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Abstract

We study the interaction between the EHP sequence and the Goodwillie tower
of the identity evaluated at spheres at the prime 2. Both give rise to spectral
sequences (the EHP spectral sequence and the Goodwillie spectral sequence, re-
spectively) which compute the unstable homotopy groups of spheres. We relate the
Goodwillie filtration to the P map, and the Goodwillie differentials to the H map.
Furthermore, we study an iterated Atiyah-Hirzebruch spectral sequence approach
to the homotopy of the layers of the Goodwillie tower of the identity on spheres.
We show that differentials in these spectral sequences give rise to differentials in the
EHP spectral sequence. We use our theory to re-compute the 2-primary unstable
stems through the Toda range (up to the 19-stem). We also study the homological
behavior of the interaction between the EHP sequence and the Goodwillie tower of
the identity. This homological analysis involves the introduction of Dyer-Lashof-
like operations associated to M. Ching’s operad structure on the derivatives of the
identity. These operations act on the mod 2 stable homology of the Goodwillie
layers of any functor from spaces to spaces.
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Introduction

All spaces and spectra in this book are implicitly localized at the prime 2. The
purpose of this book is to describe the relationship between two machines for com-
puting the 2-primary unstable homotopy groups of spheres.

The first of these machines is the EHP sequence. James [Jamb55] constructed fiber
sequences

Q2s2n+1 i Sn i an-‘rl £> Qs2n+1.

Applying m, to the resulting filtered space

(0.0.1) Ce QST s Qrtlentl 5 QS0
yields the EHP spectral sequence (EHPSS)
Erln,t = Tyms1 2™ = 7.

By truncating the filtration (0.0.1) we also get truncated EHPSS’s

1 ( ): {Wt+m+152m+la m <n,

=T S™).
mot 0, otherwise vn(5")

The Curtis algorithm (see, for instance, [Rav86, Sec. 1.5]) gives an inductive tech-
nique for using the various truncated EHPSS’s to compute the 2-primary unstable
stems, provided one is able to compute differentials in the EHPSS. Unfortunately,
as the differentials come from the P map, they are closely related to Whitehead
products, and therefore are difficult to compute.

The second computational machine is the Goodwillie tower of the identity. Let Top,
denote the category of pointed topological spaces. Goodwillie calculus associates
to a reduced finitary homotopy functor

F': Top, — Top,

(i.e. a functor which preserves weak equivalences and filtered homotopy colim-
its, and satisfies F'(x) ~ %) a tower P;(F) of i-excisive approximations [Go090],
[G0092], [Go003].

Ds(F) Ds(F) Dy(F)
P:*%F) PJF) — Pi(F)

The fibers of the tower take the form of infinite loop spaces D;(F) = Q°°D;(F),
where ‘
D (F)(X) ~ (0:(F) A X",

ix



x INTRODUCTION

for a X;-spectrum 9;(F') (the ith derivative of F'). Under favorable conditions (F
analytic, X sufficiently highly connected), F'(X) is the homotopy inverse limit of
the tower P;(F')(X). The Goodwillie tower of the identity functor

PA(X) := P,(1d)(X)

converges for X connected and Z-complete. Applying 7. to the tower P;(X) gives
the Goodwillie spectral sequence (GSS)

EMN(X) = mDi(X) = m(X).

For X = 5™ a (2-local) sphere, Arone and Mahowald showed that D;(S™) ~ x
unless i = 2% [AM99]. In this case the GSS may be re-indexed to take the form

EPH(S™) = mDgk (S™) = my(S™).
Arone and Dwyer [ADO1] identified the layers as
(0.0.2) Do (S™) ~ X" *L(k),

where L(k),, is the stable summand of the Thom complex (BF%)"? associated to the
Steinberg idempotent, studied by Kuhn, Mitchell, Priddy, and Takayasu [KMP82],
[Tak99]. Thus the GSS computes the unstable homotopy groups of spheres from
the stable homotopy groups of some well-understood spectra. The differentials in
the GSS are mysterious.

In this book we shall demonstrate that when the EHPSS and GSS are computed in
tandem, well understood aspects of each sheds light on the more mysterious aspects
of the other.

(1) Goodwillie filtration. Elements in Goodwillie filtration 2¥ decompose as k
iterates of desuspensions of images of the P homomorphism (Whitehead
product) in the EHP sequence.

(2) EHP differentials. Goodwillie filtration preserving differentials in the EHP
sequence may be computed from the differentials in Atiyah-Hirzebruch
type spectral sequences for L(k),,.

(3) Goodwillie differentials. The differentials in the Goodwillie spectral se-
quence are given by the H homomorphism (Hopf invariant) in the EHP
sequence.

To demonstrate the effectiveness of the approach advocated in this book, we apply
these observations to reproduce the computation of the EHPSS, and compute the
GSS’s through the Toda range (the first 20 unstable stems).

The homotopical analysis of the interaction between the Goodwillie tower and the
EHP sequence that is undertaken in this book is predicated by a homological anal-
ysis of this interaction. Key to this homological analysis is an understanding of
the Arone-Mahowald computation of H,(IDgx(S™)) as a module over the Steenrod
algebra. In order to understand the effect of the natural transformations in the
EHP sequence on this homology, we must re-interpret their computation in terms
of natural Dyer-Lashof-like operations which act on the stable (mod 2) homology
of the layers of any functor F' from spaces to spaces. Using M. Ching’s operad
structure on 9, (Id) [Chi05], we construct natural homology operations

Q" Ho(Di(F)(X)) = Huyj1(Doi (F)(X)).
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The construction of these operations should be of independent interest.

Most of the computations of this book are performed with sequences of spectral
sequences. Iterated spectral sequences can complicate calculations, as the accumu-
lated indeterminacy of the associated graded represented by the F..-terms can ex-
acerbate the computation of differentials in any successive spectral sequence. These
difficulties are circumvented through the use of transfinite spectral sequences, as
defined by P. Hu [Hu99).

We outline the contents of this book:

In Chapter 1, we briefly review Ching’s operad structure, as well as some well known
aspects of the homology of symmetric groups. We then construct the operations
Q?, and re-interpret the Arone-Mahowald stable homology calculations in terms of
these operations.

In Chapter 2, we show that the EHP sequence induces fiber sequences which relate
the layers of the Goodwillie tower of the identity evaluated at spheres. Using the
naturality of the operations @, we compute the effect of these fiber sequences on
stable homology. The EHP fibrations give rise to fiber sequences between the L(k);,-
spectra, which were previously constructed by S. Takayasu [Tak99] and N. Kuhn
[KuhO01]. These fiber sequences give an iterated Atiyah-Hirzebruch spectral se-
quence approach to the homotopy groups of L(k),, and allow these homotopy
groups to be computed inductively in k. These iterated spectral sequences are
formulated as transfinite Atiyah-Hirzebruch spectral sequences (TAHSS’s). The
TAHSS’s compute the Ej-term of the GSS: taken in succession these yield the
transfinite Goodwillie spectral sequence (TGSS).

Chapter 3 analyzes the meaning of the filtration on the unstable stems arising from
the Goodwillie tower. Another filtration (by degree of instability) is defined on
the unstable stems. This filtration allows one to trace through the EHP sequence
and see how an unstable element is recursively built up: the unstable element is
eventually traced forward to a stable element, and the record of this ancestry is
defined to be the lineage of an unstable element. The P and E maps are observed to
induce maps on the TAHSS and TGSS. Under favorable circumstances, the lineage
of an element can be read off of the name of a detecting element in the E'-term of
the TGSS.

In Chapter 4, we prove theorems which compute differentials in the TGSS. Often,
these differentials are given by Hopf invariants. The Goodwillie d;-differentials are
related to stable Hopf invariants. In the presence of an unstable Hopf invariant, we
introduce the notion of a generalized Hopf invariant (GHI). The generalized Hopf
invariant is defined by means of a transfinite spectral sequence which concatenates
the TGSS with the EHPSS: the resulting refinement of the EHPSS is called the
transfinite EHP spectral sequence (TEHPSS). Generalized Hopf invariants give rise
to longer differentials in the GSS. TGSS differentials not arising from Hopf invari-
ants are considered exotic. Two forms of exotic differentials are identified: those
arising from the geometric boundary effect, and the bizarre differentials. The geo-
metric boundary effect differentials arise from Hopf invariants through a geometric
boundary type theorem derived from the interaction of the TGSS with the EHP
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sequence. The bizarre differentials defy explanation, but must exist for the TGSS of
S to converge to the known values of 7, S 1 The calculus form of the Whitehead
conjecture, as proposed by Arone, Dwyer, Kuhn, Lesh, and Mahowald, predicts
that the GSS for S! collapses at E». The relationship of this conjecture to our di’s
is briefly discussed.

In Chapter 5, we explain how to lift differentials from the TAHSS and the TGSS to
the EHPSS (or more precisely, the TEHPSS). We explain how TEHPSS names are
closely related to EHPSS names via the notion of lineage. In the Toda range, all but
one differential is obtained from lifting corresponding differentials from the TAHSS
or TGSS. This one exception gives rise to an example of a deviation between degree
of instability and Goodwillie filtration, and a deviation between TGSS names and
lineage.

Chapter 6 gives a complete computation of the TAHSS’s, TGSS’s and TEHPSS
in the Toda range (through the 19-stem). These computations demonstrate that
the tools of this book can be used to give an independent treatment of the un-
stable 2-primary computations of [Tod62]. However, unlike [Tod62], we do not
solve the additive and multiplicative extension problems presented by these spectral
sequences.

Appendix A reviews Hu’s notion of a transfinite spectral sequence, and describes the
transfinite spectral sequence associated to a transfinite tower. We only work under
a strong locally finite hypothesis which guarantees excellent convergence properties
of the transfinite spectral sequences — this local finiteness hypothesis is satisfied
by all of the examples of transfinite spectral sequences in this book. We then prove
a general geometric boundary type theorem, which explains the behavior of the
transfinite spectral sequences associated to a fiber sequence of transfinite towers.
This geometric boundary theorem specializes to give the geometric boundary effect
TGSS differentials, as well as the lifting of TAHSS and TGSS differentials to the
TEHPSS.

ACKNOWLEDGMENTS. This author benefited greatly from conversations with Greg
Arone, Michael Ching, Nick Kuhn, Katherine Lesh, Mark Mahowald, and Haynes
Miller.

Mark Behrens
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0.1. Conventions

As stated at the beginning of the introduction, all spaces and spectra are implicitly
localized at the prime 2. Homology and cohomology is implicitly taken with Fa-
coefficients. Mod 2 binomial coefficients (Z) € Fy are defined for all a,b € Z by

(Z) = coefficient of t* in (14 t)2.

We will denote the connectivity of a space ¥ by conn(Y'). For a spectrum E, we
denote its Spanier-Whitehead dual by EV. We shall use S™ to denote the n-sphere
as a space, and use S” to denote the n-sphere as a suspension spectrum. We will
use S to denote the sphere spectrum S°.

Throughout this book we will be dealing with completely unadmissible sequences
of integers (which we shall sometimes refer to briefly as “CU sequences”). A CU
sequence is a sequence of integers

(jla"'ajk)

with js > 2js41+1. We shall often refer to a CU sequence by a single capital letter
(e.g. J=(J1,...,Jk)). We associate to CU sequences the following quantities:

e Length: |J| :=k,
e Degree: |J|| :==j1+ - + j,
o Excess: e(J) := ji.

The empty sequence () is regarded as a sequence of length zero, degree zero, and
excess 0o. We introduce a total ordering on CU sequences of all lengths: we declare
that

(jlu"'?jk) < (Ji)?]l/@")
if either k¥ > k' or, for k = K, if J < J’' with respect to right lexicographical
ordering. For CU sequences
J =, dk)
=0 i)
with ji > 251 + 1, we shall let [J, J'] denote the CU sequence
(jl? s 7jk7jia s 7jllc')'






CHAPTER 1

Dyer-Lashof operations and the identity functor

Johnson’s computation [Joh95] of the derivatives of the identity 9;(Id) admit a
description in terms of the poset of partitions of the set i [AK98], [AM99]. Ching
observed that this description yields an equivalence

9;(I1d) ~ B(1,Comm, 1))

where B(1,Comm, 1), is the ith space of the operadic bar construction on the
commutative operad in spectra [Chi05]. Using this description, Ching gives 0, (Id)
the structure of an operad, and therefore the layers d,(Id) A X°°X"* form a left
module over 0,(Id). More generally, the work of Arone and Ching [AC] gives 0.(F)
the structure of a bimodule over 9, (Id) for any reduced finitary homotopy functor
F : Top, — Top,.

In Section 1.1 we review Ching’s topological model for the operadic bar construc-
tion. In Section 1.2 we recall Ching’s cooperad structure on this bar construc-
tion. Dualizing this gives Ching’s operadic structure on 0,(Id), as explained in
Section 1.3.

We then use this model to define Dyer-Lashof-like operations Q7 on H, (D, (F)(X)),
and relate these to the actual Dyer-Lashof operations which appear in the Arone-
Mahowald computation of H,(ID,(S™)). We review some well-known aspects of
the homology of extended powers in Section 1.4. In Section 1.5 we construct the
operations @7, and explain how the Arone-Mahowald computation of the stable
homology of the layers of the Goodwillie tower of the identity evaluated on spheres
is given by these operations.

1.1. The operadic bar construction

Our symmetric sequences shall be regarded as functors
Fin — Top,

where Fin is the category of finite sets and bijections. Let ® be a reduced operad
in Top,. Ching gives a topological model for the realization of the operadic bar
construction
B(®) := B(1,9,1).
For a finite set A, a point in B(®)(A) is given by a tuple
(T, o, (x4),1)

consisting of:
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(1) A rooted tree T with one root and |A| leaves. Each v in V(T), the set of
internal vertices, has a set I(v) of incoming edges, with |I(v)| > 2, and a
single outgoing edge. A vertex v is the source s(e) of its outgoing edge e,
and is the target ¢(e’) of each of its incoming edges €’.

(2) A labeling of the leaves, given by a bijection « from the set of leaves to
the set A.

(3) A labeling of the vertices, which assigns to each vertex v € V(T) a point
Z, in ®(I(v)).

(4) A metric on the edges, which assigns to each edge e a non-negative length
I(e), such that the distance from each leaf to the root is 1.

These tuples are subject to the following identifications:

e If I(e) = 0 for any external edge e, then
(T, o, (x4),1) ~ *.
e If x, = * for some v, then
(T, o, (x4),1) ~ *.
e If [(e) = 0 for an internal edge e, then
(T, a, (20),1) ~ (T/e, o, (a4,),1')

where T'/e is the tree with edge e collapsed, and vertices s(e) and t(e)
identified. The leaf labeling o is induced by « under the natural bijection
between the leaves of T and T'/e. The vertex labeling () is given by

o {xt(e) O Ts(e), v is the image of s(e) ~ t(e),

Ty otherwise.

The metric I assigns to the edges €’ in T'/e their lengths in T'.

As the operadic bar construction arises as the geometric realization of a simplicial
symmetric sequence in Top,

B(®) = |Be(®)],
the spaces B(®)(:) admit decompositions as simplicial spaces, as is described in
[Chi05, Sec. 4.2]. Let P,(i) be a sequence of refining partitions

A= <A << A1)

of 4 with

A0 = {1727 7Z.}7

Aspr = {1{2} -+ {i}.

Associated to A is a rooted tree (T, ax) with k+2 levels and leaves labeled by i. (See
Figure 7 of [Chi05, Sec. 4.2], but our partition indexing is in the opposite order of
Ching’s.) Given a labeling (z,) of the internal vertices Ty by points =, € ®(|I1(v)]),
we get a map

UA,(xU) A% B((I))(Z)
which assigns to a point

t = (to,t1,...,ts) € A®
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with ¢; > 0 and to + - -- +ts = 1, the point

(TA7 ay, (mv)7 lt) € B((I))(Z)
where l¢(e) = t; for e an edge going from level j + 1 to level j.

1.2. The cooperadic structure on B(®)

Ching showed that B(®) is a cooperad in Top,. The cooperadic structure map
0q : B(®)(AU, B) = B(®)(A) A B(®)(B)
sends a point (T, a, (z,),1) to the point
(T, o/, (x0), )Y N (T, ", (2)),1") if (T, ) is obtained by grafting (7", ")
onto the leaf labelled by a of (T, ),
*, otherwise,

where:

e The labellings (z/) and (z) arise from the bijection V(T) = V(T”) II
V().
e We have

I(e), otherwise,

V(e) = {h(T”), s(e) = a,

where h(T") is the height of T, when viewed as a subtree of the metric
tree (T),1).
e The metric I” is given by

1"(e) = 1(e)/h(T").
1.3. Operad structure on 0, (Id)

Let Comm be the commutative operad in Top,, with
Comm(i) = S°.

Ching observes that the partition poset description of 9;(Id) gives rise to an equiv-
alence

9;(1d) ~ X*°B(Comm)(4)"
of ¥;-spectra. As B(Comm) is a cooperad in Top,, Ching deduces that 9,(Id) is
an operad in spectra. Arone and Ching also show that, for any reduced finitary
homotopy functor F' : Top, — Top,, the derivatives d,(F) are a bimodule over
0+(Id) [AC]. In the case where F' = Id, this bimodule structures is the one given
by letting 0, (Id) act on itself on both sides.

Our Dyer-Lashof-like operations will rely on a good understanding of 92(Id). There
is only one rooted tree with 2 leaves
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and the space of weightings on this tree is homeomorphic to an interval I. Taking
the identifications into account, we deduce that B(Comm)(2) is homeomorphic to
I1/0I = S', and thus

Do(I1d) = 51

(with trivial Yp-action).

1.4. Homology of extended powers

Let Y be a spectrum. We review the structure of the homology of the extended
powers Y33 .

