SANDPILE GROUPS AND SPANNING TREES OF
DIRECTED LINE GRAPHS

LIONEL LEVINE

ABSTRACT. We generalize a theorem of Knuth relating the ori-
ented spanning trees of a directed graph G and its directed line
graph L£G. The sandpile group is an abelian group associated to
a directed graph, whose order is the number of oriented spanning
trees rooted at a fixed vertex. In the case when G is regular of
degree k, we show that the sandpile group of G is isomorphic to
the quotient of the sandpile group of LG by its k-torsion subgroup.
As a corollary we compute the sandpile groups of two families of
graphs widely studied in computer science, the de Bruijn graphs
and Kautz graphs.

1. INTRODUCTION

Let G = (V, E) be a finite directed graph, which may have loops and
multiple edges. Each edge e € E is directed from its source vertex s(e)
to its target vertex t(e). The directed line graph LG = (E, Es) has as
vertices the edges of (G, and as edges the set

Ey ={(e1,e2) € E X E|s(e2) =t(e1)}.

For example, if G has just one vertex and n loops, then LG is the
complete directed graph on n vertices. If G has two vertices and no
loops, then LG is a bidirected complete bipartite graph.

An oriented spanning tree of G is a subgraph containing all of the ver-
tices of GG, having no directed cycles, in which one vertex, the root, has
outdegree 0, and every other vertex has outdegree 1. The number k(G)
of oriented spanning trees of GG is sometimes called the complexity of G.

Our first result relates the numbers x(LG) and x(G). Let {z.}ecr
and {z, },ey be indeterminates, and consider the polynomials
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Kk edge (G,x) Zer

T eeT

l{vertez G X E : | | l,t

T eeT

The sums are over all oriented spanning trees T of G.
Write

indeg(v) = #{e € E|t(e) = v}
outdeg(v) = #{e € E|s(e) = v}
for the indegree and outdegree of vertex v in G. We say that v is a

source if indeg(v) = 0.

Theorem 1.1. Let G = (V,E) be a finite directed graph with no
sources. Then

indeg(v)—1

et (£, x) = kG x) T [ Y e SGY

veV \s(e)=v

Note that since the vertex set of LG coincides with the edge set of G,
both sides of (1) are polynomials in the same set of variables {x,}ccp.
Setting all x, = 1 yields the product formula

K(LG) = k(G) H outdeg(v)ndesv)—1 (2)
veV
due in a slightly different form to Knuth [I1]. Special cases of (2)

include Cayley’s formula n"~! for the number of rooted spanning trees
of the complete graph K,,, as well as the formula (m +n)m" 'n™"! for
the number of rooted spanning trees of the complete bipartite graph
K, . These are respectively the cases that G has just one vertex
with n loops, or G has just two vertices a and b with m edges directed
from a to b and n edges directed from b to a.

Suppose now that G is strongly connected, that is, for any v, w € V
there are directed paths in G from v to w and from w to v. Then
associated to any vertex v, of G is an abelian group K(G,wv,), the
sandpile group, whose order is the number of oriented spanning trees
of G rooted at v,. Its definition and basic properties are reviewed in
section 3. Other common names for this group are the critical group,
Picard group, Jacobian, and group of components. In the case when G
is Fulerian (that is, indeg(v) = outdeg(v) for all vertices v) the groups
K(G,v,) and K(G,v.) are isomorphic for any v,, v, € V, and we often
denote the sandpile group just by K(G).
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When G is Eulerian, we show that there is a natural map from the
sandpile group of LG to the sandpile group of GG, descending from the
Z-linear map

¢6:2F -7V
which sends e — t(e).

Let k be a positive integer. We say that G is balanced k-regular if

indeg(v) = outdeg(v) = k for every vertex v.

Theorem 1.2. Let G = (V, E) be a strongly connected Eulerian di-
rected graph, fix e, € E and let v, = t(e.). The map ¢ descends to a
surjective group homomorphism

¢ K(LG,e,) — K(G,v,).

Moreover, if G is balanced k-regular, then ker(¢) is the k-torsion sub-
group of K(LG,e.).

This result extends to directed graphs some of the recent work of
Berget, Manion, Maxwell, Potechin and Reiner [!] on undirected line
graphs. If G = (V, E) is an undirected graph, the (undirected) line
graph line(G) of G has vertex set E and edge set

{{e,e'} e, € E, ene #(}.

The results of [1] relate the sandpile groups of G and line(G). The
undirected case is considerably more subtle, because although there is
still a natural map K(line G) — K(G) when G is regular, this map
may fail to be surjective.

