Course 18.312: Algebraic Combinatorics

Solution Set # &
Due Wednesday April 8, 2009

You may discuss the homework with other students in the class, but please write
the names of your collaborators at the top of your assignment. Please be advised
that you should not just obtain the solution from another source. Please explain

your reasoning to receive full credit, even for computational questions.

1) (10 points) Expand hs; in terms of the e)’s.
We use the fact that hsg; = hs - hy and use the relations

h3 = hgel — h1€2 + €3

hey = hie; — ey
hl = €1
which become
hl = €1
hg = 6% — €9
2
hs = (e] —es)e; —eres + €3

Thus

4 2 2
hs1 = €1 — €jey —€jey + €163 = €1111 — 26911 + €31.

)

(10 points) Expand ey in terms of the py’s.
We use the Newton-Girard identities which say

25 = e1py — P2 = P — D2
(since e; = py).

Hence 1 ] 1 1
€o9 = 63 = Z(p% —P2)2 = Zp‘f - 5?%?2 + ZP%



(10 points) Compute s311(1, 22, 3) as a polynomial in terms of {xy, xo, x3}.

Method 1: We count with weights the number of semi-standard Young
tableaux of shape [3,1,1] using letters from the alphabet {1,2,3}. Since the
first column has three rows, we have no choice but to fill in the first column

with 1,2, 3 in decreasing order. Thus any such semi-standard tableaux looks
1 A B

like 2 where 1 < A < B < 3. Thus we get possibilities:
3
1 11 1 1 2 1 1 3 1 2 2 1 2 3 1 3 3
2 .2 2 2 2 S92
3 3 3 3 3 3

Summing up the weights yields

3 2,2 2, 2 3 2,2 3
T1ToT3 + T1XHX3 + T]ToT3 + T1T5T3 + T1X5X3 + T1X9T3.

Method 2: We use the determinantal formula
x?” x%” x%”
41 1+1 141
det |z, x," a3

gt g0 plto
83,1,1(1’17 Ty, 73) = 5 92 9 )
Ty Iy T3
det |z} i =l
0 .0 .0
Ty Xy T3

which equals
5,.2 5, 72 2,5 2,. 2.5 5,.2 2,5
TITHT3 — TIT2X3 — T]XTHX3 + T{ToT3 + T1THT5 — T1T5T3

(z1 — 2)(21 — 23) (72 — 73)

After factoring and cancelling factors from the top and bottom, this resolves
to

3 2 2 2. .2 3 2.2 3
TiTaT3 + XI1TT3 + T]X2T3 + X1T503 + T125T3 + L1225,

Method 3: We use the Jacobi-Trudi Identity first which yields

h3_1y1 hz—1y2 hs 143 hs hy hs
S[3,1,1] (xla $2,$3) =det [hi_oy1 hi—oyo hi_oys| =det | 1 hy hy| = hgh%+h5—h3h2—h4h1.
hi—s41 hi—zyo hi_zys 0 1 M

answer as above.



2) For this problem, you are encouraged to do computer experimenta-

tion.
(5 points) Compute sg1(x1, 2, T3)

We enumerate valid SSYT using of shape [2, 1] on letters {1, 2, 3}:

Hence

So.1(1, 9, 3) = a:fxg+x§x3+x1x§+2x1x2$3+x1x§+x§x3+x2$§ = (x14x9) (21+23) (x2+13).

(5 points) Compute s391(21, T2, T3, T4)

We either write a program to count SSYT and then try factoring the polyno-

mial or use the determinantal definition:
343 343 343 343

Ty Ty T3 Ty
xtl)Jro x8+0 ngro x2+0
83,2,1(331,@@37 3?4) = 2 3 3 3
1 2 T3 Iy
2 2 .9 .2
det ry Ty T3 Xy
1 1 .1 1

= (21 + x2) (21 + x3) (21 + 24) (22 + 23) (22 + 24) (T3 + 74).

(Bonus 5 points) Do you have a conjecture for s; x—1,. 321(21, %2, ..., Txs1)?
Prove it.
Sk,k—l,...,&?,l(xlv Ty, ... Th1) = H (zi + xj)‘
1<i<y<k+1

(5 points) Compute f(z1, g, x3) = e1(x1, T2, T3)S21(x1, T2, T3) as a polynomial

in terms of {x, zo, x3}.

f(l‘l, Ta, ZL‘3) = (I‘l + o + ZE3)(I‘1 + xg)(l'l + ZE3)(I‘2 + ZL‘3)
= (21 + 2o + 23) (2320 + w3 + 2125 + 2017073 + 1175 + T3T3 + To73)
= .Tlgl'g -+ .CE13.CL"3 -+ 4[[’121'3552 + 2 [L’12£E32 + 2 [L’12£E22 -+ 4[[’11’22[['3 -+ 4.(51[[’25532

3 3 2,2 3 3
+ T1x2° + X9 ZE3+21‘2 r3® + x123° + T3°T0.



