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Amazing Equation

It is the purpose of thistalk to convince the listener that the
following formulais truly amazing.

a 3 a 3 b c
Na(a,b,e) = > Nay(a1,b1,¢1)Nay (az, b2, c2) [d%d%( ) di’dQ( )} ( )( )
di+do=d ail 1 al b1 C1
a1+as2=a 1
b1+bo=b
c1+tco=c
a 3 a 3 b c
+ 2 > Ng,(a1,b1,c1)Na,(az, b2, c2) [d%dQ( ) d?( )} ( >( >
di1+do=d ai 1 al b]_ b2 1 C1
a1+as=a
b1+bo=0b 1
c1+co=c
a 3 a 3 b c
+ 4 > Ng (a1,b1,¢1)Na,(az, b2, c2) [d1d2( ) d%( )] ( )( )
dy+do=d ap 2 ap 1 b1 ba 2/ \cy
a1taz=a+1
b1+bo=b 2
c1+tco=c
a 3 a 3 b c
+ 2 > Ng (a1,b1,c1)Na,(az,b2,c2) [d1d2( ) d%( )] ( )( )
dy+doy=d a2 ap 1 b1/ \cical
a1+taz2=a-+1
b1+boa=b Classical Enumerative Geometry and Quantum Cohomology — p.2

ci4+co=c 1



ctive Space

is the setof linesin C"*1.



Projective Space

= P" is thesetof linesin C"*1.

= Supposer = 1. Pickp = (z,y) € C2. Theline
throughp Is representedy its slope,thatis theratio

z=y/.
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P" is thesetof linesin C"*1.

Suppose: = 1. Pickp = (z,y) € C? Theline
throughp Is representedy its slope,thatis theratio

z=y/.

We gettheclassicaRiemannsphereC
compacti edby addinga pointatin nity .

z € CU{oo}
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orphismsof P!

t(Pl) = 222 thegroupof Mobius

cz+ d’
ansformations.




Automorphismsof P!

= Aut(P) = 22 thegroupof Mébius

cz+ d?’
transformations.

m Supposeve aregivenfour pointsp, q, » ands. Then
thereis a uniqueMobiustransformationsending
p—0,g — 1, r — 0.
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Aut(PY) = &2 thegroupof Mobius

cz+ d?’
transformations.

Supposeave aregivenfour pointsp, q, » ands. Then
thereis a uniqueMobiustransformationsending
p—0,g — 1, r — 0.

Theimages — X € C — {0, 1} is calledthe
cross-ratio.
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Aut(PY) = &2 thegroupof Mobius

cz+ d?’
transformations.

Supposeave aregivenfour pointsp, q, » ands. Then
thereis a uniqueMobiustransformationsending
p—0,g — 1, r — 0.

Theimages — X € C — {0, 1} is calledthe
cross-ratio.

. In fact
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2Consequences

2 nition of P" hassomeinterestingconseguences.



SomeConsequences

Our de nition of P" hassomeinterestingconsequences.
In factthesetwo curves
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Our de nition of P" hassomeinterestingconsequences.
In factthesetwo curves

Intersectat two points
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SomeConsequences

Our de nition of P" hassomeinterestingconsequences.
In factthesetwo curves

Intersectat two points
andthesetwo lines
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SomeConsequences

Our de nition of P" hassomeinterestingconsequences.
In factthesetwo curves

Intersectat two points
andthesetwo lines

meetat a point.
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Ourde nition of P" hassomeinterestingconseqguences.
In factthesetwo curves

Intersectat two points
andthesetwo lines

meetat a point.
Thenumberof intersectiorpoints
IS aninvariantof a continuoudamily of curves.
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Bezout's Theorem

Theorem. (Bezouts Theoem)Giventwo planecurvesC
and D de nedby polynomialst’ and G of degreed and
e, then

#C'ND =de.
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Theorem. (Bezouts Theoem)Giventwo planecurvesC

and D de nedby polynomialst’ and G of degreed and
e, then

#C'ND =de.

Indeedthe resultis obviously true

whenour two curvesaretheunion
of d ande lines
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Theorem. (Bezouts Theoem)Giventwo planecurvesC
and D de nedby polynomialst’ and G of degreed and
e, then

#C'ND =de.

