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FOREWORD

This is the typewritten version of a handwritten manuscript which was completed by Ian G. Macdonald
in 1987 or 1988. It is the sequel to the manuscript ”Hypergeometric fucntions I”. The two manuscripts are
very informal working papers, never intended for formal publication. Nevertheless, copies of the manuscripts
have circulated widely, giving rise to quite a few citations in the subsequent 25 years. Therefore it seems
justified to make the manuscripts available for the whole mathematical community. The author kindly gave
his permission that typewritten versions be posted on arXiv. These notes were typeset verbatim by Tierney
Genoar and Plamen Koev, supported by the San Jose State University Planning Council and National
Science Foundation Grant DMS-1016086.
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1
The classical definition (one variable) is

(al;q)n...(ar;q)n T
+Dolar,....ar by, ... bs 2 q) = '
(a1 it i) 7;) (01;@)n -+ (bs; Dn (45 0)n

and we have in particular

(1.1) 0®o(z59) = (739)

(1.2) 1P0(a;759) = (a3 9) o/ (25 @) o

In several variables the definitions should be such as to give

n

(1.3) 0®o(21, .- niq ) = [ (i3 9)2

i=1

T (a5 q) oo
(14) 1(1)0(04;1'1,...,5Un;q,t) = N
E (%5 4)oo
We have (any u)
cut(n(@igt) = [[ ¢ = u) ="V ] w0,
(2,7)€EX i>1

and we define

(1.5) (usq,t)x = [J(ut" "5 ),

i>1
so that we have
(1.6) eui(Jr) = 1" (u;q, ).
In particular,
(1.7) c0.4(Jy) = "W,
More generally, if a = (a4, ..., a,), define
(a;q,0)x = [ (@i, t)a-
i=1
Let

T3 (@10, t) = Ia(@30, ) /(Ix, In)qpt
so that (J5) is the basis of Ap dual to the basis (J).

(1.8) Definition. Let a = (a1, ...,ar), b = (b1,...,bs). Then we define
(@3 D)X n(x
O (a; b s q,t) = Y == —=t" WY (w3 g, 1),
e ; (ba q, t))\ &
a formal power series with coefficients in F'(a,b), i.e., an element of A F(ab)-
Here the number of variables z; may be finite or infinite.
The next definition, however, seems to be relevant only when the number of variables is finite, say

T = (xlw"vxn)? Yy = (ylﬂ"'7yn)'
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Let
Ji(;q,t) I3 (Y5 g, 1)
1.9 Ji(z,y;q,t) = A2 22D D
( ) )\( Y q ) 5t",t<J;\k)
the denominator of which is J3(1,¢,...,t" "1, q,t).
RN CIENC))
£ ()

(1.10) Definition. With a,b as in (1.8), we define

(@4, D) n(x
O (a;biw,y;q,t) = Y o t" NI (2,950, 1),
T 6( Y ) Z}\: (b7q’t))\ /\( Y )
Here the sum is over partitions of length < n. (hypergeometric kernel)
The relationship between ,®4(x,y) and ,®s(z) is given by

(1.11) el Dz, y) = ()
Proof. This follows from the definitions, since

e T (w,y) = Ji(2).

Il
Each such ,®(z,y) determines a scalar product on A, for which the Py are pairwise orthogonal and
(a)x
P, = —"
S A T REO

for

= (a)x . PA@)Or(y) etter definition
rés—z; B @, (better definition)
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2. PARTICULAR CASES

(2.1) 0®o(w;q,t) = [ J(xs:0) %"

Proof.
0®o(ziq,t) = Y "VIi(w5q,1)

A
= Y cou(Ja)J5 by (17)
A

= ez y:q.0).

Since g9 ¢(P,) = (1 —t")~! (r > 1), the effect of g9, on the y-variables is to specialize y; — t=1 (i > 1), +

hence _

(v) o (@it ;@)oo 1

eill(z,y;q,t) = || ———— = —_.

ot g (xit]_l;q)oo 1:[ (miaq>oo

|
(2.2) 1Po(a;x;q,t) = H M
G

Proof. By (1.6) and (1.8),

1Ro(as w1, t) = Y can ()5 = eI, 1),

A
Now
Mg 0,t) = ep S = L p(2)p ()
Wity =exp) oo e (@)ee(y
r>1
and €4 tpr = %, so that
1 1-a"
ez, yiq.t) = expd - TP (@)
r>1 " q
= I(z,1;q,a)
H (a‘rwq)oo
+ (@i0)o
]

Notice that (2.1) is the case a = 0 of (2.2), since (0;q¢,t)x = 1 for all partitions A\. Thus
Tq)s(ala ey Qp—1y ... ao;bla e 7b57$5q7t) = T*l(bs(a/l’ cee 7047‘71;1)1’ cee 7bsax7qat)

and likewise if one of the b; is zero.

