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Higher dimensionalgeometry

Theaimof higherdimensionalgeometryis to givea
birationalclassi�cationof algebraicvarieties,
modeledon theclassi�cationof curvesandsurfaces.

Theexpectationis thatvarietiesarenaturally
classi�edby thebehaviour of thecanonicaldivisor.

Theideais to focuson threeextremecases,
� K X is ample.
� K X is trivial.
� � K X is ample.

Thehopeis thatany varietyis constructed,in asense
to beexplained,usingonly thesebuilding blocks.
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Somebasicde�nitions

Wesaythatabirationalmapf : Y 99KX is a
contractionif f � 1 doesnotcontractany divisors.

Wesaythatf is D-negative, if thereis a resolution
p: W � ! X andq: W � ! Y suchthatif wewrite

p� D = q� D 0+ E;

thenE � 0, wherebothD andD 0= f � D are
Q-Cartier.

A log pair is apair (X ; � =
P

i ai � i ), whereX is
normal,� � 0 andK X + � is Q-Cartier, where
ai 2 [0; 1], for all i .
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Minimal modelConjecture

Conjecture (Minimal Model Conjecture). Let (Y; �)
bea log smoothprojectivepair.
Thenthere is a K Y + � -negativebirational contraction
f : Y 99KX anda morphism� : X � ! S such that
either
1. K X + � = � � H , whereH is ample, or

2. � (K X + �) is relativelyample, where
dim Z < dim X ,

and� = f � � .

Note that this is the contractionof two conjectures,the

minimal modelconjectureandtheabundanceconjecture.
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Traditional Approach

Divide theprobleminto two steps.

Firstwe try to constructapair (X ; �) suchthat
eitherK X + � is nefor � (K X + �) is relatively
ample,for somemorphism� .
We try to constructX from Y by asequenceof
elementarybirationalmodi�cations.
Theabundanceconjecturethenstatesthatif
K X + � is nef, thenit is semiample.
Theproblemis thatbothof thesepartsseemhard.
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Mori' sprogram

Startwith any birationalmodelY.

DesingulariseY.
If K Y is nef, thenSTOP.
Otherwisethereis anextremalcontraction,
� : Y � ! X , which is � (K Y + �) -ample.

If dim X < dim Y, thenSTOP.
If � is divisorial replace(Y; �) by (X ; �) .

If � is small,thenK X + � is notQ-Cartier, andwe
needto dosomethingdifferent.
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The �ip of �

Insteadwe try to replaceY by anotherbirationalmodel
Y + , Y 99KY + , suchthat� + : Y + � ! X is
(K Y + + � + )-ample.

Y
�

- Y +

X :

�

�
+�

-
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Thr eemain Conjectures

Conjecture. (Existence) SupposethatK X + � is
kawamatalog terminal.Let f : X � ! Y bea small
extremalcontraction.
Thenthe�ip of f exists.

Conjecture. (Termination) There is no in�nite sequence
of kawamatalog terminal�ips.

Conjecture. (Abundance) SupposethatK X + � is
kawamatalog terminalandnef.
ThenK X + � is semiample.
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The newapproach

Theproposednew approachis to exploit thefactthat
theexistenceof aminimalmodelis equivalentto
�nite generationof thecanonicalring.

Let G1; G2; : : : ; Gk bek Q-divisorsandlet Y bea
projectivevariety. TheCox ring is themultigraded
ring

R(Y; G� ) =
M

m2Nk

H 0(Y; OY (x
X

i

mi Gi y)):

If R(Y; G) is �nitely generated,whereG = K Y + �
(k = 1), thenthelog canonicalmodelis equalto

X = Proj R(Y; G):
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Oneconjecture to rule them all

Conjecture (Finite Generation). Let (Y; � i ) bea
log smoothpair, where � i hasrational coef�cients,
whereY is projective. SetGi = K Y + � i .
ThenR(Y; G� ) is �nitely generated.

I hopeto persuadeeveryoneof two things:
� Thisconjecturedoesindeedimply theminimal

modelconjecture.
� Thereis somechancethatattacking�nite generation

directly is betterthanthestepby stepapproach
sketchedpreviously.
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Finitenessof log canonicalmodels

If weassume�nite generationof theCox ring andif
one�x esthesupportof � but variesthecoef�cients
in thecube[0; 1]k, thenonegetsonly �nitely many
log canonicalmodels,andthedivision into casesis
rationalpolyhedral.

Thiswasessentiallyprovedby Shokurov in his
paper3-fold log canonicalmodels.
Wewill usethis to runaspecialMMP.
SupposethatK Y + � + tD is nef,for somedivisorD
andrealnumbert (e.g.takeD ampleandt large).
AssumethatK Y + � + tD is kawamatalog terminal
andK Y + � is big.
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The MMP with scaling

Chooset minimalsuchthatK Y + � + tD is nef.
Thetrick is to contractonly specialextremalrays.

If t = 0 thenK Y + � is nef. STOP.
Otherwisethereis aK Y + � -extremalcontraction
f : Y 99KX . Therearetwo cases.

� If f is divisorial thenreplace(Y; �) by (X ; �) .

� If f is small,thenreplaceY by the�ip.
At thispointweuseexistenceof �ips, which is
guaranteedby �nite generation.
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Termination of theMMP with scaling

If t changes,thenwechangelog canonicalmodel.
By �nitenessof log canonicalmodels,wemay
assumet is �x ed.