Lemma 1.3 of [May70] and Corollary 1.2.3 of [BMMS®86| imply the following.
LEMMA 1.4.1. Let {y;}icr be an ordered basis of H,(Y). Then
H.(Y;3,) = Fofer ® yi © yitik ® Fa{eo @ yi, © Yiy Yoy <io-

Following standard conventions, for y € Hy(Y) and j > d, we define the Dyer-
Lashof operation Q7 by

Q' (y) =ej—a®@y®y € Hyp; (V%)

If a sequence (j1,...,Jk) is allowable (i.e. js > jsy1 + -+ + jr + d for all s,
or equivalently, (ji,...,Jk) has excess > d) then iterating the extended power
construction gives elements

. . k
Q1M1 QMy e Hd+j1+---+jk (Yh/\;zzk).
Define R, (k) to be the Fy-module
Ro(k) :=Fo{Q’ : J = (j1,...,jx) has excess > n}
where
QJ = Q]l 22@%
The homology of the iterated extended power H, (YhAE%}Z) contains a summand given
2
by
R(E)DH(Y) :=Fo{Q"ys : i €I, J=(j1,...,j), @y allowable}

(so ﬁn(k) = ﬁ(k) ® H,(S™)). The summand ﬁn(k) ® H,(Y) is closed under the
dual action of the Steenrod algebra, and the dual Steenrod action is computed by
the Nishida relations

55—

S TS — s—r+tS t.

i@ ;(T_QJQ ql

For t > 0, the diagonal map S* — S* A S? induces a suspension map
E': (57Y)p8, = STV,

(see, for example, [ BMMS86, Sec. 3]). The following lemma follows from [BMMS86,
Lem. I1.5.6].
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LEMMA 1.4.2. The induced map on homology

EL: Ho((STY)N2) = Ho(S7VA2)
satisfies
, Q7. >yl
Et j _—t — g Q y7 j - )
Qoy {0, otherwise.

For n > 0, let R,, denote the Dyer-Lashof algebra over Fy, generated by Q7 for
7 > n and subject to the relations

Q... =0 ifji<jot---jrtn,

"O* t+s—r r4s— .
QQ° = Z( o _p )Q Tt (Adem relations).
n

A sequence (j1,...,Jk) is admissible if j; < 27541 for all s. The Adem relations ex-
press every monomial in R, of length k into a unique sum of admissible monomials,
each of which also has length k. Writing

Ro = P Ra(k),

k>0
where R, (k) is the summand of R,, spanned by monomials of length k, we have
Ran(k) =Fo{Q”’ : J= (j1,...,s) admissible, and of excess > n}.
The homology of the extended power Yh/\EQ:k contains a summand
R(E)® H(Y) :=Fo{Q”y; : i €I, J=(j1,...,Jx) is admissible of excess > |y;|}

(so R(k)n = R(k) ® H,(S™)). This summand is closed under the dual action of the
Steenrod algebra, given by the Nishida relations. The restriction map

H(Y,50) = H(Y(2,)
acts on the length k summand by
Q'y—Q’y.
Suppose that Y = ¥°°X is a suspension spectrum. The effect of the transfer
Tr: Ho(Yy,) = Ho(Yi¥,s,)

on length 2 summands is given by

s s s—r+t s—r+t s
QY Q zng[( oy >+(2t_r)}c2+ Q'

(see Theorem 7.1 and Example 7.5 of [Kuh85]). The following lemma is an obser-
vation of Priddy, which relates the above formula to a computation of Kahn-Priddy
[Pri73].
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LEMMA 1.4.3. Suppose that s < r < 2s. Then we have

T(Q'Qy) = Z( S TH)Q”S “Qly

t

T51<25——r4-14—2£

_ Qr 2 st + Z ) )QZSJrlJrf 2 Qrfsflfﬁy.
£=0

In particular

Tr(Q"Q%) = Q"1 Q% + terms Q" Q' y with 1’ > 25" + 1.

PRrROOF. In the formula
T r—i—t rT+s— r+t ™ TrSs—
Q 2Qy+2( )Q+ " y+2( )Q+ Q"

the last sum is the Adem relation in the Dyer-Lashof algebra. As (r, s) is admissible,
this sum yields only the term Q" ! @®y. This establishes the first equality of the

lemma:
r+t
T TS — r+s— t
(QQ%) Z(s )Q 1Q'y.
For the second equality we observe that if t > r — s then

s—r—+t s—r+t
( s—t >_( 2t — 7 >
As this is again the binomial coeflicient appearing in the Adem relation, and (r, s)
is admissible, we only get a contribution for ¢ = s (note that s > r — s). Thus we
can write
r—s—1

Z(s_r+t)Qr+a tthy_Qeray_~_ Z < T+t)Qr+a t Qy

S
t

We have (letting £ =r —s —1—1)

r—s—1 r—s—1
—r+t r4s r—1-— r+s
Z( )Q*toZ( >Q+to
S — S —
t=0 t=0
r—s—1 r 1
_ - r4+s— t
N Z (r—s—l—t)Q 1Q'y
t=0

B 1(%r+1+%
- ¢

)Q2s+1+€ 2 Qrfsflféy.

In particular, we have
2s+1+L4>r+1+0>r—2—-20>2r — 25— 2 — 2/.
O

For n > 1 let R,, be the free Fs-algebra generated by Q7 for j > 0, subject to the
relations
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le...ij:()ifj1<j2+...+jk+n, and

r—s—1

~ = Z 25 — 1+ 20\ - -

QTQS _ ( s—r+1+ é)Q2s+1+£Qr—s—l—£ ifs<r < %s.
¢=0

14
For a sequence J = (j1, ..., jix) we define
QJ — le . ij

We shall say that a monomial QJ_ is CU if the sequence J is a CU sequence (see
0.1). The relations amongst the ()7 express every monomial in R,, of length k into a
unique sum of CU monomials, each of which also has length k. We give the algebra
R, an internal grading by setting

@=i-1
(The reason we have chosen this to be j — 1 instead of j will be made clear in
Section 1.5.)

Writing
R = P Ru(k),
k>0
where R, (k) is the summand of R,, spanned by monomials of length &, we have
7in(k) = FQ{QJ : J CU, |J‘ =k, G(J) > n}
(Here, e(J) is the excess of the CU sequence J, as defined in 0.1.) The formula for
the transfer gives a topological raison d’étre for these modules:

H.((S™)120)

Wk
A3y

SER, (k) {tn} = im | Ry (k) {tn} = H.((S™)20) — :
N Tr(HL((SM))5))
where
(1.4.4) B=s{" s cxy,

(see the proof of Theorem 3.16 of [AM99]). The Fs-vector space R, (k) has an
induced action of the dual Steenrod operations, given by combining the Nishida
relations with the relations in the algebra R,,.

REMARK 1.4.5. It is well known that as modules over the opposite of the Steenrod
algebra (c.f. [Kuh82b, Prop. 3.20], [ADO1, Thm. 3.17]), there is an isomorphism

_ FAN\T

Here {F}.A} is the length filtration on the Steenrod algebra. However, despite any
misconceptions the reader might infer from the proofs of [Kuh8&82b, Prop. 3.20] and
[AM99, Thm. 3.17], for k > 2 we do not have a correspondence

Q7+ (Sa™*1)
(such a correspondence does hold for k = 1). Rather, it is the case that

Q7 = (Sq”™)* + terms (Sq‘]’H)* with J' < J.
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For instance: B
Q°Q? = (Sq"Sq”)" + (Sq®Sq*)".

1.5. Dyer-Lashof-like operations

Recall from Section 1.3 that if F' : Top, — Top, is a reduced finitary homotopy
functor, then the derivatives 0, (F') have the structure of a 0,.(Id)-bimodule. We
will only concern ourselves with the left module structure. Recall that this consists
of an associative and unital action map

8.(1d) 0 8,(F) — 9.(F)

where o denotes the composition product of symmetric sequences of spectra. In
particular, there are Y5 ! ¥;-equivariant maps

Oo(Id) A 0;(F)™? — 0y(F).
Consider the maps &; given by the composites
& STID(F)(X)pE, ~ (02(Id) A O (F)2 A X)) sy,

— (02(F) A X" sy,

~ Dy, (F)(X)
induced by these left 9, (Id)-module structure maps. Define, for j > d, operations

Q7 - Ha(Di(F)(X)) = Hayj—1(D2i(F) (X))
as follows. For x € Hy(D;(F)(X)), define
Q= (&)o' Q.

Our main observation is the following reinterpretation of the Arone-Mahowald com-
putation of H,(Dar (S™)).

THEOREM 1.5.1. As a module over the operators 7, we have
@H*(DQ’“ (™) = Run{tn}-
k>0
where N
tn € Hy(D1(S™)) = Hy(S™)
is the fundamental class. In particular, we have
Ho(Dye (S™)) = Fo{Q71 + Jis CU, J] = k, e(J) > n} = Ron(k){tn}

and the operators Q7 act according to the relations in the algebra R,. If J is a
CU sequence of length k with e(J) > n, then under the isomorphism of [AM99,
Thm. 3.16], we have

QJLn — JkQJLn.

Let Ty denote the unique tree with k + 2 levels, 2 leaves, and |I(v)| = 2 for all v
(see Figure 1.5.1). The tree Ty has 2 — 1 internal vertices, its automorphism group
is given by

Aut(Ty) = 2%
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FIGURE 1.5.1. The tree T3.

and the set of isomorphism classes of leaf labellings is in bijective correspondence
with Yor / Zék. The proof of Theorem 1.5.1 rests on the following technical lemma.

LEMMA 1.5.2. Let ® be an operad in Top,, and let

|Ba(@)(@)[ C |Bo(®)(0)] = B(2)(i)

denote the sth skeletal filtration of the geometric realization of the simplicial space
Bo(®)(i). Then there are factorizations of the cooperadic structure maps:

| Bo(@)(25F1) [ | By (@) (2) |1 A [ B (@)(29)| A B (@)(25) [

B(®)(2"H) —————— B(2)(2) A B(2)(2") A B(®)(2")

Furthermore, the following diagrams of pointed 391 X9k spaces commute

B(®)(25+1) B(®)(2) A B(®)(25) A B(®)(2")
Ba(®) |1 B, (0)(2)|) A [Ba(®)(2)[ 1K) A | Ba(®)(2%)| ¥
PTy 41 l ‘LpTl PP

z:z(k 1) ﬁk 222(19+1)

Here, pr is the projection onto the space of simplices corresponding to the tree T,
the map By is given by

n(tor - tie1) ()], 0 € Dol Tk C Topsr.
5k[0,(t07-~-,tk+1),($v)]={[U Oék(O k+1) (55 )] a 2 gk ok+1

*, otherwise,

where
A+ Al x AF x AF

U GART T H(AL x AF x AF)
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ts

ta

t1

to

FIGURE 1.5.2. A metric tree with 5 levels

is the map given by

t L1
to, - .t = (to,t; + - +1 X
ag(to k1) = (to, t1 + +tet1) <t1+"'+tk+1 .

><< tq tet1 )
tl+"~+tk+17...7t1+...—|—tk+1 b

Z;(kﬂ) acts trivially on % and permutes the two factors of AF

and the group
Al x AR xAF

M AT AR AFY

PROOF. Observe that a point
[T, a, (zv),1] € B(®)(i)

lies in the subspace | Bo(®)(7)|[F] if the metric tree (T,1) has at most k + 2 distinct
levels. (By a level, we mean a height h € [0,1] for which there exists at least one
(possibly external) vertex of distance h from the root, see Figure 1.5.2).

Since there is only one tree with two leaves (the tree 77), and this tree has 3 levels,
we have

B(®)(2) = |Bu(®)(2)| 1.
Furthermore, if a metric tree (7,1) is obtained by grafting the metric trees (77,1)
and (T"”,1") onto each of the limbs of (77,1"”"), then if (T”,1’) has k' 4+ 2 levels, and
(T",1”) has k" + 2 levels, then

#levels of (T,1) > max(k', k") + 3.

So if (T,1) has at most k+3 levels, then ¥ < k and k" < k. This proves the desired
factorization of the first part of the lemma.

The commutativity of the diagram in the second part of the lemma is a direct
consequence of the explicit description of the cooperad structure on B(®) given in
Section 1.2, together with the fact that the metric tree (Ty41,0t) with k + 3 levels,
with

t=(to,...,tg+1) € AFF1
is obtained by grafting two copies of the metric tree (T, ly), with

//( tl tk+1 )
tit -ttt e



1.5. DYER-LASHOF-LIKE OPERATIONS 11

onto the limbs of (71,1 ), with
t' = (to,t1 + -+ + thy1)-
([l

PRrROOF OF THEOREM 1.5.1. The Arone-Mahowald calculations imply that, ap-
plying homology to the zigzag

Dy (8") L5 F(1Bu(@)(29)|, 8" )as,, &5 % (E")hzm

the map (fx). is injective, and im(f)s« = im(gx)«. The summand
STR{t} =Fa{o Q7 tn + J = (j1,- -, jk), e(J) > n} € H (S7F(S™)" Ezk)
surjects onto im(fx). under the map (gx)., with kernel spanned by the elements
ok Tri(le SRR jS—l szini+l szwrz SRR ij)
where Tr; denotes the transfer associated to the subgroup P; C Zor (1.4.4).

We prove the theorem by induction on k. The cases of k = 0 is trivial. Assume the
result for k: for J = (ji1,...,jx) a CU sequence with jp > n we assume that

(f1)+(Q7 1) = (g) (07" Q7).
Observe that the map «ay, of Lemma 1.5.2 is homeomorphic to the suspension of the
diagonal
YA 25" - £5F A SK
Therefore the second diagram of Lemma 1.5.2, when applied to & = Comm and
dualized, gives rise to a diagram

ok
S Dy (S™)P2, =

D2k+1 (Sn)

fe? fr+1

Eon

— <—

n2k n2k+1
STF(|Be(@)(28)M, ") s — F(|Bo(®)(28+1)[I+1], 572 JhS,5n
T Ik+1
B\ k—1(gnyn2kt!
= (2SN — D O
We therefore have
(fk+1)*(QjQJLn) Sr41)« (52’») (o™ QjQJLn)

(
= (&0)+ (07" Q7 (f1). Q1)
= (£0)(07' Q7 (gr)20 Q7 1)
= (grs1) (0 EXQIc TR Q71
= (gor1): (07" 1Q7 Q7 1),






CHAPTER 2

The Goodwillie tower of the EHP sequence

In this chapter we explain how the Goodwillie tower interacts with the EHP se-
quence. In Section 2.1, we show that the EHP sequence induces fiber sequences
on the layers of the Goodwillie tower of the identity when evaluated on spheres.
The homological behavior of these fiber sequences is described in Section 2.2. The
transfinite Atiyah-Hirzebruch spectral sequences (TAHSS’s) which inductively com-
pute 7, L(k), are constructed in Section 2.3. The transfinite Goodwillie spectral
sequence (TGSS) is constructed in Section 2.4.

2.1. Fiber sequences associated to the EHP sequence

The EHP sequence arises from the sequence of functors and natural transformations

(2.1.1) 1d % o2 & onsq.
Here Sq : Top, — Top, is the squaring functor
Sq(X)=XAX

and H is the adjoint to the projection onto the second summand of the James
splitting

H:Y08X ~ E\/XM S NXN2,

There exist models for the map H which are natural in X (see, for instance,
[CMTT78]). 2-locally, the sequence (2.1.1) yields fiber sequences when evaluated
on spheres.

The following two lemmas are essentially Lemmas 4.6 and 4.7 of [AM99].
LEMMA 2.1.2. The EHP sequence induces fiber sequences

P,(1d)(S™) 5 P(Q3)(S™) 5 P(Q58aq)(S™),

D (Id)(S™) 5 D;(Q8)(S™) 5 Di(28Sq)(S™).

ProoF. Given a topologically enriched functor F' : Top, — Top,, and a
pointed space X, one gets an associated functor G : Vect — Top, with

G(V):=Q"F(EVX).

(Here, Vect is the category of finite dimensional real inner product spaces and
isometries.) Weiss’s orthogonal calculus [Wei95] yields a sequence of polynomial

13
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approximations PP (G)(V) with fibers which deloop to give spectra D™ (G) (V).
Furthermore, we have (see [Aro98, Lem. 1.2], [Wei95, Ex. 5.7])

PPNG)(V) = QY P (F)(2Y X),
DY"(G) (V) =~ QYD1 (F)(ZY X).

As the functors and natural transformations in the EHP sequence are enriched in
topological spaces, we have fiber sequences

QVSV+m £> QVstV-i-m £> QVQZSqSV+m
of functors Vect — Top,. The lemma follows from applying orthogonal calculus to

these fiber sequences. [

LEMMA 2.1.3. Let F : Top, — Top, be a reduced finitary homotopy functor which
is stably i-excisive for all i. Then there are equivalences

P;i(FSq) ~ P|;/2|(F)Sq,

D;/2(F)Sq, i even,

Di(FSq) = {* i odd

PROOF. The second equivalence follows from the first. By [Goo03], to prove
the first equivalence it suffices to prove (1) that P|; 5| (F")Sq is i-excisive, and (2)
that F'Sq and Py;/2|(F)Sq agree to order i.

The Goodwillie tower for Pj; o (F'), when evaluated at X A X, has fibers of the
form

Q%05 (F) ANX AX)V)ns; = Q% ([(B25)+ Asy 95 (F)] A X s,
for j < [i/2]. These layers are all i-excisive in X. This establishes (1).

For (2), observe that since the functors F' and P|;/5|(F') agree to order |i/2] under
the natural transformation

F — PLi/QJ (F)
there exists a ¢ so that for Y sufficiently highly connected, the map
F(Y) = Plij2) (F)(Y)

is (—c+(|¢/2] +1)conn(Y))-connected. Setting Y = X AX for X sufficiently highly
connected, we deduce that

F(Sq(X)) = P2y (F)(Sq(X))

is (—¢ + 2(|i/2] + 1)conn(X))-connected. Therefore it is (—c + (i + 1)conn(X))-
connected, and we have established (2). O
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COROLLARY 2.1.4. The fiber sequences of Lemma 2.1.2 are equivalent to the fol-
lowing fiber sequences.

