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Amazing Equation

It is the purpose of this talk to convince the listener that the
following formula is truly amazing. end

Nd(a, b, c) =
∑

d1+d2=d

a1+a2=a� 1

b1+b2=b

c1+c2=c

Nd1
(a1, b1, c1)Nd2

(a2, b2, c2)

[

d2
1d2

2

( a � 3

a1 � 1

)

� d3
1d2

(a � 3

a1

)

]

( b

b1

)( c

c1

)

+ 2 �
∑

d1+d2=d

a1+a2=a

b1+b2=b� 1
c1+c2=c

Nd1
(a1, b1, c1)Nd2

(a2, b2, c2)

[

d2
1d2

( a � 3

a1 � 1

)

� d3
1

(a � 3

a1

)

]

( b

b1 b2 1

)( c

c1

)

+ 4 �
∑

d1+d2=d

a1+a2=a+1

b1+b2=b� 2
c1+c2=c

Nd1
(a1, b1, c1)Nd2

(a2, b2, c2)

[

d1d2

( a � 3

a1 � 2

)

� d2
1

( a � 3

a1 � 1

)

]

( b

b1 b2 2

)( c

c1

)

+ 2 �
∑

d1+d2=d

a1+a2=a+1

b1+b2=b

c1+c2=c� 1

Nd1
(a1, b1, c1)Nd2

(a2, b2, c2)

[

d1d2

( a � 3

a1 � 2

)

� d2
1

( a � 3

a1 � 1

)

]

( b

b1

)( c

c1 c2 1

)

.

Classical Enumerative Geometry and Quantum Cohomology – p.2



ProjectiveSpace

Pn is thesetof linesin Cn+1 .

Supposen = 1. Pickp = (x, y) ∈ C2. Theline
throughp is representedby its slope,thatis theratio
z = y/x.

WegettheclassicalRiemannsphere,C
compacti�edby addingapointat in�nity .

z ∈ C ∪ {∞}
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Automorphismsof P
1

Aut(P1) = az+ b
cz+ d, thegroupof Möbius

transformations.

Supposewearegivenfour pointsp, q, r ands. Then
thereis auniqueMöbiustransformation,sending
p −→ 0, q −→ 1, r −→ ∞.

Theimages −→ λ ∈ C − {0, 1} is calledthe
cross-ratio.
link. In fact

λ =
(r − q)(p − s)

(p − q)(r − s)
.
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SomeConsequences

Ourde�nition of Pn hassomeinterestingconsequences.

In factthesetwo curves

intersectat two points
andthesetwo lines

meetatapoint.

Principleof ContinuityThenumberof intersectionpoints

is aninvariantof acontinuousfamily of curves.
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Bézout'sTheorem

Theorem. (Bezout'sTheorem)GiventwoplanecurvesC
andD de�nedbypolynomialsF andG of degreed and
e, then

#C ∩ D = de.

Indeedthe resultis obviously true
whenour two curvesaretheunion
of d ande lines

Proof. Let F1 andG1 betheproductof linearforms.
ThenF + tF1 andG + tG1 de�ne continuousfamilies
andwhent = ∞, theansweris obviouslyde.
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The degree

Thedegreed of avarietyXk ⊂ Pn is thenumberof
pointsX ∩ Λ, whereΛ is agenerallinearsubspace
of dimensionn − k.

Bézout'sTheorem:If wehaven hypersurfaces
X1, X2, . . . , Xn of degreesd1, d2, . . . , dn, thenthe
numberof commonintersectionpointsis

d1d2 . . . dn.

Indeed,thesameproofapplies.
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Conicsin P
2

A conicis givenasthezerolocusof

aX2 + bY 2 + cZ2 + dXY + eY Z + fXZ,

where[a : b : c : d : e : f ] ∈ P5.

How many conicspassthrough� vepoints,p1, p2,
p3, p4 andp5?
Theconditionthataconiccontainsapointp is a
linearconditionon thecoef�cients.
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Corr espondence

Sowehaveacorrespondencebetween

{C |C containspi } and Hi ⊂ P5,

whereHi is ahyperplane.

Thusthesetof conicspassingthrough� vepoints,
correspondsto theintersectionof � vehyperplanes.
Sotheansweris one.
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Lines in P
3

How many linesin P3 meetfour givenlines?

SchubertCalculus:Let
gl representtheconditionto meeta line,
gP betheconditionto meetapoint,and
g� betheconditionto meetaplane.

