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�A@�BDC7EDF-G*BH����I�J�K7LNM6J<O7MPM6J<QSRTKVUXW
YZQ[M\Q]Y_^�`aMbKdc
n edf ^gUhQ[i<`a^-K7i
O7Y g L(^gM6J

dim Z(g) = n − 2
^�`

jdk*l
H1 ⊕ Abn−3 m<npoZqsr H1 tvuboxwzy|{v}�~[nP{v�T�����j � l b ⊕ Abn−2 m<npoZqsr b tvw�� Ab tvuboxwzy|{v}�~[nP{v�T������P� K*K�c��A� ~[q B = {x1, . . . , xn−2} � ~St � tvuso�ub�6{v� Z(g) � � ~[q a, b ∈ g � ~]us{v}�~��D~���qs{v��uXus����rzqsr�t7q span(B ∪

{a, b}) = g � a, b tV�T~A�xoxw<~�tv�s�x�hoZw���~[�$~[w��<~[w�q|udoxw��[~AqTr<~[��ud��tvw�th�7�\��ox}�~[w�usox{vw�tv�$us� � us��tv�[~v�(�br<~���{D}�}]��q�t7qs{D�
{V� b o�uX�S{vwztVw n − 1 ��oZ}�~�w�udox{vw�tV��us� � us��tv�[~�{v� g � [b, xi] = 0, [b, b] = 0 m<us{�nP~�}]��udqXr�t%�D~ [a, b] 6= 0 m<usoZw��[~
b /∈ Z(g) � � ~�q c = [a, b] � n�~�qTr<~[wzr�t%�D~|q�nP{h�[tvus~�u �jdk*l�� � c ∈ Z(g) m<nP~���tV�x� a = p1 tVw�� b = q1 m<tVw���nP~�ud~�~�qsr�tVq {a, b, c} o�u!����udq H1 �j � l2� qsr<~��snpo�us~vm�np�To qT~ c oZw=qTr<~ � tDudo�u B ∪ {a, b} � c =

∑

zixi + zaa + zbb �¢¡=~¢�9w<{7n£qTr�t7q]tVq]�Z~*tvudq
{vw<~�{V� za, zb o�ubw<{Dw��¥¤�~[�T{��!¡No qTr<{v�<qb�x{DuTub{V�!¦v~�w<~[��tV�xo q��DmD�x~�qbqTr<oxu � ~ za �§�br<~[w�m [c, b] = za[a, b] = zacj usoZw���~ ad b �9oZ�x��u|qTr<~S{Vqsr�~[� � tvusoxuA�v~*�aqT{v��u l ��¨X~[w<{D�s}htV�xox¤[oxw<¦ b := z−1

a b m/n�~�r�t%�v~ [c, b] = c m�ud{ b, c

ud��tVwhqTr<~Aw�{vw��©��{D}S}���qTtVqsox�v~|us� � tv�Z¦D~ � ��t�{v�0��ox}S~�w�usoZ{Dw���� � � us~[�T�v~pqTr�t7q j usoxw���~ za 6= 0
l m B ∪ {b, c}

oxupt � tDudo�uP�6{v� g m�us{SnP~�r�t%�v~Aqsr�~���~�usoZ�T~����T~�us�<� q*�
�

k �XªS«0¬|­9®h«�¯/°²±�«0³�´6µ<¶
�br<~�~�·�~[����o�ud~*ub�6�T{v}¸qsr<~��<�T~[�9oZ{D��upq�nP{¢�x~���qs�<�T~�uAtV�T~]���<~�~[�v~��s�z�0�<~�uT�<t%�v� � ~���qs�<�T~]np�ToZqs~��\�<��uAudr�{v�<��� � ~

r�tvw���~���oxw�npoZqsr�oZwzq�nP{�nP~[~���ub{V�!qsr<~��<tVqs~�{V�0qsr<~��x~���qs�<�T~v�
�<�p¹]­<±<¯/­�º�­<»/¼D½�¼/´6«0»�º