Pon(S™) 25 QP (ST 25 P, (S2711)
Poms1(S™) 2 QP (8™ s QP (527
Do (S™) 25 71Dy, (S™H) 25 £71D,, (5271

D2m+1(5”) E) 271D2m+1(5n+1) £> *

PROOF. The corollary follows immediately from Lemma 2.1.2, Lemma 2.1.3,
and the identities

O

REMARK 2.1.5. Corollary 2.1.4 gives an amusing alternative proof of the 2-primary
case of Theorem 3.13 of [AM99]: if i = s2* for s odd, then if s # 1,

This can be deduced by induction on k. For k = 0, Corollary 2.1.4 implies that the
suspension

E:D(S™) — 7Dy (S™ 1)

is an equivalence. Taking the colimit of these maps, we deduce that there are
equivalences

Ds(S™) = Dy (Ds)(S™) ~ *
(since s # 1). Suppose inductively that
Dyye (87) 2 +

for s # 1 odd. Then the inductive hypothesis, together with Corollary 2.1.4, implies
that the suspension

E: D2k+1s(5n) — 271D2k+1s(sn+1)

is an equivalence, and, as in the base case, this implies that Dyk+1,(S™) =~ *.

Specializing Corollary 2.1.4 to the case of i = 2*, and applying the equivalences
(0.0.2), we recover fiber sequences of the same form as those discovered by Kuhn
[KuhO1, Prop. A.7] and Takayasu [Tak99].

COROLLARY 2.1.6. There are fiber sequences:

SOL(k — 1)y, =5 L(k)n 2 L(k)pis.

2n+
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REMARK 2.1.7. We are not asserting that the fiber sequences of Corollary 2.1.6
are equivalent to those of [KuhO1] and [Tak99], but it is likely that they are.
Indeed, Proposition 2.2.6 will demonstrate that both fiber sequences have the same
homological behavior. Our reason for using the L(k), notation instead of the
Dy (S™) notation is that the indexing in the fiber sequences is more compelling in
the L(k),-notation.

2.2. Homological behavior of the fiber sequences

We wish to understand the homological behavior of the fiber sequences of Corol-
lary 2.1.6. Our first task is to identify the operations Q7 on H,(Dyx (X)) and
H,(Dyr (2XSq)). We make some general observations in the next sequence of lem-
mas.

We make use of the Arone-Ching chain rule [AC]: if F,G : Top, — Top, are re-
duced finitary homotopy functors, there is an equivalence in the homotopy category
of symmetric sequences of spectra

0,(FG) ~ B(0,(F), 8,(1d), 0.(G)).

The technology of Arone-Ching (see, for example, the discussion after Proposi-
tion 0.4 of [AC]) also gives a simple method to compute the derivatives of any
finitary reduced homotopy functor F' : Top, — Top, in terms of the dual deriva-
tives 0*(X°F) of the associated functor ¥*°F : Top, — Sp:

(2.2.1) 0«(F) ~ B(1, Comm, §* (X F))".
This is an equivalence of left 0, (Id)-modules, under the left action of
d,(Id) ~ B(1,Comm, 1)V
induced by the left coaction of B(1,Comm, 1) on B(1, Comm, 0*(X*°F)).
LEMMA 2.2.2. Under the isomorphisms
susp, : H.(Di(F)(EX)) = H,(D,(FE)(X))

we have
@’susp, (z) = susp, (Q’x).

PROOF. The derivatives of the functor
> : Top, — Top,
are given by [AC, Examples 19.4]
0;(%) ~ 9;(Id) A S°
(where ¥; acts on S* = (S1)" by permuting the factors). In [AC] it is established
that under this equivalence, the 9,.(Id)-bimodule structure on 9.(X) is induced
from the bimodule structure of 0,(Id) over itself, and the appropriate diagonal

maps between smash products of spheres. In particular, the left module structure
maps

B(1d) A B, (IA) A S™ A -+ A B (Id) A S™ = D4y (Id) A G141
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are the maps induced from the operad structure map
Or(Id) A Opy IA) A=+ - A O, (Id) = Oy 4o gomy, (Id)
and the left Comm,-module structure maps
(2.2.3) SAS™TA A ST By gratedne
It follows from the chain rule [AC] that there are equivalences of left 9, (Id)-modules
0+ (FX) ~ B(0.(F), 0.(1d), 0.(%)),

where the left 0, (Id)-module structure of the right-hand side is induced from the
left 0, (Id)-module structure on O.(F). Therefore, there are equivalences

0.(FX) =~ B(0.(F),0,(Id), 0.(Id)) A S™ >~ 0.(F) A S*
where the induced left 9, (Id)-module structure on 9,(F) A S* is given by the maps
O(Id) A Oy (F) A S™ Ao Ay (F) AS™ = Oy gy (F) A ST H

obtained by combining the left 9, (Id)-structure of 9, (F) with the maps given by
(2.2.3).

Therefore, the following diagram commutes.
2 (Id) Aps, D (FX)(X)N2 —— Do (FX)(X)
gi i:
2 (1) Aps, Dy (F)(2X)N2 —— Do (F)(2X)
The result follows by applying homology to the above diagram. O
LEMMA 2.2.4. Under the isomorphisms
w, t H(D(QF)(X)) S H.(S7'Dy(F)(X))

we have

Qwi(x) = we(Q).

PRrROOF. The proof follows the sames lines as the proof of Lemma 2.2.2, and
relies on the observation that there is an equivalence of left 0, (Id)-modules [AC,
Examples 19.4]

8.(QF) ~ F(S,8,(F)),

where the left 0, (Id)-structure on the right-hand side of this equivalence is induced
by the left module structure on d,(F), together with the diagonal on S!. (]

LEMMA 2.2.5. Under the isomorphisms of Lemma 2.1.3
sqrt, + Hy (Do (FSq)(X)) = H.(D;(F)(X A X))

we have
stqrt*(x) = sqrt*(ij).
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Proor. The functor
3*°Sq : Top, — Sp
clearly has dual derivatives
(22>+a i = 27
, 1 # 2.

We shall denote this symmetric sequence 2,. The left action of Comm is trivial:
there is an equivalence of left Comm-modules

2, ~1,02,.

D' (2>°8q) =~ {

*

Using (2.2.1), we have
94(Sq) ~ B(1, Comm, 2)"
~ B(1,Comm, 1 02)"
~ B(1,Comm, 1)" o 2,
~ 9, (1d) o 2,.
We deduce, using the chain rule, that there is an equivalence of left 9 (Id)-modules
0+(FSq) ~ 0,(F) o 2,

where the left 9, (Id)-module structure on the right-hand side is induced from the
left 0, (Id)-module structure on 9.(F). In particular

D0 (FSq) ~ (B2:1)+ Ass, 05 (F) A (Z5) 4
(Bai) 4 Ax, 0i(F).

(This gives yet another computation of Do, (F'Sq)(X).) We deduce that the follow-
ing diagram commutes.

12

Do(1d) Aps, Do (FSq)(X)? —— Dui (FSq)(X)

~l iN

82(Id) /\hz2 ]D)Z(F)(X A\ X)/\2 HDQZ(F)(X AN X)

The lemma follows from applying homology. O

Write
H,(L(k),) = Fo{c*"Q71, : J CU, |J| =k, e(J) > n}.
It will be convenient to define

[jla s ajk?] = Uk_anl e ijl’n € H*<L(k)n)

PROPOSITION 2.2.6. The fiber sequences in Corollary 2.1.6 induce short exact se-
quences in homology, and we have
P*([jh v 7jk71]) = [jlv cee 7jk717n]7
. . 07 jk =n
E*([]17"'7.7k]): . . . ’
[]17"'a]k]7 jk:>n~
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PROOF. Since on D the natural transformation F is an equivalence, the asso-
ciated map in homology

H, (D1 (Id)(5")) — H. (D1 (QX)(5")) —— H(S7'Dy(5™)

WxSUSp,,
is given by:
-1
wWySUSP, Fy(tn) = 0 tpt1-

By naturality of the operations @7, together with Lemmas 2.2.2 and 2.2.4, we
deduce that

WySUSP, Fy (Q71 - Q7% 1y,) = Q7' - - Q7 w,susp, Bty

_J0, Jk=n,
e QM QI g, e >
(Here we are using the excess relation in R,,: Q71,41 =0 for j <n +1.)
Define
fibg : Top, — Top,
by
fibp(X) = fiber(X 2 QXX).
As the composite
E H
Id = QY — QXSq
is naturally null homotopic, there is an induced natural transformation
fiby 2 O?2Sq.
The EHP sequence implies that this natural transformation gives equivalences
ﬁbE(Sn) i 9252n+1
P
and Lemma 2.1.2 implies that there are induced equivalences

Dyx (ibg ) (S™) = Doi (228q)(S") ———— L 2Dgi—1 (§27H1)
P

w?susp sqrt
on the layers. As 0(Id) ~ S~1, in the case of k = 1, the fiber sequence
Dy (fibg) (") = D2(Id)(S") — D2(QE)(S")
is equivalent to the fiber sequence

R S 10 IS Yok (L I
I [
nr-lpee olps

Therefore we deduce

P*(072L2n+1) = QnLn~
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Again naturality of the operations 7, combined with Lemmas 2.2.2, 2.2.4, and
2.2.5, implies
Pu(072Q7 - Q7 tugpyn) = dupy tsart s tw 2Q - Q7 0 g
= Q7 QMg sart s w20 i
= Q7 Q' Py(0 % 12n41)
— le . ij-1@ﬂbn.
It is clear from these formulas that the sequence

0= Hy(S"L(k — )ang1) 2 Hy(L(k)n) 22 Hy(L(k)ny1) — 0.

is exact. O

2.3. Transfinite Atiyah-Hirzebruch spectral sequences

Define L(k)™ to be the fiber

Em—n+1

L(k)™ := fiber (L(k)n £, L(k)m+1> .

Note that L(1)" ~ P™. The homology of these spectra is easily computed with

n

Proposition 2.2.6.

ProrosIiTION 2.3.1. We have
H.(L(k)7) :=F{[J] : JCU,|J| =k, n<e(J) <m}.

The spectra L(k)™ endow L(k), with an increasing filtration:
s L(K)™ — L(k)™ — .o — L(k),,

n

limg L ()3 ~ L(k)p-

The filtration quotients are given by the cofiber sequences
L) = L(E)™ = X" L(k — 1)amy1.

n

Thus, the L(k), spectra are built out of the spectra L(k — 1)a,,+1, and there are
associated Atiyah-Hirzebruch-type spectral sequences

El, =@ m(E"L(k — 1)ami1) = m(L(k)n).-
m>n
These spectral sequences give an inductive means of computing 7. (L(k), ), starting
with m.(L(0)) = 72. One way to think about this is that there is a sequence of
spectral sequences

B mE s P L)) = = m(L(E)).

(J1,---:d) CU (G250 jg) CU
Jp=mn Jp=n

Alternatively, one can view this as a single transfinite spectral sequence (in the sense
of [Hu99]). As in Section A.1, let G(w") be the Grothendieck group of ordinals less
than w*:

G(wr) = {1+ jow + - + ™t 1 js € 2}
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We define a degreewise finite G(w”)-indexed tower under L(k),, (Section A.2)
(LB jy 4ot tiper =1} = LK), i}

as follows.
L(k)j, Jr>n
Lk o Jk ’
[L(K)nlo,....0.5, {L(k‘)m else,
cofiber (Ejk-L(k’ — 1);§;i;1 - [L(k)n]owwo’j"") IS

1> 2+ 1,
[L(K)nlo,....0,55 1.k = Jh=1 = 2Tk

[L(k)nlo.....0.j%» else,

cofiber (zjﬁ'“ﬂkL(l)gl?jl N [L(k)n]o,h,__,jk) L > 2+ 1,
js Z 2js+1 + 1
for2<s<k-1,

L(E),]; R
[ () ]Jl, Ik jk2n7

[L(k)n]0,5a,... js else.
We have
H.([L(k)n)s) =FA{[T) : TCU, |T| =k, e(T)>n, T > J}.
The filtration induced by this tower implies that cells ell/ll associated to CU se-
quences J of length &, only attach to cells corresponding to lesser sequences. The

quotient complex [L(k),]s is obtained from L(k), by collapsing out all cells corre-
sponding to sequences T < J.

For CU sequences J = (j1,...,Jk), jk > n, and
p(J) = g1+ jaw + -+ + jrw ! € G(w),
there are fiber sequences
§“J” — [L(k)n]u(J) - [L(k)n]u(JHL
For all other p1 € G(w*) we have [L(k),], = [L(k)n]u+1. The G(w")-indexed trans-
finite spectral sequence associated to this tower (Section A.2) takes the form
By u(L(k)n) = me(L(k)n)
with

else.

w81, = pu(J), JCU, |J| =k, e(J) > n,
B (L(k)) = {04 ) p=p()) [T = k. e(J) >
We shall refer to this as the tmnsﬁm'te Atiyah-Hirzebruch spectral sequence (TAHSS).
As the only important G(w*) indices for this spectral sequence are those of the form
pu(J), we will write £} ;(L(k)n) for E} , ;(L(k),). Elements in the E/ ;-term of

the TAHSS will be denoted
alJ]
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for o € m (8711, Differentials in the TAHSS take the form
L(k)n, _
dy P (alJ]) = o]
where J' < J,
p=g1 =gt + (2 = g3+ (ko1 = Jea)w*
and
/| + 17 = le + [[T]] = 1.
As the length p of the above differential is somewhat cumbersome to write as an

element of G(w"), and is completely determined by J and .J’, it will typically be
omitted from the notation.

Differentials in the TAHSS, as in any Atiyah-Hirzebruch-type spectral sequence, can
be effectively computed from a sound understanding of the attaching map structure
in the CW-spectrum L(k),. The cells e/l associated to CU sequences J are in
bijective correspondence with the homology elements

[J] € Ho(L(K)n)-
Often, these attaching maps can be determined from the action of the dual Steenrod
operations on

H.(L()n) = R,
given by the Nishida relations. This will be our main technique for determining
TAHSS differentials in the sample calculations of Chapter 6.

2.4. Transfinite Goodwillie spectral sequence

Combining the Goodwillie spectral sequence with the TAHSS gives a sequence of
spectral sequences

D D mETt) s s PmLk)n) = mea-i(S").

k>0 (1s--dk) CU k>0
Jp=mn

which we again wish to regard as a transfinite spectral sequence: the transfinite
Goodwillie spectral sequence (TGSS). Since the TAHSS’s are indexed on G(w*) for
varying k, we must index the TGSS on G(w®) for an ordinal « larger than w®.

To accomplish this, define a degreewise finite G(w**!)-indexed tower {[S™],} on
S™ as follows. There are fiber sequences

Pyr(S™) = Por—1(S™) — QOB (k).

We define

[S™o := P1(S™),

(S :=x% pu>0.
For k > 1, and p of the form

=it Jaw e Gt hw®,
we define [S"],, to be the fiber
(5] — Py 1 (S™) = QS L)y gy
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In particular, we have
15" = Pos(S™).
We fill in the rest by setting
(5", 5= Pycs (57)
for kK > 1 and either
WP —kw? <p < —(k—1)w®
or i in the right subset of the (—kw*,wk — kw®)-gap (see [Hu99, Def. 1]).

For k >0, J = (j1,...,Jk) a CU sequence with j; > n, and
pld] = g1+ jaw + -+ jre T — ke,

there are fiber sequences

QS I = [,y = [S™ w41
For all other 1 € G(w**!), we have [S™], = [S"],+1. The TGSS is the G(w**!)-
indexed transfinite spectral sequence associated to this tower under S"; it takes the
form

Etl’#(S") = m(S™)

with

g (smy = | @D, = ), TCU, 1] 20, () 2,
" B 0, else.

This spectral sequence computes unstable homotopy groups of spheres from stable
homotopy groups of spheres.

As the only relevant terms in this spectral sequence are those of the form Etl,u[ J]
for J a CU sequence with e(J) > n, we will often write E;J(S”) for Etl,u[J] (S™).

Elements in the E} j-term of the TGSS will be denoted
alJ]
for a € m (8" IHII If J = 0, the empty sequence of length zero, we shall
simply write
a=all] € E;@(S").
Differentials in the TGSS spectral sequence take the form
S™ g

d; (alJ]) = '[J']
where J' < J, where p is given by
po= g1 =i+ G2 = gp)w+ -+ (=g = e = =gt T (K = R)w
and

[T+ T = T = lef + (|1} = |J| = 1.

As the expression for u is rather cumbersome, and completely determined by J and
J’, we will often omit it from the notation, expressing dﬁn simply as d°".






CHAPTER 3

Goodwillie filtration and the P map

The purpose of this chapter is to contemplate the meaning of the Goodwillie filtra-
tion, and the nature of detecting elements in the TGSS. The notion of Goodwillie
filtration is reviewed in Section 3.1. Section 3.2 introduces the notion of the degree
of instability of an element, and assigns elements of the unstable stems stable names
through a tracking of its “lineage” in the EHP sequence. In Section 3.3 we show
the E and P maps give well behaved maps of TAHSS’s. In Section 3.4 we show
that these maps of TAHSS’s extend to maps of TGSS’s. In Section 3.5 we observe
that these maps of spectral sequences imply a close connection between Goodwillie
filtration and degree of instability, and furthermore the lineage of unstable elements
is often encoded in the names of detecting elements in the TGSS. In Section 3.6 we
note that the relationship of the P map to Whitehead products gives yet another
interpretation of Goodwillie filtration.

3.1. Goodwillie filtration

We shall say that a non-zero element 3 in 7;(S™) is of Gooduwillie filtration 2F if its
image in m:(Por-1(S™)) is null, but its image in 7(Por (S™)) is non-zero.

The elements of Goodwillie filtration 2* are precisely the elements which are de-
tected by elements of the form

a[jh e 7.7k]
in the TGSS.

By definition, the elements of Goodwillie filtration 1 are precisely those homotopy
elements which are stably non-trivial. We shall refer to such homotopy elements
as stable elements. The elements of Goodwillie filtration greater than 1 are the
unstable elements. It stands to reason that the Goodwillie filtration is a measure
of the degree of instability.

3.2. The genealogy of unstable elements

The EHP sequence supplies another measure of instability, which we will now ex-
plain. If 8 € m;(S™) is unstable and nonzero, let r; be minimal such that

E"HH(B) =0 € mypry 41(S™T )

25
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(i.e. B dies on S™T™1+1) By exactness of the EHP sequence, there exists a (neces-
sarily non-trivial) element oy € sy, 42(S2("+71)+1) such that

E™(8) = P(aq).
We will refer to such an element oy as a child of § and write
B € E T P(ay).