Indeedthe resultis obviously true
whenour two curvesaretheunion
of d ande lines

Proof. Let /; and(G; betheproductof linearforms.
ThenF + tFy andG + tG; de ne continuoudamilies
andwhent = oo, theanswels obviously de.
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Thedegreed of avariety X% c P" is the numberof
points X N A, whereA is ageneralinearsubspace
of dimensionm — k.
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Thedegreed of avariety X% c P" is the numberof

points X N A, whereA is ageneralinearsubspace
of dimensiom — k.

Bézouts Theorem:If we have n hypersurfices
X1, X, ..., X,ofdagreesdy, do, . . ., dn, thenthe
numberof commonintersectiorpointsis
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Thedegreed of avariety X% c P" is the numberof

points X N A, whereA is ageneralinearsubspace
of dimensiom — k.

Bézouts Theorem:If we have n hypersurfices
X1, X, ..., X,ofdagreesdy, do, . . ., dn, thenthe
numberof commonintersectiorpointsis

Indeed thesameproofapplies.
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conicsin P~

= A conicis givenasthezerolocusof
aX?+bY° 4+ cZ°4+dXY +eYZ + fXZ,

wherela:b:c:d:e: f] € P>
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A conicis givenasthe zerolocusof
aX?>+bY?+cZ?+dXY +eYZ + fXZ,

wherela :b:c:d:e: f] € P
How mary conicspassthrough ve points,p4, p2,
p3, pa andps?

Classical Enumerative Geometry and Quantum Cohomology — p.8



A conicis givenasthe zerolocusof

aX?>+bY?+cZ?+dXY +eYZ + fXZ,

wherela :b:c:d:e: f] € P

How mary conicspassthrough ve points,p4, p2,
p3, p4 andps?

Theconditionthata coniccontainsa pointp is a
linearconditiononthe coefcients.
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Corlrespondence

= Sowe have acorrespondencleetween
{C|Ccontainsp;} and H; C P>,

whereH; Is ahyperplane.
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Sowe have acorrespondencleetween
{C|Ccontaingy;} and H; C P>,

whereH, Is ahyperplane.

Thusthe setof conicspassinghrough ve points,
corresponds$o theintersectiorof ve hyperplanes.
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Sowe have acorrespondencleetween

{C|Ccontaingp;} and  H; C P>,

whereH, Is ahyperplane.

Thusthe setof conicspassinghrough ve points,
corresponds$o theintersectiorof ve hyperplanes.

Sotheanswerns one.
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in P3

ary linesin P® meetfour givenlines?



How mary linesin P° meetfour givenlines?
Let

g, representhe conditionto meetaline,
gp betheconditionto meetapoint,and
g betheconditionto meetaplane.
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How mary linesin P° meetfour givenlines?
Let

g, representhe conditionto meetaline,
gp betheconditionto meetapoint,and
g betheconditionto meetaplane.

| claim
=g +g.
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How mary linesin P° meetfour givenlines?
Let

g, representhe conditionto meetaline,
gp betheconditionto meetapoint,and
g betheconditionto meetaplane.

| claim
=g +g.

Indeed, x two lines! andm, degenerateghemuntil they
areconcurrentandusetheprinciple of continuity,

Classical Enumerative Geometry and Quantum Cohomology — p.10



e Algebra

9I4:(9P + g )2

— g5 +29pg + ¢°
—142-04+1=2.



A little Algebra

So

gt = (gp + g )3

— g5 +29pg + ¢°
—142-04+41=2.

In factwe areworking in thecohomologyring.
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A little Algebra

So

9|4:(9P + g )2

— g5 +29pg + ¢°
—142-04+41=2.

In factwe areworking in thecohomologyring.

H () =75

wherez Is theclassof aline, andC ~ dx andD ~ ez,
sothatC - D = dex? = de.
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ssicalProblem

OW mary conicstangento ve givenconics?



How mary conicstangento vegivenconics?

Fact: The setof conicstangento a givenconic
corresponds$o a hypersurficeof degree6, soby

Bézoutthe answerughtto be 6°.
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Bézoutthe answerughtto be 6°.
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How mary conicstangento vegivenconics?