(2.3) 1Po(t"; 2,59, 1) = (2,95 ¢, 1)
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Proof. We have
10t y0,8) = Y "IN (2, y)

ZJA(QJ)JA(ZJ)
)

(since t"N (t")\ = e4n +(J»)) whence the result.

Next consider the scalar product of Ch.VI, §9:

1. .
<fu g>:1,t = ﬁ[ng]la
where

(275 @)oo
A = A(x;q,t) zﬂji
i (twir ' q)oo

and [ ]; denotes the constant term.
We shall normalize this as follows

<f7 g>:1l,t = <f7 g>;,t/<17 1>:1,t

[In fact (¢—Dyson conjecture)

(1,1)!, = (t:9)5% = .1:[(1—#)*1

(" @)oo (g5 9

—see e.g., Stembridge for a reasonably simple proof.]
Conjecture (C1). (P, Pa)y; = e t(Pr)/egem—14(Qx)

We associate with this scalar product the power series
H” I > Ys qa Zuk

where (uy), (va) are dual bases of A for the scalar product. Taking uy = Py we have

H”(x,y;q, ) = Z Py () Py (y)

S (Py, P\)"

Py(z)Pr(y)egim—1,4(Qx)
E/\: 5t",t(P)\)

_ eqnfl,t(JA)J*(m)J*(y)
B Z gt",t(j\;) :

B\
(because PAQx = JyJ3)

= Y t"V(gt" T (@)

A
= 1®o(qt" 2, y50.1).

Then we have

(2.4) Conjecture (C1) <= II"(z,y;q,t) = 1Po(qt" ;2,95 ¢, 1),
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From (2.4) and (1.11) we obtain (always assuming (C1)) that

eV (@, y;q,t) = 1Po(gt™ N wiq,t
tn,t
(qtnilxiJQ)oo
= e gy (22
(xiaQ)oo ( )

%

-1
= H(l’i;‘I)k(n_1)+1

%

if t = ¢":

(2.5) Conjecture (Cl) <= 5Eg)¢ 0" (z,y;q,t) = H
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3. SELBERG INTEGRALS

Set t = ¢* provisionally, where k is a positive integer. Define

n

k-1
(3.1) Wan(wiqt) = [[ 28 gz oor - [] ] — ") (@i —q ")

i=1 1<i<j<n r=0

Let C,, denote the unit cube [0, 1]™ and define

(3.2) L) = [ 1@Wasle)da
(3.3) Jap(f) = Lap(f)/1ap(1).
The multiple g-integral is defined as follows: if f is a function on C,,, then
(3.4) | @@ =a-0" ¥ delm e
n aeN”

If f vanishes whenever some z; is equal to 1, then

/c flx)dgr = (1 —g)" Z qn+|a\f(qa1+l, o ,qa"ﬂ)’

aeN”

ie.,

(3.5) /C @ =g /C ey

Conjecture (C2). J, ,(P\) = eu(Pr)ewm 1 (Pr)/evt(Py)

where u = %"~ 1, v = ¢@+b¢2n—2,

(t=¢": uw=q¢"v=¢""" d =a+k(n—1),0 =b+k(n—1))
Equivalently, by (1.6), (C2) <—

(qatn—l)A
(C2I) Ja,b(P)\) = m&_tn,t(F)\).
Conjecture (C2) implies
(3.6) Ia,b(l)_l/ r@s(a; b2, y) Wap(r)dgr = r11Psy1(a, u; 0,05 y),
C

n

where as above u = %"~ !, v = ¢*+b¢2n 2,

Proof. We have

Ly(1)"! / (@) Wap(@)dye =
C,

n

Jap(J3 ()5 ()
etnt(J})

