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Concave/convex preliminaries (cont.)

Due to my inability to cope with signs, we will deal with concave, rather than

convex functions.

A general concave function f : R" — [—00, 00),

f (Z Pi%) > szf(azz), where Zpi =1,p; > 0.

definition notes

domf ={x: f(x) > —oc} is a convex set
epif = {(z,e) : e < f(x)} C R®"  a technically useful convex set
f is closed < epif is closed a technical condition

f is proper < domf # () a technical condition




Concave gradients and “subgradients”

It Vf(z) exists, f(y) < H(y) = f(z) + (y — )"V f(2):

H(y)

f(zx)

epif

Concave functions minorize their tangent hyperplanes.

Generalize gradient with subgradient at x is 0f(x):

s€df(z): f(y) < f(z) + (y —2)'s,
Jf(x) = () when x ¢ domf (conversely when f is closed).
For just about anything we do: f is differentiable

Of (z) = {V[f(z)}




The Fenchel conjugate

a.k.a. Fenchel /Fenchel-Legendre/Legendre conjugate/transform/dual ?

The Fenchel conjugate f* is
f(2) = nf{y"z = f(y)}.

Easy checks: f* is concave and g < f < g* > f*.
(Not so easy check: f* is closed.)

When closed and concave, f** = f:

fly) =inf{y'z — f*(2)}.

Analogy with Laplace transform.

functions /operations in ¢ « functions/operations in s

aThis use of the word “dual” here is unfortunate




Fenchel conjugate, differentiable case

i (@) = igf{ytz — fy)}

Minimum (in y, fixed z) when z — V f(y) = 0, defines y.(2),

() = (y(2)' 2= f(ye(2)) (when min is attained)
{ y'z—f(y) where Vf(y) =2

f(2)

—00 no such y

General way to express the f, f* relation is, (write this down)
ffe)+ fly)=y'z ifz2€0f(y)
() + fly) <y'z else

called the Fenchel-Young theorem.




A simple example

Let f(y) = —y*, y € R.
Finding the conjugate, f*(z) = inf,{yz — f(y)},
z—Vf(y) 0

0

1
= z(y) + 2y

(thus y(2) = —52)
/7 (2) y(2)z — f(y(2))

()

The Fenchel-Young thm

fy) + f(2)



For more convex analysis:

Borwein and Lewis’s Convex analysis and non-linear optimization

The intro to convex analysis is over!

Now let’s talk about inference. ..




Cummulants and concavity

The goal:

compute Z = Z ®(x), where |S] is very big.
z€S

(think of S as a sample space, with sample point x)

The goal (let ¢ = —log(P))

—log(2) = A= —log (Z exp(—qb(a:))) .

TES

A is a concave function of ¢. (divergence of sum = A = —o0).
Note, A(¢ + C1) = A(¢) + C (C is any constant).
Let’s play the conjugation game on A(¢).



Conjugation of A(¢)
With ¢,p: S — R, A(¢) = —log (3,5 exp(—9(2)))

A*(p) = igf{ZMx)p(w)—A(aﬁ)},

rEeS

Optimality when

_0A(9)

Sy = “P(A(6) ~ 9(a)

(only possible if Z p(z) = 1)

rEeS
= A(¢) — log(p(x))
{ Do P(w)log(1/p(x)) p € P(S)

—00 else

where P(5) are distributions on S (i.e. p(z) > 0,> . p(x) =1).




A*(p) conclusions
domA* = P(S) and A*(p) = entropy.
Optimum attained when p(z) = exp(A(¢) — ¢(x)).

Same game with an exponential family: ¢(z) = 0'T(z),

A(9) = A(0'T) = —log (Z exp(—@tT(az))>

rEeS

A(0) is concave function in 6 (b.c. %29’3 = —covariance of T').

With 0, u € R",

A(p) = inf{0'n—A®D)}

Optimum when (30 : p € 0A(0))
0A(6
L 04()

maybe 6 exists, maybe 6 does not.
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Conjugation game on expfams
60 : u = FEp[T] does not exist then A*(u) = —oo (i.e. u ¢ domA*).
0 : u= Ep|T| exists, then A*(u) > —oo (i.e. p € domA*).
Let pg(z) = exp(A(0) — 0T (x))
and plug in p =3, T'(z) exp(A(0) — 0'T'(z)) = 3_, T(z)po()

A*(p) = 0'pu— A(0)

= o (Z T<x>pe<x>> — A(6)
S T (@)]po(x) — A(D)

x

Z[A(H) log(pe())]pe(x) — A(6))

jijﬁm ) log(1/pe(z))

entropy of pg.
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A*(u) conclusions

domA* = realizable means of T’

For € domA*, A*(u) = entropy.

domA*(u) is convex but otherwise can be hard to determine.
What have we learned?

e Cummulants conjugate to entropies.

e Approximations to cummulants will conjugate to approximations to entropy

(and vice versa).
e Insights into entropy should be useful.