A particularly interesting family directed line graphs are the de Bruijn
graphs DB, defined recursively by

DB, = L(DB,_,), n>1,

where DBy is the graph with just one vertex and two loops. The 2"
vertices of D B,, can be identified with binary words b; . .. b,, of length n;
two such sequences b and ' are joined by a directed edge (b,V') if and
only if b, = b;; foralli=1,...,n— 1.

Using Theorem 1.2, we obtain the full structure of the sandpile
groups of the de Bruijn graphs.
Theorem 1.3.

n—1

K(DB,) =P (z/2z7)""".

J=1

Closely related to the de Bruijn graphs are the Kautz graphs, defined
by

Kautz; = ({1,2,3},{(1,2), (1,3),(2,1),(2,3),(3,1),(3,2)})
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and
Kautz, = L(Kautz,_1), n > 2.

The Kautz graphs are useful in network design because they have close
to the maximum possible number of vertices given their diameter and
degree [3] and because they contain many short vertex-disjoint paths
between any pair of vertices [6]. The following result gives the sandpile
group of Kautz,.

Theorem 1.4.
n—2 4
K (Kautz,) = (2/32) & (22" 2)* & @) (2/2 2>
j=1

The remainder of the paper is organized as follows. In section 2,
we prove Theorem 1.1 and state a variant enumerating spanning trees
with a fixed root. Section 3 begins by defining the sandpile group,
and moves on from there to the proof of Theorem 1.2. In section 4 we
enumerate spanning trees of iterated line digraphs. Huaxiao, Fuji and
Qiongxiang [10] prove that for a balanced k-regular directed graph G
on IV vertices,

K(L"G) = K(G)EF" DN,

Theorem 4.1 generalizes this formula to an arbitrary directed graph G
having no sources. This section also contains the proofs of Theorems 1.3
and 1.4. Lastly, in section 5 we pose two questions for future study.

2. SPANNING TREES

Let G = (V, E) be a finite directed graph, loops and multiple edges
allowed. We denote its vertices by v, w, ... and edges by e, f,.... Each
edge e € E is directed from its source s(e) to its target t(e). In this
section we prove Theorem 1.1 relating the spanning trees of G and LG,
and discuss some interesting special cases.

If k is a field, we write k¥ and k¥ for the k-vector spaces with bases
indexed by V and E respectively. We think of the elements of k" or k¥
as formal k-linear combinations of vertices or of edges.

Consider the field of rational functions Q(x) = Q((z¢)ecr, (T4)vev)-
The edge-weighted Laplacian and vertex-weighted Laplacian of G are
the linear transformations

Aedge7 Ave’rtea: . Q(X)V N Q(X)V
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sending
A (0) = ) we(t(e) = v);
s(e)=v

AT () = Y aye (He) — ).
s(e)=v

The sums are over all edges e € F such that s(e) = v.
We will use the following form of the matrix-tree theorem for directed
graphs. Here [t] p(t) denotes the coefficient of ¢ in the polynomial p(t).

Theorem 2.1 (Matrix-Tree Theorem).
Iiedge<G’ X) = [t] det(t Id — Aedge).
ﬁverteﬂﬂ(G, X) = [t] det(t Id — Avertex>'

For a proof, see for example [1, Theorem 2] for the vertex weighted-
version, and [3] for the edge-weighted version.

Proof of Theorem 1.1. Consider the V' x F matrix
A — 1, v=t(e)
0, else.
and the £ x V matrix

B = { v= (0

0, else.

Let A be the edge-weighted Laplacian of G, and let A* be the vertex-
weighted Laplacian of £LG. Then

A=AB—-D
and
A* = BA - D*
where D and D* are the diagonal matrices with diagonal entries

D,, = Z xy, veV
s(f)=v

Dfe = Z xy, ec E.
s(f)=t(e)

Since AD* = DA, we have
AA* = A(BA— D*) = ABA— DA = (AB - D)A=AA. (3)

and
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In particular, A*(ker(A)) C ker(A), so the vector space decomposition
Q(x)” = ker(A) @ ker(A)*

exhibits A in block triangular form. Hence the characteristic polyno-
mial x(t) of A factors as

X(t) = x1(t)xa(t)
where y; and yo are respectively the characteristic polynomials of
A" |ier(ay and A* |ker(A)L -

Since G has no sources, A has full rank, so AA” is invertible. Hence
the restriction Alye ()L is an isomorphism of ker(A)+ = Im(AT) onto
Q(x)Y. By (3) it follows that A|y(4)r and A have the same charac-
teristic polynomial