- W) by (e2).
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Thus integration against W, ,(z; ¢, t) raises both indices by 1
We can rewrite the Selberg kernel W, ; in terms of A(z;q,t):—

We have -
H(ﬂfi —q ) (i — q "wy) = ()PP () (i ) (@5 s )k
and therefore =
(3.7) Wap(x; .t )* _BH RO (e )1 Al g, 1),

where a = k(}), 8 = (g) (5)-
So if we define

(3.8) Wap(z;q,t) = H!’E?il(qfﬂi; Qp—1A(x;5q,t)
and )

(3.9) / e z,
(3.10) Jab(f) = Tap(f)/Tap(1),

we have

(3.11) fa,b(f) = (71)aq75]a—k(n—1),b(f)
(3.12) Jas(f) = Ja—n-1)5(f)

so that (C2) now takes the form

(Cc2) Jap(Py) = (qa_g)]tiilb\gt",t(PA)'

The value of I,, 5(1) is in fact

X + (r — D)k)Ty(b+ (r — i)k)
(3.13) ) = nlq H a+b+(27’f171)k) ’

where v = ka (%) + 2k2(5).

If we define
(3.14) Lyn(a) = [[Tqld = k(i — 1))
i=1
then (3.13) takes the form
(3.13) Ios(1) = n!q'y gn(nk) Fq,n(a/)rq,n@/)

D07 Tyula +0)
where ' =a+k(n—1),0 =b+k(n—1).
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4. (GAUSS SUMMATION FOR 2®q

n

H (a1 "bt" % @)oo (a3 "Bt " @)oo
oy (ot Z,q (a7 tay bt q) o

Cheps)

Lrg(B)Tnq(B —on — a2

4.1 2@1 ay ag'b'c Ctil tl "
( ’ s Uy by vQ7

where ¢ = b/(a1a2).
Proof. From (3.6) we have
2®1 (a1, a2;b;y5,1) = Ia,B(l)fl/ 1P0(az; 2, y)Wa g(z)dgx

n

where a; = ¢*t" 1, b = ¢®*8t>"~2 and the effect of replacing y; by ct'~* replaces ®o(az;x,y) by
1@o(az; ct' ") = [ [(aact' ™" zi: @)oo /(ct' 213 q) oo
i
Hence the integral becomes
1-n
a— 1 qxuq QQCt Tiyq oo
/H L (%20, @)oo ('3 ¢) HH

Cn j=1 i<j r=0

Now aqct!™" = =ba; Lt-n — qﬁ and Ctl "=a, C]B = q7 say.
So finally we have

2®1 (a1, az;b; (ct' Ni<i<n;q,t) =

Lgn(e/)lqn(7') . Lon(e/ +5)
Lon(@ +7)  Togn(a)lqn(B)
v =~+4+k(n—1) so that

)
A YV gl = o= o'+’
q ai, q b/ai, q ay q c="bjaras, q b/as.

by (3.13), where o/ = a+k(n—1), 8 =8+k(n—1

Hence we obtain the formula (4.1).

Additional observation.

Pug(@ = J]Tyla—ki=-1)

(¢:9) —atk(ie
= lgeangs a0

g—Saalschutz should be .

3®a(a;b; (qt" Ni<i<n; ¢,t) = .. .,
where some a; = ¢~V and ajasast™ " 1q = bibs.
This will = Gauss as N — co.

—-N
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5. LAPLACE TRANSFORM

The g—analogue of e® is

n

ZW = (779) %

and so the analogue of e is (¥;¢)ao. Let b — oo in Conjecture (C2), then v = ¢*+*¢?"=2 — 0 and so we

have

n

(5.1) /Px(x;q,t)Hﬂf? qzz,qooHH 2 — ¢ ) (@ — 07 35)dgw = Lo oo (1)@ N e o(Py).
Cn

i=1 i<j r=0
Since I'y(b) = (g;:q)s/(1 — )", it follows that

, Ly(b+ (n—1)k)
lim :
b—oo Ly(a+ b+ (2n —i—1)k)

