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(b) p(.", 0) = {exp[-2Iog0+log(2x)]}I[XE (0,0)1

(c)p(x,O) = ~,xE {O.I +0, ... ,0.9+0j

(d) The N(O, 02 ) family, 0 > 0

(e)p(x,O) = 2(x + 0)/(1 + 20), 0 < x < 1,0> 0

(f) p(x,9) is the conditional frequency function of a binomial, B(n,O), variable X,
given that X > O.

5. Show that the following families of distributions are two-parameter exponential families
and identify the functions 1], B, T, and h.

(a) The beta family.

(b) The gamma family.

6. Let X have the Dirichlet distribution, D(a), of Problem 1.2.15.
Show the distribution of X form an r-parameter exponential family and identify fJl B, T,

and h.

7. Let X = ((XI, Y I), ... , (Xno Yn » be a sample from a bIvariate nonnal population.
Show that the distributions of X form a five-parameter exponential family and identify
'TJ, B, T, and h.

8. Show that the family of distributions ofExample 1.5.3 is not a one parameter eX(Xloential
family.

Hint: If it were. there would be a set A such that p(x, 0) > °on A for all O.

9. Prove the analogue of Theorem 1.6.1 for discrete k-parameter exponential families.

10. Suppose that f(x, B) is a positive density on the real line, which is continuous in x
for each 0 and such that if (XI, X 2) is a sample of size 2 from f(·, 0), then XI + X2
is sufficient for B. Show that f(·, B) corresponds to a one-arameter exponential family of
distributions with T(x) = x.

Hint: There exist functions g(t, 0), h(x" X2) such that log f(x" 0) + log f(X2, 0) =
g(xI + X2, 0) + h(XI, X2). Fix 00 and let r(x, 0) = log f(x, 0) - log f(x, 00), q(x, 0) =
g(x,O) - g(x,Oo). Then, q(xI + X2,0) = r(xI,O) +r(x2,0), and hence, [r(x" 0) 
r(O, 0)1 + [r(x2, 0) - r(O, 0») = r(xi + X2, 0) - r(O, 0).

11. Use Theorems 1.6.2 and 1.6.3 to obtain moment-generating functions for the sufficient
statistics when sampling from the following distributions.

(a) normal, () ~ (ll,a2 )

(b) gamma. r(p, >.), 0 = >., p fixed

(c) binomial

(d) Poisson

(e) negative binomial (see Problem 1.6.3)

(0 gamma. r(p, >'). () = (p, >.).

- - --,- ------



(i) The joint distribution of Y1, •.. , Yr is an exponential family with density

The distribution of Yr/B' is again XZ with 2r degrees of freedom.
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(iv) The same model arises in the application to life testing if the number n of tubes is
held constant by replacing each burned-out tube with a new one, and if Y1 denotes
the time at which the first tube bums out, Y2 the time at which the second tube burns
out, and so on, measured from some fixed time.

(iii) Let Yi, Yz, ... denote the time required until the first, second,... event occurs in a
Poisson process with parameter 1/20' (see A.I6). Then Z, = YI/O', Z2 = (Y2 

Yr)/O', Z3 = (Y3 - Y2)/0', ... are independently distributed as X2 with 2 degrees
of freedom, and the joint density of Y1 , ••. , Yr is an exponential family with density

13. Show that in Theorem 1.6.3, the condition that E has nonempty interior is equivalent
to the condition that £ is not contained in any (k ~ I)-dimensional hyperplane.

14. Construct an exponential family of rank k for which £ is not open and A is not defined
on all of &. Show that if k = 1 and &0 oJ 0 and A, Aare defined on all of &, then Theorem
1.6.3 continues to hold.

15. Let P = {P. : 0 E e} where p. is discrete and concentrated on X = {x" X2, ... },

and let p(x, 0) = p. IX = x I. Show that if P is a (discrete) canonical exponential family
generated bi, (T, h) and &0 oJ 0, then T is minimal sufficient.

Hint: ~;j'Lx('l) = Tj(X) - E'lTj(X). Use Problem 1.5.12.