Fact: The setof conicstangento a givenconic
corresponds$o a hypersurficeof degree6, soby

Bézoutthe answerughtto be 6°.

Conicstangento velines?Thesetof conics
tangento oneline correspond$o a hypersurfceof

degreetwo. Bézoutpredictsthe answeris 2°. But
theactualanswers 1.

Classical Enumerative Geometry and Quantum Cohomology — p.12



uality

 is thedualspaceto P2. It consistf the setof
esin P2.



P2 is thedualspaceo P2. It consistof the setof
linesin P?.

GivenaconicC in P2, we associat@ dualconicC
in P2, simply by sendinga point of p of C to its
tangentine, a point of P2.
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P2 is thedualspaceo P2. It consistof the setof
linesin P?.

GivenaconicC in P2, we associat@ dualconicC
in P2, simply by sendinga point of p of C to its
tangentine, a point of P2.

Sothenumberof conicstangento ve givenlines,
IS equal,by duality, to the numberof conicsthrough
ve givenpointswhich, aswe have seenjs one.
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P2 is thedualspaceo P2. It consistof the setof
linesin P?.

GivenaconicC in P2, we associat@ dualconicC
in P2, simply by sendinga point of p of C to its
tangentine, a point of P2.

Sothenumberof conicstangento ve givenlines,
IS equal,by duality, to the numberof conicsthrough
ve givenpointswhich, aswe have seenjs one.

(Hwk) Whatis wrong?
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Herels atypical Feynmanndiagram.

fermions

=N~ photon, Ws, Z

__QM_‘ usually gluons

-enan e e Hsially Higes boson

Feynmanndiagramsare usedto encodethe complicated
Interactionsvhich particlesundego.
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Oneof theideasof stringtheory is thatastringis the
basicobjectandnot particles.Replacinga pointby a

string, meangeplacingaline by atubeandour
Feynmanndiagrambecomes:
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Now take this pictureandextendthetubesto in nity .
Addingthepointsatin nity Is topologicallyeguvalent
to addingcaps.
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to the Riemann sphere

ypologically theresultingsurfaceis asphere.



Back to the Riemann sphere

= Topologically theresultingsurfaceis asphere.

= Sonow we have the Riemannspherethatis a copy
of P, with four marked points.
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Topologically theresultingsurfaceis asphere.

Sonow we have the Riemannspherethatis a copy
of P, with four marked points.

More generallywe will geta Riemannsurface,
togethemith a collectionof marked points.
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Rational curvesin P?

= Notethatp
polynomia

anecurvesof deg

reed correspondo

sof degreed, moduloscalarswhichin

turn corres

bondso aPN | for

somelN.
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Notethatp
polynomia

sof deg

anecurvesof degreed correspondo

reed, moduloscalarswhichin

turn corres

bondso aP" , for somel.

For example,if d = 1 wegetN = 2 (in factP?) and
if d =2, wegetN =5, P°.
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Notethatplanecurvesof degreed correspondo
polynomialsof degreed, moduloscalarswhichin

turn correspondso aPN , for somel.

For example,if d = 1 wegetN = 2 (in factP?) and
if d =2, wegetN =5, P°.
Someplanecurvesarerational,thatis to saythereis
amapP! — P? [S:T| — [F : G : H|, whereF,
G and H arepolynomialsof degreed, in S andT'.
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Notethatplanecurvesof degreed correspondo
polynomialsof degreed, moduloscalarswhichin

turn correspondso aPN , for somel.

For example,if d = 1 wegetN = 2 (in factP?) and
if d =2, wegetN =5, P°.
Someplanecurvesarerational,thatis to saythereis
amapP! — P? [S:T| — [F : G : H|, whereF,
G and H arepolynomialsof degreed, in S andT'.

Let X ¢ PN, bethelocusof theserationalcurves.
whatis thedegreeof X ¢ PN?
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The Grade

» Call thisdegree NVy. Classicallythis numberns
known asthegrade.
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Call thisdegree Vy4. Classicallythis numbens
known asthegrade.