Jordan and Wainwright: focuses on approximations in terms of p-space and

entropy.
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Bi-conjugation
Remember how A** = A? Suppose B*(u) ~ A*(u), then we hope that
B(0)

0
00

Suppose B(#) is a cummulant for some: pj,

2 B(#)

B()

\

B(6) — A(9) inf {Zlog py: () / pa(x)) pp (2)

Vs

Bi-conjugation recovers the usual idols of worship.
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Approximations

Approximations to A(#) can be obtained either directly, or by approximating

A*(u) and conjugating back.

Conjugation reinterprets approximations.

minorants —* majorants

majorants —" minorants

The basic flavors of approximation:

e upper bound: Replace A(f) with a majorant. Common majorizations

come from mean field.

e lower bound: Replace A(f) with a minorant. The literature is pretty
sketchy. Convexified Bethe (i.e. tree weighted BP) would be an example.

e heuristic: Inspiration gives a similar A(6) = A(#). We'd like

domA* ~ domA*. Examples include the regular Bethe and loopy BP.

14



=
0
i=
S
®
0
>

15



Mean field (upper bound)

Partition variables: A(6,603). Concavity says (for any , 01, 605)

A01,63) < A<w,o>+ut(9 ‘”) e ) = VA5, )

02

Aw0) =i ()t (5 ) = Blutw). 61,62

Say A(1,0) is tractable:
e Can compute A(¢,0)
» Can compute u(1) = VA(,0) = (Ey[T1], Ey[T3])
e Can compute Ey[T;T}] for 4, j € {1,2}

(Ew 9] =) g(z)exp(A(¥),0) — thl(x))>

TES

Best bound is

A(01,62) < inf {B(VA(¢,0),61,62)} = A(6, 62)
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Mean field equations

A(61,65) = iﬁf{A(w,O) — (%‘g;o))t@m (%Z’O))tel - (%)t@}

not convex, but we can still try,

0 v.B - <82A<¢,o>> 00 (@mw, o>> "

6% 00,004

82A(y,0)  92A(61,6,)
002 002

02A(1,0)  92A(6y,06,)

90,00, 00,00,

—Ey[TVTi] + Ey[T1]Ey[T7] = —Cy
1,0

—Ey[ T3] + Ey[T1]Ey[T5] = —Dy

¥,0
0 —Cw(91 — 19) - Dw92

¥ 01 + Cy ' Dy 0

Fixed point iteration might converge, might not. We have the gradient

regardless.
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Mean field with mean parameters
Let A1(¢) = A(1,0). p1 () = 229529 is invertible.

The fixed point equations, c.0.v. to v = (),

vo= (040 D)

(3
i (04 555 w%)

Last part from,

9% A(1,0)
902
02 A(1,0)
001005

[am(w)]‘l 9

Sometimes B —1(y) [T%05] is more convenient to calculate (like in the next

example).
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Simple Ising model example

From the Wainwright and Jordan paper.

exp(—A(@)) = Z eXxp | — Z QZZCZ — Z Qijxixj
) 1]

ze{0,1}

T1’s are x; and T5’s are x;x;.

A, 0) = —log_H<1+exp(—wi>> = —Zlog(uexp(—wi))
exp(—1))
Ml(w) 1 —|—eXp(—¢)

Eul_l(y)[xixj] = Vil

(componentwise)

Eﬂl_l(V) Zewxszj Z@ijl/il/j
1] 1]

and the update is

vo— (0+[0;]v).
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A common mean field trick

The meanfield approach can also be used to approximate one distribution with

another.

py(y) = exp(Ai(¥) —¥'Ti(y))
po,(y) = exp(Aa(fa) — 05To(y))

with A tractable, A5 intractable.

A(01,02) = —log (Z exp(—01T1(y) — 95T2(y))>

Yy

thus A2(02) = A(0,602). Upper bound by MF: v « C’JlDw% has a cute form

0
Cl @Eufl(ﬂ[

UV < Ew [Tl]

T35 0]

Mixture model approximations are sort of like this.
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Bethe/Kikuchi/Yedidia approximations

Recall concavity means

k k
d NA@B) < A (Z Aﬂ') A >0, A=1.
=1 =1 7

Make a constraint: Y. \;0" = 6 (the \; fixed with 6" varying).
o A(6") are “tractable” (parts of §° are 0)
e we can get a lower bound on A(0).
Simple case: n =3,k =2, \; > 0, with A(61,62,0) and A(0, 65, 603) tractable,
AMAO1 /A1, (02 + @) /A1,0) + A2 A(0, (02 — ) /A2,05/X2) < A(641,02,03).

for any a € R,

(Generally) let Z} € {0,1} with 1 <i <k and 1 < j < n, constraints are

79 = 0

J7J

k
Z pWL
=1
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Continuing simple example

Best lower bound (in «),

sup {)\114(91/)\1, (02 aF Oé)/)\l, O) + )\QA(O, (92 — Oé)/)\g, 93/)\2)}

If A\; >0,> .\ =1, then [above] convex in «

(3A(91/)\1,¢,0) . aA(07¢703/)‘2) —0

o Y=(02+a)/\1 O Y=(02—a)/Aa

for optimality.