There are two possibilities: «a; is either stable or unstable. If o is unstable, then
we can repeat the above procedure, and express

B e ETTMPE T Plas)
for a child as of ;. Continuing in this manner, if we have
BeETP---E""P(ay)

we shall say that oy is a (¢th generation) descendant of 5. We shall say that
[ is unstable of degree k if k is maximal such that there exists a kth generation
descendant ay, of 3:

BeETP... ET"P(oy).

The homotopy element «j in the above expression is necessarily stable, and there
is a zig-zag:

[ RS 7Ti <ET7T*SQj1+1 3 ay

|

e S <~ 7, 5%+l 5 4

E"k
lp

s Sz

T, Sk < m.S" 3

We call such a sequence (aq,...,a) a lineage of 3, and write

B € a<j17j2a s 7jk>-

Note that the sequence (j1,. .., ji) is necessarily CU of excess greater than or equal
to n.

We wish to compare the notion of degree of instability with the Goodwillie filtration,
and relate detection in the TGSS with the notion of lineage. To prepare for this
analysis, we will need to understand the maps of TAHSS’s and TGSS’s induced by
the maps P and E. This will be accomplished in the next two sections.
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3.3. Behavior of the E and P maps in the TAHSS

LEMMA 3.3.1. For all u € G(w*™1), there are maps of towers

SPL(k = 1Vans1 ——— L(k),,

| |

ZH[L(k' - 1)2n+1]y - [L(k)n}u-i-nwk*l

PROOF. The maps are produced by a downward induction on s: given maps
En[L(k - 1)2n+1]j5+1w5+-~~+jk_1wk*2 - [L(k)n]js+1ws+"'+jk—1wk72+nwk71
we obtain an induced map of cofibers:

Ejs+1+m+jk_1+nL(S)é§;&1 _ st+1+'"+jk—1+nL(s)%§:il

i i

En[L(k - 1)2n+1]js+1w5+-~+jk,1wk*2 —_— [L(k)n]j.<+1w5+'~~+jk71w’“*2+nwk*1

i i

En[L(kf - 1)27744’1]‘7'50-)571+"'+jk71wk72 D [L(k)’n]j,gws’l+~-+jk,1wk72+nwk71'
O
COROLLARY 3.3.2. The P map induces a map of TAHSS’s
Etl—n,J(L(k - 1)2n+1) ESad WtEnL(k — 1)2n+1
v Pi
B}y (L(R)) s m L (),
which on E'-terms is given by
P.(a]J]) = alJ,n].
LEMMA 3.3.3. For all i € G(w*), there are maps of towers
L) —— L(K)n+1
[L(E)n]p —— [L(F)n+1ly
PROOF. The proof is similar to Lemma 3.3.1, except simpler. a

COROLLARY 3.3.4. The E map induces a map of TAHSS’s
Etll(L(k)n) == mL(k)n

Bl j(L(F)ny1) == mL(k)pns1
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which on E'-terms is given by

alJ], e(J)>n+1,
0, else.

Pu(alJ]) = {

REMARK 3.3.5. Corollaries 3.3.2 and 3.3.4 give an inductive scheme for computing
the TAHSS’s { £, (L(k),)}. Suppose we have computed the TAHSS

{E2. (LK)}
for L(k) = L(k);. Then the map of spectral sequences induced by E"~!
By A B2 (LK)} — B2 (L(k)n)}

determines the spectral sequence {E¢, (L(k),)} as it is just a truncation of the
spectral sequence {E¢, (L(k))}. That is to say, the TAHSS for L(k), is obtained
from the TAHSS for L(k) by performing the following actions:

e Set Ef ; =0 for e(J) < n.
e Set to zero all differentials of the form
d"®(alJ]) = a'[J']
with e(J') < n.
The map P faithfully embeds the TAHSS for L(k — 1)9,,41 into the TAHSS for
L(k)y,: the differentials
d"Fm B (LK) m) = B oy (L(K)m)
are in bijective correspondence with the differentials
dt e B (L(k = Dam1) = BL o (L(k = Dame)-

Combining this with the suspension truncation, we deduce that the differentials in
the TAHSS for L(k) of the form

dE® (o], m]) = o'[J',m]
come from differentials
d"t=D(alJ]) = o'[J']
in the TAHSS for L(k —1).
Thus, if we want to compute the TAHSS for L(k),,, we can start by computing the

AHSS for L(1). By truncating this spectral sequence appropriately, this gives us
all of the differentials of the form

d*@(aljy, ja]) = o'[j1, jo]

in the TAHSS for L(2). We then must compute only the remaining longer differ-
entials of the form

d"® (alj1, ja]) = &' Js)]
for j4 < js. Having computed the TAHSS for L(2), we now know all of the differ-
entials in the TAHSS for L(3) of the form

d*®(alj1, ja, j3]) = /51, b, 33,
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and we are left with computing the differentials which lower j3. We continue in this
manner until we get up to L(k), and then truncate to get L(k),. This procedure
will be implemented to compute m L(k) for t < 20 and k < 3 in Chapter 6.

3.4. Behavior of the E and P maps in the TGSS

LEMMA 3.4.1. For allk > 1 and u € G(w?), there are maps of towers

Q2 G2n+1 Lid gn

| |

92[52n+1]u—(1€—1)w“’ —_— [82n+1]u+nw’“_1—kww

PRrROOF. Suppose that k > 2. Corollary 2.1.4 implies that P lifts to give com-
patible maps
QQPQk—l (52"+1) — Por (Sn).
Lemma 3.3.1 then produces maps which induce the desired maps on fibers:

Q2[S2 ]  (hmty o= [S] k=1 g
Q2 Pyi—2(S27H1) Poi-1(S™)

| |

Qoonn—k+l[L(k _ 1)2714'1]# - QOOEnkarl[L(k)n]u_;'_nwk—L

This argument certainly makes sense for u € G(w*~1), but it also makes sense for
i€ G(w?) if we define

[L(k)n]p = {L(k)m € GWNGW ), u <,

; pe G N\G(wF 1), p>0

for p € G(w*)\G(w*~1). For k = 1, the lemma is verified in a similar manner, but
this fringe case is more trivial. O

This map of G(w*™!)-indexed towers of Lemma 3.4.1 induces a map of TGSS’s.
LEMMA 3.4.2. The P map induces a map of TGSS’s:

Et1+2,J(S2n+1) == m2(5*H)

v lp

B} 15n(8") =—= m(5")
On E'-terms, this map is described by
P.(a]J]) = alJ,n].

In particular, the P map takes an element of Goodwillie filtration 25~ to an element
of Goodwillie filtration at least 2.
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Note that the transfinite indexing of the TGSS shifts under the P map, as does the
length of all potential non-trivial differentials. The reader need not let this be an
issue of concern: the P map does not change the order of differentials. Explicitly,
the P map sends a differential

" (alJ]) = o/ T]
to a differential ’
d*" (a[J,n)) = o'[J, n].
The analysis of the F map is similar, but easier, using Corollary 2.1.4.

LEMMA 3.4.3. There is a map of G(w**1)-indexed towers
g 4E> anJrl
[S™],, —— Q[S"T1],..
LEMMA 3.4.4. The E map induces a map of TGSS’s:
B} ;(8") === m(S")
Et1+1,J(Sn) == m41(S"Y).
On E'-terms, this map is described by

E*(a[J]) — {O{[]]’ G(J) >n+1,

0, else.

In particular, the E map takes an element of Goodwillie filtration 2F to an element
of Goodwillie filtration at least 2.

3.5. Detection in the TGSS

The relationship between Goodwillie filtration and degree of instability is explained
in the following immediate consequence of Lemmas 3.4.2 and 3.4.4.

THEOREM 3.5.1. Suppose that we have a TGSS element
aljr, ..., jk] € B ;(S™).
Then on the level of TGSS E1-terms, we have
aljr, ... gl € EC*P.ES %P,  ETY Poa
for a € E j(S**1) and

by =js— (2Js41+1), 1<s<k

b = jk —n.
If, for all s, the elements
alji, o ds) € Ly, (8%



3.5. DETECTION IN THE TGSS 31

are permanent cycles in the TGSS, converging to elements oy € 7. (S%s+1), then
we have

E% (as41) = Pas)
modulo elements of higher Goodwillie filtration.

Theorem 3.5.1 tells us that, under favorable circumstances, if 8 € m,(S™) is detected
by
a[jlv s 7jk]7
then
e E-pE~t1p...F~pgy
where {4 are as in Theorem 3.5.1, and & € 7,(S%1F1) stabilizes to « € 75, Under
favorable circumstances, the degree of instability of the element [ is equal to k, and
[ has lineage
ﬁ S a<j1) DR 7jk>'
However, as we are dealing with maps of spectral sequences in opposing directions,
these principles could potentially fail wildly.

One might conjecture that every element of Goodwillie filtration 2* has degree of
instability equal to k. However, this is easily seen to be false, as the following
example illustrates.

ExaMmPLE 3.5.2. This example implicitly uses the calculations of Chapter 6. Define

x = ag/34] + 1[11,5] € ms(S?)
where ag/3[4] € m15(S*) is the unique element element detected by cg/3[4] in the
TGSS for S* with the property that
E(ag/3(4]) = 0,
and 1[11,5] € m15(S%) is the unique element detected by 1[11,5] in the TGSS for
S4. Then z has Goodwillie filtration 2', but degree of instability 2. Indeed
E(z) = P(P(1))

for 1 € m3(S??) and z has lineage

z € 1(11,5)
yet x is detected by ag/3[4] in the TGSS for 5%

The reader should rightfully feel that Example 3.5.2 fails on a technicality: our
choice of x detected by ag,3[4] could have been modified to have degree of instability
equal to 1. A more reasonable question is therefore the following.

QUESTION 3.5.3. Suppose that x € m,(S™) has Goodwillie filtration 2¥, and is
detected by «[J] in the TGSS for S™. Then does there exist an z’' € m,.(S™)
which is equivalent to # modulo Goodwillie filtration 2¢*1, such that the degree of
instability of z’ is k and the lineage of 2’ is given by

' € alJ)?

Question 3.5.3 does not always have an affirmative answer, as the following example
illustrates.
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EXAMPLE 3.5.4. Let n2[13] € ma7(S*?) be the unique element detected by 1?[13] in
the TGSS for S'3 (see the calculations of Chapter 6). Then we have

P(1?[13]) = n?[13, 6] € m5(S°)

where 72[13, 6] is the (unique) element detected by 7%[13,6] in the TGSS for S°.
However, in Section 5.4 it is shown that the (unique) desuspension ag/s5[5] of

1n?[13, 6] to m24(S®) is detected by ag5[5] in the TGSS for S°. Thus

ags[5) € E-'PPi2.

and
as5[5] € 1°(13,6).

In particular, every element of m4(S5”) detected by ag5[5] has degree of instability
equal to 2.

REMARK 3.5.5. By way of analogy, if « € 7,(S™) is detected by a[J] in the TGSS
for S™, then the element «[J] should be regarded as the “DNA” of x. Then the
above examples illustrate that DNA tests are not 100% effective at determining the
lineage of an element.

Counterexamples to Question 3.5.3 are difficult to find, and represent non-trivial
EHP phenomena. Indeed, the calculations of Chapter 6 demonstrate that Exam-
ple 3.5.4 is the only counterexample to Question 3.5.3 in the Toda range.

Question 3.5.3 is clearly answered in the affirmative for £ = 0. It also holds for
k =1 in the metastable range, as the following proposition demonstrates.

PROPOSITION 3.5.6. Suppose that 0 # 8 € 1, (S™) is detected by a[n] in the
TGSS for S™ and that t < 3n — 2. Then

0 7& Enimﬁ = P(OZ) S 7Tt+n(Sn)
under the isomorphism

2n+1
a €My = Mpnsa (ST,

PROOF. The element E"~"™(}3) is detected by «[n] in the TGSS for S™. Using
Remark 3.3.5 we see that every TGSS differential with target a[n] pulls back to
the TGSS for S™. We deduce that a[n] is not the target of any differentials in
the TGSS for S™ and therefore E"~™3 # 0. Our conditions on ¢ ensure m7_,, | =
Tirni2(S%" 1), and under this isomorphism the stable element « corresponds to
an unstable element

a € 7Tt+n+2(52n+1)

detected by [f)] in the TGSS for S?"*1. In the TGSS for S™,
P.(a0]) = afn]

and thus P(a) and E"~™f agree modulo elements of Goodwillie filtration greater
than 2. But our assumption on ¢ implies that there are no non-zero elements
of m4n(S™) of Goodwillie filtration greater than 2. Thus P(a) = E" ™3, as
desired. (]
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3.6. Relationship with Whitehead products

The P map gets is name because of its close relationship with the Whitehead
product, as explained in the following well known proposition (see [Whi78]).

PROPOSITION 3.6.1. If « is an element of T;1ny1(S?TL), and there is an element
a € m;(S™) so that o = E"Tta, then we have

P(a) = [tn, @).

Proposition 3.6.1, together with Theorem 3.5.1, suggests that
a[.jh e 7.]]6]
is the prime candidate to detect the iterated Whitehead product
[ij [ij—u [ o [Lj17&] o ]
where & is a suitable desuspension of «. (In fact, every term of the Whitehead
product must be desuspended appropriately for the expression to make sense.)






CHAPTER 4

Goodwillie differentials and Hopf invariants

In this chapter we prove theorems which can be used to determine differentials in
the GSS. In Section 4.1 we review the notion of the Hopf invariant (HI). By con-
structing a transfinite refinement of the EHPSS (TEHPSS), we define a generalized
Hopf invariant (GHI). In Section 4.2, we recall the relationship between metastable
homotopy and P»(X), and recall how the James-Hopf map and Kahn-Priddy the-
orem allow for the definition of another invariant, the stable Hopf invariant (SHI).
When the Hopf invariant is stable, it agrees with the stable Hopf invariant. In
Section 4.3, we show that the stable Hopf invariant can be used to compute d;-
differentials emanating from the zero line in the GSS. In Section 4.4, we explain
how generalized Hopf invariants can be used to compute d,-differentials emanat-
ing from the zero line in the GSS. In Section 4.5, we explain how the F and P
maps allow us to propagate d,.-differentials emanating from the zero line of the
GSS to arbitrary locations. Section 4.6 discusses the case of the Goodwilllie spec-
tral sequence for S'. The calculus form of the Whitehead conjecture predicts that
this spectral sequence collapses at Fs to give a proof of the Whitehead conjecture
(Kuhn’s theorem). We explain how our d;-differentials are compatible with this
conjecture. In Section 4.7, we discuss two classes of GSS differentials which do not
arise as Hopf invariants: these are the geometric boundary effect differentials and
the bizarre differentials. The geometric boundary effect differentials come from the
geometric boundary theorem. The bizarre differentials come from the GSS for S!.

4.1. Hopf Invariants and the transfinite EHPSS

Consider the EHPSS:
El

— 2m+1
mt — 7Tt+m+1S m = ’ﬂ'f.

The Hopf invariant HI(a) of an element 0 # o € 7f is the coset of elements
B € Tipme152™H! which detect o in the EHPSS. For such a detecting element 3
we write

8 € HI(a).

Explicitly, given 0 # « € 7§, lift o to an unstable element & € ;1,41 (S™*?) for
m minimal. Then the image of & under the H map

H
Toam1(S™ ) = Tpngr (27

satisfies
H(a) € HI(a).

35
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Note that the minimality of m implies that H (&) # 0. If we wish to emphasize the
sphere of origin S™*! of such an element o with Hopf invariant 8 € m;(S?™+1), we
will write

B(m) € HI(a).

One can also speak of the Hopf invariant of an unstable element. Given 0 # « €
Ti4n(S™), the Hopf invariant of « is the coset of elements in the E'-term of the
truncated EHPSS

B mermia (ST = min(S™)

0<m<n

which detect a. Explicitly, lift « to a element & € 7y, 1(S™TL) for m < n —1
minimal. Then

0 7é H(a) S HI(CY) C 7Tt+m+1(52m+1>.
Again, if 8 € m;(S?™*1) is a Hopf invariant of a, and we wish to emphasize the
sphere of origin S™*! of «, we will write

B(m) € HI(«).

Combining the EHPSS with the TGSS, there is a sequence of spectral sequences

@ @ Tomy k(ST = @ Tipm1 (87 = 7).

k>0 (§1,---» Jjk) CU m>0
m20  jp>2m41

We wish to construct this sequence of spectral sequences as a single G(w“*?)-
indexed transfinite spectral sequence. We will refer to the resulting transfinite
spectral sequence as the transfinite EHP spectral sequence (TEHPSS).
The EHPSS arises from the filtration
e A L U O X

We wish to refine this filtration to a transfinite filtration indexed on G(w**2). To
accomplish this, we define, for m > 0 and p/ € G(w* 1),

Fl gmet QS° := fiber (Qm+15’m+1 — Qmilgimtl Qm+1[52m+1]“,+1) .
In particular, we have

meerlQSO —_ Qm+1Sm+1.
For J = (ji,...,Jjr) define
plJ,m) = g1 + jow + - - 4+ T — kw® + mw* T € Gwt?).
For m > 0 and J a CU sequence with e(J) > 2m + 1, there are fiber sequences
Furmy-1QS% — FumyQS° — QS IHm=11,

The TEHPSS is the G(w“*?)-indexed spectral sequence associated to this filtration,
and takes the form

Etl’# = 7]
where
Bl Tor ) (SIF™), o= p(J,m), m >0, J CU, e(J) > 2m + 1.
bt 0 else.
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This spectral sequence computes the stable homotopy groups of spheres from the
stable homotopy groups of spheres. We will denote Et1 il Jm) by Et{[ Jm]* Elements
in Ei,[],m] given by
v € gy (8171
will be denoted
~[J, m].

For 0 # a € 7} we define the generalized Hopf invariant to be the coset
GHI(a) C mpypg(SI71Hm™)
of elements which detect o in the TEHPSS. If
~v[J,m] € GHI(«a)

then « is born on S+ with Hopf invariant which is detected by ~[J] in the TGSS
for §2m+1,

4.2. Stable Hopf invariants and metastable homotopy

For X € Top,, let
JH : QX — QX}3,
denote the James-Hopf map. It is adjoint to the map
22X — LX/E,
coming from the Snaith splitting. The following theorem is well-known (see [AM99]).

THEOREM 4.2.1. Let
be the first map in the Goodwillie tower of the identity. Then the sequence
Po(X) = QX 5 QX73,.

is a fiber sequence.

