30. SURFACE INTEGRALS

Suppose we are given a smooth 2-manifold M C R?. Let
g U— MNW,

be a diffeomorphism, where U C R?, with coordinates s and ¢.
We can define two tangent vectors, which span the tangent plane to
M at P = 5(80,t0>2

—

. 0
Ti(s0,to) = 5~ (s0: o)

—

= 0
Ti(s0,t0) = 57 (s0:to)

We get an element of area on M,
ds = | T, x Ti| ds dt.
Using this we can define the area of M N W to be

area(MﬂW):// dS:// IT. % Tol| ds dt.
MnNW U

Example 30.1. We can parametrise the torus,

M={(z,y.2)[(a—Va?+y?)" + 2 =b"},
as follows. Let
U = (0,27) x (0,27),
and
W =R\ {(z,y,2) |z >0andy=0, orz*+y*>>a® and z=0}.
Let
g U— MnW,
be the function
g(s,t) = ((a +bcost)coss,(a+bcost)sins, bsint).

Let’s calculate the tangent vectors,

— a_»
T, = a—g = (—(a+bcost)sins, (a+ bcost) cos s, 0),
s
L 0g : S
T, = 5 = (—bsintcos s, —bsintsin s, bcost).
So
L i j k
Ty xTy=|—(a+bcost)sins (a+bcost)coss 0
—bsintcoss —bsintsins  bcost

= (a4 beost)bcos s costi + (a + beost)bsin s costj + (a + beost)bsin tk.
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Therefore,
IT, x T|| = (a+ beost)b(cos® s cos® t + sin® s cos® t + sin® ¢)/?
= (a+ bcost)b.
As a > b, note that (a + bcost)b > 0. Hence

area(M) = area(M NW)

[

MNW

:// 1T, x Ty|| ds dt
U

27 2T
:/ / (a+bcost)bdsdt
o Jo

2

= 27rb/ (a+ bcost)dt
0

= 47*ab.

Notice that this is the surface area of a cylinder of radius b and height
2ma, as expected.

Example 30.2. We can parametrise the sphere,
M ={(z,y,2)|2* +y* + 2 =a’ },
as follows. Let
U= (0,7) x (0,2m),
and
W =R\ {(z,y,2) |2 >0 and y =0}.
Let
gU—MNW,
be the function
G(¢,0) = (asinpcosh, asin ¢sinb, acos ¢).

Let’s calculate the tangent vectors,

T;, = g—i = (acos ¢ cosf,acos¢sinf, —asin @),
o 07 o .
Ty = 20 = (—asin ¢sinf, asin ¢ cos b, 0).
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So

~

L 7 ] k
Ty xTy=|acospcos acospsinfd —asing
—asin¢sinf asin ¢ cosf 0

= a?sin® ¢ cos i + a? sin® ¢ sin 0 + a® cos ¢ sin k.
Therefore,
||’f¢ x Ty|| = a? sin ¢(sin? ¢ cos? 0 + sin® ¢ sin®  + cos? ¢)'/?
= a’sin ¢.
As 0 < ¢ <, note that a®>sin¢ > 0. Hence

area(M) = area(M NW)

//W
:// IT, x Tyl dé d6
U
2m ™
:/ /a2sin¢d¢d9
o Jo
2m
:2a2/ dt
0

= 4ma’.
Notice that this is the surface area of a sphere of radius a.

Let’s now suppose that there are two different ways to parametrise
the same piece M N'W of the manifold M:

GU—MOW and h:V — MOW.

Let use (u,v) coordinates for U C R? and (s, t) coordinates for V C R?.
Then

f=Mh)tog:U—V,
is a diffeomorphism. Note that ¢ = ho f We then have

a5, . O(hof)
ou (u,v) = ou (u,v)
oh Os oh 0
= %(Sv t)%(ua U) E(Sv t)a (U, U)



Similarly
g
%(u, v) = 5 (u,v)

oh s oh ot
:%w)a( ”E(“)av( v).

o7 o5 _(ohos aior\ (ohos oo
Ou ov  \dsdu ' 0Ot ou OsOv Ot Ov
ok oii (0o osor
s ot \dudv Ovdu

Oh _ Oh O(s,1)

~9s ot d(u,v)

It follows that
og 0g oh  Oh J(s,t)
H—><—H=H— 25
ou  Ov Os A(u,v)"

Hence

05 / ah a 1)
—= dudv = dudov
JIE <5 2 20 du

Notice that the first term is precisely the integral we use to define
the area of M NW. This formula then says that the area is independent
of the choice of parametrisation.
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