I claim
g2

l = gP + g� .

Indeed,�x two lines l andm, degeneratethemuntil they

areconcurrent,andusetheprincipleof continuity.
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A little Algebra

So

g4
l = (gP + g� )

2

= g2
P + 2gPg� + g2

�

= 1 + 2 · 0 + 1 = 2.

In factweareworking in thecohomologyring.

H � (P2) =
Z[x]

〈x3〉

wherex is theclassof a line, andC ∼ dx andD ∼ ex,
sothatC · D = dex2 = de.
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A classicalProblem

How many conicstangentto � vegivenconics?

Fact: Thesetof conicstangentto agivenconic
correspondsto ahypersurfaceof degree6, soby
Bézouttheansweroughtto be65.
Wrong!
Conicstangentto � ve lines?Thesetof conics
tangentto oneline correspondsto ahypersurfaceof
degreetwo. Bézoutpredictstheansweris 25. But
theactualansweris 1.
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Useduality

P̂2 is thedualspaceto P2. It consistsof thesetof
linesin P2.

GivenaconicC in P2, weassociateadualconicĈ

in P̂2, simplyby sendingapointof p of C to its
tangentline, apointof P̂2.
Sothenumberof conicstangentto � vegivenlines,
is equal,by duality, to thenumberof conicsthrough
� vegivenpointswhich,aswehaveseen,is one.
(Hwk) Whatis wrong?
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Physics

Hereis a typicalFeynmanndiagram.

Feynmanndiagramsareusedto encodethe complicated

interactionswhichparticlesundergo.

Classical Enumerative Geometry and Quantum Cohomology – p.14



String Theory

Oneof theideasof stringtheory, is thatastringis the
basicobjectandnotparticles.Replacingapointby a
string,meansreplacinga line by a tubeandour
Feynmanndiagrambecomes:
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Points at In�nity

Now take thispictureandextendthetubesto in�nity .
Adding thepointsat in�nity is topologicallyequivalent
to addingcaps.

p

q

r

s
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Back to the Riemannsphere

Topologically, theresultingsurfaceis asphere.

Sonow wehave theRiemannsphere,thatis acopy
of P1, with four markedpoints.
Moregenerally, wewill getaRiemannsurface,
togetherwith acollectionof markedpoints.

Classical Enumerative Geometry and Quantum Cohomology – p.17



Back to the Riemannsphere

Topologically, theresultingsurfaceis asphere.
Sonow wehave theRiemannsphere,thatis acopy
of P1, with four markedpoints.

Moregenerally, wewill getaRiemannsurface,
togetherwith acollectionof markedpoints.

Classical Enumerative Geometry and Quantum Cohomology – p.17



Back to the Riemannsphere

Topologically, theresultingsurfaceis asphere.
Sonow wehave theRiemannsphere,thatis acopy
of P1, with four markedpoints.
Moregenerally, wewill getaRiemannsurface,
togetherwith acollectionof markedpoints.

Classical Enumerative Geometry and Quantum Cohomology – p.17



Rational curvesin P
2

Notethatplanecurvesof degreed correspondto
polynomialsof degreed, moduloscalars,which in
turncorrespondsto aPN , for someN .

For example,if d = 1 wegetN = 2 (in factP̂2) and
if d = 2, wegetN = 5, P5.
Someplanecurvesarerational,thatis to saythereis
amapP1 −→ P2, [S : T ] −→ [F : G : H], whereF ,
G andH arepolynomialsof degreed, in S andT .

Let X ⊂ PN , bethelocusof theserationalcurves.
Basicquestion:whatis thedegreeof X ⊂ PN ?
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The Grade

Call thisdegreeNd. Classicallythisnumberis
known asthegrade.

N1 = 1. IndeedX1 = P2, asevery line is rational.
Similarly everyconicis rational,soX2 = P5 and
N2 = 1.
In generalto calculatethedegreeof Xd weneedto
cutby hyperplanes.As thedimensionof Xd is
3d − 1, wewantto cutby 3d − 1 hyperplanes.
Now imposingtheconditionthatacurvepasses
throughapoint is onelinearcondition.Sowewant
to countthenumberof rationalcurvesof degreed
thatpassthrough3d − 1 points.
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An argumentdue to Kontsevich

Fix 3d − 2 pointsp1, p2, . . . , p3d� 2 in P2. Thenwe
geta1-dimensionalfamily of rationalcurvesCt of
degreed, whichcontainthesepoints.

