PROBLEM SET 6 FOR 18.102
DUE FRIDAY APRIL 3, 2020

Problem 6.1
Give an example of a closed subset in a Hilbert space which is not weakly closed.

Problem 6.2
Let A € B(H), H a separable Hilbert space, be such that for some orthonormal
basis {e; }

(6.1) S el < oo,

Show that the same inequality is true for any other orthonormal basis and that A*
satisfies the same inequality.

Hint: For another basis, expand each norm || Ae;||* using Bessel’s identity and
then use the adjoint identity and undo the double sum the opposite way.

I

Problem 6.3
The elements of A € B(H) as in Problem 7.2 are called ‘Hilbert-Schmidt oper-
ators’. Show that these form a 2-sided *-closed ideal HS(H), inside the compact
operators and that

(6.2) (A,B) = (Ae;, Bej),
for any choice of orthonormal basis, makes this into a Hilbert space.
Problem 6.4
Consider the ‘shift’ operators S : [2 — [? and T : [? — [? defined by
S{ar}izy) = {br}iZy, b = argr, b > 1,
T({ar}rz,) = {ertizs, a1 =0, cx = ag-1, k> 2.
Compute the norms of these operators and show that T'S = Id —II; and ST = Id
where ITy ({ar }72 ;) = {di}, di = a1, dy =0, k > 2.

Problem 6.5
If K € C([0,1] x [0,1]) is a continuous function of two variables, show that

(6.3) Aﬂmz/meﬂw

defines a compact linear operator on L?(0,1).
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Problem 6.6-extra
With the operators as defined above, show that for any B € B(I%) with ||B|| < 1,
S+ B is not invertible (and so conclude that the invertible operators are not dense

in B(12)).

Problem 6.7-extra
Suppose K : L?(0,1) — L?(0,1) is an integral operator (as considered above)
with a continuous kernel k € C([0, 1]?),

(6.4) Kf(z) = /( | Wy

Show that K is Hilbert-Schmidt.



