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INTRODUCTION

1. LECTURE 4: 22 SEPTEMBER, 2009

What I did today.

(1)

(1) Recalled the basic properties of pseudodifferential operators that I have

shown so far.
First I showed that if @ € S7°°(R?"; R™) then the convergent integral

I(a)u(z) = (2%)_"/ei(z_zl)'ca(z,z’,C)u(z’)dz’d(j, u € S(R™)

defines a continuous linear map A : S(R") — S(R") and for each m € R
there exists L such that

[1(a)ully < Cm.LllallptrmllullpsL-

Here || - ||, are the norms on S(R™) and ||a||4,m the norms on S™(R?"; R™).
Then I defined U7 (R™) by continuity using these estimates so by
definition it is the range of I on S™(R*";R") as a space of continuous
linear operators on S(R™).
The main result is left-reduction, that restricted to symbols which are
independent of the 2z’ variable this I gives an isomorphism — which I am
calling left quantization

qr : ST(R™;R™) — ¥ (R™).
I showed that this is a bijection and declared it to be a topological isomor-

phism by using it to transfer the topology from S™ to ¥72. The inverse of
qr, is the left symbol map oy,.

(2) Formal adjoint defines an isomorphism of ¥ (R™).
3) Composition as operators on S(R™) gives a non-commutative product
p 1Y g p

(4) S™(R™R") x §™ (R R™) — §™F™ (R R™), (a,b) — or(gz(a) 0 qr (b))
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and that this product has an asymptotic expansion in terms of the commu-
tative product

(71)‘0(' e a
(5) oL(AB) =) ——D2or(4) Do (B).
Here the terms in the sum are of order m +m’ — |a|.
(4) Today I showed the uniform ellipticity of o7 (A) is equivalent to the exis-
tence of a two-sided inverse modulo errors of order —oco.
A symbol a € S™(R?";R") is uniformly elliptic of order m if there

exists ¢ > 0 such that
(6) la(t, Q)| = c[¢|™ in (| > 1/cV t € RP.

So, if A € U™(R") then (6]) for o.(A) (and this is equivalent to the
the same result for or(A)) is equivalent to the existence of B € ¥_™(R"™)

such that
(7) AB —1d, BA—1d € U >*(R").
(5) Next I defined the essential support of a symbol and the local elliptic set
of a symbol.
(8) )
ess-supp(a) = {(2,{) € R" x " 13T ¢ > 0 s.t. sup la(z, )1+ [¢)) N < 0o ¥ N}E
|z—2|<e,| 1 —CI<e
Ell,(a) = {(2,{) e R" x S" ;T € > 0 s.t. inf la(z, Q)||¢|~™ > 0.
lz—z2|<e | & —CI<e ¢ 21 /e
Certainly Ell(a) C ess-supp(a). For pseudodifferential operators we define
o) WE'(A) = ess-supp(01(A)) = ess-supp(or(4)),
9

Elln(A) = Elly (01 (A)) = Elln (0r(A)), Sm(A) = ElL, (A4)C.

Lemma 1. For any A € U7 (R"), B € "% (R")
WF'(AB) € WF'(A4) N WF'(B),
(10) Ell,,4m/ (AB) = Ell,,,(A) N EllL,, (B),
Ymam (AB) = ¥,,(A) UL, (B).
(6) Then, after correction, I defined for any u € C_*°(R"™)
(11) WF(u) = N ¥ (A).
AeP (R"?);AueC>=(R™)

This is the same as saying (z,() ¢ WF(u) iff there exists A € U2 (R™) such
that Au € C*°(R"™) and (z,() € Ell(A).
(7) Finally I proved the easy half of

Theorem 1. If u € C~°(R") then (2,{) ¢ WF(u) iff there exists ¢ €
C(R™) with ¢(Z) # 0 and € > 0 such that

(12) sup  [¢|N]u(¢)] < oo V N.
I —Cl<el¢>1



(14)
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Proof. That implies that (z,{) ¢ WF(u) according to the definition
(1)) requires us to construct an operator A € W2 (R™) such that (Z,¢) ¢
Y0(A), meaning that (z,¢) € Ellg(A) but Au € C*(R™). So, simply choose
a cutoff ¢ € C°(R™) with support in |¢| < 1 and which is equal to 1 in
|¢| < 3. Then consider

¢

a= ‘1’(’)“(1(@ =)= () € S*R™R").

This is smooth since the last term keep the support away from ¢ = 0
where the middle term is singular. The symbol estimates follow easily from
the fact that in |¢| > 1 it is homogeneous of degree 0 in . Moreoverl
(2,¢) € Ellg(a). So if we take A € WY (R™) to have right symbol a then
(2,¢) € Ellg(A) and directly from

Tu(0) = w-%% ~O)(1 = (QO)gu(C) — Au € CPR™).
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