N; = 1. IndeedX; = P?, aseveryline is rational.

Similarly every conicis rational,so X, = P> and
No = 1.
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Call thisdegree Vy4. Classicallythis numbens
known asthegrade.

N; = 1. IndeedX; = P?, aseveryline is rational.

Similarly every conicis rational,so X, = P> and
No = 1.

In generalko calculatethe degreeof X4 we needto
cut by hyperplanesAs thedimensionof Xy IS
3d — 1, we wantto cutby 3d — 1 hyperplanes.
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Call thisdegree Vy4. Classicallythis numbens
known asthegrade.

N; = 1. IndeedX; = P?, aseveryline is rational.

Similarly every conicis rational,so X, = P> and
No = 1.

In generalko calculatethe degreeof X4 we needto
cut by hyperplanesAs thedimensionof Xy IS
3d — 1, we wantto cutby 3d — 1 hyperplanes.

Now Imposingthe conditionthata curve passes
througha pointis onelinearcondition. Sowe want
to countthe numberof rationalcurvesof degreed
thatpasshrough3d — 1 points.
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An argumentdueto Kontsevich

m Fix 3d — 2 pointsp4, po, . .., pag 2 in P2. Thenwe
geta 1-dimensionafamily of rationalcurvesC of
degreed, which containthesepoints.
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An argumentdueto Kontsevich

m Fix

3d — 2 pointspy, p2, . . ., pag 2 iN P2. Thenwe

geta 1-dimensionafamily of rationalcurvesC of

de

reed, which containthesepoints.

= Picktwo auxiliarylines/; andl, andset

P3d

1= [1 M.
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An argumentdueto Kontsevich

m Fix

3d — 2 pointspy, p2, . . ., pag 2 iN P2. Thenwe

geta 1-dimensionafamily of rationalcurvesC of

de

reed, which containthesepoints.

= Picktwo auxiliarylines/; andl, andset

P3d

1= [1 M.

= Pickfour pointsof C%, p = p1, ¢ = pp, r apointof [;
ands apointof /.
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An argumentdueto Kontsevich

m Fix

3d — 2 pointspy, p2, . . ., pag 2 iN P2. Thenwe

geta 1-dimensionafamily of rationalcurvesC of

de

reed, which containthesepoints.

= Picktwo auxiliarylines/; andl, andset

P3d

1= [1 M.

= Pickfour pointsof C%, p = p1, ¢ = pp, r apointof [;
ands apointof /.

= ObsenrethatC; passeshroughiff r» = s.
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e

5 apictureof whatis goingon

P=P, ‘

A



Keepingtrack of the cross-ratio

= Notethatthereis amapB — P! which assigngo
apointt € B, thecross-ratioof thefour pointsyp, g,
r ands.
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Keepingtrack of the cross-ratio

= Notethatthereis amapB — P! which assigngo
apointt € B, thecross-ratioof thefour pointsyp, g,
r ands.

= Notethatthecross-ratias in nity if » = s.
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Notethatthereis amapB — P! which assigngo
apointt € B, thecross-ratioof thefour pointsp, g,
r ands.

Notethatthecross-ratias in nity if » = s.

By the principle of continuity, the numberof times
the cross-ratias zero,is equalto the numberof
timesthecross-ratias in nity .
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Notethatthereis amapB — P! which assigngo
apointt € B, thecross-ratioof thefour pointsp, g,
r ands.

Notethatthecross-ratias in nity if » = s.

By the principle of continuity, the numberof times
the cross-ratias zero,is equalto the numberof
timesthecross-ratias in nity .

So,whenis thecross-ratiwero,andwhenis it
In nity?

Classical Enumerative Geometry and Quantum Cohomology — p.22



Notethatthereis amapB — P! which assigngo
apointt € B, thecross-ratioof thefour pointsp, g,
r ands.

Notethatthecross-ratias in nity if » = s.

By the principle of continuity, the numberof times
the cross-ratias zero,is equalto the numberof
timesthecross-ratias in nity .

So,whenis thecross-ratiwero,andwhenis it
In nity?