16. Life testing. Let Xl,.'" X n be independently distributed with exponential density
(20)-l e-x/2. for x > 0, and let the ordered X's be denoted by Y, < Y2 < '" < Yn
It is assumed that Y1 becomes available first, then Yz, and so on, and that observation is
continued until Yr has been observed. This might arise, for example, in life testing where
each X measures the length of life of, say, an electron tube, and n tubes are being tested
simultaneously. Another application is to the disintegration of radioactive material, where n
is the number of atoms, and observation is continued until r a-particles have been emitted.
Show that

12. Show directly using the definition of the rank of an ex}X)nential family that the multi

nomialdistribution,M(n;OI, ... ,Ok),O < OJ < 1,1 <j < k,I:~oIOj = 1, is of rank
k-1.

(ii) The distribution of II:: I Y; + (n - r)Yrl/O is X2 with 2r degrees of freedom.

1 n! [ I::-l Yi + (n - r)Yr] < < <
(20), (n _ r)! exp - 20 ' 0 - Y, - ... - Yr·
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[(ii): The random variables Zi ~ (n - i + 1)(Y; -l~~l)/e (I = 1", .. ,') are inde
pendently distributed as X2 with 2 degrees of freedom, and [L~ 1 Yi + (n - 7")Yr]/B =

L::~l Z,.l

17. Suppose that (TkXl' h) generate a canonical exponential family P with parameter
1Jkxl and E = Rk

. Let

(a) Show that Q is the exponential family generated by IlLT and h exp{cTT}. where
IlL is the projection matrix of Tonto L = {'I : 'I = BO + c).

(b) Show that ifP has full rank k and B is of rank I, then Q has full rank l.
Hint: If B is of rank I, you may assume

18. Suppose Y1, ... 1 Yn are independent with Yi '" N(131 + {32Zi, (12), where Zl,'" , Zn

are covariate values not all equaL (See Example 1.6.6.) Show that the family has rank 3.
Give the mean vector and the variance matrix of T.

19. Logistic Regression. We observe (Zll Y1 ), ... , (zn, Yn) where the Y1 , .. _ , Yn are inde
pendent, Yi "-' B(TI-i, Ad- The success probability Ai depends on the characteristics Zi of
the ith subject, for example, on the covariate vector Zi = (age, height, blood pressure)T.
The function I(u) ~ log[u/(l - u)] is called the logil function. In the logistic linear re
gression model it is assumed that I (Ai) = zT(3 where (3 = ((31, ... ,/3d )T and Zi is d x 1.
Show that Y = (Y1 , ... , yn)T follow an exponential model with rank d iff Zl, ... , Zd are
not collinear (linearly independent) (cf. Examples 1.1.4, 1.6.8 and Problem 1.1.9).

20. (a) In part IT of the proof of Theorem 1.6.4, fill in the details of the arguments that Q is
generated by ('11- 'Io)TT and that ~(ii) =~(i).

(b) Fill in the details of part III of the proof of Theorem 1.6.4.

21. Find JJ.('I) ~ EryT(X) for the gamma, qa, A), distribution, where e= (a, A).

22. Let X I, . _ . ,Xn be a sample from the k·parameter exponential family distribution
(1.6.10). Let T = (L:~ 1T1(Xi ), ... , L:~ 1Tk(X,») and let

S ~ ((ryl(O), ... ,ryk(O»): e E 8).

Show that if S contains a subset of k + 1 vectors Vo, .. _, Vk+l so that Vi - Vo, 1 < i < k.
are not collinear (linearly independent), then T is minimally sufficient for 8.

23. Using (1.6.20). find a conjugate family of distributions for the gamma and beta fami
lies .

(a) With one parameter fixed.

(b) With both parameters free. I



maximizes h(f) subject to the constraints

Tj = LYii> 1 <j <Pi Tjl = LJ'ijJ'iI. 1 <j< l<p
i=l i=l

h(f) ~ E(-logf(X)) = -l:IIOgf(X)I!(X)dx.
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where Y i = (Yi!, ... ,Yip). Show that <: is open and that this family is of rank pcp + 3)/2.
Hint: Without loss of generality, take n = 1. We want to show that h = 1 and the

m = pcp + 3)/2 statistics Tj(Y) ~ Yj, 1 < j < p, and Tj,(Y) = YjYi, 1 <j < I < p,

where '17o, .•.• '17k are chosen so that f satisfies the constraints.
Hint: You may usc Lagrange multipliers. Maximize the integrand.

