Practice Midterm

1. Suppose that f is continuous and 27-periodic. Is it true that

2

lim |Snf(z) — f(x)|dz =07

N—oo 0

Explain your answer.

2. Let gy be the 2m-periodic function defined on [—m, 7] by setting gy (z) = 7N
if |z| < 1/N and gy(z) = 1/N if 1/N < |z| < 7. Suppose that f is a C° and
2m-periodic function. Prove from first principles that limy_,o f * gn(0) = £(0).

“Prove from first principles” means that you cannot cite the good kernel theorem,
but you can imitate the proof of the good kernel theorem.

3. This problem is about the partial differential equation dyu(z,t) = d3u(x,t)
(where z € R).

a.) Consider the initial value problem dyu(x,t) = O2u(x,t), with initial data
u(z,0) = f(z), where f is a Schwartz function. Give a formula for the solution
u(z,t) in terms of f. You don’t need to give a full proof that the formula holds.

b.) Using the formula from part a.), prove the following estimate. Suppose that

° fR |f(x)|dx <1,
° fR |82 x)|dx < 1.
Prove that |u(z,t)| < 100 for all z € R and all ¢ > 0.
Hint: Use the information about f to control f , and then use what you prove

about f to control u.

4. Suppose that g(z) = 1 + cosz. In this problem, we consider what happens
when we convolve g with itself many times. Here we use convolution in the setting
of periodic functions, so

fux fole) /f1 ) ol — 9)dy.

Let go := g * g. Let gpr1 := g * gp. FlncAi limyo gk(lA).
Hint: Recall that if f3 = f1 * fo, then f3(n) = fi(n)f2(n).

5. Suppose that f is C? and 2m-periodic. Suppose that f |f/(x)|?> = 1. Prove
that Sy f(z) — f(z)| < 10N-1/2.