Theorem 4.2.1 follows from the fact that the map
m(X) = m (fiber(QX L QX/2.))

is an isomorphism for ¢ < 3-conn(X). The homotopy groups 7, (P2(X)) are classi-
cally known as the metastable homotopy groups of X. In the case where X = S™,
these maps take the form

Qs I, @z pe ~ QS L(1),,.

Suppose that 0 # « € w7 with ¢ > 1 and take n = 1 (so that L(1), = L(1) =
Y°RP>). The Kahn-Priddy theorem implies that JH(a) # 0. We define the
stable Hopf invariant

SHI(a) C m(S™)
to be the coset of elements in the E'-term of the AHSS

EL (L(1) = {”t(sm” m=l L)

0, else
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which detect JH(a). For 8 € SHI(«) C m(S™) as above, we will sometimes write
Blm] € SHI(a)
to emphasize the cell which detects JH («).
The Snaith splitting gives restrictions of the James-Hopf map
JH,, : QmTigmtl Q> r1)™.

Kuhn [Kuh82a] showed that these are compatible, in the sense that there is a map
of fiber sequences

omgm — Lo gmiigmir o qmi1 gemi
JHmll JHml le
Q°L(1)™ ! ——= Q®°L(1)™ ——— QS™.
Thus there is a well-known map of spectral sequences

(4.2.2) By = Team+1(S2) == m(QS°)

o= im

Ep 4 (L(1) = m(S™) === mL(1)
from the EHPSS to the AHSS for L(1). We deduce the following lemma.
LEMMA 4.2.3. Suppose that t > 1 and 0 # o € 7] has Hopf invariant 3 €
Tirmi1(S?™TY). Then one of the following two possibilities occurs.
(1) B is stable, and
E>*g e SHI(a) C m(S™).
(2) B is unstable, and
SHI(a) C m(S™), form' <m.

4.3. Goodwillie d; differentials and stable Hopf invariants

In this section we will observe that the stable Hopf invariant may be used to compute
d;-differentials in the GSS. The reader is reminded that the TGSS is set up so that
GSS d;-differentials correspond to TGSS differentials

" ea(8") = EX 5 (S™)
for |J'| = |J| + 1.

The following theorem gives a complete computation of the GSS d;-differentials
emanating from the 0-line of the GSS.

THEOREM 4.3.1. Suppose that t > 1 and we have a nontrivial element of the E'-
term of the TGSS for S™:

a € m(S") = Etl’@(S”)
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with S[m] € SHI(«). If m > n, there is a non-trivial TGSS differential

d" (o) = B[m].
Otherwise, « is in the kernel of all of the differentials of the form

n

s w0(S") = B ;(S™)

forj >n.

PROOF. Theorem 4.2.1 implies that in the TGSS for S! there is a non-trivial

differential
1

@' (@) = Blm].
Consider the map of TGSS’s induced by the suspension (Lemma 3.4.4)

Ef_l : {E:,*(Sl)} — {E::-i-n—l,*(sn)}'

Suppose that m > n. Then there is a differential
(4.3.2) d%" (o) = Bm]

in the TGSS for S™. Suppose that 3[m] is the target of a shorter d° "_differential.
The only possibility is that 8[m] is the target of a differential in the AHSS for L(1),,.
Since the AHSS for L(1), is a truncation of the AHSS for L(1);, this would imply
that B[m] is the target of a differential in the AHSS for L(1);. This is impossible,
as B[m] detects JH(a) # 0. We conclude that the differential (4.3.2) must be
non-trivial.

Suppose that m < n. Then we conclude that « is in the kernel of the differential
" w0(8™) = EL [ (S7).
In particular, « is in the kernel of the shorter differentials

A" D ELg(S™) = Elpp(s™), =

4.4. Higher Goodwillie differentials and unstable Hopf invariants

In this section we will explain how d,-differentials, for » > 1, emanating from the 0-
line of the GSS correspond to unstable Hopf invariants. The reader is reminded that
the TGSS is set up so that GSS d,.-differentials correspond to TGSS differentials

d*" Bl (S") = Bl (")
for |J'| = |J| + 7.
Suppose that we are given a TGSS element
0£aem(S") = Etl’@(S")

and that « is born on the (m + 1)-sphere with unstable Hopf invariant. Accord-
ing to Lemma 4.2.3, this implies that 8[m'] € SHI(«) for m’ < m. Then, by
Theorem 4.3.1, if n < m/, there is a non-trivial TGSS differential

d5" (o) = B[m).
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If m < n < m, then the element o must support a non-trivial differential in
the GSS, and by Theorem 4.3.1, the GSS differential must be a d,.-differential for
r > 1. The following theorem tells us that often this longer differential is given by
the (unstable) Hopf invariant of «, and the length of this differential is determined
by the degree of instability of this Hopf invariant.

THEOREM 4.4.1. Suppose that o € 7§ is born on S™*1. Then in the TGSS for S™
there is a differential

d®" (a) = BLJ,m]
where

BlJ,m] € GHI(«).
In the TGSS for S™, with n < m, either the element a supports a shorter differen-
tial, or

d*" (@) = BLJ,m].

ProOOF. Lemmas 3.4.1 and 3.4.3 allow us to apply Lemma A.4.1 to the TGSS’s

of the fiber sequence
Q2gmil Iy g2g2mtl Ly gm By ggmL,
By assumption, « is a permanent cycle in the TGSS for S™*+!. By the proof of
Lemma A.4.1, we are in Case (5). Thus there exists a lift & € m 4,11 (S™F!) of
so that
d®" (a) = [J,m)]

and either B[J] detects H (&) or it is the target of a longer differential in the TGSS

for $?m*1. However, any longer differentials in the spectral sequence have source
in a zero group. We conclude that

BlJ,m] € GHI(«).
The second part of the theorem is deduced from Lemma 3.4.4. (]

4.5. Propagating differentials with the P and F maps

The P and E maps allow us to propagate the 0-line GSS d,.-differentials of Theo-
rems 4.3.1 and 4.4.1 to give a plethora of d,-differentials throughout the GSS.

PRrROPOSITION 4.5.1. Suppose that £ > 0 and in the TGSS for S™ there is a non-
trivial differential
> (alJ]) = BLT.
If n < 'm then one of the following possibilities occurs in the TGSS for S™.
(1) Either e(J') < m or B[J'] is the target of a non-trivial differential
d*" (y[1)) = B1J]
for I < J,|I| <|J| =1 and a]J] is in the kernel of the differential
d%" B} ;(S™) — B} 5(S™).
(2) There is a non-trivial differential

%" (alJ]) = BLT].
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PROOF. The proposition follows immediately from Lemma 3.4.4. The fact that
the length of the sequence I in Case (1) must be less than |.J'| follows from the fact
that if |I| = |J'| then there is a differential

d*" (y[1) = BJ']
in the TGSS for S™ (see Remark 3.3.5). Since I < J, this would violate our
assumption that the differential

d*" (alJ]) = BLJ').
was non-trivial. O

PROPOSITION 4.5.2. Suppose that £ > 0 and in the TGSS for S™ there is a non-
trivial differential

d¥ (alJ]) = BLJ).
If m < n then one of the following possibilities occurs in the TGSS for S™.

(1) The element a[J] supports a shorter non-trivial d°" differential
d*" (alJ]) = 1]
for I >J'.

(2) There is a non-trivial differential

a*" (alJ]) = BLT].

PRrROOF. This proposition follows immediately from Lemma 3.4.4. O

PROPOSITION 4.5.3. Suppose that ¢ > 0 and in the TGSS for S?"*! there is a
non-trivial differential

¥ (alJ) = BL.
Then one of the following possibilities occurs in the TGSS for S™.

(1) The element S[J',n] is the target of a non-trivial differential
d¥ (1)) = BLI',m]
for I > [J,n], |I| <|J'|+1 and a[J,n] is in the kernel of the differential

n

S . * *
d . E*,[J,n] — E*7[J/

n]’

(2) There is a non-trivial differential
d%" (a[J,n)) = B[J',n).
ProOOF. The proposition follows immediately from Lemma 3.4.2. The fact
that the sequence I in Case (1) satisfies |I| < |J| + 1 follows from the fact that

otherwise this differential comes from an differential in the TGSS for S2"*! (see
Remark 3.3.5), and this would violate our assumption that the differential

a"" (alJ)) = BLT).

was non-trivial. O

Combining Propositions 4.5.2 and 4.5.3 gives the following corollary.
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COROLLARY 4.5.4. Suppose that m < 2n+ 1, m’ < n, and in the TGSS for S™
there is a non-trivial differential
d*" (al[J]) = BlJ']
for |J'| > |J|. Then in the TGSS for S™ , one of the following occurs.

(1) The element B[.J] is the target of a d5°""" differential
@ (1)) = BL]
for I > J and |I| < |J'|.
(2) The element afJ,n] supports a non-trivial d°"  differential
@5 (al.n)) = [I
for I' < [J',n].
(3) There is a differential

dS™ (alJ,n]) = B[ ).

The significance of Corollary 4.5.4 is that differentials emanating from the k-line
of the GSS can be propagated to differentials emanating from the (k + 1)-line in
the GSS. As Theorems 4.3.1 and 4.4.1 give us many differentials emanating from
the 0-line, these “Hopf invariant” differentials populate the entire GSS through the
mechanism of Corollary 4.5.4.

4.6. Calculus form of the Whitehead conjecture

Consider the GSS for S*':
EYN(SY) =2 w1 (LK) = m(Sh).

The appearance of a spectral sequence with F1-term given by the homotopy of the
L(k)-spectra, converging to Zs), bears a striking resemblance to the the 2-primary
Whitehead conjecture, as originally proved by Kuhn [Kuh82b].

In his proof of the 2-primary Whitehead conjecture, Kuhn formed a Kahn-Priddy
sequence

o1 02 03
S'SQ®TL0) S QFXL(1) S QFSLR2) S -
50 51 (52

where the maps 0y are the infinite loop space maps induced by the composites
L(k) = S7%Spy (S)/Spor—1(S) 2 S718p,x 1 (S)/Spor_»(S) ~ L(k — 1)

and the maps 0y are given by the composites

QFBL(k) = QSN2 5 QS — QFNL(k + 1).

hsY
Kuhn showed that the sum
Ok+10k + 0k—10k
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is a self-equivalence of L(k). Paired with the observation that 9% ~ 0, this estab-
lishes that the differentials 0y give an acyclic chain complex, where 0 serves as the
contracting homotopy.

The k-invariants of the Goodwillie tower for S™ give maps
67" QSR LK), — QSR L(k 4 1),,.
Arone, Dwyer, and Lesh [ADLOS8] have proven that the maps 87 admit k-fold
deloopings _
67" QO L(K), = QFCS"L(k + 1),

The following calculus version of the Whitehead conjecture has been postulated and
studied by Arone, Dwyer, Kuhn, Lesh, and Mahowald (see [AL10], [ADLOS8]).!

CONJECTURE 4.6.1 (Calculus form of the Whitehead conjecture). The sum
8k+15,fl + g}gilﬁk
is a self-equivalence of QX L(k).

Conjecture 4.6.1 would follow immediately from Kuhn’s Theorem if we had the
following conjectural description of the Goodwillie k-invariants &} "

CONJECTURE 4.6.2 (Calculus form of the Whitehead conjecture (strong form)).
We have

(4.6.3) QG =67

REMARK 4.6.4. Actually, N. Kuhn has proposed an even stronger conjecture. Both
O and 6,‘3 " extend to natural transformations between functors from vector spaces
to spaces (see the proof of Lemma 2.1.2). Kuhn conjectures that (4.6.3) holds on

the level of these natural transformations. Note that the delooping gf Y of Arone,
Dwyer, and Lesh is natural in V.

Theorem 4.2.1 affirms the k£ = 0 version of this conjecture. The compatibility of
the Goodwillie tower with E and P given by Corollary 2.1.4 implies the following
diagrams commute.

sn

QLK L(k), ———= Q%" FL(k+1),

QXN FL (k) g1~ QSR L(k + 1)
5

k

g2n+1

QoozZn—kL(k _ 1)2n+1 ]L> Qoo22n_kL(k)2n+l

Pl lp

Q=R L(k), ———> Q°S"FL(k + 1),

S’Vl
oy

1Since the time of writing Conjecture 4.6.2 has been proven. In fact two independent proofs
were discovered at essentially the same time: the first is due to the author [Beh] and the second
is due to Arone-Dwyer-Lesh.
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Together with Theorem 4.3.1, these imply the following slight strengthening of

Corollary 4.5.4 in the context of GSS d;-differentials.

THEOREM 4.6.5. Suppose that a € w3 is non-trivial with stable Hopf invariant
Blm] € SHI(a).

Suppose that alji,...,Jk] is a permanent cycle in the TAHSS for L(k), and m >
2j1 + 1. Then in the TGSS for S™, we have

d*" (aljr, -, ji]) = Blm, jus- - il

Theorem 4.3.1 can be summarized by the slogan:
d?SS(a[J]) = SHI(«)[J] + lower terms.

This is consistent with Conjecture 4.6.2.

Conjecture 4.6.1 implies the following weaker conjecture.

CONJECTURE 4.6.6. The GSS for S! collapses at the E,-page.

The low dimensional calculations of the GSS for S! in Chapter 6 are consistent
with Conjecture 4.6.6.

4.7. Exotic Goodwillie differentials

We shall see in Chapter 6 that Theorems 4.3.1, 4.4.1, 4.6.5 and Corollary 4.5.4
account for most, but not all, of the GSS differentials in our sample computations.
We think of these differentials that are given by stable Hopf invariants and Hopf
invariants as “typical”.

The remaining differentials we regard as “exotic”. All of the exotic differentials
which appear in our low dimensional calculations are instances of two different
phenomena:

e Geometric Boundary Effect: such exotic differentials can be deduced from
TAHSS differentials and non-exotic GSS differentials when Lemma A.4.1
is applied to the EHP sequence.

e Bizarre: these differentials show up without explanation in the GSS for
51 — the only reason the author knows they are present is because he
already knows 7, (S'), and these differentials are necessary to get the
right answer. These differentials in the GSS for S! induce bizarre differ-
entials throughout the GSS for S™ for various n through the mechanisms
of Proposition 4.5.1 and Corollary 4.5.4.

The geometric boundary effect differentials are a consequence of the following the-
orem.

THEOREM 4.7.1. Suppose that there is a non-trivial TGSS differential
d%" (alJ]) = BlJ',n]
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and there are non-trivial differentials
@ (alT) =T,
d*" (3[T]) = —A[T", n].
Assume the following technical condition:

(%) For all non-trivial differentials
a" " (r[1) = 711
with
T'<I'<I<J and Il <]|I
the induced differential under the P map
d*" (r[I,n]) = 7'[I',n]

18 non-trivial.

Then there is a differential

PRrROOF. Apply Lemma A.4.1 to the sequence
Q2gn+t Iy g2g2ntt Iy gn By ggntt,
Since
E.a[J',n] =0

we are not in Case (1). Since F, and P, induce short exact sequences on the level
of GSS E'-terms, H, = 0, and therefore we cannot be in Case (2). Since afJ']
is assumed to support a non-trivial differential, we are in Case (3). Therefore,
Lemma A.4.1(3) supplies us with elements 2" and y” = §[T] so that

(BlJ7]) = 2",
dS" (y//) _ P*x”,
5" (alJ]) = By

S2n+1

d

The theorem would be proven if we knew that =/ = [T’]. Suppose not. Then
" = 7'[I'] with I' > T" and [I’,n] < T, and 7'[I'] must be the target of a non-
trivial differential

" (w1 = 7]
with I’ < I < J'. The non-triviality condition on z” in Lemma A.4.1(3) implies
[I,n] > T. Thus the induced differential under the P map

d%" (r[I,n)) = 7[I',n)

is trivial, since 7[I’, n] was already killed by the shorter d" differential supported
by 6[T]. We must therefore have |I| < |I’|, since TGSS differentials d§2"+1 with
a € G(w*) are mapped faithfully to TGSS d°" differentials under the P map (see
Remark 3.3.5). But then we are in violation of condition (x). We conclude that
a” = ~[T'], as desired. O
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EXAMPLE 4.7.2. We give an example of an exotic GSS differential which comes
from the geometric boundary effect. The element en[4] is a permanent cycle in the
TAHSS for L(1). We have

€[1] € SHI(en)
but this does not help us compute dS2(en[4]) since the sequence (1,4) is not CU.
Instead we apply Theorem 4.7.1. In the TGSS for S there is a differential

d%" (enfd]) = ags[1]
coming from a differential in the AHSS for L(1). In the TGSS for S there is a
differential
d% (g 3) = 8ol4]
coming from the fact that 8¢ € HI(ag/3). In the TGSS for S1 there is a differential

% (n*[8,2]) = 80[4,1]

coming from a differential in the TAHSS for L(2). Condition (%) of Theorem 4.7.1
is verified by checking (see Table 6.5.1) that there are no elements of 711 (L(1)3)
detected on the 3-cell which could support an intervening differential. We deduce
that there is an exotic TGSS differential

d (enld]) = 118, 2]

Tables 6.5.6-6.5.10 show several exotic GSS d; differentials which arise from the
geometric boundary effect (in these tables, these differentials are labeled with a
(%))

EXAMPLE 4.7.3. The computations of Chapter 6 show that there are precisely four
bizarre differentials in the GSS for S! through the 20-stem (the first three of these
appear in Table 6.5.5, denoted with dotted arrows, the last is just beyond the range
displayed in the table):

% (0s[4]) = 1[15,3],
a5 (65[4,1]) = 1[15,3, 1],
d" (va[2]) = w[4,1],
]

(Note that the second of these differentials follows from the first by Corollary 4.5.4.)
Proposition 4.5.1 can be used to produce bizarre differentials

d*" (03[4]) = 1[15,3],
d%" (03[8]) = 1[15, 7).

in the GSS for S™ for various n.

We shall see in Chapter 5 that exotic GSS differentials can induce exotic EHPSS
differentials.