X2(t) = det(t - 1d — A).
Since the rows of A sum to zero, x2(f) has no constant term. By the
matrix-tree theorem,

RUTT(LG, %) = [tx () = x1(0) - [t]x2(t)
= det (—Al:’ker(A)) : Kedge(G’ X).
It remains to find the determinant of —A£|ker( 4). For each vertex

v € V, fix an edge eg(v) with t(eg(v)) = v. Then a basis for ker(A) is
given by the vectors

a. = e —ey(v), veV, eelE, tle)=v, e#ey(v).
Since
Afa, = — Z zr | Qe
s(f)=t(e)

the vectors a, form an eigenbasis for A£|ker( 4)- As each eigenvalue
- ZS( )=y Tf OCCULS with multiplicity indeg(v) — 1, we conclude that

indeg(v)—1

det (_Aqker(A)) = H Z Xy . O

veV \ s(f)=v

We remark that the idea of using the incidence matrices A and B to
relate the adjacency matrices of G and LG has appeared before. See,
for example, Yan and Zhang [18, Proposition 1.4], who in turn cite Lin
and Zhang [12] and Liu [13].
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Theorem 1.1 enumerates all oriented spanning trees of LG, while in
many applications one wants to enumerate spanning trees with a fixed
root. Given a vertex v, € V, let

K9G, vy, X) = Z er

root(T)=v. e€T

Hvertex(G’ Vs, X) — Z H wt(e)-

root(T)=vs« e€T
The following variant of Theorem 1.1 enumerates spanning trees of LG
with a fixed root e, in terms of spanning trees of G with root w, = s(e.).

Theorem 2.2. Let G = (V, E) be a finite directed graph, and let e, =
(wy,vs) be an edge of G. If indeg(v) > 1 for all vertices v € V', and
indeg(v,) > 2, then

and

indeg(vs)—2

Hverte:lc(‘CGY7 Cx, X) = /q,edge(G’ Wy, X) Te, Z Te X
s(e)=vx
indeg(v)—1
il
v£v« \ s(e)=v

The proof is analogous to that of Theorem 1.1, except that it uses
reduced incidence matrices

Ag : Q(x)P et — Q(x)V
and
By : Q(x)” — Q(x)F{et,

Setting all x, = 1 in Theorem 2.2 yields the enumeration
K(G,wy)
m(G) (4)

outdeg(v.)
where k(G,w,) is the number of oriented spanning trees of G rooted
at w,, and

K(LG,e,) =

(G) = H outdeg(v)ndee®) -1
veV
It is interesting to compare this formula to the theorem of Knuth [11],
which in our notation reads

1

K(LG e.) = | k(G ) — outdeg(v,)

t(e)=v«
eFex
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To see directly why the right sides of (4) and (5) are equal, we define
a unicycle to be a spanning subgraph of G which contains a unique
directed cycle, and in which every vertex has outdegree 1. If vertex v,
is on the unique cycle of a unicycle U, we say that U goes through v,.

Lemma 2.3.

edge G Ve, X Z T, = Z 56d96<G,8(e>7X) Te.

s(e)=vx t(e)=vx

Proof. Removing e gives a bijection from unicycles containing a fixed
edge e to spanning trees rooted at s(e). If U is a unicycle through v,
then the cycle of U contains a unique edge e with s(e) = v, and a
unique edge ¢’ with ¢(¢’) = v,, so both sides are equal to

2 1=

U ecU

where the sum is over all unicycles U through wv,. U

Setting all x. = 1 in Lemma 2.3 yields

outdeg(v,)k(G,vy) = Z k(G, s(e)).

t(e)=vx

Hence the factor appearing in front of 7(G) in Knuth’s formula (5) is
equal to k(G,w,)/outdeg(vy).

We conclude this section by discussing some interesting examples
and special cases of Theorem 1.1.

e Deletion and contraction. Fix e € F and set ; = 1 for all
f # e. The coefficient of z¢ in k""***(LG,x) then counts the
number of oriented spanning trees 7' of LG with indeg;(e) = £.
If v = s(e) has indegree k and outdegree m, then this coefficient
is given by

[T outdegtut=e= (71 ) w6\ e)om = 1

b
4 ( i ) K(G/e)(m — 1)H> |

Here G \ e and G/e are respectively the graphs resulting from
deleting and contracting the edge e. (There is more than one
sensible way to define contraction for directed graphs. By G/e
we mean the graph obtained from G by first deleting all edges f
with s(f) = s(e), and then identifying the vertices s(e) and t(e).)
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e Complete graph. Taking G to be the graph with one vertex
and n loops, so that LG is the complete directed graph K, on
n vertices, we obtain the classical formula

ﬁ”eTtex([?n) =(x14+...+ xn)"_l.