¨p~��<�s~*ud~�w�qTt7qToZ{Dw�u|tv�s~��v~��s�z��us~��6�<�!qT{�{D�xuA�6{D��tvw�tV�x��udoxw<¦¢qTr<~�u�qT�s����qs�<�T~]{v� � ox~�tV�x¦v~ � �TtDu[���br<~[�T~�tV�T~�us{v}�~
qsr�~[{v�T~[}huPqTr�t7qX{Dw<�Z��r�t%�v~��<�T{�{v�-ub��usoZw<¦��T~[�<�T~�us~[w�q�t7qsox{vw�qsr<~�{v�T�vm<tv� qTr<{v�<¦Dr¢qTr<~[���[tVw � ~�u�q�t7qs~*��npo qTr<{v��qXoZq��¾ BD¿&À!F6Á�FÃÂ�À²Ä/�Ã���XÅ � Q©W � Qa`[Q[i�M©O7M¥^-K7i {V�0t � ox~�tV�x¦v~ � �Tt g oZwzt��D~���qs{v�bus��tv�[~ V {7�D~[�Pt�Æ�~��x� F o�u�t�r<{D}S{D}�{v�s�
�<r<o�us} π : g → gl V � � w���tV�sqso����<��tV�*m9qsr�oxub}�~�tvw�uPqsr�t7q π([a, b]) = [π(a), π(b)] �

Ç �XÈXÉ�½0¬|±<³�­�º�A@�Ê<ËÍÌ&Î-B2���Ã���
π(a) = 0 �6{D�XtV�x� a ∈ g �§�br<o�upoxup��tV�x�Z~*�¢qTr<~ M � ^gÏ�^-OVY � Q©W � Q�`[Q�i�M\OVMÃ^-KVi ��A@�Ê<ËÍÌ&Î-B�����Ä��§� ~�q g � ~�tXus� � tv�Z¦D~ � ��tb{V� gl V m7tVw����x~�q π(a) = a �!�br<oxu�oxu!�[tv�Z�x~���qTr<~��<~�Æ�w<oxw<¦ j qTtv��qs{D�Z{D¦vo��[tV�¥m

o���~[w�qsoZq�� l �s~��<�T~�us~[w�qTtVqsox{vw���A@�Ê<ËÍÌ&Î-B2������� �br<~�tv�7��{voxwDqp�T~[�<�T~�us~[w�q�t7qsox{vw�m ad : g → gl g o�up��~�Æ�w<~�� � � ad(a) → (ad a) �
�0{���r�~�����qsr�t7q ad[a, b] = [ad a, ad b] m�n�~�tv�<�<�x�¢o qpqT{ c m<¦v~[qdqToZw<¦

[[a, b], c]
?
= (ada ad b − ad b ada)c = [a, [b, c]] − [b, [a, c]],

npr<o���r�o�u&����udqpqsr�~�ÐDtD��{ � o$o���~�wDqTo q��D�ÒÑ9{�m<qsr<o�up�xoZw<~*tV�b}htV�zo�uboZw��<~[~��ztS�T~[�<�T~�us~[w�qTtVqsox{vw��Ó KVM\Q*� � w�qTr<~�us~��Z~*�aqs���s~�w<{vqs~�u�m � npoZ�x����~�w<{VqT~�qsr<~��[~[w�qs~��P{v� g tDu Z(g) ���Â�C7Â$Î-ÎÃÊ�C%Ô²���Z�0�
ad f QÃÕ§i$Q�`]O7iHQ�UhÖTQ fDf ^gi�×zKdc g/ Z(g)

^gi�M\K
gl g Ø `a^gi
RTQ Ker ad = Z(g)

�
� wz��tV�sqso������xtv��m9oZ� Z(g) = 0 m�nP~�~[} � ~*� g tvupthus� � tV�x¦v~ � ��t]{v� gl g � � q*Ù ubqTr9��upw�tVqs�<��tV�
qT{¢tvus� � ��tVwztV�xnPt%��u

~[} � ~*� g oxw2ud{D}�~ gl V Ú �br�~�tVw�usn�~��boxu j u�q�t7qT~���npo qTr<{v��qX���s{9{V� l ���Û!B9Â�C7B9ËÜ����	���Ý-Þ f K�ß `�à
J<Q�K � Q�UAá�â�i�c�ODR�M Ø O7i�ãPÕ§i�^gM\Q edf ^gUhQ�i�`a^-K7i$OVY�ä&^-Q�O7Y ×DQ*Ö � OhRTOViåÖTQ�Q[UhÖTQ fDf Q f ^gi�`�KVU�Q
glV Ø V