CHAPTER 5

EHPSS differentials

In this chapter we explain how to lift differentials from the TGSS to produce EH-
PSS differentials. In Section 5.1, we discuss two naming conventions for elements
of the E'-term of the EHPSS: one coming from the TEHPSS, the other coming
from the notion of lineage, and explain the relationship between these two naming
conventions. Section 5.2 proves some theorems which allow for the computation of
the H map by means of the TGSS. These theorems are then used in Section 5.3 to
determine TEHPSS differentials from TGSS differentials. This method is remark-
ably robust, and accounts for all but one differential in the EHPSS through the
Toda range. This rogue differential is discussed in Section 5.4.

5.1. EHPSS naming conventions

As explained in Section 4.1, the TEHPSS allows us to refer to elements in the
E'-term of the EHPSS with the notation

z[N,n|

where z is an element of the stable stems, and N = (ny,na,...,ns) is a CU se-
quence with e(N) > 2n 4+ 1. The construction of the TEHPSS gives the following
interpretation of this notation. One can use the TAHSS followed by the GSS to
compute the unstable homotopy groups that give the E'-term of the EHPSS.

7thn+s(§”NH) Tanss Ti—nts(L(8)2n41) T Tirn1 (S27HL)

Then an element
€ Ty_pyp1 (82T
in the E'-term of the EHPSS corresponds to the TEHPSS element
[N, n] € monps (SN
if z[N] detects « in the TGSS for §?n+1.

Recall that the EHPSS may be truncated to give the S*-EHPSS:

me1(SZH . 0 < m <k,
EL () = Mot () 0SS (sh)
0, else.

The notions of lineage in Section 3.2 give rise to a different naming convention
for elements of the EHPSS E'-term which only involves the EHPSS and the S*-
EHPSS for various k. In this alternative naming convention we name elements of

47
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the EHPSS E'-term with the notation

2(N)[n] € Tprns1(S7F)
to indicate an element of myn41(S?"*!) with lineage z(N). The lineage of such
an element can be traced using the EHPSS. If |[N| = 0, then x(n) has a nontrivial
image in the stable stems, and we have, under the stabilization map

n EOO S
Tetnt1 (S2H) == mi_,,
z[n] — x.

Otherwise, [N| > 0 and z(N)[n] is unstable, and is detected by an element of the
EHPSS which is the target of a differential. Then there is a zig-zag

g2n+1

z{ny,...,ns)n Wyﬁhﬂmﬂ
dEHP
2ng+1
TNy, ..., Ne_1) [N Pas Yo (Ja)[ma]

dEHP

2ng+1

PSS ys<Js>

dEHP

[n]
where x[n] is stable.

REMARK 5.1.1. Theorem 3.5.1 leads one to expect a correspondence between EH-
PSS elements
(5.1.2) 2(N)[n] <> z[N,n].

In general, the correspondence (5.1.2) is more of a slogan than a theorem. Nev-
ertheless, there is only one example in the Toda range of an an element (modulo
higher Goodwillie filtration) whose lineage differs from the name of the element
which detects it in the TGSS, in the 19-stem (see Example 3.5.4). This produces
in the EHPSS E'-term a violation of (5.1.2)

1°(13,6)[2] ¢ ag5[5,2].

(This discrepancy lies in the 21-stem of the EHPSS, and hence lies outside the range
of our EHPSS calculations.) The calculations of Chapter 6 demonstrate that there
exists a set of generators of the E'-term of the EHPSS through the 20-stem for
which (5.1.2) holds. Using Proposition 3.5.6, we see that (5.1.2) always holds for
elements of the EHPSS E'-term ;4 2,41(5%" 1) for t < 6n+ 1 (metastable range).

EXAMPLE 5.1.3. In k = 15 there is an element in the EHPSS E'-term
v(9,4)[1] € Ef 15 = m17(S°).
In the TGSS for S2 this element is detected by the element
v[9,4] € me(S™).
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On the other hand, there is a there is the following zig-zag.

SS
v[9,4,1] <555 onld, 2|

>
dEHI

SQ
v[9,4] N v2[5]

Thus v(9,4)[1] <> v[9, 4, 1].

5.2. Using the TGSS to compute the H map

As demonstrated by Lemmas 3.4.4 and 3.4.2, the E and P maps are typically
easy to understand in the TGSS. In fact, we have seen that the maps of spectral
sequences E, and P, induces short exact sequences of TGSS E'-terms. Therefore,
the H map always is zero on the level of TGSS E!-terms. The following lemma
explains how to use the geometric boundary theorem to compute the H map in
terms of TGSS elements.

THEOREM 5.2.1. Suppose that a[J] € E/ ;(S™*') is a non-trivial permanent cycle
in the TGSS for S™*1. Suppose there is a TGSS differential

d% (a[J]) = B1J ;).

Then there exists an element x € m (S™!) detected by a[J] so that one of the
following two alternatives holds.

(1) The element B[J'] is the target of a differential in the TGSS for S?"+1,
and H(zx) is either zero or detected in the TGSS by v[I] for I < J'.
(2) The element B[J'] detects H(x) in the TGSS for S?"+1.

PROOF. The theorem follows from applying Lemma A.4.1 to the fiber sequence
Q2gntt Iy g2g2ntt Iy gn By ggntl,

Since a[J] is assumed to be a permanent cycle in the TGSS for S™*!, we are in
Case (5). O

The above theorem is good when we want to compute H(x) for some element x
detected by «[J] in the TGSS, but is insufficient if we actually need to compute
H(z) for a specific x. We therefore also present the following variant of the above
theorem.

THEOREM 5.2.2. Suppose that x € m;11(S™ %) is detected by a[J,n] in the TGSS
for S™1 and suppose that B[J'] detects H(z) in the TGSS for S*™*1. Then one
of the following two alternatives holds.
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(1) There is a non-trivial TGSS differential
d%" (alJ.n]) = B[ m].
(2) There is a TGSS differential
¥ ([1,4) = L'
for [I,4] < [J,n], and afJ,n] is in the kernel of the TGSS differential

S™ . *
& B = B

ml

PROOF. The theorem follows from applying Lemma A.4.6 to the fiber sequence
Q2gmt Iy g2g2mtl Ly gm B, gt

O

5.3. TEHPSS differentials from TGSS differentials

Theorem 5.2.2 allows us to deduce many TEHPSS differentials from TGSS differ-
entials, as we will now explain.

Differentials in the EHPSS are computed as follows. Suppose we are given an
EHPSS E'-element
o€ 7Tt+n+1(52n+1) = E}m

and we wish to compute its EHPSS differential. Take P(a) € mippn—1(S™) and
desuspend it to its sphere of origin

v E 7Tt+m(5m+1), Enrmly = P(a).
Then
arrr (a) = H(PV) € 7Tt+m(52m+1)'

n—m

Differentials in the TEHPSS take the form
(5.3.1) A" B = B

sm]

for m < n, or n =m and J’ < J. Differentials (5.3.1) the case of n = m all arise
from TGSS differentials: the presence of a TEHPSS differential

™ (ol nl) = BLJ',n]

is equivalent to the presence of a TGSS differential
" (al)) = L)
Differentials (5.3.1) for m < n are essentially EHPSS differentials: the presence of
a TEHPSS differential
dTEHE (o[J,n]) = B[], m], m<n
is equivalent to the presence of an EHPSS differential
d®i (z) =y,

where a[J] detects = in the TGSS for S?"! and S[J'] detects y in the TGSS for
g2m+1
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THEOREM 5.3.2. Suppose the following conditions hold.

(1) The element oJ] is permanent cycle in the TGSS for S?"+1.
(2) Form <, there is a TGSS differential

4" (a[J,n)) = B[J',m].

(3) The element a[J,n] is a permanent cycle in the TGSS for S™+1.
(4) For m < { < n there do not exist any non-trivial TGSS differentials

5" (y[I',0)) = AL, 4)

for £ < 0 and [J',m] < [I,0] < [I',0] < [J,n] such that v'[I', '] is a not
a permanent cycle in the TGSS for ST,

Then there is a TEHPSS differential
dTEHE o[ n) = B[, m).

PRrROOF. We prove the theorem by induction on the length of the differential
in condition (2). By (1), there exists an element z € 7.(S?"*1) which is detected
by «[J] in the TGSS. The element P(z) € m.(S™) is detected by a[J,n] in the
TGSS for S™. By our inductive hypothesis (applied by allowing the “4” in (2) to
be trivial) there are no non-trivial TEHPSS differentials

dTEHP(Oz[J, n]) — ,BI[J”,’ITL/]

for m’ > m, and so there exists a desuspension y of P(x):

1 En—m«{»l
y € m(S™ ) S M1 (S™) 3 P(x).

By condition (3), y is detected by «[J,n] in the TGSS for S™*1. We now use
Theorem 5.2.2 to compute H(y). Suppose that we are in Case (2) of Theorem 5.2.2.
Then H(y) is detected in the TGSS for S?™*! by ~[I] for I > J’, and there is a
non-trivial TGSS differential

dsm (VI[I/ag]) = 7[17 m]

for [I’, €] < [J,n]. Now, if £ = m, then the differential pulls back under P to give a

differential
g2m+1

d (Y'[I']) = ~[1]
and this means v[I] does not detect anything in the TGSS for $2™*+1. Otherwise,
¢ > m, and (4) implies that 4/[I’, ] is a permanent cycle in the TGSS for S™*!.
Then the inductive hypothesis implies that there is a differential

dTEHP(’}/[Ilv K]) = ’Y[Ia m]

In particular, y[I,m] cannot detect a Hopf invariant. We conclude that we must
be in Case (1) of Theorem 5.2.2. Then H(y) is detected by B[J,n], and there is a
TEHPSS differential

dTEHE - o[ J n] = B[J,m]
or B[J',m] is the target of a shorter TGSS differential, and «[J,n] is in the kernel
of the TEHPSS differential

dTEHP . Elym = Bl

;m]*
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REMARK 5.3.3. Condition (4) of Theorem 5.3.2 can be labor intensive to verify,
but there is a shortcut to checking it. Namely, if (5.1.2) holds for all of the relevant
TEHPSS elements, then suppose that there is a TGSS differential

d (Y1, ) =411,
where +/[I’, £'] is not a permanent cycle in the TGSS for S“*!. Then the differential
cannot lift to a TEHPSS differential
dTEHE (A [1',0']) = A1, 4],

for if it did, then [, £] would be a non-trivial permanent cycle in the S*T1-EHPSS,
and converge to an element detected by 4'[I’,#'] in the TGSS for S“*!. So the set
of intervening TGSS differentials that violate condition (4) is a subset of the set of
TGSS differentials as above, with ¢ < ¢’ which do not lift to the TEHPSS.

EXAMPLE 5.3.4. The most typical manner in which Theorem 5.3.2 is used is to “lift”
differentials from the TAHSS’s for the L(k) spectra in a manner which generalizes
the manner Mahowald and others lift differentials from the AHSS to the EHPSS
(using (4.2.2)). For example, there is a differential in the S1-TGSS (see Table 6.5.2,
k=T7)
d* (1[5,2]) = nl4,1].
Theorem 5.3.2 can be used to deduce the TEHPSS differential
TP (1[5,2]) = n[4,1].

EXAMPLE 5.3.5. Theorem 5.3.2 can also be used to obtain TEHPSS differentials
from exotic TGSS differentials coming from the geometric boundary effect (see
Section 4.7). Consider the geometric boundary effect TGSS differential

d%" (nefd]) = °[8, 2]

This differential arises from applying Theorem 4.7.1 to the system of TGSS differ-
entials:

nel4] 7*[8, 2]
dsll Idsl
ag3(1] 8c[4,1]

. I Ip*

(16/3 IT 80[4]
d

Theorem 5.3.2 gives a TEHPSS differential
d™P1 (nef4]) = n’[8,2].

ExXAMPLE 5.3.6. Theorem 5.3.2 even produces bizarre TEHPSS differentials from
bizarre TGSS differentials (see Section 4.7). Consider the bizarre differential

A% (03[4]) = 1[15, 3]
in the TGSS for S!. Theorem 5.3.2 gives a corresponding TEHPSS differential
dTEHP (95]4]) = 1]15, 3].
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5.4. A bad differential

The calculations of Chapter 6 demonstrate that through the 20-stem, with one
exception, all of the differentials in the TEHPSS can be obtained by lifting TGSS
differentials through the application of Theorem 5.3.2. We discuss this exception,
which is the root of the counterexamples in Example 3.5.4 and Remark 5.1.1. This
“rogue differential” is given by the following lemma.

LEMMA 5.4.1. There is a non-trivial TEHPSS differential
d PP (117[13, 6]) = nos5[3)-

PRroOOF. The differentials
a5 (p2[13,6]) = 4v[12, 5],
a5 (4w[12)) = 0

imply, using Theorem 5.3.2, that 1?13, 6] is in the kernel of the TEHPSS differen-
tials
AP B (6. = X1

for all J. This implies that if n2[13] € m7(S*?) is the unique element which is

detected by 1?[13] in the TGSS for S3, then P(n2[13]) must desuspend to S*.

Now, on the level of TGSS E'-terms, we have
P.(n[13]) = n°[13,6] € E215,[13,6](S6)'

Consulting Table 6.5.10, we see that 7%[13, 6] is a non-trivial permanent cycle in the
TGSS for S®. Therefore, we conclude that P(n2[13]) # 0. Therefore, there must
exist a non-zero element x € me3(5*) whose double suspension is P(2[13]). In the
TGSS the element x must be detected by an element with transfinite Goodwillie
filtration greater than or equal to u[13,6], but  must have Goodwillie filtration
greater than 1 since E3(z) = 0. Consulting Table 6.5.8, there are two possibilities
of TGSS elements which can detect z:

nagss[4]  and  ag/5[5).

Now, if = were detected by nag/s[4], then since
E.(nasys[4]) = 0 € Eyy 1,7(S°),

the element F(x) € 2455 must be detected by an element of transfinite Goodwillie
filtration less than u[4]. Consulting Table 6.5.9, we see that the only such elements
in the TGSS for S° are stable. Since F(r) is not stable, we have arrived at a
contradiction, and we deduce that = must be detected by ag/s[5] in the TGSS for
S,

We now compute H(x). Using Theorem 5.2.1, the TGSS differential
3
% (ags[5]) = nass 3]

allows us to conclude that there exists an element 2’ € m93(S?*) detected by ag5[5]
in the TGSS for S* such that H(z) is detected by nagss in the TGSS for S7.
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Tables 6.5.8 and 6.5.9 reveal that E(x) = E(z’). Thus 2’ is also a desuspension of

Pn?[13]. We have therefore shown that there is an EHPSS differential
1P (12[13]) = H(a').

Since 72[13] is detected in the TGSS by n?[13], and H(z') is detected in the TGSS
by nag/s, there is a TEHPSS differential

dTPHP ([13,6]) = nass[3].



CHAPTER 6

Calculations in the 2-primary Toda range

In this chapter we illustrate the computational effectiveness of our methods by
completely computing the TAHSS for L(k) for 1 < k < 3 (Tables 6.5.1-6.5.3), the
TGSS for S™ for 1 < n < 6 (Tables 6.5.5-6.5.10), and the TEHPSS (Table 6.5.4),
in the Toda range (i.e. up to and including the 19-stem).

We summarize the methods and notations of our computations in the first several
sections of this chapter. Section 6.1 describes the inductive low dimensional com-
putations of the TAHSS’s for the L(k) spectra. This data will be used to give the
E;-terms of the TGSS’s, and to give the differentials in the EHPSS. The TAHSS
computations feed into Sections 6.2 and 6.3, where we compute the TGSS for S™,
1 < n < 6 in the Toda range. In Section 6.4 we describe the computation the
TEHPSS in the Toda range. Note that since m,1.(S™) is metastable for x < 19
and n > 7, we do not bother to compute the TGSS for S™ for n > 7: in the Toda
range it can be completely read off of the TEHPSS.

The methodology of these computations can be summarized as follows.

(1) Inductively compute the TAHSS for L(k), facilitated by an understanding
of the dual action of the Steenrod algebra on the homology of the L(k)-
spectra, and an excellent understanding of the structure of the stable
homotopy ring in low dimensions.

(2) Feed the TAHSS computations into the TGSS for S™ for various n, starting
with n = 1. Use stable Hopf invariant computations to fill in most of the
differentials for the TGSS for S', and then deduce bizarre differentials
using our knowledge of 7, (S!). Then fill in the differentials for the TGSS
for S™ inductively on n, using the E map to map differentials from the
TGSS for S”~! to the TGSS for S™. The remaining differentials come
from the geometric boundary effect (Theorem 4.7.1) or unstable Hopf
invariants (Theorem 4.4.1).

(3) The unstable Hopf invariants, and to some degree the stable Hopf invari-
ants, require a concurrent computation of the TEHPSS. Differentials in
the TEHPSS are lifted from the TAHSS and TGSS using Theorem 5.3.2.

6.1. AHSS calculations

The TAHSS'’s for 7, (L(s)) in the Toda range for 1 < s < 3 are given in Tables 6.5.1,
6.5.2, and 6.5.3. As the TAHSS for L(k) completely determines the E*-pages of
the TAHSS for L(k + 1) for a € G(w*), we really only need to start the TAHSS

55
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for L(k) at the E“"-pages of the TAHSS’s for L(k — 1)gmm41 for various m (see
Remark 3.3.5).

The terms are given in terms of an Fo-basis of the associated graded with respect
to the 2-adic filtration. The notation

x(2™)[n, ..., ng)
represents the span (in the associated graded) of the elements
{x[N],2x[N], 4z[N],..., 2" 1z[N]}

where N is a CU sequence of length s, and z is an element of the stable stems. If
m = 1, then the “(2™)” in the notation is omitted.

We list all elements which are not the targets of differentials. If an element supports
a non-trivial differential, then the differential is represented by an arrow which
points toward the target.

We use standard terminology for the generators of the stable stems, most of which
originates with Toda [Tod62]. The generators of the v;-periodic homotopy groups
are given using a variation on the notation of Ravenel [Rav86]. The element «ay
is a v;-periodic element of order 2! in the (2k — 1)-stem.

The most difficult of these computations is the computation of m.(L(1)) given
in Table 6.5.1. These computations are effectively contained in [Mah67]. The
differentials on the v;-periodic elements are mostly deduced from the J-homology
AHSS for P>, as computed in [Mah82].

