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Theaim of higherdimensionagjeometryis to give a
birationalclassi cationof algebraicvarieties,
modeledontheclassi cationof curvesandsurfaces.

Theexpectations thatvarietiesarenaturally
classi ed by thebehaiour of the canonicaldivisor.

Theldeals to focuson threeextremecases,
Kx Isample.
Ky Istrivial.

Kx Isample.

Thehopels thatary varietyis constructedin asense
to beexplained,usingonly thesebuilding blocks.
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Somebasicde nitions

= We saythata birationalmapf : Y 99KX Is a
if f ! doesnotcontractary divisors.
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if f ! doesnotcontractary divisors.

We saythatf Is , If thereis aresolution
p: W ! X andg: W ! Y suchthatif wewrite

nD = qgD% E;

thenE 0, wherebothD andD®= f D are
Q-Cartier
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We saythata birationalmapf : Y 99KX isa
if f ! doesnotcontractary divisors.

We saythatf Is , If thereis aresolution
p: W ! X andg: W ! Y suchthatif wewrite

nD = qgD% E;

thenE 0, wherebothD andD®= f D are
Q-Cartier

P
A Isapair(X; = ;& ), wherexX Is
normal, OandK x + Is Q-Cartier where
a; 2 [0; 1], foralli.
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Minimal model Conjecture

Conjecture (Minimal Model Conjecture). Let(Y; )
bealog smoothprojectivepar.

ThentherisaKy + -negativebirational contraction
f Y 99KX andamorphism : X | S sudthat
either

1. Ky + = H,whereH isample or
2. (Kx + ) Isrelativelyample wheee
dmZ < dim X,

and = f
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Conjecture (Minimal Model Conjecture). Let(Y; )
bealog smoothprojectivepair.

ThentherisaKy + -negativebirational contraction
f Y 99KX andamorphism : X | S sudthat
either

1. Ky + = H,whereH isample or

2. (Kx + ) Isrelativelyample wheee
dmZ < dim X,

and =f

Note that this is the contractionof two conjecturesthe
minimal modelconjectureandthe abundanceconrectire
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= Divide the probleminto two steps.

m Firstwetry to constructapair(X; ) suchthat
eitherKx + Isnefor (Kx + ) Isrelatvely
ample,for somemorphism .
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Firstwetry to constructapair (X; ) suchthat
eitherKx + isnefor (Kx + ) Isrelatvely
ample for somemorphism .

We try to constructX fromY by asequencef
elementanpirationalmodi cations.

The thenstateghatif
Kx + Isnef,thenit is semiample.

Theproblemis thatboth of thesepartsseemhard.
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MorI" s program

» Startwith any birationalmodelY .
= Desingulariser .
m If Ky Is nef,then
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Startwith any birationalmodelY .
Desingulariser .
If Ky Is nef,then

Otherwisethereis anextremalcontraction,
Y ! X,whichis (Ky + ) -ample.

If dm X < dimY, then :
If Isdivisorialreplace(Y; ) by (X; ) .
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Startwith any birationalmodelY .
Desingulariser .
If Ky Is nef,then

Otherwisethereis anextremalcontraction,
Y ! X,whichis (Ky + ) -ample.

fdimX < dimY, then
f Isdivisorialreplacg(Y; ) by (X; ) .

f 1ssmall,thenKx + IsnotQ-Cartier andwe
needto do somethingdifferent.
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Insteadwe try to replaceY by anothermirationalmodel
YT,Y 99KY ™, suchthat *: Y™ | X is
(Ky+ + 7)-ample.
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Threemain Conjectures

Conjecture. (Existencg SupposeéhatKx + IS
kawamatdog terminal.Letf : X ! Y beasmall
extremalcontraction.

Thenthe Ip of f exists.
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kawamatdog terminal.Letf : X ! Y beasmall
extremalcontraction.

Thenthe Ip of f exists.

Conjecture. (Terminatior) Theris noin nite sequence
of kawamatdog terminal ips.

