
Course 18.312: Algebraic Combinatorics

HW # 6

Will be collected March 20, 2009

Due to the length of MT # 1, I am grading the midterm as if it were out of 55

points, and assigning problems #3 and #4 in lieau of homework this week. This

problem set will either count towards your homework grade or your Midterm #1

score in the final grade calculation. It may be worth up to 45 midterm points,

with the possibility of 10 bonus points. You may collaborate, but please list your

collaborators as usual. You may not obtain solutions from other sources including

computer software.

3) Define a family of graphs, we call them pinwheel graphs, as follows: Let PWT

be the graph on 2T + 1 vertices

u0 ∪ {v1, . . . , vT} ∪ {w1, . . . , wT}

such that there is an edge between u0 and every other vertex and vi is connected

to wj if and only if i = j.

(10 points) a) Compute the eigenvalues of the adjacency matrix A(PWT ) in

terms of T .

Hint: One way to approach this problem is to use symmetry to find a large

set of linearly independent eigenvectors with first entry zero, and use combi-

natorial formulas to deduce the remaining eigenvalues.

(5 points) b) Describe the set of T such that PWT is an integral graph.

4) Define the following family of posets: For all integers n ≥ 1, Pn is the poset,

ordered by inclusion, consisting of subsets {i1, i2, . . . , i2k} ⊂ {1, 2, 3, . . . , 2n}

satisfying

0 < i1 < i2 < · · · < i2k < 2n + 1
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and

i1, (i2 − i1), . . . , (i2k − i2k−1), (2n + 1) − i2k are all odd.

Notice that all elements are subsets with an even number of elements and that

the rank of an element S is |S|/2. We let 0̂ denote ∅, the unique element of

rank 0 and 1̂ denote {1, 2, . . . , 2n}, the unique element of rank n.

Pn also has the property, which you do not need to show, that if rank(S) = k,

then the interval [0̂, S] is isomorphic to Pk.

a) Draw the Hasse Diagram for P3.

(5 points) b) Compute the Möbius function µ(0̂, 1̂) for P3.

(5 points) c) Compute the total number of elements in Pn.

(5 points) d) Show that the number of elements of rank k in Pn is
(

n+k

2k

)

.

It is easy to show, you do not need to, that if S is of rank k, then the cardinality

#{S ′ : S covers S ′} is a function f(k) only depending on k. In other words,

it is the same number, regardless of the choice of S or choice of Pn.

(5 points) e) What is f(k)?

(5 points) f) Using the above, deduce a formula for the number of maximal

chains in Pn and prove it.

(5 points) g) Using the above or otherwise, compute µ(0̂, 1̂) for P4.

(Bonus 10 points) Deduce a formula for µ(0̂, 1̂) in Pn and prove it.


