MODEL ANSWERS TO HWK #4

5.1 (a) First we define a morphism
£— &

Suppose we are given an open subset U C X and a section s € E(U).
We want to define a sheaf homomorphism

S: (c: |U — OU.
Pick V C U open. An element of ¢ € £(V) is a sheaf homomorphism
le g’v — Ov.
Then
$(¢) = o(slv).
This defines a morphism of sheaves. To check that this morphism is an
isomorphism, it suffices to check that is an isomorphism locally. So we
may assume that £ is free. As taking curly Hom commutes with direct
sum, we may assume that £ = Oy, in which case the result is clear.
(b) Suppose that we are given an open subset U C X. Define an
Ox (U)-module homomorphism

EU) o% F(U) — Hom(&, F)(U),

by sending ¢ ® 7 to the sheaf homomorphism
w: S‘U B— f‘U?

which sends s € £(V), to ¢|v(s)(7|v), where V' C U is open, and
then extending linearly. This defines a morphism of presheaves; by the
universal property of the sheaf associated to the presheaf, this defines
a morphism of sheaves,

f:’g{) F — Hom(&, F).

To check that this morphism is an isomorphism, it suffices to check this
locally. To check this, we may assume that £ is free. Since taking curly
Hom commutes with direct sum, we may assume that £ has rank one,
so that £ ~ Ox. In this case, both sides are isomorphic to F and the
given morphism is an isomorphism.

(c) Suppose we are given a morphism of sheaves

p: F—ERG.
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Let £ be the presheaf
U— EU)@G(U).

By the universal property of the sheaf associated to the presheaf, we
get a morphism of presheaves

Y: G — L.
We want to define a morphism of sheaves
0:EQF —G.
Let IC be the presheaf
U— EU)FU).
To define o is the same as to define
T K —G.

Let U C X be an open subset and let e ® f € K(U). Suppose that
O(f) =32 € ® gi. Define

Te® f) =) ele)g,

and extend this linearly.
Similarly we may define a morphism the other way, which is the inverse

of the assignment ¢ — 7.
(d) Let G = £. Note that

I‘(X,f*(}"gg 7€) = Hom(Ox, fo(F ® f&)
= Hom(Oy, F ® f 5)

(

(
= Hom((’)y,Hom(f G,F))
= Hom(f*G, F)
(%
(
(

= Hom(G

B

)
:Homg®OX,ff)

= Hom Ox,f]:@é')
=I(X, f*fg@ £).

Let U C X be an open subset. As we have constructed a natural
isomorphism

LU f(F © [7€) =T(ULF 8 &),

Y
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we have an isomorphism of sheaves

[(F @ f€)~ f.F ®¢E.
Oy o

X

5.4 One direction is clear; if F is locally the cokernel of a morphism
between two locally free sheaves, then F is quasi-coherent, since the
property of being quasi-coherent is local, locally free sheaves are quasi-
coherent, and the cokernel of a morphism between two quasi-coherent
sheaves is quasi-coherent. If in addition X is Noetherian and the locally
free sheaves have finite rank, then F is coherent.

Now suppose that F is quasi-coherent. Passing to an open affine subset
we may assume that X = Spec A and F = M is the sheaf associated
to an A-module M. If we pick a set of generators for M as an A-
module, then we may find a free A-module F' and a surjective A-module
homomorphism FF — M. Let R be the kernel. Then R is also a free A-
module. It follows that F is isomorphic to the cokernel of the morphism
of locally free sheaves R — E. If F is coherent then we may choose
F of finite rank, in which case R has finite rank as well.

5.5. (a) Let X = AL and Y = AL — {0} and let f: Y — X be the
natural open immersion. F = Oy is surely coherent. f.F is quasi-
coherent, the sheaf associated to the K[z]-module K[z, z~!], which is
clearly not a finitely generated K [z]-module. In fact K[z, 27,y is not
a finitely generated K[z]:y-module. But then there is no open subset
U C A} = X containing the origin, about which f,F(U) is a finitely
generated Ox (U)-module.

(b) Let f: X — Y be a closed immersion. Then there is an exact
sequence

0—>Zy—>OX—>Oy—>O,

where Zy is quasi-coherent. Let U = Spec A C X an open affine subset.
Let [ = T(U,Ox) C A. Then Y NU = f~'(U) is the affine scheme
associated to A/I. As A/I is a finitely generated A-module, it follows
that f is a finite morphism.

(¢) Since the result is local on the base we may assume that Y = Spec B
is affine. But then, since f is finite, X = Spec A is also affine and A is
a finitely generated B-module. As F is coherent and X is Noetherian,
there is a finitely generated A-module M such that F = M.