It IS zerowhenp = s orr = ¢q andit IsIn nity If
r=sorp=aq.
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O O

e of family C,




Bubbling off

= Fromthepreviouspicture,it would seemthatp = r
andqg = r canoccut
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Fromthe previouspicture,it would seenmthatp = r
andqg = r canoccur

But looking at this picture, , In factit would
seenthis cannotoccur(andnorcanp = q).
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Fromthe previouspicture,it would seenmthatp = r
andqg = r canoccur

But looking at this picture, , In factit would
seenthis cannotoccur(andnorcanp = q).

In factwhatis happeningis thata copy of P! is
bubblingoff. C} Is forcedto breakinto two curves,
oneof degreed; andd,, whered = di + dbo.
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lar br e







dq anddz.

C; passeshrough3d; — 1 points.Chooséhese
points3d; — 1 points,fromamongsBd — 1 — 3
points.
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dq anddz.

C; passeshrough3d; — 1 points.Chooséhese
points3d; — 1 points,fromamongsBd — 1 — 3
points.

Choosewnhich nodeso smooth.
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dq anddz.

C; passeshrough3d; — 1 points.Chooséhese
points3d; — 1 points,fromamongsBd — 1 — 3
points.

Choosewnhich nodesto smooth.
Choosdwo curvesC; andC5 throughgivenpoints.
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dq anddz.

C; passeshrough3d; — 1 points.Chooséhese
points3d; — 1 points,fromamongsBd — 1 — 3
points.

Choosewhich nodesto smooth.
Choosdawo curvesC'; andC’, throughgivenpoints.
Chooséhepointsr ands.
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Recursve Formula

Puttingall thistogethemwe get

Ng= > NgNg,
di+dy=d

i

whereN; = 1 and N, = 1.

In fact N3 = 12, ....

3d — 4 3d — 4
— d3d
3d1—-1) L 2<3d1——2>}’
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Quantum Cohomology

m Setup aring to counttheseobjects,

Z|z]
(2% =q)

Thisis the (small)quantumcohomologyring.

QH (P*) =
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Setup aring to counttheseobjects,

Z|x]
(z°=q)
Thisis the (small)guantumcohomologying.

We have a new product,a deformationof theold
product.Insteadof countingnumberof intersection
points,it countsthe numberof rationalcurves
meetinggivencycles(ie Gromor-Witten invariants).

QH (P?) =
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Setup aring to counttheseobjects,

Z|x]
(z°=q)
Thisis the (small)guantumcohomologying.

We have a new product,a deformationof theold
product.Insteadof countingnumberof intersection
points,it countsthe numberof rationalcurves
meetinggivencycles(ie Gromor-Witten invariants).

Recursiorformulacorrespond$o associatity of
guantunmproduct.

QH (P?) =
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For example,setNy(a, b, ¢) to bethe numberof
curvesof degreed througha generapoints,tangent
to b lines,andtangento c lines,atspeci edgeneral

points.
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Tangencycondition

= For example,setNy(a, b, ¢) to bethe numberof
curvesof degreed througha generaboints,tangent
to b lines,andtangento c lines,at speci edgeneral
points.
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For example,setNy(a, b, ¢) to bethe numberof
curvesof degreed througha generapoints,tangent
to b lines,andtangento c lines,atspeci edgeneral
points.

In particular we derive N,(0, 5,0) = 3264, the
correctanswerto thegquestionhow mary conics
tangento vegivenlines?
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Theorem. (Beauville Yau-Zaslow)Let S bea geneal
K3 surfacein PY9. Thenthenumbern(g) of rational
curveson S which are hyperplanesectiongs equalto

1 q
2 o) = q1Tn=y (1 —q")?*

g=1

everysud curveis nodal.
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Theorem. (Beauville Yau-Zaslow)Let S bea geneal
K3 surfacein PY9. Thenthenumbern(g) of rational
curveson S which are hyperplanesectiongs equalto

1 q
2 o) = q1Tn=y (1 —q")?*

g=1

everysud curveis nodal.

Theorem. (Xi Chen)Let S bea generl K3 surfacein
P", sudh that Os(1) is nota multiple of anotherline
bundle

Theneveryrational curvewnhich is a hyperplanesection
IS nodal.
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