Conjecture. (Abundancée Suppos¢hatKx + IS
kawamatdog terminalandnef
ThenKyx + Issemiample
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Theproposeden approachs to exploit thefactthat
the existenceof a minimal modelis equvalentto
nite generatiorof thecanonicaking.
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Theproposeden approachs to exploit thefactthat
the existenceof a minimal modelis equvalentto
nite generatiorof thecanonicaking.

projectve variety. The Is the multigraded
rng
M X
= HY%Y;Ov(x  mGyy)):
m2 NK i

If R(Y; G) Is nitely generatedwhereG = Ky +
(k = 1), thenthelog canonicaimodelis equalto

X = Proj R(Y; G):
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One conjectureto rule them all

Conjecture (Finite Generation). Let(Y; ;) bea
log smoothpair, whele ; hasrational coefcients,
wherY Is projective SetG; = Ky + .
ThenR(Y; G ) Is nitely geneated.
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Conjecture (Finite Generation). Let(Y; ;) bea
log smoothpair, whele ; hasrational coefcients,
wherY Is projective SetG; = Ky + .
ThenR(Y; G ) Is nitely geneated.

| hopeto persuad&veryoneof two things:

This conjecturedoesindeedimply the minimal
modelconjecture.

Thereis somechancehatattacking nite generation
directly is betterthanthe stepby stepapproach
sketchedpreviously.
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Finitenessof log canonicalmodels

= If we assumenite generatiorof the Coxring andif
one X esthesupportof but variesthe coefcients

in the cube[0; 1%, thenonegetsonly nitely mary
log canonicalmodels,andthedivisioninto casess
rationalpolyhedral.
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If we assumenite generatiorof the Coxring andif
one X esthesupportof but variesthe coefcients

in the cube[0; 1%, thenonegetsonly nitely mary
log canonicaimodels,andthedivision into casess
rationalpolyhedral.

Thiswasessentiallyproved by Shokurw in his
paper3-fold log canonicaimodels.

We will usethisto runaspecialMMP.

SupposehatKy + + tD Is nef,for somedivisor
D andrealnumbert (e.g.take D ampleandt large).

AssumethatKy + + tD Is kawamataog terminal
andKvy + Ishig.

A new approacto Mori theory—p.11



The MMP with scaling

m Choosd minimalsuchthatKy + + tD Is nef.
Thetrick is to contractonly specialextremalrays.
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Choosda minimal suchthatKy + + tD Is nef.
Thetrick is to contractonly specialextremalrays.

If t = OthenKy + Isnef.

OtherwisethereisaKy + -extremalcontraction
f : Y 99KX . Therearetwo cases.

If f Is divisorialthenreplaceg(Y; ) by (X; ) .
If f Is small,thenreplaceY by the ip.

At this pointwe useexistenceof ips, whichis
guaranteedby nite generation.
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Reallog canonicalmodels

= We have alreadyseenthatif we assumenite
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Sincewe areassuminghatKy + Is big, varying
thecoefcients of , for asmallperturbation

Ky + YofKy+ ,Ky+ YisbigandQ-Cartier
Sincethereareonly nitely mary log canonical

modelsin aneighbourhooaf ,takingthelimit as

Oapproaches, we mayassumehatthereis a
modelsuchthatK x + Is nef.
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Let H beanampledivisorandtake thein mum
suchthatKy + + tH Is big.
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Let H beanampledivisorandtake thein mum
suchthatKy + + tH Is big.

ThenKy + + tH Is pseudo-dective but not big
andt > 0.

Let(X; + tHY bethelog canonicaimodel,

f:Y | X.Let : X ! Z bethemorphism
whoseexistencds guaranteedby the basepointfree
Theorem.

Then (Kx + ) Isrelatvely big. We maynow
modify sothat (Kx + ) Isample,usingthe
MMP with scaling.

Furtherasf iIsKy + + tH negative,f Is surely
KY + n@a“\/e. A new approacto Mori theory—p.16
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Abundancevia nite generation

» SupposéhatK x + Is kawamatdog terminaland
nef.

= Kawamatahasshavn thatto prove alundanceit
sufces to prove that
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Abundancevia nite generation

» SupposéhatK x + Is kawamatdog terminaland
nef.

= Kawamatahasshavn thatto prove alundanceit
sufces to prove that

(Kx + ) 0 and

If Kx + Isnotnumericallytrivial, then
(Kx +) = (Ky+ ) >0

A new approacho Mori theory—p.17



An embeddingof (X; )

= Pickary projectvely normalembeddingpf X  P",
andlet (X ; ) betheconeover(X; ) with vertex

P.
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Pick any projectvely normalembeddingpf X  P",
andlet (X ; ) betheconeover(X; ) with vertex
o}

LetW | X betheblow up of p, with exceptional
divisorE.Let = E+ 9%+ H,where ‘isthe

stricttransformof |, andH is thestricttransformof
asufciently generalndsufciently ampledivisor.

ThenE Isisomorphicto X , andunderthis
identi cation,

(Kw+ ) Je= Kx +

In additionK\, + Is big andlog canonical.