For a generalization to forests, see [17, Theorem 5.3.4]. Note

that oriented spanning trees of K, are in bijection with rooted
spanning trees of the complete undirected graph K,,, by forget-
ting orientation.

e Complete bipartite graph. Taking GG to have two vertices, a
and b, with m edges directed from a to b and n edges directed
from b to a, we obtain
KU (Kon) = (@1 + o 20) " o+ )™

(4. Tt Yn)
where l?m’n = LG is the bidirected complete bipartite graph
on m + n vertices. The variables xy,...,x,, correspond to ver-
tices in the first part, and yy,...,y, correspond to vertices in
the second part. As with the complete graph, oriented span-
ning trees of K,,, are in bijection with rooted spanning trees

of the undirected complete bipartite graph K, , by forgetting
orientation.

e De Bruijn graphs. The spanning tree enumerators for the
first few de Bruijn graphs are

KU (DBy) = xg + 1;
Hverter(DB2> — (xOO + x()l)(xlo -+ xll)(ZEol + ZL'IO);

vertex
K (DBs) = (2000 + Zoo1)(Zo1o + To11)(T100 + T101)(T110 + T111) X
X <$0115E110I100 + Z0102110T100 + L110T101Z001 + Z110ZL100T001 +

+ Z100Z001Z011 + L101L001L011 T L001L010L110 T Iooﬂonl‘no)-

3. SANDPILE GROUPS

Let G = (V, E) be a strongly connected finite directed graph, loops
and multiple edges allowed. Consider the free abelian group Z" gen-
erated by the vertices of G; we think of its elements as formal linear
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combinations of vertices with integer coefficients. For v € V' let

Ay= > (te)—v) ez
s(e)=v
where the sum is over all edges e € E such that s(e) = v. Fixing
a vertex v, € V, let Ly be the subgroup of Z" generated by v, and
{A, }oto.. The sandpile group K (G, v,) is defined as the quotient group

K(G,v,) =7"/Ly.

The V x V integer matrix whose column vectors are {A, },ecv is called
the Laplacian of G. Its principal minor omitting the row and column
corresponding to v, counts the number k(G,v,) of oriented spanning
trees of G rooted at v,. (This is an alternate form of the matrix-tree
theorem, [17, Theorem 5.6.4].) Since this minor is also the index of Ly
in ZV, we have

#K(G,v,) = k(G,v,).
Recall that G is Fulerian if indeg(v) = outdeg(v) for every vertex wv.
If G is Eulerian, then the groups K (G, v.) and K(G,v.,) are isomorphic
for any vertices v, and v, [9, Lemma 4.12]. In this case we usually
denote the sandpile group just by K(G).

The sandpile group arose independently in several fields, including
arithmetic geometry [14, 15], statistical physics [5] and algebraic combi-
natorics [2]. Often it is defined for an undirected graph G; to translate
this definition into the present setting of directed graphs, replace each
undirected edge by a pair of directed edges oriented in opposite di-
rections. Sandpiles on directed graphs were first studied in [16]. For
a survey of the basic properties of sandpile groups of directed graphs
and their proofs, see [9].

The goal of this section is to relate the sandpile groups of an Eulerian
graph G and its directed line graph £G. To that end, let Z¥ be the
free abelian group generated by the edges of G. For e € F let

A, = Z (f —e) € Z".
s(f)=t(e)
Fix an edge e, € F, and let v, = t(e,). Let Ly C Z¥ be the subgroup
generated by e, and {A.}eze,. Then the sandpile group associated
to LG and e, is
K(LG,e,) =77/ Lg.

Note that LG may not be Eulerian even when G is Eulerian.

We will work with maps ¢ and v relating the sandpile groups of G
and LG. These maps are analogous to the incidence matrices A and B
from section 2, except that now we work over Z instead of the field Q(x).
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Lemma 3.1. Let ¢ : Z¥ — 7V be the Z-linear map sending e — t(e).
If G is FEulerian, then ¢ descends to a surjective group homomorphism

¢ K(LG,e,) — K(G,v,).

