — 00
= ¢’ Chy on Gsus,indzo,ﬁ'

Question 4. What is the structure of this ‘2-gerbe’ which makes the forms descend
in this way. In particular can it be abstracted to produce a general class of objects
which, collectively, produce all integral 4-forms on the base?

In answer to a question from Frédéric Rochon: Yes it is possible to construct
a 2-gerbe in the sense of a diagram like the left part of (6.14) which reproduces
the decomposed 4-form wy A ws where the w; are the curvatures of line bundles, L;,
over a compact manifold X. Not surprisingly this follows rathe closely the discussion
from [] which is sketched above at the end of Lecture 34.

In particular we may start as in (42.18). Suppose L;, i = 1, 2 are Hermitian
line bundles with connections V(# over X and consider the fibre self-product of the
corresponding circle bundles L;. Each of these generates a character

(44.13) Xi: i?l — U(1), xi(u,v)v = u.

We can combine these two constructions. Set p : F = Ly — X and let pl2l
F2I — X be the double projection. Then denote the pull Ly back to the total
space of this bundle as

(44.14) q: &=L =i xx L — r=1
It follows that
(44.15) g2 gl = R FE Ly il

can be identified as the fibre product over X of the two fibre self-products. This
constructs the desired little 2-gerbe:-

(44.16) L=5ST T

L S &LF

b — P U(1) x U(1)
TR
¢ 412!
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Here T is the 2-torus with line bundle 7 over it, constructed to have curvature
—dlog x1 A dlog x2/47?. Namely, identify the 2-torus as

(44.17) T = R?/Z?
with the additive action of Z2 on R? and then identify
(44.18)

T =R>xC/ ~, (t; +ny,ts +ns,2) ~ (t,t2,2"), 2’ = exp(mi(naty —nits))z.

Note that the torus is recovered as the quotient of the square [0, 1] x [0, 1] in which
opposite sides are identified. Thus any point in the interior of a side is identified
with one other point and (44.18) gives an identification of the fibres above these
two points — where either ny = 1 or ns = 1 — by multiplication by exp(wt;)
or exp(—mite). You might think there should be a 27 here instead of a 7 but
notice that all four corner points are identified. The four lines are identified by
multiplication by £1 — —1 if they are both on a side or 1 if the are opposite. This
is consistent. Thus the fibres are well-defined and clearly there are consistent local
smooth trivializations.
An invariant connection on the trivial bundle for this action is

(4419) d— )\, )\(tl,tg) = Wi(tgdtl — tldtg).

This descends to a connection on 7 which has curvature dt; A dts.

So this gives the line bundle over £12l = I:[f] X x ﬁf% it is just the pull-back of the
primitive line bundle on the 2-torus by the product of the two characters of the line
bundles over I:EQ}. The curvature of this line bundle with pulled-back connection is
of course the pull-back of the curvature, meaning it is

(44.20) w = dlogx1 A dlog xa/47?

where I have not been keeping track of possible £1’s.

Now, recall what happens when a line bundle with Hermitian connection is pulled
back to its circle bundle. As already noted, it becomes trivial and its connection
therefore takes the form d + v where v is a (pure imaginary) 1-form on the total
space of the circle bundle — it is indeed a connection form in the sense of principal
bundles. Now, pulling back under the two maps from L2l to ﬁ, the connection
form satisfies the ‘gerbe’ condition

(44.21) Tiy — Ry = dlogx, x : LI — U(1)
being the groupoid character of the line bundle.
So, applying this discussion first to &€ — f/[f], being the pull-back of Ly to F12

we find the desired decomposition of the curvature of the line bundle £ over £12! in
terms of a B-field on & :

(44.22) w=dlogx; Adlogxa/4m* = 733 —mRB, B =7 Adlogxa.

The exterior differential of the B-field, which is to say the curvature of the bundle
gerbe, is

(44.23) dB = q*d, 06 = w; Adlogxs on Fi2,

Now we can proceed to the next step since again there is a decomposition in terms
of the connection form for L :

(44.24) d=nip— TR, p=w; Ay2 on F.
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Finally we recover the ‘curvature’ four form as
(44.25) dp=p*p, p=wi ANwy on X.