A new approacto Mori theory—p.18



The log canonicalmodel of (W, )

m Sincewe areassumingnite generation(W; ) has
alog canonicamodel(W® 9, f : W 99KW?°
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Sincewe areassumingnite generation(W; ) has
alog canonicamodel(W® 9, f : W 99KW?°

f IsbirationalasKy + Isbig.

Firstsupposeéhat (Kx + ) = 1 . Thenrunning
the MMP with scaling,it followsthatX Is covered

by curvesC suchthat(Kyx + ) C< 0.

Now supposehat (Kx + ) = 0. X cannotbe
contractedby f to apoint, sinceotherwiseK x +
IS numericallytrivial.

Sosectionof K3, +  Orestrictedo Z theimageof
Y givesectiononfKy + ,and (Ky + ) > 0.

Thus nite generationmpliesalundance,, . ... ooz



SupposghatG = Ky + Isveryample.
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InductiononthedimensiorthatR(X; G) Is nitely
generated.
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SupposghatG = Ky + Isveryample.
Thenconsidering

0 ! Oy((k 1)G) ! Oy(kG) ! Og(kG) ! O

andusingSerrevanishingwe canprove by

InductiononthedimensiorthatR(X; G) Is nitely
generated.

n generalWwe cannotapplyvanishingdirectly, since
Ky + Is neithernefnor big.

However thetheoryof multiplier ideals,developed
oy SiuandKawamatagivesawayto lift sections

(hopefullygenerators)irom log canonicakentres,
undersuitableassumptions.
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Finite Generation ||

» FurtherShokuro hasdevelopedsomepowerful
techniguedo prove nite generatiorof

R(Y:Ky + ) .
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FurtherShokure hasdevelopedsomepowerful
techniquedo prove nite generatiorof

R(Y;Ky + ).
Oneof thesetechniquess known as

which sayssomethingaboutthe behaiour of the
restrictionof R(X; D).

Usingsaturatiorandthetheoryof multiplier ideals,
Haconandl provedexistenceof ips in dimensiom
giventhe MMP In dimensiomn 1.

Anotherideaof Shokurw givesaway to check
nite generationiocally.
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To prove nite generatiorfollowing thegeneraline
sketchedabove, we needto extendthetheoryof
multiplier idealsheaesbeyondthebig case.
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To prove nite generatiorfollowing thegeneraline
sketchedabove, we needto extendthetheoryof
multiplier idealsheaesbeyondthebig case.

As a > considerthe problemof giving an
algebraigoroof of Siu's deformationnvarianceof
plurigenera.

Does nite generationmply terminationof Ips In
general?

Doesthe MMP with scalingimply terminationof
Ips In general?
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Kahler-Einstein metrics

= By theuniformisationtheoremgvery Riemann
surfacehasa metricof constancurvature.

A new approacho Mori theory—p.23



By the uniformisationtheoremgvery Riemann
surfacehasa metric of constanturvature.

Canoneshaw thatevery variety of generakypehas
a KahlerEinsteinmetric? The presencef
singularitieson the canonicaimodel,meanghat

thesemetricscannotberegulareverywhere.

A new approacto Mori theory—p.23



By the uniformisationtheoremgvery Riemann
surfacehasa metric of constanturvature.

Canoneshaow thatevery variety of generakypehas
a KahlerEinsteinmetric? The presencef
singularitieson the canonicaimodel,meanghat
thesemetricscannotberegulareverywhere.

Thusoneneeddo formulateandprove some
suitablebehaiour atin nity .

A new approacto Mori theory—p.23



By the uniformisationtheoremgvery Riemann
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Canoneshaow thatevery variety of generakypehas
a KahlerEinsteinmetric? The presencef
singularitieson the canonicaimodel,meanghat
thesemetricscannotberegulareverywhere.

Thusoneneeddo formulateandprove some
suitablebehaiour atin nity .

CasciniandLa Nave, math.AG/0603064and
IndendentlyTian andZhang,alreadyhave some
Interestingresultsin this direction.
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By the uniformisationtheoremgvery Riemann
surfacehasa metric of constanturvature.

Canoneshaow thatevery variety of generakypehas
a KahlerEinsteinmetric? The presencef
singularitieson the canonicaimodel,meanghat
thesemetricscannotberegulareverywhere.

Thusoneneeddo formulateandprove some
suitablebehaiour atin nity .

CasciniandLa Nave, math.AG/0603064and
IndendentlyTian andZhang,alreadyhave some
Interestingresultsin this direction.

They areableto exhibit someof the stepsof the
MMP usingthe methodsf Ricci o w.

A new approacho Mori theory—p.23
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