Proof. To show that ¢ descends, it suffices to show that ¢(Lg) C Ly.
For any e € E, we have

B(A) = > (Hf) —tle) = Aue).
s(h=t(e)

The right side lies in Ly by definition if ¢(e) # v.. Moreover, since G
is Eulerian,

Z A, = Z(t(e) —s(e)) = Z(indeg(v) — outdeg(v))v = 0,

veV eclk veV

so A,, = — Zv#v* A, also lies in Ly. Finally, ¢(e,) = v, € Ly, and
hence ¢(Lg) C Ly.

Since G is strongly connected, every vertex has at least one incoming
edge, so ¢ is surjective, and hence ¢ is surjective. 0

Let k be a positive integer. We say that G is balanced k-reqular if
indeg(v) = outdeg(v) = k for every vertex v. Note that any balanced
k-regular graph is Eulerian; and if G is balanced k-regular, then its
directed line graph LG is also balanced k-regular. In particular, this

implies
a0
so that A,, € Lg.
Now consider the Z-linear map
V.7V - 7F
sending v +— Zs(e):v e. For a group T, write kI" = {kg|g € T'}.

Lemma 3.2. If G is balanced k-regular, then 1 descends to a group
1somorphism

Y K(G) =S kK(LG).
Proof. We have

Y(ve) = Ae, + ke, € Lg
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and for any vertex v € V,
= Z U(t(e)) — k(v)

(e)=v

=Z 2, Ik

s(e)=v s(f)=t(e) s(g)=v

S NE

s(e)=v \s(f)=t(e)
YA
s(e)=v

Since LG is Eulerian, the right side lies in Lg. Hence ¢(Ly) C Lg,
and 1 descends to a group homomorphism

Y K(G) — K(LG).
If v is any vertex of G, and e is any edge with ¢(e) = v, then
Y(v) = ke + A,

so the image of ¢ is k K(LG).

To complete the proof it suffices to show that v ~'(Lg) C Ly, so
that 1 is injective. If k = 1 then K(G) is the trivial group, so there
is nothing to prove. Assume now that k > 2. Given n € ZY with

(n) € Lg, write
= Z beAe + biey

eclE
for some coefficients b,, b, € Z. Then

—bee. =3 b | Y. f—ke
s(f)=t(e)

ecE

=> Z be | =) kbee

feE \t(e)=s(f) eckE
s[5 wem
feE \t(e)=s(f)

Now writing n = >
coefficients of f gives

kb = Z be —aspy,  f# e (6)
t(e)=s(f)

vey @V, so that ¥(n) = > icpaspf, equating



SANDPILE GROUPS AND SPANNING TREES 13

Note that the right side depends only on s(f). For v € V| let
1 1
F(U):Et(; be—E(lv.

Then by = F(s(f)) for all edges f # e.. Since k > 2, for any v € V
there exists an edge f # e, with s(f) = v. Moreover if v # v, and
t(e) = v, then e # e,. From (6) we obtain

ay, = Z be — kby = Z F(s(e)) — kF(v), v # v,
t(e)=v t(e)=v

Hence
N — Gy, Ve = Z a,v = Z F(s(e))t(e) — Z kEF(v)v
VAV eEE, t(e)#v« VAV
=> F(v) > tle)—kv | +EF(v)v,
veV s(e)=v, t(e)Fv«
=Y F)A,+ [ kF(v,) = > F(s(e)) | v..
veV t(e)=vx
The right side lies in Ly, so n € Ly, completing the proof. O

Proof of Theorem 1.2. If G is Eulerian, then ¢ descends to a surjective
homomorphism of sandpile groups by Lemma 3.1. If G is balanced
k-regular, then 1 is injective by Lemma 3.2, so

ker(¢) = ker(1) o ¢).
Moreover for any edge e € F
(Wod)e)= >  f=ke+A.
s(f)=t(e)

Hence 9 o ¢ is multiplication by k, and ker(¢) is the k-torsion subgroup
of K(LG). O

4. ITERATED LINE GRAPHS

Let G = (V, E) be a finite directed graph, loops and multiple edges
allowed. The iterated line digraph L"G = (E,, E,.1) has as vertices
the set

E,={(e1,...,en) € E"|s(eip1) =t(e;), i=1,...,n—1}
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of directed paths of n edges in G. The edge set of LG is F, .1, and
the incidence is defined by

s(er, . eny1) = (€1, .-, €n);

t(el, ce >€n+1) = (62, c. 7€n+1)-
(We also set Fy = V, and L°G = G.) For example, the de Bruijn
graph DB, is L"(DBy), where DBy is the graph with one vertex and
two loops.

