FOURTH PRACTICE MIDTERM B
MATH 18.02, MIT, AUTUMN 12

You have 50 minutes. This test is closed book, closed notes, no calculators.

There are 5 problems, and the total number of
points is 100. Show all your work. Please make
your work as clear and easy to follow as possible.

Name:
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1. (20pts) Set up a triple integral in cylindrical coordinates for the mass
of the region of space bounded below by the paraboloid z = z? + /2
and above by the plane z = 4. Assume the density 6 = 3x.

Solution:

o 2 pd
///3de :/ / / 3r2 cosdzdrdb.
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2. (20pts) Set up an iterated integral, in both cylindrical and spherical
coordinates, giving the average distance from the origin to the portion
of the unit cylinder z? + y? < 1 which lies between z = 0 and z = 1.

Solution: Let D be the given solid with volume V.

o= L pav

Clearly V' = 7. In cylindrical coordinates we have

1 2 oot
p=— / / / r(r? + 2%)Y2 dz dr db.
m™Jo Jo Jo

In spherical coordinates we have to split the into two pieces:

1 2 pw/4 psec 1 2r  pmw/2  pescé
p= —/ / / pPsinddpde d9+—/ / / p®singdpdede.
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3. (20pts) A solid D has the shape of a right circular cone, with axis
along the z-axis, and a flat base. The base radius and the height are a.
Set up an integral in spherical coordinates which gives the gravitational
attraction on a unit mass placed at the vertex. Assume the density o
is one.

Solution: Put the vertex at the origin. If the force is

F=(F,F,F,),
then F, = F,, = 0 by symmetry.

Gz 2 pw/4  pasecd
FZ:///—ng:/ / / G cos ¢psinpdpde db.
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4. (20pts) Let S be the surface formed by the part of the paraboloid
2z =1 — 22 — 4?2 lying above the zy-plane. Orient S so that the normal
vector is pointing upwards. Let F=zxi+ yj+2(1 — z)l%

(i) Find the flux of F across S directly.

Solution: We have

—

dS = (2z,2y,1) dzx dy.
So the flux is

s 1
//ﬁ-dgz // (z,y,2(x*+y*))-(22,2y, 1) do dy = / / 47 dr d6.
s 22 4y2<1 o Jo

The inner integral is
1 1
/ 43 dr = {rﬂ =1
0 0

27
/ 1d6 = 2.
0

(ii) By computing the flux across a simpler surface and using the di-
vergence theorem.

The outer integral is

Solution: Let S” be the disk 22 + y? < 1, z = 0, oriented upwards. By
the divergence theorem,

# ﬁ-d§:///divﬁdvz///0dvzo.
S5 D D
//ﬁ.dgz//ﬁ.dg.
S !

Now 7 = k so that F - i = 2. Therefore the integral is 27.

So



5. (20pts) Let

F=(y+2)i—zj+ (T +5)k,
be a vector field and let S be the part of the surface z = 9 — 2% — 32
that lies above the zy-plane. Orient S by using the outward normal

vector. Find the outward flux of F across S.

Solution: Let S’ be the surface 22 + y? < 9, z = 0, oriented upwards.
By the divergence theorem

ﬂ ﬁ-dgz///divﬁdV:///OdV:O.
S-S’ 174 1%
//ﬁ-d§://ﬁ-d§.
S !

The unit normal to S’ is k. So
F.k= Tr + 5.

//ﬁ-dg—//7x+5dA_//5dA_45w,

since x is skew-symmetric about the y-axis.

So

We have