_ (1 o q)aJr(nfl)k

and hence from (3.13) that

7 Do (ik)Ty(a+ (n —i)k) Dk
Ia,oo(l) — n!q'y q q . (1 _ q)na—i-n(n ) .
11 Lq(k)
In the product of gammas the exponent of (1 — ¢)is

n(kfl)fzn:((ikfl)JrawL(nfi)kfl) = nk—n—n(nk+a—2)
- = —(na+nn—-1k)+n

so the total exponent is n. So we obtain

& 00 (0" @)oo
(5.2) Iso(1 (1= g)" .
= H q““ @)oo (q¥T =D q) o
From (5.1) it follows that
(5.3) o) [0 b ) Wa @) = a0 i),
C,

n

raising the r—index by 1.
In particular, assuming (C1) we have by (2.3) and (2.4)

Il,oo(l)_l / H(xay;qvt)wl,oo(x)dqx = 2¢O(tnaqtn_l;y)
C

n

Tpo(1)~! / I (2, ;. ) Wi o (2)dgie
C,

n

and

L (.’E Y, 4, )Wloo dx_/ H xly?, OO quza OOHH _q l‘j qZx-

(tx
Cn %7 ly] 1<j r=0
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Here

(" F )

Thoo(l) qk(k—l)()ﬁ

I1,00(1) i1 (g = 1k; )
_ k(k=1)(3) ( 4 9)oo 1_tz

q ) H

k-1 (2) (& D% 11

I (t;q)oo< Vo
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HAHN POLYNOMIALS IN ONE VARIABLE

‘We shall use the notation

even if a,z are not integers.
Consider the function

(H1) F@Y (@ N)=Fp(z) = ( =4 Dagn (N +1 = 2)psn,
where n, N are integers such that 0 < n < N. Then

(H2) Aq%@)—}2(1ycgg;7q1hﬂﬂN+1xn+mﬂm
r=0
in which each term is of the form (z + 1),(N 4+ 1 — z), multiplied by a polynomial in = (and a).
(x—r+1arn  (x—r+a+n) x!
(z+1), N (z + a)! (x—1)!

= (z4+a+Dpr(x—1r+1)p_r
and likewise
(N—z+1-n+7)pn  (N—z+7r+D) (N —2)!

(N—z+1), T (N—z+b)! (N—z—n+r1)
= (N—z+4b+1),(N—z—n+r+1),.

Putting z = 0 in (H2), we obtain
A"Fr(0) = (Dasn(N +1=n)p4n
(H3) =(a+n)(N+0b)!/(N—-n)l.
We define the nth Hahn polynomial with parameters a, b to be

(N —n)l A((x=n+ Dagn(N +1 = 2)pin)
N! (x4+1)(N+1—2) ’

(H4) G (@, N) =

It has the following properties:—

(1) Symmetry.
If g(z) = f(IN — z) then

agw) = S0 (Mot +n—n

= i(_nr (:)ﬂN —z—n+r)

r=0
= (=D"(A"f)(N —z—n)
Hence
(_ )n An((N +1- x)a+n(x —n+ 1)b+n)
N (N+1—a2)a(z+ 1)

ie.,

(H5) G (N —z;N) = (—1)"G&D (x; N).
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Explicitly, we have

(H6) GLab) (35 N) = (]:) ) 3 (;BT (@+atDey+b+ D@ —r+1)g(y—q+ ),
S !

where y = N — z.
(2) Leading term.

N\ b+ 2
(H7) G (z;N) is a polynomial in  of degree n, with leading coefficient (—1)"( ) (a ot n)

n n

Proof. . When a,b are positive integers, clearly (z —n+1)g4n (N + 1 — 2)p4y is a polynomial in z of degree
a+ b+ 2n, with leading coefficient (—1)**". Hence Gt (xz; N) is a polynomial of degree

(a+b+2n)—n—(a+bd)=n

with leading coefficient

(-1)”%@ tbt+n+1), =(-1)" (]:)_1 (a + b; 2”).

Since this is true whenever a,b € N, it holds generally. O

(3) Values of G (z; N) at = 0 and 2 = N.
From (H3) we have

Gn o, Ny = Nt (atm! N (atn)!

N! (N —n)! a al
ie.,
(H8) G (0;N) = (a+ 1),
and hence by symmetry
(H9) G (NN) = (=1)" (b + 1)

(4) Orthogonality

Lemma. (“integration by parts”) For any two functions f,g, we have
N

N
Y (AN @)g@) + Y fla+1)(Ag) (@) = [fglo ™

=0 =0
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