Our next result relates the number of spanning trees of G and £L"G.
Given a vertex v € V, let

p(n,v) = #{(e1,...,e,) € E,|t(e,) = v}
be the number of directed paths of n edges in G ending at vertex v.

Theorem 4.1. Let G = (V,E) be a finite directed graph with no
sources. Then

K(L"G) = k(G) H outdeg(v)P"¥) 7L,

veV

Proof. For any j > 0, by Theorem 1.1 applied to £/G with all edge
weights 1,

i(ﬁé—?;c);) = H outdeg(t(e;))ndesslen) -1
(e1,...,ej)EE;
_ H outdeg(v)p(j“v”)*p(j’“).
veV
Taking the product over j =0,...,n — 1 yields the result. U

When G is balanced k-regular, we have p(n,v) = k™ for all vertices v,
so we obtain as a special case of Theorem 4.1 the result of Huaxiao,
Fuji and Qiongxiang [10, Theorem 1]

K(L"G) = k(G)EF"~D#V
In particular, taking G = DBy yields the classical formula
k(DB,) =2*"1.
Since DB, is Eulerian, the number x(DB,,v,) of oriented spanning
trees rooted at v, does not depend on v,, so
k(DBp,v,) =2 "k(DB,) =2*""""1. (7)

This familiar number counts de Bruijn sequences of order n+1 (Euler-
ian tours of DB,) up to cyclic equivalence. De Bruijn sequences are
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in bijection with oriented spanning trees of DB, rooted at a fixed ver-
tex v,; for more on the connection between spanning trees and Eulerian
tours, see [7] and [17, section 5.6].

Perhaps less familiar is the situation when G is not regular. As an
example, consider the graph

G = ({0,1},{(0,0),(0,1),(1,0)}).
The vertices of its iterated line graph £"G are binary words of length
n + 1 containing no two consecutive 1’s. The number of such words
is the Fibonacci number F),,3, and the number of words ending in 0
is F},12. By Theorem 4.1, the number of oriented spanning trees of L"G
is
K(L'G) = 2 - 27O~ — 9Fnsz

Next we turn to the proofs of Theorems 1.3 and 1.4. If ¢ and b
are positive integers, we write Z{ for the group (Z/0Z) & ... ® (Z/bZ)
with @ summands.

Proof of Theorem 1.3. Induct on n. From (7) we have

#K(DB,) =2*"""1!

hence
K(DB,) =73 ®Z? L3S ... Zyn
for some nonnegative integers m and aq, ..., a,, satisfying
> jaj=2"-n-—1 (8)
j=1

By Lemma 3.2 and the inductive hypothesis,
1y ®Ly ® ... Loy, ~2K(DBy)
~ K(DB,_1)
~72 7O ® D Lo,
hence m =n — 1 and

2n—4

n—3
CL2:2 , a3 = ,...,an_lzl.

Solving (8) for a; now yields a; = 2" 2, O

For p prime, by carrying out the same argument on a general bal-
anced p-regular directed graph G on N vertices, we find that

n—1 m
K(ﬁnG) ~ K D @(ij )pnilij(pfl)QN D (an)(pfl)Nfrfl D @(prrj)aj
j=1

j=1
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where
Sylow, (K(G)) = (Z,)" & ... ® (Zyn)*"
K = K(G)/Sylow,(K(G));
r=ai+ ...+ an.

In particular, taking G = Kautz, with p = 2, we have K(G) = K = Zs,
and we arrive at Theorem 1.4.

5. CONCLUDING REMARKS

Theorem 1.2 describes a map from the sandpile group K (LG, e,)
to the group K(G,v,) when G is an Eulerian directed graph and
e. = (wy,v,) is an edge of G. There is also a suggestive numerical
relationship between the orders of the sandpile groups K(LG,e,) and
K (G, w,), which holds even when G is not Eulerian: by equation (4)
we have

k(G w,) | k(LG e.)

whenever G satisfies the hypothesis of Theorem 2.2. This observation
leads us to ask whether K(G,w,) can be expressed as a subgroup or
quotient group of K (LG, e.).

The area of spanning trees, Eulerian tours, and sandpile groups is full
of simple enumerative results with no known bijective proofs. To give
just one example, the number of de Bruijn sequences of order n (Euler-
ian tours of DB,_;) with distinguished starting edge is 22" Richard
Stanley has posed the problem of finding a bijection between ordered
pairs of such sequences and all 22" binary words of length 2". This
problem and a number of others could be solved by giving a bijective
proof of Theorem 1.1.
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