SinceweareassumingthatK Y + � is big, varying
thecoef�cients of � , for asmallperturbation
K Y + � 0of K Y + � + tD , K Y + � 0is ample.
For everystepof theMMP, thissmallperturbation
changes.
Soterminationfollows from �niteness.
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Real log canonicalmodels

Wehavealreadyseenthatif weassume�nite
generationandK Y + � is big andQ-Cartierthenwe
canconstructthelog canonicalmodel(X ; �) .

SinceweareassumingthatK Y + � is big, varying
thecoef�cients of � , for asmallperturbation
K Y + � 0of K Y + � , K Y + � 0is big andQ-Cartier.
Sincethereareonly �nitely many log canonical
modelsin aneighbourhoodof � , takingthelimit as
� 0approaches� , wemayassumethatthereis a
modelsuchthatK X + � is nef.
Now applythebasepoint freeTheorem,to obtaina
log canonicalmodel.
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� (K Y + �) = �1 .

Let H beanampledivisorandtake thein�mum
suchthatK Y + � + tH is big.

ThenK Y + � + tH is pseudo-effectivebut notbig
andt > 0.
Let (X ; � + tH 0) bethelog canonicalmodel,
f : Y � ! X . Let � : X � ! Z bethemorphism
whoseexistenceis guaranteedby thebasepoint free
Theorem.
Then� (K X + �) is relatively big. Wemaynow
modify � sothat� (K X + �) is ample,usingthe
MMP with scaling.
Furtherasf is K Y + � + tH negative, f is surely
K Y + � negative.
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Abundancevia �nite generation

SupposethatK X + � is kawamatalog terminaland
nef.

Kawamatahasshown thatto proveabundance,it
suf�ces to prove that

� � (K X + �) � 0 and

� if K X + � is notnumericallytrivial, then
� (K X + �) = � (K Y + �) > 0.

A new approachto Mori theory– p.17
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An embeddingof (X ; �)

Pickany projectively normalembeddingof X � Pn,
andlet ( �X ; �� ) betheconeover (X ; �) with vertex
p.

Let W � ! �X betheblow upof p, with exceptional
divisorE. Let � = E + � 0+ H , where� 0is the
strict transformof � , andH is thestrict transformof
asuf�ciently generalandsuf�ciently ampledivisor.

ThenE is isomorphicto X , andunderthis
identi�cation,

(K W + �) jE = K X + � :

In additionK W + � is big andlog canonical.
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The log canonicalmodelof (W; �)

Sinceweareassuming�nite generation,(W; �) has
a log canonicalmodel(W 0; � 0), f : W 99KW 0

f is birationalasK W + � is big.

Firstsupposethat� (K X + �) = �1 . Thenrunning
theMMP with scaling,it follows thatX is covered
by curvesC suchthat(K X + �) � C < 0.

Now supposethat� (K X + �) = 0. X cannotbe
contractedby f to apoint,sinceotherwiseK X + �
is numericallytrivial.

Sosectionsof K 0
W + � 0restrictedto Z theimageof

Y givesectionsof K Y + � , and� (K Y + �) > 0.

Thus�nite generationimpliesabundance.
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Finite Generation

BabycaseSupposethatG = K Y + � is veryample.
Thenconsidering

0 � ! OY ((k� 1)G) � ! OY (kG) � ! OG(kG) � ! 0;

andusingSerrevanishing,wecanproveby
inductionon thedimensionthatR(X ; G) is �nitely
generated.

In generalwecannotapplyvanishingdirectly, since
K Y + � is neithernefnorbig.
However thetheoryof multiplier ideals,developed
by SiuandKawamata,givesaway to lift sections
(hopefullygenerators),from log canonicalcentres,
undersuitableassumptions.

A new approachto Mori theory– p.20
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Finite Generation II

FurtherShokurov hasdevelopedsomepowerful
techniquesto prove �nite generationof
R(Y; K Y + �) .

Oneof thesetechniquesis known assaturation,
whichsayssomethingaboutthebehaviour of the
restrictionof R(X ; D).

Usingsaturationandthetheoryof multiplier ideals,
HaconandI provedexistenceof �ips in dimensionn
giventheMMP in dimensionn � 1.
Anotherideaof Shokurov givesaway to check
�nite generationlocally.

A new approachto Mori theory– p.21
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Further work

To prove �nite generationfollowing thegeneralline
sketchedabove,weneedto extendthetheoryof
multiplier idealsheavesbeyondthebig case.

As ababycase, considertheproblemof giving an
algebraicproofof Siu'sdeformationinvarianceof
plurigenera.
Does�nite generationimply terminationof �ips in
general?
DoestheMMP with scalingimply terminationof
�ips in general?
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Kähler-Einstein metrics

By theuniformisationtheorem,everyRiemann
surfacehasametricof constantcurvature.

Canoneshow thateveryvarietyof generaltypehas
aKähler-Einsteinmetric?Thepresenceof
singularitieson thecanonicalmodel,meansthat
thesemetricscannotberegulareverywhere.
Thusoneneedsto formulateandprovesome
suitablebehaviour at in�nity .
CasciniandLa Nave,math.AG/0603064,and
indendentlyTianandZhang,alreadyhavesome
interestingresultsin thisdirection.
They areableto exhibit someof thestepsof the
MMP usingthemethodsof Ricci �o w.
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