(b) Find the maximum entropy densities when rj(x) = x j and (i) S ~ (0,00), k = 1,
at > 0; (ii) S = R, k = 2, at E R, a, > 0; (iii) S = R, k = 3, a) E R, a, > 0, a3 E R.

29. As in Example 1.6.11, suppose that Y 1, ...• Y n are Li.d. Np(f.L. E) where f.L varies
freely in RP and E ranges freely over the class of all p x p symmetric positive definite
matrices. Show that the distribution of Y = (Y

"
... ,Yn ) is the p(p + 3)/2 canonical

exponential family generated by h = 1 and the p(p + 3)/2 statistics

This quantity arises naturally in infonnation in theory; see Section 2.2.2 and Cover and
Thomas (1991). Let S ~ {x: f(x) > OJ.

(a) Show that the canonical k-parameter exponential family density

24. Using (1.6.20), find a conjugate family of distributions for the normal family using as
parameter 0 = (O!, O2 ) where O! = E,(X), 0, ~ l/(VaroX) (cf. Problem 1.2.12).

25. Consider the linear Gaussian regression model of Examples 1.5.5 and 1.6.6 except with
(72 known. Find a conjugate family of prior distributions for (131,132) T.

26. Using (1.6.20), find a conjugate family of distributions for the multinomial distribution.
See Problem 1.2.15.

27. Let P denote the canonical exponential family genrated by T and h. For any TJo E £,
set ho(x) = q(x, '10) where q is given by (1.6.9). Show that P is also the canonical
exponential family generated by T and ho.

28. Exponential/amities are maximum entropy distributions. The entropy h(f) of a random
variable X with density f is defined by

f(x) > 0, Is f(x)dx ~ 1, Is f(x)rj(x) ~ aj, 1 < j < k,

•
f(x, 'I) = exp 1/0 +I: ryjrj(x) - A('I) , XES

j:=1
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generate Np(J.l, E). As E ranges over all p x p symmetric positive definite matrices, so
does E- 1

• Next establish that for symmetric matrices M,

Jexp{ _uT Mu}du < 00 iff M is positive definite

by using the spectral decomposition (see B.I0.1.2)

p

M = L AjejeJ for el, ... , ep orthogonal. Aj E R.
j=1

To show that the family has full rank m, use induction on p to show that if Zt, ... , Zp are
i.i.d. N(O, 1) and if Bpxp = (bjl ) is symmetric, then

p

P LajZj + Lbj,ZjZ, ~ c = P(aTZ + ZTBZ = c) ~ 0
j"" 1 j,l

unless a ~ 0, B = 0, c = 0. Next recall (Appendix B.6) that since Y ~ Np(l', E), then
y = SZ for some nonsingular p x p matrix S.

30. Show that if Xl,'" ,Xn are d.d. N p (8,Eo) given (J where ~o is known, then the
Np(A, f) family is conjugate to N p(8, Eo), where A varies freely in RP and f ranges over
all p x p symmetric positive definite matrices.

31. Conjugate Normal Mixture Distributions. A Hierarchical Bayesian Normal Model. Let
{(I'j, Tj) : 1 < j < k} be a given collection of pairs with I'j E R, Tj > 0. Let (tt, tT)
be a random pair with Aj = P«(I', tT) = (I'j, Tj)), 0 < Aj < 1, L:~~l Aj = 1. Let 8
be a random variable whose conditional distribution given (IL, IT) = (p,j 1 Tj) is nonnal,
N(p,j, rJ). Consider the model X = 8 + f, where 8 and € are independent and € rv

N(O, a3), a~ known. Note that 8 has the prior density

I

k

11'(0) = L Aj'l'rj (0 - I'j)
j=l

(1.7.4)

i!
""

,;

"•,

where 'I'r denotes the N(O, T 2 ) density. Also note that (X I 0) has the N(O, (75) distribu
tion.

