PROBLEM SET 9 FOR 18.102, SPRING 2016
DUE FRIDAY 29 APRIL.

RICHARD MELROSE

I have given you an extra week for this problem set but plan to have a tenth,
and last, one due on Friday May 6. I will try to get this up reasonably soon so that
anyone who wants to submit early can do so. I will be away the week starting 24th
April so email response then may be a bit slow.

Define HZ([0,7]) C L?(0,7) as consisting of those functions for which the (unnor-
malized) Fourier-Bessel coefficients (for the basis introduced to solve the Dirichlet
problem) satisfy

™
(1) Z |k?ci|? < oo where ¢, = / sin kx f(z)dz.
k€No 0
This is a Sobolev space. T'm not sure what the H stands for (Hilbert maybe) but
the superscript ‘2’ stands for two deriviatives (in L?) and the subscript 0 means
vanishing at the boundary — see below!

Problem 9.1
Show that if u € HZ([0,n]) and uy is the sum of the first N terms in the
Fourier-Bessel series for u (which is in L2(0,7)) then

duy g ux

dz U da?
where in the first two cases we have convergence in supremum norm and in the
third, convergence in L?(0, 7). Deduce that u € C°[0, ], u(0) = u(r) = 0 and
Fy € C°0, 7] whereas Fy € L?(0,7).

(2) uy — u,

Problem 9.2
Let C3([0,7]) be the space of twice continuously differentiable functions on [0, 7]
(one-sided derivatives at the ends) which vanish at 0 and 7 — this is the space
considered in lecture for the Dirichlet problem. Show that HZ([0, pi]) is a Hilbert
space with respect to the norm

3) Jull? = 370+ K e
k

and that CZ([0,7]) C HZ([0,7]) is a dense subspace.

Hint: Try not to belabour the Hilbert space proof since you have done so many
— but really do it nevertheless! If ¢ € C2([0,7]) compute the integrals in (1) above
and ingtegrate by parts to show the rest of (1). Think about sin kx (maybe write
down a related orthonormal basis of HZ([0,7])) to prove density.
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Problem 9.3
With Fy and F; as in (2) for u € H2([0, 7]) show that

@ [ w=-[ Ro [ w'=[ Fo voccion)
0,m 0,m 0,m 0,m
and show that if u € C3([0,7]) C HZ([0,7]) then Fy = v/, Fy = u".

Problem 9.5
Show that if V' € C°[0, 7] then the linear map

(5) Qv : HZ([0,7]) 2 u+— —Fy + Vu € L*(0,7)
is bounded and reduces to
(6) u+— —u”" 4 Vu on C3([0,7]).

Problem 9.4
Show (it is really a matter of recalling) that the inverse @, 1 = A? is the square
of a compact self-adjoint non-negative operator on L?(0, ) and that

(7) Q' = A(Id+AVA) 1A

(where we are assuming that 0 < V € C°[0,n]). Using results from class or the
notes on the Dirichlet problem (or otherwise ..) show that if V' > 0 then Qv is an
isomorphism (meaning just a bounded bijection with bounded inverse) of HZ([0, 7])
to L2(0, ).

Hint: For the boundedness of the inverse of Qy use the formula Q' = A(Id+AV A)~'A
from class where Id +AV A is invertible using the spectral theorem. By expand-
ing out the definition of the inverse of this operator, show that it is of the form
Id +AF A where F is bounded on L2. Substitute this into the formula for Q‘_/l and
see that there is a factor of A=2 on the left. What is this?

Problem 9.6 — extra

Use the minimax princple from an earlier problem set to show that the eigenval-
ues of Qv , repeated with multiplicity, and arranged as an increasing sequence, are
such that

(8) sup |, — 57| < oc.
J

Problem 9.7 — extra
Show that if V' € C2[0, ] is twice continuously differentiable and real-valued,
then all the eigenfunctions of the Dirichlet problem for —d?/dz? +V are four times
continously differentiable on [0, 7].
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