Pick two auxiliary linesl1 andl2 andset
p3d� 1 = l1 ∩ l2.
Pick four pointsof Ct , p = p1, q = p2, r apointof l1
ands apointof l2.
Observe thatCt passesthroughiff r = s.
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Picture

Hereis apictureof whatis goingon back:

r

s

Ct

p=p1

q=p2
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Keepingtrack of the cross-ratio

Notethatthereis amapB −→ P1 whichassignsto
apoint t ∈ B, thecross-ratioof thefour pointsp, q,
r ands.

Notethatthecross-ratiois in�nity if r = s.
By theprincipleof continuity, thenumberof times
thecross-ratiois zero,is equalto thenumberof
timesthecross-ratiois in�nity .
So,whenis thecross-ratiozero,andwhenis it
in�nity? cross-ratio
It is zerowhenp = s or r = q andit is in�nity if
r = s or p = q.
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Pictureof family Ct

p
q

r

B
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Bubbling off

Fromthepreviouspicture,it wouldseemthatp = r
andq = r canoccur.

But lookingat thispicture,picture, in factit would
seemthiscannotoccur(andnorcanp = q).

In factwhatis happening,is thatacopy of P1 is
bubblingoff. Ct is forcedto breakinto two curves,
oneof degreed1 andd2, whered = d1 + d2.
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Singular �br e

q

p

p

q

r
s
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Choices

d1 andd2.

C1 passesthrough3d1 − 1 points.Choosethese
points3d1 − 1 points,from amongst3d − 1 − 3
points.
Choosewhichnodesto smooth.
Choosetwo curvesC1 andC2 throughgivenpoints.
Choosethepointsr ands.
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RecursiveFormula

Puttingall this togetherweget

Nd =
∑

d1+ d2= d

Nd1
Nd2

[

d2
1d

2
2

(

3d − 4

3d1 − 1

)

− d3
1d2

(

3d − 4

3d1 − 2

)]

,

whereN1 = 1 andN2 = 1.
In factN3 = 12, . . . .
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Quantum Cohomology

Setupa ring to counttheseobjects,

QH � (P2) =
Z[x]

〈x3 = q〉
.

This is the(small)quantumcohomologyring.

Wehaveanew product,adeformationof theold
product.Insteadof countingnumberof intersection
points,it countsthenumberof rationalcurves
meetinggivencycles(ie Gromov-Witten invariants).

Recursionformulacorrespondsto associativity of
quantumproduct.

Classical Enumerative Geometry and Quantum Cohomology – p.28



Quantum Cohomology

Setupa ring to counttheseobjects,

QH � (P2) =
Z[x]

〈x3 = q〉
.

This is the(small)quantumcohomologyring.
Wehaveanew product,adeformationof theold
product.Insteadof countingnumberof intersection
points,it countsthenumberof rationalcurves
meetinggivencycles(ie Gromov-Witten invariants).

Recursionformulacorrespondsto associativity of
quantumproduct.

Classical Enumerative Geometry and Quantum Cohomology – p.28



Quantum Cohomology

Setupa ring to counttheseobjects,

QH � (P2) =
Z[x]

〈x3 = q〉
.

This is the(small)quantumcohomologyring.
Wehaveanew product,adeformationof theold
product.Insteadof countingnumberof intersection
points,it countsthenumberof rationalcurves
meetinggivencycles(ie Gromov-Witten invariants).
Recursionformulacorrespondsto associativity of
quantumproduct.

Classical Enumerative Geometry and Quantum Cohomology – p.28



Tangencycondition

For example,setNd(a, b, c) to bethenumberof
curvesof degreed througha generalpoints,tangent
to b lines,andtangentto c lines,at speci�edgeneral
points.

Formula.
In particular, wederiveN2(0, 5, 0) = 3264, the
correctanswerto thequestion,how many conics
tangentto � vegivenlines?
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Further Work

Theorem. (Beauville, Yau-Zaslow)LetS bea general
K3 surfacein Pg. Thenthenumbern(g) of rational
curvesonS which arehyperplanesectionsis equalto

1
∑

g=1

n(g)qg =
q

q
∏1

n=1 (1 − qn)24.

providedeverysuch curveis nodal.

Theorem. (Xi Chen)LetS bea general K3 surfacein
Pn, such thatOS(1) is nota multipleof anotherline
bundle.
Theneveryrational curvewhich is a hyperplanesection
is nodal.
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