(a) Find the posterior

k

11'(0 Ix) = LP((tt,tT) ~ (l'j,Tj) I X)1I'(O I (l'j,Tj),X)
j=1

and write it in the fonn

k

L Aj (x)'I'rj(x) (0 -l'j(X»
j=1



(i) poo = PII = p, so that, PlO = Pal = 1 - p.

(ii) PIX, = OJ = PIX, = IJ = !.
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(J .7.5)

Cov,(1jJ(X), X)

~E{(X - X')i1jJ(X) -1jJ(X')]}

k

".(0) = L Aj"'(O, cJ' sJ)'
j=1

k

".(0 Ix) = LP(R= cj,S = 8j I x)7r(O I (rj,sj),x)
j=l

Find the posterior

where X and X' are independent identically distributed as X (see A.Il.12).

34. Let (Xl, ... , X n ) be a stationary Markov chain with two states Dand 1. That is.

and show that it can be written in the form L:AJ (x)7r(O,rj(x),sj(x)) for appropriate
Aj(X), Cj(x) and 8j(X). This shows that (1.7.5) defines a class of conjugate prior.; for
the B(n, 0) distribution.

33. Let p(x,TJ) be a one parameter canonical exponential family generated by T(x) = x
and h(x), X E X C R, and let 1jJ(x) be a nonconstant, nondecreasing function. Show that
E,1jJ(X) is strictly increasing in ry.

Hint:

Section 1.7 Problems ;3nd Complements

P[Xi = Ei I Xl = EI,·· .,Xi - l = Ei-d = P[Xi = Ci IX i - l = Ei-d = PEi_1Ei

where (POO pal) is the matrix of transition probabilities. Suppose further that
PIO Pn '

for appropriate A) (x), Tj (x) and ILJ (x). This shows that (1.7.4) defines a conjugate prior
for the N(O, (76), distribution.

(b) Let Xi = e + Ei, I < i < n, where e is as previously and EI," ., En are ij.d.
N(O, (76)' Find the posterior 7r(0 IXl, ... , x n ), and show that it belongs to class (1.7 A).

Hint: Consider the sufficient statistic for p(x IB).

32. A Hierarchical Binomial-Beta Model. Let {(rj, Sj) : 1 <j < k} be a given collection
of pair.; with rj > 0, sJ > 0, let (R, S) be a random pair with P(R = cJ' S = 8j) = Aj,

D < Aj < 1, E7=1 Aj = 1, and let e be a random variable whose conditional density
".(0, c, s) given R = r, S = S is beta, (3(c, s). Consider the model in which (X I 0) has
the binomial, B(n, fJ), distribution. Note that e has the prior density
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(a) Show that if 0 < p < 1 is unknown this is a full rank, one-parameter exponential
family with T = NOD + N ll where Nt) the number of transitions from i to j. For
example, 01011 has N Ol = 2, Nil = 1, N oo = 0, N IO ~ 1.

(b) Show that E(T) = (n - l)p (by the method of indicators or otherwise).

35. A Conjugate Priorfor the Two~Sample Problem. Suppose that Xl, ... , X n and Y1 , ... ,

Yn are independent N(fLI' (12) and N(1-l2' ( 2
) samples, respectively. Consider the prior 7r

for which for some r > 0, k > 0, ro- 2 has a X~ distribution and given 0 2 , /11 and fL2

are independent with N(~I, <7
2/ kt} and N(6, <72/ k2) distributions, respectively, where

~j E R, kj > 0, j = 1,2. Show that Jr is a conjugate prior.

36. The inverse Gaussian density. IG(j..t, .\), is

f(x,J1.,>') = [>./21Tjl/2x-3/2 exp{->.(x - J1.)2/ 2J1.2 X}, x> 0, J1. > 0, >. > O.

(a) Show thatthis is an exponentialfamily generated hy T(X) = -! (X, X-I) T and
h(x) = (21T)-1/2 X-3/'.

(b) Show that the canonical parameters TJl, TJ2 are given by TJI = fL- 2A, 1]2 = '\, and
that A( 'II, '12) = - [! [Og('I2) + v''I1'I2]'£ = [0,00) x (0,00).