By assumption there are my,mg,...,m, € M and ay,as,...,a, € A
such that if m € M and a € A we may write

m = cimy + -+ c,my and a = bia; + dots + byay,
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where ¢q,¢9,...,¢, € A and by,by,...,b, € B. For every ¢; € A we
may find b;; € B such that ¢; = ). b;;a;. But then

m = Z bij (aimj).
ij

It follows that {a;m;} generate M as a B-module so that M is a finitely
generated B-module. But as f,.JF = M, it follows that f.F is coherent.
5.7. (a) By assumption there is an open affine neighbourhood U =
SpecA of x € X and a finitely generated A-module M such that
F = M. As F, is a finitely generated free Ox ,-module, there is an
isomorphism

n
a: @(’)X@ — F,.
i=1

Let fi, fo,..., fn € F. be the images of the standard generators of
@D, , Ox,. For each i we may find z € U; C U open and o; € F(Uj;)
such that f; is represented by (o;,U;). Let V be the intersection of
Uy, Us, ..., U,. Replacing o; by ;| we may suppose that f; is repre-
sented by (0;, V). We get a morphism of sheaves

0: P Ov — Flv,
i=1

by sending (g1, 92,...,9n) € B, Ov(W) to > gioilw, where W C
V is an open subset. Clearly ¢, = «. Let K and H be the kernel
and cokernel of ¢. As ¢ is a morphism of coherent sheaves and X is
Noetherian, it follows that I and H are coherent sheaves. As K, =
H, = 0 it follows that there is an open neighbourhood W of z in V
such that K|y = H|y = 0. But then ¢|y is an isomorphism of sheaves
and so Fly is locally free.
(b) If F is locally free then its stalks are obviously locally free. The
converse is an easy consequence of (a).
(¢) Suppose that F is locally free of rank one. Let G = F. Then G = F
and so

F®G ~Hom(F,F).
Define a morphism
OX — HOII’I(./T,?),

by sending f to the sheaf homorphism ¢ — f|yo, where o € F(V)
and V' is an open subset. To check that this morphism is an isomor-
phism we may work locally, in which case we may assume that F ~ Ox

and the result is clear.
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Now suppose that there is a coherent sheaf G such that F ® G ~ Ox.
To see that F is invertible of rank one, it suffices to check that
:,E’x ~ Ony

Let A= Ox,, M =F, and N = G,. Then M and N are A-modules,
and
M® N ~ A.
A

Let m be the unique maximal ideal of A. Then V = M/mM and
W = N/mN are vector spaces over the field K = A/m. Clearly V has
dimension one, as

VoW ~K.
K

But then Nakayama’s Lemma implies that M has rank one and so F
is an invertible sheaf.
5.16. (a) It suffices to prove this locally, in which case we may assume

that .
F=ox.
1=1

The result follows easily from the corresponding result for modules of

the form .
B
i=1

(b) There is a natural morphism of sheaves

A"F @ A" F — A'F.
To check that this morphism is an isomorphism, it suffices to check this
on stalks. So we have to check that

NMQN""M — N"M,
is an isomorphism, where M is a free module of rank n over the local
ring A. Let m be the maximal ideal. Then V' = M/mM is a vector
space over the field K = A/m of dimension n and by Nakayama’s
Lemma, it suffices to check that the induced linear map

ANV ANV — A"V,

is an isomorphism. But this is easy.
(c) We prove this by induction on r. First note that there is a surjective
morphism of sheaves
Sym" ' F® F — Sym" F.
Composing with the natural morphism

Sym" ' FF — Sym" ' F® F,
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we get a morphism

Sym" ' F® F — Sym” F.
By induction there is a filtration

Sym ' F=G">G'D>.---O>G ' >G =0,
with successive quotients
G'/G ~ Sym' F' @ Sym" !t F
This induces a filtration
Sy ' FRQF =G'@F OG'@F O -G '@ F DG =0,

with successive quotients isomorphic to

Sym' F/ @ F' @ Sym" " F”.
Let F™! be the image of G* ® F’ inside Sym” F. Then the successive
quotients are

F'/JF"™!' ~ Sym' F' @ Sym" " F”,

as required.

(d) We prove this by induction on r. First note that there is a surjective
morphism of sheaves

NTIF@F — N F.
Composing with the natural morphism
NIF@QF — NIFQ F,
we get a morphism
NTITF@QF — N F.
By induction there is a filtration
NITF=G">G"'>---2G'>G =0,
with successive quotients
GG~ NF @ NTYUE
This induces a filtration
NITFQF =G"@F DG @F >--- DG 'oF DG =0,
with successive quotients isomorphic to
NF' @ F @ NHF
Let F“! be the image of G* ® F' inside A"F. Then the successive
quotients are
FiJFi= o NF @ N
as required.



(e) We first prove that the tensor operations satisfy an appropriate

universal property. Let F and G be two sheaves of of Ox-modules.

The tensor product F ® G is a sheaf of Ox-modules. Moreover there
Ox

is a bilinear map

which is universal amongst all other such bilinear maps: if we are given
another bilinear map

F®G—H,

where H is a sheaf of Ox-modules, then there is a unique morphism of
O x-modules

F®G—H,
Ox
which makes the following diagram commute:
F®ogG—H.

|~

F®Gg
Ox
In fact the presheaf

U—>f(U)O<X(>U)Q(U),

clearly satisfies the appropriate universal property in the category of
presheaves and the universal property of the sheaf associated to the
presheaf implies that the tensor product satisfies the same universal
property in the category of sheaves.

Now suppose we are given f: X — Y a morphism of ringed spaces.
Note that there is a bilinear map

[Fefg—f(F®9)

using the fact that f* and f, are adjoint. Let H be sheaf of Oy-modules
and let

Fao g —MH,
be a bilinear map. By adjointness, we get a bilinear map
Fog— [LH.
By the universal property of the tensor product there is a bilinear map
F (;8))( g — f/H.
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Thus we get a morphism
f(F ®G) —H.
Ox

It is clear that the relevant diagram commutes.