(10 points) Write f(z1, x9, x3) as a Z-linear combination of sy4(x1, x2, 3), s31(21, 2, 3),
322(951,3527553)7 3211(%,952,353)7 and 31111($1,$2>$3)-
Hint:

2 2 2 3 2.2 3
$31(21, 20, x3) = 2x7Tox3 + 2m1x53x3 + 2T1X0w5 + Thxs + T3x5 4+ TTo

3 2,2 2,2 3 3 3
+  wmoxy + xijx3; + xix; + X7r3 + X103 + 1125

Firstly, s1111(x1, 22, x3) = 0 since there are more rows than variables.
s4(21, 2, v3) = ha(T1, 20, 73) = 2] + 2379 + - - - + T5.
The expansion of s3; is given.
S9.9(T1, T2, T3) = XT3 + TIToT3 + TIT; + T1T3T3 + T1ToT5 + TT5

can easily be found by looking at SSYT of shape [2, 2] on {1, 2,3}. Analogously,

So11(%1, T2, x3) = TITox3 + T1T5T3 + X1 X075
By using undetermined coefficients or otherwise, we see that

€1S2,1 = 83,1 + S22+ S2.1.1 (1)

on the alphabet {x, x5, x3}. (To be absolutely precise, we can add Csy 111

It Rt

where C'is a constant since s;1,1; = 0 but this was not needed.)

Remark. Identity (1) is a special case of a more general identity known as
the Pieri Rule, which is beyond the scope of this class. However, you may

see from this example and others that
e1sy = Z Sp-
By A<p
The Pieri Rule handles the more general case of how to expand eps), =
Zp CuSp-
Ten balls are stacked in a triangular array with 1 atop 2 atop 3 atop 4. (Think
of billiards.) The triangular array is free to rotate.

(10 points) Find the generating function for the number of inequivalent color-

ings 71,79, ...,710. (You do not need to simplify your answer.)



The symmetry group GG on the triangular array is cyclic of order 3 specifically

including the permutations

{(D2)B)4)(5)(6)(7)(8)(9)(10), (1,7,10)(2,8,6)(3,4,9)(5), (1,10, 7)(2,6,8)(3,9,4)(5)}

if we label the billiard balls top-to-bottom, left-to-right.

Thus the cycle indicator polynomial is given by
L 10 3
Za = g(z1 +22125).

Hence by Pdlya’s theorem, the generating function Fg is given by

Fo =5 () + 2 ().

(5 points) How many inequivalent colorings have four periwinkle balls, three
teal balls, and three celadon balls?

This question is asking for the coefficient of 7{r3r3 in Fg. The coefficient in

7;)' is the multinomial coefficient (,%,) = 9 = 4200. The coefficient
433 a3 3l
of rir3rd in (3" 7)) (O rd)? is the same as the coefficient of r3r3r3 in (> r3)?

which is 3! = 6. Thus the answer is

1
5(4200 +2-6) = 1404.

(5 points) How many inequivalent colorings have four burgundy balls, four
fuchsia balls, and two taupe balls?

We now want the coefficient of rirjr? in Fg, and fortunately, the coefficient

of ririrZ in (3 r;) (> r?)? is zero. Thus the answer is

LOA0 Y 050
3\4,4,2) '

(Note that all three cyclic rotations of any coloring with four burgundy balls,
four fuchsia balls, and two taupe balls are different hence why only the leading

term of Fg has a nonzero contribution.)
For any finite group G of permutations of an (-element set X, let f(n) be the
number of inequivalent (under the action of G)) colorings of X with n colors.

(15 points) Find lim,, ., f(n)/n’. Interpret your answer as saying that “most”
colorings of X are asymmetric (have no symmetries).



The number of inequivalent colors, f (n), equals the value Zg(n,n,...,n) so

Z c(m)

TI'EG

where ¢(7) is the number of cycles in permutation m. If 7 is the identity
permutation of G, n“™ = nf. All other terms have fewer than ¢ cycles so their
contributions are dwarfed by n’ as n — oo. Hence

. f(n) c(m)
T T ,}E&W \G,Z”

- ’ Z n%oo nt— c(7r

\GI'

If a(n) is the number of asymmetric colorings with n colors, then each of the
remaining n‘ — a(n) must be equivalent to at least one other coloring. We thus

have the bound
a(n) n’—a(n)

fn) < +
|G| 2|G|
Dividing by n and letting n — oo, we obtain
1 <1 a(n) 1

+ )
G = o 2]Gnt T 2|G]

hence

Since a(n) < n*, the number of all colorings with n colors, we conclude that

lim wzl.

n—oo nf

Thus the fraction of all colorings which are asymmetric approaches one as

n — oQ.

Let { N1, Ny, N3, ...} be a sequence of positive integers with the property that

Ny (L—aiT)(1—aT) (1 —a,T)
eXp(;?T)_ 101 —02T) (1 —b,T)

(10 points) Show that Ny = 0§ + b5+ -+ b —af —al — - —a

k
m-



Bonus)

We take the logarithm of both sides, thus obtaining
i Nk _ ilog(l —a;T) — ilog(l —b;T).
k , : !
k=1 =1 7=1
Taking the derviative of both sides yields
= N i —a; = —b;
= = - 1 J
T 2 (1—a7) Z 1 —0,7)
7j=1

k=1 i=1

Taking the coefficient of T%~! of both sides thus yields

m n

Nk = Z—af%—be
j=1

i=1
which is the desired identity.

The names of one hundred prisoners are placed in one hundred wooden boxes,
one name to a box, and the boxes are lined up on a table in a room. One
by one, the prisoners are led into the room; they may look into up to fifty
of the boxes to try to find their own name, but must leave the room exactly
as it was. They are permitted no further communication after leaving the
room. The prisoners have a chance to plot a strategy in advance, and they are
going to need it, because unless they all find their own names they will all be
executed.

(Bonus 10 points) There is a strategy that has a probability of success
exceeding thirty percent - find it.

This beautiful problem has been popularized by Peter Winkler and is originally
due to Peter Bro Miltersen and Anna Gal.