(e) Fwd the moment-generating function ofT and show that E(X) = J1., Var(X)
J1.- 3>., E(X-I) = J1.- 1 + >.-1, Var(X- I ) = (>'J1.)-1 + 2>'-2.

(d) Suppose J1. ~ J1.o is known. Show that the gamma family, qa,,6), is a conjugate
pnor.

(e) Suppose that>' = >'0 is known. Show that the conjngate prior formula (1.6.20)
produces a function that is not integrable with respect to fl. That is, n defined in (1.6.19)
is empty.

(I) Suppose that J1. and>. are both unknown. Show that (1.6.20) produces a function
that is not integrable; that is, f! defined in (1.6,19) is empty.

37, Let XI, ... , X n be i.i.d. as X ~ Np(O, ~o) where ~o is known. Show that the
conjugate prior generated by (1.6.20) is the Np (1]0,761) family, where 1]0 varies freely in
RP, 76 > 0 and I is the p x p identity matrix.

38. Let Xi = (Zi, Yi)T be jj,d. as X = (Z, Y)T, 1 < i < n, where X has the density
of Example 1.6.3. Write the density of XI, ... ,Xn as a canonical exponential family and
identify T, h, A, and E. Find the expected value and variance of the sufficient statistic.

39. Suppose that Y1 , •.. 1 Yn are independent, Yi '"'-' N(fLi, a 2 ), n > 4.

(a) Write the distribution of Y1 , ..• ,Yn in canonical exponential family fonn. Identify
T, h, 1), A, and E.

(b) Next suppose that fLi depends on the value Zi of some covariate and consider the
submodel defined by the map 1) : (01, O2 , 03)T ~ (1'7, <7

2 jT where 1) is detennined by

fLi = exp{OI + 02Zi}, Zl < Z2 < .. , < Zn; (72 = 0 3

---- ---------------------

I



Notes for Section 1,3

Notes for Section 1,6

1.8 NOTES

95Section 1.8 Notes

~

(I) More natural in the sense of measuring the Euclidean distance between the estimate f}
~

and the "truth" e. Squared error gives much more weight to those e that are far away from
f} than those close to f}.

(2) We define the lower boundary of a convex set simply to be the set of all boundary points
r such that the set lies completely on or above any tangent to the set at r.

Note for Section 1.1

(1) For the measure theoretically minded we can assume more generally that the Po are
all dominated by a (J finite measure It and that p(x, 8) denotes dJ;lI, the Radon Nikodym
derivative.

fLi = CXp{ 01+ (hZi}, i = 1, ... , n

where not all the z's are equal. Show that p(y, fi) as given by (1.6.12) is a curved expo
nential family model with 1 = 2.

40. Suppose Y1 , • •. , y;'l are independent exponentially, E' (Ai), distributed survival times,
n > 3.

(a) Write the distribution of Y1 , ... 1 Yn in canonical exponential family form. Identify
T, h, '1, A, and E.

(b) Recall that J.1i = E (Y'i) = Ai I. Suppose lJi depends on the value Zi of a covariate.
Because Iti > O. fLi is sometimes modeled as

where 8r E R, O2 E R, 03 > O. This model is sometimes used when IIi is restricted to be
positive. Show that p(y, 0) as given by (1.6.12) is a curved exponential family model with
1=3.

Note for Section 1,4

(I) Source; Hodges, Jr., J. L., D. Keetch, and R. S. Crutchfield. Statlab: An Empirical
Introduction to Statistics. New York: McGraw-Hill, 1975.

(1) Exponential families arose much earlier in the work of Boltzmann in statistical mechan
ics as laws for the distribution of the states of systems of particles-see Feynman (1963),
for instance. The connection is through the concept of entropy, which also plays a key role
in infonnation theory-see Cover and Thomas (199]).

(2) The restriction that's x E Rq and that these families be discrete or continuous is artifi
cial. In general if fL is a (J finite measure on the sample space X. p(x, e) as given by (1.6.1)
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can be taken to be the density of X with respect to fL-see Lehmann (1997), for instance.
This permits consideration of data such as images, positions, and spheres (e.g., the Earth),
and so on.

Note for Section 1.7

(I) uT Mu > 0 for all p x 1 vectors u l' o.
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