So indeed, this is a second example of a bundle 2-gerbe.
For bonus grade on the course, fix a condition on a tower as in

(44.26) c
£x— ¢l
q § q[2]
F = Fli
:;X p[2]
X

so that the curvature descends in this way. If you really want to think about this,
and someone should, it might be wise to make one further ‘step back’. Let D denote
the circle bundle of the line bundle and x the groupoid character as discussed above.
Then the tower becomes

L X

(44.27) = pll —>U(1)

TR
\ 1121
L

So you can even imagine what a general bundle k-gerbe is in this sense! Think of
this as a Rube Goldberg marchine with a ball rolling down and a bell at each level.
So, let me review where we are with the succession of gerbes (which sounds like
Kings and Queens of England). Note that the numbering convention is not mine.
We can think of X as a compact manifold although as we have already seen the
non-compact and infinite dimensional cases may be particularly interesting.

(1) A (—2)-gerbe is a map X — Z which is continuous or smooth. This
generates the 0-cohomology over Z; zut, it is the integral cohomology.

(2) A (—1)-gerbe is a smooth (for me, you might take continuous) map f :
X — U(1) (or C* would work as well). This generates a covering space
Xy for X — namely above each point z € X take all the possible values of
log f/2mi. Thus py : Xy — X is a principal Z bundle. We can take the



184 RICHARD MELROSE

fibre product of X; with itself to get the diagram

™ é
(44.28) Xp—xP Ly
TR
N
X.

In fact there is no particular reason to insist here that X; be a principal
Z bundle. Rather we can just take any smooth fibre bundle (even infinite
dimensional if you want) £_; over X with a map ¢ : Eﬂ — 7 which is
additive-multiplicative in the sense that d(z1,23) = d(21, 22) + 0(22, 23) for
any three points in the same fibre. Of course, this is not an enourmous
generalization since the function has to be locally constant anyway.

(3) Now, a 0-gerbe is a(n Hermitian) line bundle, p : L — X. We take either
L*, the complement of the zero section, of ﬁ, the circle bundle and proceed
as above, giving:-

™

(44.29) =ik —S>u()

TR
X ipm
X.

Here we use the fact that the pull-back of L to L is canonically trivial and
S is the composite of the inverse of this trivialization on the right with the
trivialization on the left. It is a ‘groupoid character’

(4430) 5(21,2’3) = S(Zl, 22)5(22,23) \ 21,%9,23 € _i/p.

Now, if we want we can interpret this character as a (—1) gerbe and build
the tower already here:-

(44.31) Xsx—xP -2 >7
TR
ps ip[sz]
L . S

(4) 1-gerbe as above
(5) 2-gerbe as above, but better written out a little more fully!

So, having seen that these cases are really uniform, we are just getting higher
towers with more complicated ‘primitivity conditions’ as we go along. One lesson
we can easily draw from this is that the construction above of the decomposed cases
— the cup product of a 1- and a 2-class and the cup product of two 2-classes coming
from line bundles — can be generalized.

Ezercise 43. Work out the ‘tensor product’ of a 1-gerbe and a (—1)-gerbe. If the
gerbe is as in (42.11) and the (—1)-gerbe is a smooth map f : X — U(1) first
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push the gerbe the extra step to get a bigger tower:-

(44.32) L= ;i —=TU(1)

Ex=—¢l2

TR
2
\ lﬂ[ ]

X.

Now just take the product with the map f to get a map to the torus and proceed
to check (I mean that you should do so ...) that the pull-back does indeed give a
2-gerbe by adding an extra tower at the top:

(44.33) (S x f)*T T
[3—— 1o _ L y(1) x U1

N pl2)
L

Show that the 4-form curvature of this bundle 2-gerbe is v A dlog f/2mi, where v
is the 3-form curvature of the gerbe.

Exzxercise 44. See if you can see exactly what happens when one takes the tensor
product in this sense of a 2-gerbe and a (—1)-gerbe, to produce a 3-gerbe. My my,
this numerology is dumb.

Ezercise 45. Develop the same construction for the ‘tensor product’ of a gerbe and
a line bundle, masquerading as a O-gerbe; if you are brave enough even the product
of a 2-gerbe and a 0-gerbe.
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