E0,/21,02+0) /21,00 [ T2] = E(0,(0,4+0) /22,05 /32) [ 12] = 0
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Generally

sup {Z AiA(Qi)} < A(6).

S Xi0i=0,2i0i=0 | 7

Enforce constraints with Lagrange multipliers, like
0= Y ) - Y2
ij

giving optimality conditions

a . ) ) WY}
o0 ;AiA(G)Jth(Q—Z)\i@) pEIAL)

1
DA(0")
R N
DAY
80,

Vi,9 @ A

= Vi,j: if Z; =0,

Beliefs, 7, consistent across overlaps.
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Big picture

Maximality (in 0" with constraints) implies “intersecting statistics” have

consistent expectations across the pieces.

The 7 Lagrange multipliers are pseudo-marginals or beliefs.

DA(6Y)
Z; A5
Z )0

Z;59;
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The Fenchel Conjugate view

A" ()

inf < 0"y — sup M\ A(0Y)
0 { ineize,egzj:o{z

1

inf Qt _ )\z'A 9@'
G,ZAieime,e;.z;o{ H EZ: ( )}

7

S, - o)

Z A Af(n) where Af(p) = inf {0°u— A(9)}.

0, Zi=0

If A¥(u) are pleasant, this is a good approach.
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The Fenchel Conjugate view (cont.)

Vi A7 (p) = A (w)
k
domA* () = ﬂ domA;
i=1
In Bethe, Yedidia and Kikuchi, you can “cheat” by relaxing the constraints on \;.
e Loses the guarrantees of global optimality

e Loses lower bounding properties

e Seems to work pretty well on multinomial models

29



Multinomial example: tree weighted BP

Node values € Sp = {1,..., N}, S =S¢, with parameters 6;(a), 0;,(a,b) at nodes
i and (¢,7) € F with a,b € 5.

For trees,

ZZILLZ log + Z Z ,uwablog'uz(z IS))

i a€So (i,j)€E a,b€So fijla

with constraints: ) pi(a) =1, and >, pnij(a,b) =D . pri(c, a) = pi(a).

Superposition of spanning tree subgraphs, t1,to,...,

A(p) = D) pila )log +me > pijla,b) log 34 2 [S))

1 a€So 1<J a,beSy fijld

where p;; = Ztki(iaj)eEtk Ak

In the Bethe approximation, p;; = 1 (relaxed constraints).
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tree weighted BP (cont.)

Bi-conjugation to get A(f#) and Lopt-

with constraints ) p;(a) =1 and >, pii(a,b) =
Lagrange multiplier terms of the form

D[l =2, pia)]
+ 2 yer Bii(@) [mi(a) = D25 pij(a, D)) + 3- ;e Bii(@) [ni(a) — 32, pij(c, a)]

The local optimality conditions are then

OA™ (p)
Opi(a)

— o4 + Z 5@3 ‘|' 6]@ )

j:(4,J)EE

0;i(a,b) — Bij(a) — Bji(a)
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tree weighted BP (cont.)

= > > pla )log +pr > pij(a,b) log 2904 )

1 a€SH 1<J a,beSy Hig\d

Absorbing annoying constants into the Lagrange multipliers,

—az+ Z ﬁzg +ﬁj’b ) — —lOg(,LLZ'(CL))

j:(4,J)EE

0:5(a,b) — Bij(a) — Bji(a) = —Pv:jlogu(

pi(a) o< exp ( (Qi(a)%— Z @:j(a)))
FEN (4)

mii(a,b) o< pi(a)pi(b)exp ([=0:(a,b) + Bij(a) + B;i(b)]/pi;)
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tree weighted BP (end)

Let M;j(a) = exp(—B;;(a)/pij)

i (a,b)

enforcing the constraints,

M;;(a)
ILkency Mjr(b)P

Mij(a) oc Y exp(—0;(b) — 6:5(a,b)) M (b)
; J

which are general update equations for message passing.
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Conclusions
The cummulant is concave
Its Fenchel conjugate is the mean parametrized entropy

Convex analysis has ideas of how to bound concave functions

Resulting best bound problems may or may not be concave/convex

Insights into the form of the entropy can also motivate approximations

34



