FINAL EXAM
MATH 18.022, MIT, AUTUMN 10

You have three hours. This test is cloged book, closed notes, no calculators.
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1. (20pts) Find the shortest distance between the plane II given by the

equation 2z —y 4 3z = 3 and the point of intersection of the two lines
l; and [, given parametrically by

(z,9,2) = (2t — 3,¢,1 —t) and (z,9,2) = (1,1 —t,2).
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2. (20pts) Let W be the solid bounded by the paraboloid z = 9—z2—y?,
the zy-plane, and the cylinder z2 + 32 = 4.

(a) Set up an integral in cylindrical coordinates for evaluating the vol-
ume of W.
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(b) Evaluate this integral.
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3. (20pts) (a) Change the order of integration of the integral
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(b) Evaluate this integral.
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4. (20pts) Let 7: I — R3 be a regular smooth curve parametrised by
arclength. Let a € I and suppose that

= 2. 6. 3- 3. 2. 6. dN 13, 18
T(a) = ?z—?y—;f-k B(a) = ——z—?J—i-?k d_s(a) = —72—1--7—_7——16
Find:

(i) the unit normal vector N (a
B=T*x , /o
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(ii) the curvature x(a).
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(iii) the torsion 7(a).
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5. (20pts) Let
C={(z,9,2) eR’|2°2® — 2% = 0, 2%y + ;P = 2}.

(a) Show that in a neighbourhood of the point P = (1,1, 1),Cisa
smooth curve with a parametrisation of the form

§(z) = (z, g1 (), g2(x)).-
4 Flya): (08 2’2", 2y aaey™2)
0 5')(?'@1‘2‘30?;7 =
|

‘ f-}‘l"ji {:1} "U,Eal }

als ) e

ok
BUE)C A = dil [

?t’ﬁ“mf‘ O
T, by theimpbet e Aot wghborbnl o 2oty o

] .
(b) Find a parametrisation of the tangent line to C at P. | w be Paﬁmf’{d b M-

——

Toke e clointie vl R A £

_Q_ﬁ?\’%:{‘;a‘.ﬂ F(%.jlf“-) l\ji-(-“)) oy (_0'0) ; Qvi Qv’aﬂ,.ajé OTA- 'R’-‘,l

ko |
= 4o eoualion !
i ﬂu & 2 ) 6o e oy ot
dn

2 w)=0 N OE ‘\Q\)= '\l
[n2®-32%" 2\ g 312 i q“?')jl( e = 1 j:f\") Ow{ﬂ\l. ..
(= By '*(1) " 3\(\)_ 4

{’?-W:j +3Q‘> b(ﬂﬁ. ’b'mj ) ﬂ,\(’“) 0 J

o %ﬁ t oune- (. FRiAY) (1131\@)%(”): (1;'2;,1)
?s\v\j-w waaoj Lie - T '\11)

fz:c‘ %_ ﬁ "!“.f\ ﬂ,me (‘)1 /\,'\!1)4\'1:(/1 _D/‘[ )
= QA
w—[(%j.'&)r (14, 1=t , mt) \




6. (20pts) Let f: R — R be the function f(z,y) = zy.
(a) Show that f has a global maximum on the ellipse 92 -+ 45 = 36.
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(b) Find this global maximum value of f.
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7. (20pts) Let D be the region bounded by the four curves z2 —y2 = 1,
2 —y? =4, 2%/4+ y? =1 and 22/16 + y?/4 = 1.

(a) Compute dzdy in terms of dudv, where u = 22 — y? and v =
/4 492,
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(b) Evaluate the integral
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8. (20pts) (a) Find the area of the region that lies inside the closed
curve defined by the equation r = 2a(1 + sin 28) in polar coordinates
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(b) Find the line integral of F' = —yi + zj along the curve, oriented

counter-clockwise.
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9. (20pts) Let S be the circle with centre (2,3, —-1) and radius 3 lying

in the plane with normal vector 74 = (3.2, —%) Find the flux of the

vector field F(z,y, z) =yj+ zj+zk through S in the direction of 7.
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10. (20pts) Let S,(P) denote the sphere centred at P of radius a and
oriented outwards. A smooth vector field F is defined on all of R3
except the three points P; = (0, 0,0), P» = (4,0,0) and P; = (8,0,0).
Suppose that the divergence of F is zero and that

f / FdS§ =1, f Fd§=3 and / F.d§ =5.
S1(P1) Se(P1) Sﬁ(Pa)

Find the following flux integrals:

(a) /Sl(ﬁ)ﬁ'dg- Y .
S U O N bl 6& Ve b Contaiy
5 y M T e c& W bl & wdus, | g

bouk
P\ V\a\ T\. oy " "
AL e TN (6) +s(r)

v oa Shoats )
M&(@: Wl \DQM%“K

= D 2=
e [ vr - ,ﬁ e
M

10 5