The remaining differentials may be deduced in this range from the dual action of
the Steenrod algebra on H,(L(1)). For instance, in the k = 5 list, the formula

SqiQ* = Q?
implies the AHSS differential
da(n[4]) = n - n[2] = n*[2]
and in k = 12, the formula
Sq25¢:Q° = @°
implies the AHSS differential
d3(v2[6]) = (1,2,1°)[3] = €[3].

The TAHSS’s for L(k), k = 2,3 in the Toda range are actually much less compli-
cated. The Steenrod operations on H,(L(s)) are given by the Nishida relations.
There are subtleties associated with the transfinite AHSS filtration. We give an
example that nicely illustrates how to interpret things. We look at the TAHSS
for L(2), k = 19. The Nishida relations, together with the relations amongst the
Q’-operations, give

S*Q°0Y = Q7Q% + Q°Q* = Q7 Q2.
We would initially think that this should give an AHSS differential
d“ @ (2[9,4]) = 1°[7,2] = (o0 + en) (7,2
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except that (on? + en)[7] is null in 7, (L(1)7). In the AHSS for L(1), (on? + en)[7]
is killed by the differential d“™)((on 4 €)[9]) induced from
S¢;Q" = Q".
However, something more is going on in L(2). The Nishida relations give
S¢2Q°Q* = Q°Q' + QQ?
which translate into the fact that in L(2), we have
A" ((on +)[9,2])) = (on* + en)[8, 1] + (o” + en)][7, 2]
so the terms in the right-hand side are equated. Thus we actually have

A" (219,4]) = (on* + en)[7,2] = (on® + en)[8, 1].

6.2. Calculation of the GSS for S!

The TGSS for 7, (S!) is given in Table 6.5.5. We know that 7.(S1) is concentrated
in degree 1, and consistent with Conjecture 4.6.6, the only differentials it has are
are GSS d;’s.

The E® terms for a € G(w*) may be read off of Tables 6.5.1, 6.5.2 and 6.5.3.
The other L(k)’s are too highly connected to contribute anything in our range of
computation. The d;’s originating in the first column of Table 6.5.5 are exactly the
stable Hopf invariants, by Theorem 4.3.1. For example, we have SHI(n) = 1 and

dy(n) = 1[1].

Most of the other d;’s are also given by stable Hopf invariants, using Theorem 4.6.5.
The ones that are not are the bizarre differentials: these are indicated by dashed
arrows in Table 6.5.5. They are necessary to make the spectral sequence acyclic.

Actually, in this range, these stable Hopf invariants are rather easy to deduce from
the Hopf invariants of 7, v, and o and the attaching map structure in L(1). We
also used the relation of Hopf invariants to root invariants [MR93].

6.3. GSS calculations

Tables 6.5.6-6.5.10 display calculations of the TGSS for S™ for 2 < n < 6. In the
Toda range, the TGSS for S™ can be completely read off of the TEHPSS for n > 7
(metastable range).

As in Section 6.2, the E® terms for o € G(w*) may be read off of Tables 6.5.1,
6.5.2 and 6.5.3. The unmarked differentials all arise from the application of The-
orems 4.6.5 and 4.4.1. The geometric boundary effect differentials deduced from
Theorem 4.7.1 are denoted with a (x). The bizarre differentials induced from the
TGSS for S (using Proposition 4.5.1) are denoted with a (xx).

Note that there are precisely two longer differentials in the TGSS for S? obtained
from Theorem 4.4.1: we must use our TEHPSS calculations to compute these
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generalized Hopf invariants. For example, in the TGSS for $? in n = 16 there is a
TGSS differential )

4% (nagys) = 1°[13,2].
This arises from the fact that the unstable Hopf invariant HI(nasg/s5) is detected
by n?[13] in the TGSS for S5 The stable element nagys has an unstable Hopf
invariant, and this is precisely the mechanism which results in such a longer TGSS
differential.

6.4. Calculation of the EHPSS

Table 6.5.4 displays the TEHPSS in the Toda range. The E“-page of the TEHPSS
can be read off of Tables 6.5.1, 6.5.2, 6.5.3, 6.5.5, 6.5.7, and 6.5.9. Table 6.5.4
consists of lists of the non-trivial permanent cycles in the Ewwﬂ-pages of the TGSS’s
for the various S?™*!. If an element is the target of a TEHPSS differential, then
this is displayed with an left arrow followed by the source of the differential. If an
element is not the target of a differential, then it is boxed, and a double right arrow
gives the name of the element of the stable stems that it detects in the TEHPSS.
From this, one can read off the (unstable) Hopf invariants of the elements of the
stable stems.

The elements in the Et1 n-term of the TEHPSS are given with the notation
x(2m)[nla s 7n57n]

where = is an element of the stable stems, and N = (nq,nso,...,ns,n) is a CU
sequence. The parenthetical (2™) is the order of the element, and this notation
is omitted if m = 1. The meaning of this notation is completely explained in
Section 5.1.

With the exception of the one bad differential (marked with a (xx)) described in
Section 5.4, all of the TEHPSS differentials in the Toda range come from lifting a
TGSS differential using Theorem 5.3.2. The differentials with unmarked arrows all
arise from lifting differentials from the TAHSS’s in Tables 6.5.1, 6.5.2, and 6.5.3.
Differentials obtained from lifting geometric boundary effect differentials are labeled
with a (x), and differentials obtained from lifting bizarre differentials are labeled
with a (& * *).

6.5. Tables of computations

This section consists of the actual tables containing the 2-primary Toda range
computations discussed in the previous sections.

Tables 6.5.1-6.5.3: The AHSS for m(L(k)), 1 <k <3
Table 6.5.4: The EHPSS
Tables 6.5.5-6.5.10: The GSS for 744, (5™), 1 <n <6
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6.5.1. The AHSS for 7 (L(1)).

- k=3
ffil 7];[1;]2 n*[1]
(ol o)) 200
k=6
k=5
k=4 v[3]
L] - 200003 il iy
o0 — o0 N
o) =l Use)l6] - 2(0)f5
k=9
kQTlf k=38 Uﬁ][l]
V(A)[4] = 20(4)[3] ol1] o(8)[2] = 20(3)[1]
4 h
n? v V23
16 1(00)[8] — 2(00)([7] v(4)[6] — 2v(4)[5]
1[7] n[8] — 7*[6]
1[9] — n[7]
k=11
k=10 nas(1] = 19
on?[1] as (2] n 2
o o e
on o
ol3 vl > 2ol el
nel—n n — €
1(00)[10] — 2(50)[9] n[10] = v2[4] 1(00)[12] = 2(c0)[1]
1[11] = v[7]
k=15
k=13 GTH]
ags@)[2) > agp@)l] k=14 . .
o asnl4] - al?) oD = 208
an?[4] 6/3 (073 [5] — a517[3] CYG [5]
onlb] — on o
g — 20 14 — UV
8016] — as[3] 2[12] — 4v[10] Zifg][;] f";y&;?l)ﬁ]
v(4)[10] — 2v(4)[9] n[13] — n?[11] w[12]
2] — (10 o > 2e0ns O
1[13] — n[11] n[14] = en}3]

1[15] = on[6]
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Table 6.5.1, cont’d

k=19

v*[1]

04977[1]

kv[2]

ag[2]

ag/5(16)[4] — ag/4(16)[3]
160{8/5[4]

kn[4] — kv[1]

03[5]

k(5] — kn[3]

046/3(4) 8] — 046/2(4)[7]
ag[8] — a8/5772[1]
asn[9] — 048/57][2]
as[10] = ag/5(3]
o(8)[12] — 20(8)[11]
80’[12] — Oé6/3[7]
v(4)[16] — 2v(4)[15]
4v[16] — en|9]
n?[17] — €[10]

n[18] — v2[12]

1[19] — v[15]

k=17

na[1]

048/577[”

ag/s5(16)[2] — ag/4(16)[1]
as[2]

03[3]

k(3]

ag3(4)[6] — ag/2(4)[5]
05772[5] — ag3[5]

(on® + en)[8] — rn[1]
as[8] — asn[6]

anl9] = an?[7]

€[9] — en[7]

a(8)[10] — 20(8)[9]
80 [10] — a[7]

v2[11]

v(4)[14] — 2v(4)[13]
n[16] — n?[14]

1[17] — n[15]

nal4] = nan(2]
048/577[4] - 08/5772 2]
ag/s[5] — agysn[3]
k(5]

03[6] — na[3]

K[6]

on[12] — on?[10]
€[12] — en[10]

o[13] — on[11]
v2[14] — €[11]

v[17) — v?[13]
1(00)[20] = 2(00)[19]
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n?[16] — 4v[14]
n[17] = n*[15]
1(00)[18] — 2(0)[17]

04*10/3(4)[2] — 0/2(4)[1]

nan[4] — 4v*[2]
048/57]2[4] — 010/3[1]

agl4] = agn(2]

na[5] = nan|3]

a8/577[5] — 048/5772[3]
ag/5(16)[6] — ag/4(16)[5]
ag[6] — ag|3]

0[7]
g/3(4)[10] — g /2(4)[9]
s ¢ = 9]

as[12] = asn[10]
on[13] — on?[11]
€[13] — en[11]

o (8)[14] — 20(8)[13]
80’[14] — 045[11]
v(4)[18] — 2v(4)[17]
1[20] — 7?[18]

1[21} — 77[19]
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k=22

a®[1]

1]

R()[2] - 28(4)1)
4R [2]

(3]

V] - 207 (4)3
4v*[4]

agn[4] = aio[2]
nan|[5]

a9[5] — agn[3]
14(6]

0s(8]

k(8] — xnl6]

€[14] — [7]

v2[16] — (on* + en)[12]
v[19] — v2[15]

n*[20] — 4v[18]

n[21] = 52[19]
1(00)[22] — 2(00)[21]

6.5.
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k = 23(outgoing diffs only)
0410/3(4) (4] — 0%10/2(4)[3]
ag/5(16)[8] — ag/4(16)[7]
k(8] — kv[5]

k(9] — k(7]

ag/3(4)[12] — g /2(4)[11]
ag[12] — a9/3(3]

asn[13] — 048/5772[5]
as[14] — ag;5n[6]
a(8)[16] — 20(8)[15]
80[16] — ag/5(7]

v2[17] — on?[13]

v(4)[20] — 2v(4)[19]
41/[20} — 0[6/3[11]

n?[21] — en[13]

n[22] — on[14]

1[23] — 0[15]

6.5.2. The AHSS for 7 (L(2)).

— k=7 k=38
M v[3,1] 1[7,1]
15,2] = 04,1 nl5,2] = 2[4, 1]
k=9
k=10
V[57 1] 2 _
w2 ) L gt
n6.2 = ’1] Y0 7B
1[7,2] — n[6,1] [7.3]
k=15
k=13 B o[7,1]
P2 s sole 1] Bl 5] e, 1]
1209, 2] — 1°[8, 1] "g[’ ]2]_;‘”& ’1]] 8016, 2] — as[4, 1]
[10,2) = 29,1] VT G0 2(9,4] - °[8,3]
717[97 ] = nn& 3 719, 4] = 7*[8, 3] 2[10, 4] — Z2 [9, 3]
1[11,4] — 5[10, 3]
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Table 6.5.2, cont’d

P k=17

s[5, 2] = nas[4, 1] iy R

6[6 2} nas [5, 2] — 046[4, ].] 93 [3, 1]

0[7’ 2 a5[6,2] = nas[5, 1] v2[11,1]

VQ[’ 2 5 el6.1] 80[8,2] — as[6,1] v[13,2]

y[g,il] N m?[é’ 2 nz[u, 2] — 8§[ 1] 115, 3] )

T1L5] - (0. 3] Z[E?&] 2] — 13[12,1] v[11,4] — 12[8, 3]
k=21
k[6,1]

k=19 0[5, 2]

05[4,1] _ k[5,2] = kn[4,1]

il o] B2 aolt 1l

ol11,1 ’ nasl9, 2] — agl8, 1

(on? + en)[8, 2] — K[3,1] ‘”’[1022] - ‘”710[911] as[10,2] — nas[9, 1]

V20,4 & (o +en)8,1] L o J = ol : ) o[11, 3]

(12, 4] — 808, 3] ol io] - m’[g 3] anl9,4] — o1[8, 3]

n2[13,4] — 7312, 3] v 1[3 P - [11 ]2 €[9,4] — en[8, 3]

n{1474% — n[Q[13, }3] ;[[15 5]] o u[1[3 3 ] 80[10,4}] — as [8[7 3]]

115, 4] — n[14,3 v2[11, 4] — on?[9,2

V[1L,5] = 12[9, 3] n[13, 6] = n*[12,5] V[13,5] = 12[11, 3]

[13,6] — 77[12 5] n2[13,6] — 4v[12, 5]

114, 6] — n°[13,5]
1[15,6] — (14, 5]

k=22

v*[3,1]

vk[4,1]

ag/s5(5,2] — nags4,1] k = 23(outgoing diffs only)

’{77[5’ 2} l/,‘f[3, 1] M4 [57 2] — MN4 [47 1]

03[6’ 2] 774[47 1] na8/5[5a 2] - 7720‘8/5[4’ 1]

H[ } — /ﬁ?[5, 1] a8[67 2] — 049[4, 1]

0772 [97 4} nas [97 4] — a6[87 3]

as5[9,4] = nas(8, 3] a5[10,4] — nasl9, 3]

on[10,4] — 0772[ , 3] 80(12,4] — as[10, 3]

o[11,4] — on[10, 3]

V211, 5]

v[13, 6]

1[15,7]
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6.5.3. The AHSS for 7 (L(3)).
18

k=
k=11 k=19
17.3,1] (17[[17i,35,112] N YRR
k=22 k=23
k=21
9 o(11,3,1 1115,7,1
v[11,5,2] = v[9,4,1] 1[[15,5, 2]} = v[13,4,1] u[[13,5,2] 5 2[11,4,1]
6.5.4. The EHPSS.
k=0 : k=2
n 1 2
Weolt] - 1(eo)fz) T
k=5
k=4 £=9
w(A)[1] « v(A)2] Z;L[é]l]:ny[ii 2
[2] s AL
nis] < 10] 2(00)[5] + 1(00)[6]
k=T k=8
E—6 41/[4] = 80 1/2[2] -
772[47 1] A 77[5’ 2] 772[5] = 4o y[5] = on
Vi3] | = 2 nl6] | = 20 20(D)5] « v(4)[6]
VRS (I e B 6] s
20T  1(0)fs) T 1)
k=11
o
3 2
k=9 k=10 7]2[87l]<_77 [972]
1] = en nefl] - 48] e
8|2 « 045[1] = 1% as|2 o
L 2] & 1[0 j ol
v[38l|=on 20B)3 < o@®U 37 g
4v[6] < 7*[8] v?[4] < n[10] on[3] « o5]
S0 oo i ol -’7-% 3¢ 104
00 — 1(c0 20(D)[7] + v(4)[8 . ’
80'[4] = Qg3
v2[5] < v[9)

2(00)[11] + 1(c0)[12]
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Table 6.5.4, cont’d

on[7] «+ o[9]
€[7] « v2[10]

80’[8} = 0[8/4

41/[].2] = 048/5
2(00)[15] ¢ 1(cc)[16]

k(1] < (on* + en)[8]
n?[13,2] | = nag/s

v?(8, 3] + v[11,4]
o1 [8]
en|8]
nas[6] + a5[8]
on?[7] < on[9]
en[7] < €[9]
as[7] < 80[10]
20(8)[9] + o(8)[10]
ek

2v(4)[13]

046/3 5] <—

N4

— v(4)[14]
1n?[14] - n[16]
n[15] < 1[17]

?T‘

=14

nas[4, 1] + as[5, 2]
on[5,2] u[9 4]
a6/d[3] [13]
ag/2(4)[3] <— g /3(4)[4]
v[9,3] « 1[11, 5]

(o0 + en)[5] = v2[9]
en[5] « n[14]

on[6] + 1[15]

€l6] |= &

o7 |= 03

20(8)[7] < o(8)[8]
(@[]  v(4)12]

k=17

-
(on? + en)[8, 1] + 129, 4]
k(2] < k4]

S

772[13, 3] + n[14,4]
129, 3] + v[11,5]
n[14.3] + 1[15,4]
1[15, 3] + 03[4] (* * x)
= RV

n[12, 5] « 1[13, 6]
ag[6] < nas[8]

nas[7] < as[9]
2011 =

4v[14] < n?[16)
1?[15] « n[17]
2(00)[17] + 1(0c0)[18]
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Table 6.5.4, cont’d

k=18

o s5(1]  agl8]

ag[1] | = nayg

v29,4,1] < v[11,5,2]

k[4,1] <= Kkv[2] (% * %)

(o7 + en)[8,2] + nl4] (+)

nass (2] < nos[9]

k3] < k(5]

ag/3(8)[3] ¢ ag/a(8)[4]

onl8, 3] « o0[9,4]

€[8, 3] + 12[10, 4]

n?[13,4] < as5[10] (*)

[12,5] < (13, 6

oyslT) ¢ So{12

046/2( )T agy3(4)[8]
n*[9] | = 4v*

6’17[9] +— 4v[16]

oy

€[10] + n?[17]

:

v°[12] < n[18]

V[15] < 1[19]

2v(4)[15] «+ v(4)[16]

k,_

OZG[

] = 010
[ 1] + &[5,2]
1] = nas|9,

2]

nad[9 1] + ad[10 2]
n?ag5(2] < noss[4]

nag /53]

[002)] = arope
a5[8,3] + 80710,
— 1?[13, 6] (+x

4]

an?[8,3] < onl9, 4]
enl8, 3] + €[9,4]

ag[4] |= a19/3
93[5] =0

n*[13,5] + n[14,
n[14,5] + 1[15, 6]
1[15, 5] < 65[6] (*)

on?[10] + on[12]

en[10] < €[12]
on[11] « o[13]
e[11] + v2[14]
v2[13] « v[17]

2(o0

)[19] + 1(c0

6]

)[20]

)



66

6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.5. The GSS for 7,1(S1).

N~ o3

12

13

Tn—3(L(3))

1[7,3,1]
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6.5. TABLES OF COMPUTATIONS

7rn—3(L(3))

u ke

V[13,1]

©65[3,1]

V2[11,1]
V[13,2]
7 1[15,3]

// 03[431]/

o[7,3,1]

- 1[15,3,1]

67
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6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.6. The GSS for 7, 2(5?).




6.5. TABLES OF COMPUTATIONS

IV

18

novy /
Q10/2 *

19” o

1]11,5,2]

nag/s

1153

2] 20,4)
/

N4

&10/3
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6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.7. The GSS for 7,3(5%).

w N R o 3

U




6.5. TABLES OF COMPUTATIONS

(6]
o[7]

nas[5]
as[6]
80[8]

18

197” -

ag/2
Qag/3
Qag/a
ag/s

nas/s (o +en

nag

X10/3

cagld]

nesld

v
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6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.8. The GSS for 7, 4(5%).

(L0 maoa(L(1)a)
1(o0)

s

w NN o~ o 3

21/1/ 1(00)[4]

1[5]

n[5]

6 .2 owH

nas

1n - Qes—  omd

Qg
a6 /2

Tn—2(L(2)4)

94
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as[5] 1[10,4]
1[11,4]

1[11, 5]

7

18”7 o

19

nasl] P4

Cov94

73
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6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.9. The GSS for 7, 5(5°).

Tt

w N R o3

7Tn—l(L(l)5)

3

NI

3

DN W

nas

Qg /2

Q6/3

Tn—2(L(2)5)
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19 o
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6. CALCULATIONS IN THE 2-PRIMARY TODA RANGE

6.5.10. The GSS for 7,4(S°).

T

w N R o |3

11

nos

Qg
Qg /2

&

3

o L X

'3

<

ag/3
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167”

17

18

197”

ag  /
ag/2
ag/3
Qag/a
Qag/s5

74 g /2[6]

Qg3 [6]
on?[8]
en(8]

an?[9)]
on[10]

o[11]
Qg [8]
nas[9]

nag 045[10]

036]

nasys v2[11]

1[13, 6]

”77[13,76}

s

n[14, 6]
115, 6]






APPENDIX A

Transfinite spectral sequences associated to towers

In this appendix we review Hu’s notion of a transfinite spectral sequence [Hu99],
specialized to the situation of a space or spectrum which is the inverse limit of a
transfinite tower. We restrict our attention to degreewise finite towers, as these
give rise to spectral sequences with particularly good convergence properties. In
Section A.1 we review the Grothendieck group of ordinals, which serves as the index-
ing set for transfinite spectral sequences. In Section A.3 we associate a transfinite
spectral sequence to a transfinite tower of spaces or spectra, following Bousfield and
Kan. In Section A.4 we prove some general “geometric boundary” type theorems
for such transfinite spectral sequences.

Throughout this appendix we work in either the category of pointed spaces or
spectra.

A.1. The Grothendieck group of ordinals

Fix a countable ordinal v = w” (where B < v is an ordinal) closed under addition.
We consider transfinite spectral sequences indexed on the Grothendieck group v
of ordinals less than v with respect to maximal addition (see [Hu99, Sec. 1]). A
general ordinal less than v takes the form

JwM 4 g e eEN g << ag < B
A general element of the Grothendieck group G(v) takes the form
S 4 G G €L, o < - < oy < B
Addition in G(v) is defined by
(Jw™ -+ pw ™)+ (1™ e pw™) = (1 D)™ A+ (e e

The elements of G are ordered via right lexicographical ordering.

A.2. Towers

A G(v)-indexed tower under X consists of a set

{X — Xu}ueg

79



80 A. TRANSFINITE SPECTRAL SEQUENCES ASSOCIATED TO TOWERS

of objects under X, and compatible maps

N\

X, — X

for p < p'. We shall say that the tower {X,} is degreewise finite if the following
conditions hold.

(1) For each t, and each («, 8)-gap in G(v), with left subset £ and right subset
R (see [Hu99, Def. 1]), there exist v € £ and 7' € R such that for all
v <6 </ the maps

7Tt(X’y) — 7Tt(X5) — Wt(le)

are isomorphisms.
(2) For a fixed ¢, the maps

(X)) = 7 (Xpy1)

are isomorphisms for all but finitely many u € G(v).
(3) For a fixed t, there exist 3, 8" € G(v) such that the map

m(X) = T (Xp)
is an isomorphism for p < g, and
m(Xu) =0
for u > .

A.3. The transfinite homotopy spectral sequence of a tower

Given a degreewise finite G(v)-indexed tower under X, define fibers
Ay = Xy = X

Applying 7, gives rise to a G(v)-indexed exact couple, and we get a G(v)-indexed
spectral sequence

(A.3.1) B}, =m(A,) = m(X).

REMARK A.3.2. In the case where we are working in the category Top,, some care
must be taken in the handling of m and 7y (analogous to the treatment of [BK71,
IX.4]). In the cases we are considering in this book, each of the spaces X, and A,
are actually connected with abelian fundamental group.

REMARK A.3.3. Our degreewise finite assumption on the tower {X,} under X
implies that (in the language of [Hu99]) the transfinite spectral sequence (A.3.1)
is locally of finite type, eventually constant, and converges strongly.

We have chosen a different indexing scheme from that used in [Hu99]. In our
indexing scheme, d, differentials take the form

do @ Ef, — E}

t—1l,u—a-
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One way of thinking of these differentials is to consider the associated “increasing
filtration” {X*#} on X defined by the fiber sequences

X=X = X, 1.

Using Verdier’s axiom (see [Hov99, Prop. 6.3.6] in the Top, case) we have fiber
sequences
Xrh o X A,
The differentials d, are then given by the zigzag
9
ﬂ-tAp, — Wtleufl — Wtlep,fa — WtflA#,a.
Convergence means that with respect to the G(v)-indexed filtration
FymX :=ker (mX — m1:.X,41)

we have

F,mX
B =

F‘u—lﬂ-tX .

In Section A.4, we shall make use of the following notation. For u < p’, define X ﬁ/
to be the fiber

Xi = Xy — Xy
Then we have
A =X}
Our degreewise finite assumption implies that we have

X, = %ﬂ Xio~ Xy,

W Zp
XM' T w w
= @ Xio~ XH
wZp
v L . . L . . 4
X7, = h(Ln thl’L o~ h_ng @XL ~ X.
H=—v ' >p W= p'>p

With this notation, there are fiber sequences

! 1 "
X =X - X*

M v<p<p <p’ <w

An alternative way to view a d, differential is to lift + € m X/ = E} , to T €
ﬂtXLCQH. Then d,(z) is detected by the image of Z under the composite

E) _ _
e p—o p—o gl
X1 = M1 X = m-1X, o = B y—a-

A.4. Geometric boundary theorem

Suppose that

wLxsy bz
is a fiber sequence, and that {X,}, {Y,} and {Z,} are compatible locally finite
G(v)-indexed towers under X, Y, and Z, such that each of the sequences

X, =Y, =2,
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is also a fiber sequence. Let
Efy1 u(2) % By (X) = BYL(Y) 5 B, (2)

denote the corresponding maps of spectral sequences. Let dX, d¥, and d? denote
the differentials in each of these spectral sequences.

The following lemma is a kind of technical generalization of the “geometric bound-
ary theorem.” The classical geometric boundary theorem [Rav86, Thm. 2.3.4] is
closely related to Case (5) when oo =1 in this lemma.

LEMMA A.4.1. Suppose that y € Effu(Y) and that there is a non-trivial differential

d?x/(y) = y/ 7& 0e Eéxfl,ufa(y)‘

Then one of the following five possibilities occurs.

(1) There is a non-trivial differential

/

dg (py) = Py
(2) There exists o' > 1 and classes

x € By_y,o(X),
0#z¢€ Etl_lw_a_a/(Z), (non-zero in E**1)
0# 2" € By, qo(X),
so that
i(x) =/,
dX(z) =/,
ez =2/,
Al (Pey) = 2.
(3) There exists o', > 1 and classes
r€ Bl
0£2" €El 5, o a—a(X), (non-zeroin B

0#z¢€ Etl_lw_a_a,(Z), (non-zero in E**1)

l,ufoz(X)’

y' e Etlfl,ufafa’(y)
so that
ix(z) =y,
di{’+a” () =2",
do (") = —in(a"),
p(y') = 2,
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(4) There exists o/ > 1 and classes

T € Etl 1,pn— a(X)7
1
0#y" € BXYl o w(Y),
a'+1
O#ZeEt —{M a— a(Z)a
T € 7Tt,1(X),
so that
’L*(ZL') = ylv
_ . | detected by x, x is not the target of a differential in Ef (X),
Z i :
in Fy_a1m-1(X), x is the target of a differential in E ,(X),
(7) i detected by — ", y" is not the target of a differential in E¥ (Y,
i(T) is '
in Fy oo —1m-1(Y), y" is the target of a differential in E (Y),
P+ (y”) =%,
ngra’ (p*y =z

(5) There exist classes

zem(Z),
O£z € by, «(X)
so that
74 {detected byp«(y), p«(y) is not the target of a differential in E} ,(Z),
in F,_1m(2), p«(y) is the target of a differential in E} ,(Z),
ix(z) =y,
. | detected by x, x is not the target of a differential in E¥ (X),
Jz) s {m Fu_a-1m—1(X), x is the target of a differential in E;Y*(X’), v > .

ProoOF. We will need to introduce some more notation. For o € G(v), define
fibers Y#H*~% by

Hop—a Iz H
Y =Yt = Z, i1

Verdier’s axiom gives a diagram of fiber sequences

/’\/\

NN
W /

Zr-a

We then define Y“ for a, @’ > 0, by fibre sequences

—a,p—a—a’

~ ’
T L
,
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Although, in the Top, case, 17:_(1 fi—a—q/ 18 DOT necessarily a loop space, we define

iz — v
TrtY,u—oc,,u—oz—o/ = T—1 (Y,u—oz,,u—a—o/)'

so that
}A}# _ “QY'M ”
u .

p—o,p—a—ao’ T —a,p—a—a’

Having established the notation above, we are now ready to begin proving the
lemma. Since p induces a map of spectral sequences, we always have

d (pey) = p(y).
If p«(y') # 0 in the E“-page, then we are in Case (1).

Otherwise p.(y') = 0 in Ef,_,(Z). This, together with the fact that y persists to
Ep,(Y), implies that there exists a lift

?7 S 7TtYH

“w
ot u—a thM > y.

Let o < v be maximal such that there exists a lift
YEMY) oo o — ™YL 2y

By the above, o/ > 1. Suppose that o/ < v. Fix a lift Z‘ as above. Consider the
following commutative diagram, where p/ := p— o and ¢’/ == p—a —a’.
(A.4.2)

z
dr)¢+a’
m
7TtZ'u”+1 ’ﬂ'tZﬁ'
/ T TI’
12 o 1% I
7Tt_1Z'u WtYM/+1’MI/+1 ﬂ-tYM/Jrl e TrtYM
\ la al
H/ HN l"/ H,
5 T VP 4>7rt_1X#,,+1 1Y &
/ i l
\ w! " w w
th_lZM,, Ty o XH 7Tt—1XM/ i*>ﬂ't_1yuz
\ l 0
l,L//
7Tt—2XM//

The lift Z gives compatible elements in all entries of the diagram. Let
T E€mi_1X 5//
"E/ S 7Tt72Xllj////

"
A Wt_lzﬁ//
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The maximality of o/ guarantees that z is non-trivial in the E* *1-page. Assume
that 2’ is non-trivial on the E'-page. Then we are in Case (2), and the consequence
of this is obtained by chasing the perimeter of the diagram.

Suppose now that we are in the 51tuat10n in the previous paragraph except that
¥=0€kE, - Let Tz €m 1 X u+1 be the image of y. Let o/ < v be maximal

so that z lifts to an element

./I; E ﬂ-t 1XM//_a//+1-

Fix such a lift. Because of our assumption on the triviality of ', we have o/’ > 1.
Suppose that o” < v. Then we are in Case (3), as we will now demonstrate. Define

W :=p—a—a —a”. Since the relative homotopy class

’

Oy —x €m_y (YHH X"

maps to 0 € Trt_l(Xﬁ,/,H), it lifts to give a relative homotopy class

/ 7

y” € Wtfl(yu 7XM ) = ﬂ—tfl(Ypl.l;”+l,fy)‘

Consider the following commutative diagram.

(A.4.3)
z
da+a'
4 ~
® i
5 7TtZ'uH+1 ﬂ-tZl»‘f
!
o
s :
"
m " H ] H
7"'t—lZp‘// < w1 2" Wtyu’—i—l,u"-ﬁ-l _— TrtYM'+1 > WtYM
P \ J{a 8\L
H// ’ ,
fﬁtqyuu T YR >y 1 Xy YR gy
M ’ " M/ IL/ IL/
7Tt71Y#u/+1 < 7rt71Y#m+1’ﬂ, Wtlep///+1 7Tt,1X#, e Wt,lY#,
d 17 8 6
o
"t "t
oY T XH ax
l /+a//
\‘qT ' W'
tfgyﬂm i Wt,QXH///

The elements 5, %, and @7 induce a compatible collection of elements in each of the

entries of the above diagram, except that the images of 7 and gjﬁ in the entries

111 1" 111

1
T X!, 7Tt72X5///a m—2Y" , and 7Tt72yiu
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differ by a sign. We get images
= Wt,le‘j,/,
PS wt_gXﬁ/I:,/, (Image of 7)
Z € M1 Zl’f,/,/,

” H// —~
y'emaY,, (Image of y').

Note that the maximality of o/ implies that z is non-zero in the Eo‘/“—page, and
the maximality of o implies that 2 is non-zero in the E* *!-page. The conclusion
of Case (3) is deduced from chasing around the perimeter of the diagram.

Assume that we are in the situation of Case (3), except that o/’ = v. Then we are
in Case (4). Since o = v, the element 7 lifts to an element

% € ’/Tt_lXH,.
Fix such a lift. Since the homotopy class
Oy — 7 € m_q (YR ")

’

maps to 0 € wt,l(Xﬁ//H), it lifts to give a homotopy class

y" e m_ (Y.

Consider the following commutative diagram.

(A.4.4) .
A
\
ﬂ—tzﬁ”—i-l ﬂ_tZﬁ

<o~ X

. -

1
w " H 2] 12
14, < w1 2" Y 4 Y = mY)

" " i ’
N ) I P (AR S (g

’ ,/ o W

7Tt,1YM < 7Tt,1Xu’ Wt—lX/L/ 7*>7Tt_1Y;L/

|~

1Y <=——m1 X
K3

The elements 5, %, and @7 induce a compatible collection of elements in each of the

entries of the above diagram, except that the images of 7 and ;’7 in the entries

!
’R't_lyp’ and ’/Tt_1Y
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differ by a sign. We get images

T € Wt_lXﬁ/,,
Z € m_1X, (Image of %)
z € 7Tt_1ZLL///,,
= Wt,1Y5:/.
Note that the maximality of o/ implies that z is non-zero in the Ea,"’l-page. As

p«(y") = z, the element y” must also be non-zero in the E* +1-page. The conclusion
of Case (4) is deduced from chasing around the perimeter of the diagram.

Assume that we are in the situation of Case (2), except that o/ = v. Then we are
in Case (5). Since o’ = v, there exists a lift

"

= f
yemY, ,_, > mY) >y

Consider the following diagram.

—

Tz T IH WtZﬁ
J D
7Tt,1X < 7Tt,1Xp’ 7TtY:;+1’7V —> 7TtY:;+1 —_— ﬂ—tY/ﬁ

Nk

’ !
T XM —>m_ YH

|

’ !
“w “w
7rt_1XM, - 7rt_1YM,

dY

a

The images of 5 give compatible elements of each of the entries in the diagram
above. In particular, we get

reEm_1X /’},
S Tt (Z) .
Chasing the perimeter gives the desired conclusions. Note that since y’ was assumed

to be non-zero in the E*-page, and i.(x) = ¢’, the element 2 must also be nonzero
in the E%-page. (]

REMARK A.4.5. Lemma A.4.1 and its proof, while technical, have a geometric
interpretation that may help the reader. Suppose that X is a subspace of Y, that
Y is the union of an increasing sequence of subspaces Y*, and let

Xt=YrNX
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be the induced filtration on X. Then we have

7Tt(Z) = ’ﬂ't(}/, X),
T(Z1) = m (YH, XP).

Then an element of mY#

W41 Can be represented as a map of a disk

Dt - Y+

whose boundary lies in X*" UY*" and an element of m(Y*") can be represented
by a map

St xH Uy

(see Figure A.4.1). Lemma A.4.1 can be regarded as a kind of moving lemma for a
boundary. Specifically, the differential

dyy =1y
corresponds to a map
y: Dt - YH
such that y(dD') C Y*', giving
v =ylopr : ST = Y+

Then Figure A.4.2 displays the geometric situation represented by each of the cases
of Lemma A.4.1, as described below.

Case (1): The element p.(y') € m(Y*, X*) is non-trivial.

Case (2): The element y can be represented by a map of a disk whose
boundary maps into Y“/’“”7 with g minimal, and so that the relative
class ¢ € m_ (Y# o+ X# UY# ' ~1) is non-zero.

Case (3): Asin Case (2), except that the relative class y' € m_, (Y##" X#'U
Y“”_l) is zero, and there exists a relative homotopy class

’

o em_y(x*, x*")

with essential boundary such that the images of 2’ and 3 in the relative
homotopy group m_1(X*, X“”) are equal.

Case (4): Asin Case (3), except that the boundary of the relative homotopy
class 2’ is null.

Case (5): As in Case (2), except that the relative homotopy class y' €
1 (Y, XH) is zero.
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FIGURE A.4.1. Geometric interpretation of an element of
Yy iy (left) and an element of 7, Y (right).

Case (1) Case (2) Case (3) Case (4) Case (5)

FIGURE A.4.2. Geometric interpretation of the various cases of Lemma A.4.1.
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Lemma A.4.1, Case (5), gives a method of computing the map j, but it is insufficient
if one wants to compute j(z) for a particular choice of z. We therefore offer the
following variant, whose proof is almost identical to that of Lemma A.4.1, Case (5).

LEMMA A.4.6. Suppose that z € my(Z) is detected by z € E} ,(Z) where j.(z) =
0, and suppose that x € Eth,,ka detects j(z). Then one of the following two
alternatives holds.

(1) Thereis ay € B} ,(Y) and a non-trivial differential
dy, (y) = ix(2).

(2) Either i.(z) =0, or there is a non-trivial differential
do (') = is(2)

or o < a.
[
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