ÕÒi�^gM©Q edf ^gU�Q[i<`a^-K7i
O7YZ� æ
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�br<~��s~�tV�T~�ud{D}S~�¦D~[w<~��Ttv�$nbt%��uP{V�(��{vw�u�qT�s����qsoxw<¦��s~��<�T~�us~[w�qTtVqsox{vw�u��jdk*l � ~[q π : g → gl V � ~ptX�T~[�<�T~�us~[w�qTtVqsox{vw�m%tVw���qsr�~[�T~ U ⊂ V oxu!tVw�oZw9�7tV�To�tVw�q!us� � us��tv�[~vm%o¥� ~D� π(g)U ⊂ U �
�br<~[w�m9qsr<~��T~�udqs�Tox��qsox{vw π|U : U → glU oxuptS�T~[�<�T~�us~[w�qTtVqsox{vw��j � l �0tv�9oZw<¦ U tvu�t � {7�D~vm*n�~P�[tvw��Z{9{v��t7q0qsr<~Põ��<{VqToZ~�wDq&ud��tv��~ V/U tDu�nP~[�x�Ã�!�br<~[w�m π|V/U : g → gl(V/U) �
�br<o�u�nPtv�s��tVw�qTu�us{v}�~�~�·��<��tVw�tVqsox{vw�� π q�tV�D~�u g ∈ g qs{ A ∈ End V � U oxu�oxw9�7tV�ToxtvwDq*m�us{ A ⊂ AU �
�br9��u[m�oZq|�[tvw � ~��9oZ~�n�~*��tDuptVw�{v�$~[��t7qT{v�b{vw V/U � A(v + U) = Av + U �j Ç l �0tv�v~å�=�T~[�<�T~�us~[w�qTtVqsox{vw π1, π2 {v� g oxwN�v~*�aqT{v�¢us��tv�[~�u V1 tVw�� V2 mb�T~�us��~*�aqsox�v~��Z�D�ö�br<~�w�mbn�~2�[tvw
��{Dw�udo���~���qTr<~���ox�s~*�aq|us�<} � �6{v� g ∈ g m (π1 ⊕ π2)(g) = π1(g) ⊕ π2(g) ∈ V1 ⊕ V2 �

÷ �XÈ|»0ø�­<³vùZº�ú�û�­�«0¯/­<¬ü {7nýn�~��<�T{7�v~Aqsr�~�Æ��Tudqpw<{vw<�ÃqT�sox�9oxtv��qTr<~[{D�s~�}þt � {v�<q � ox~�tv�Z¦D~ � ��tvu��&ÿ0ox��u�q*m�tS�s~�}Soxw���~�� �
¾ BD¿&À!F6Á�FÃÂ�À��AÅ wz{v�$~[��t7qs{D� A {vwzt��D~���qs{v�pus��tv�[~�oxupw�oZ�x��{vqs~�wDqXoZ�!qsr<~��s~�~�·�o�u�q�u n > 0 ud����r�qsr�t7q An = 0 �
��Û!B9Â�C7B9ËN�hÝ��Pi�×�Q[Ydß `hà
J<Q�K � Q�UAá]ä�Q[M

g ⊂ glV
Ö�Q�O�`���ÖTOVY ×�Q�Ö � O¢R�K7i�`a^�`�M¥^gi�×�K�cAi�^gY W�K7M©Q�i�M�KTW�Q � O7M©K � `[�pÞ�`�`���U�Q

V
^�`§ÕÒi�^gM©Q edf ^gU�Q[i<`a^-K7i
O7YZ�hà
J<Q[i Ø MgJ�Q � QSQ��v^�`aMÃ`�O v 6= 0

^gi
V
`���R�JzM6J<O7MbQ�Ï7Q � ã

g ∈ g
O7i�i�^ZJ9^gYZOVM\Q�`

v
�

�P� K*K�c�� ¡=~ npox�Z�S�<�T{9�[~[~*� � � oxw�������qsox{vw£{Dw qsr�~ ��ox}�~[w�usoZ{Dw {V� g
j npr<o���r£o�u t us� � us��tD��~ {v�hqsr<~ Æ�w<o qT~��

��ox}�~[w�usoZ{Dw�tV� End V
l �

�br<~ � tDud~��[tDud~�oxu dim V = 1 �(�br<~�w�m g = Fa m�npoZqsr a o�upt]w<ox�x��{vqs~[w�qX{D��~��TtVqs{v�P{vw V �§�!tV�D~ N ud����r�qsr�t7q
aN = 0 m � ��q aN−1 6= 0 �(�br<~�w�m ∃v ud����rhqsr�tVq aN−1v 6= 0 �(yX{7nP~[�D~[�*m a(aN−1v) = 0 m9ud{ v′ = aN−1v oxu�qsr�~
��~*udox�s~*���D~���qs{v�*�Å uTus�<}�~�qsr�tVq�qsr<~hqTr<~[{D�s~�} r<{D�x�<u��6{v�]tv�Z� g {v�b�<oZ}�~[w�udox{vw < n �¢¡=~¢npox�Z�Ò�<�s{7�D~Sqsr�tVq�o q]r�{v���<u��6{v� g {v�
��ox}�~[w�usoZ{Dw n ≥ 2 �
�!tV�v~�t��<�T{v�$~[�Xus� � tv�Z¦D~ � ��t h ⊂ g {V�!qsr�~�}�tV·�oZ}htV����{�ususo � �Z~���ox}�~[w�usoZ{Dw���Ñ9oxw��[~ Fa oxu|tSus� � tv�Z¦D~ � ��t�{V� g �

dim h ≥ 1 ����{vw�uso���~[�|t¢�s~��<�s~*ud~�w�qTt7qToZ{Dw�{v� h ¦vox�v~[w � � π : h → adh, h ∈ h m π tv��qsoxw<¦h{vw g �P�br�~��-tv��qXqsr�tVq
h o�upthud� � tV�x¦v~ � �Tt]}�~�tVw�uPqsr�tVq h oxuXtvw�oxw9�7tV�ToxtvwDqpus� � us��tv�[~�npoZqsrz�T~�us��~*�aqbqs{ π �
�!tV�v~ π′ = adg/h qs{ � ~�qsr<~��T~[�<�T~�us~[w�q�t7qsox{vw�{V� h oZw g/h � � w � ~*�aqs���s~���m�nP~��<�T{7�v~���tS�Z~�}S}ht � o � g ∈ g o�u

w<ox�Z�${VqT~[w�q�m�qsr<~�wåud{�o�u ad g ���br<~��s~[�6{v�T~vm adh m��[{vw�uso���~[�T~���tvuXt � oZ~�tv�Z¦D~ � ��t�{7�v~[� g/h m���{vw�udo�u�q�ub{V�(w<ox�Z�${VqT~[w�q
{v�$~[��t7qT{v��u[�z¡=~��9w<{7n qsr�tVq dim h < dim g m&us{ � �=oZw��<���aqToZ{Dw�m&qsr<~��s~�oxuSt2w<{Dw��¥¤�~[�T{2�v~*�aqs{D� ā ∈ V qsr�tVq�Ù u
tVw�w<oZr�oZ��t7qT~�� � �ztV�x� π(h), h ∈ h � � ~[q a � ~Sud{D}S~]�<�s~�oZ}htv¦v~�{v� ā oxw g �<w��<~[�Aqsr<~�}�tv� g → g/h �A�br<~[w�m$nP~
r�t%�D~ [h, a] ⊂ h � oZwz{VqTr<~[�bnP{v���<u�m h⊕ Fa oxupt�us� � tv�Z¦D~ � ��t�{v� g � � qXo�udw�Ù qp~�õ���tv�$qs{ h m�tVw���ud{�m � ��}�tV·�oZ}htV�xoZq��
{V� h oZqX}]��udq � ~ g �§yX~[w���~vm h }]��udqpr�t%�v~��[{9�<oZ}�~[w�udox{vw k �Å ���<�Z�9oxw<¦2qTr<~�oxw�������qsox�v~�tvuTud�<}���qToZ{DwHqs{ h m(nP~¢¦v~[q�tåw�{vw<¤�~[�T{ v ∈ V us����rHqTr�t7q hv = 0 � �br9��u�m0qTr<~
us� � us��tv�[~ U ⊂ V {v�!tv�Z���D~���qs{v��ubtVw<w�oZr<ox��t7qs~*� � � h oxupw�{vw��\~[}���q��D�

U o�u a �¥oxw9�7tV�ToxtvwDq*�2�0tv�v~ u ∈ U m!qsr<~�w n�~�r�t%�v~hqTr<o�u]~*õD��oZ�7tV�x~[w���~vm a(u) ∈ U ⇔ h(a(u)) = 0∀h ∈ h �� ·���tvw���oxw<¦2qsr�~�us~���{Dw��=�6{v�T}]���xtVqsox{vw�m0n�~¢r�t%�v~ ha(u) = ([h, a] + ah)u � [h, a] ∈ h m§ud{zqTr<~¢Æ���udq�qs~��s} oxu
¤[~��s{ � usox}Sox��tV�T�Z� h(u) = 0 m/ud{ a(h(u)) = 0 ��yX~[w���~vm U o�uAoZw��<~[~�� a �\oZw9�7tV�To�tVw�q��|�br9��u�m
n�~S�[tvw ��{Dw�udo���~��Xqsr�~
�T~�udqs�Tox��qsox{vwå{v� a qs{ U � a o�u�w<ox�Z�${VqT~[w�q�m�us{ ∃u ∈ U us����råqTr�t7q au = 0 m � ��q u 6= 0 ���br<o�u u oxuAqsr�~��<~�usoZ�T~��
�v~*�aqT{v�*� �

� q�Ù uPw�t7qT�<��tV�$qs{htvus� � ¡Nr�t7qpo � g o�uptSud� � ud��tD��~Dm � ��qpw<{VqXtSud� � tV�x¦v~ � �Tt Ú
	 {9~�u�qsr�~AqTr<~[{D�s~�} u�qToZ�x�/r<{D�x� Ú � q
qs���sw�ub{D��qpqsr�t7qpqsr�~�tVw�usn�~��boxubw<{��§�br<~��6{v�x�Z{7npoxw<¦�~�·�~��T�[oxus~A���s{7�9o���~�ubt���{D�<w�qs~[�T~�·<tv}S���Z~D�
�A@�BDC7EDF-G*BÍÄ����Ò^gi f O�
 edf ^gUhQ�i�`a^-K7i$OVY(`���Öa`¥W�OvR�Q S

K�c
3 × 3

UhO7M � ^-RTQ�`�M6J<OVMAR�K7i�`�^�`aMÃ`�Kdc]i�^gY W<KVM\Q[i�M|U�OVM � ^-R�Q�` Ø`[KhM6J<OVM�i
K
0 6= v ∈ F

3
^�`]O7i�i�^ZJ9^gYZOVM\Q f Ö[ã�Q�Ï7Q � ã s ∈ S

�

¡=~XnPtvw�q§q�n�{]}�tVqs�Tox�[~�u A, B us����r�qTr�t7qbtVw9���xoxw<~�tv�Ò��{D} � oxw�t7qToZ{Dwhr�tvu���r�tV��tv��qs~��so�u�qTox�P�${v�x�9w<{v}�o�tV� x3 m � ��q
npoZqsrzw<{vw<�¥{7�D~[�T�xtv�<�<oxw<¦]~�oZ¦D~[w�us��tv�[~�u�� � �&nP~Aq�tV�D~

A =





0 1 0
0 0 1
0 0 0



 ,
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oZqXr�tvuXt��Vqsrz~[ox¦v~�w�ud��tv��~Dm�npr<o���r�o�upus��tVw<w�~�� � � e1 = (1, 0, 0) �§�br<~[w�m B }]��udqsw�Ù q|tvw<w<oxr<oZ��t7qT~ e1 m � ��qXw<~�~��<u
qs{��9ox�Z��us{v}�~��xoZw<~*tV�X�[{v} � oZw�tVqsox{vw�{V� e2 tvw�� e3 �ÒÑ9�<�<�${Dus~ Be3 = 0 �§�br<~[w�m

B =





a b 0
c d 0
e f 0



 , (B − λI) =





a − λ b + g 0
c d − λ g
e f −λ





¡=~�nPtvwDq
− λ3 = (a − λ)(−λ(d − λ) − fg) − (b + g)(−λc − eg) =

= g(be − af + eg) + (g(f + c) + bc − ad)λ + (a + d)λ2 − λ3

w<{å}htVqdqs~���npr�t7q g oxu�� �br9��u�m e = 0 m f = −c m af = 0 m a = −d m§tVw�� ad = bc � Å uTus�<}�~ f 6= 0 � qTr<~[w�m
a = d = 0 m�tVw�� b = 0 �(¡=~��[tvw�qTr���ubqTtv�v~

B =





0 0 0
1 0 0
0 −1 0



 .

¡=~�us~[~|qsr�tVqPoZqTub�7qTr¢~[ox¦v~�w�us��tv�[~|o�u�us��tVw�w<~�� � � (0, 0, 1) m�tvw��¢us{]w<{ v ∈ F oxu��9oZ�x�x~�� � � � {Vqsr A tvw�� B m<tvu
nP~�nPtvwDqT~��/���P����{vw�u�qT�s����qsox{vw�m9qTr<~]us� � us��tv�[~�ud��tvw<w<~*� � � A tVw�� B ��{Dw�udo�udqTub{V�&w<ox�Z�${VqT~[w�q|}ht7qT�so���~*u[m<us{�n�~
r�t%�D~|qTr<~���~�usox�s~*���T~�us�<�Zq��

� �XÈ�����´��v½�³�­<»/¼��P«�¯/¬���³D½�¼/´6«0»�º� w�qsr<o�uXus~��aqToZ{Dw�m�nP~��<�s~*ud~�w�qpus{v}�~���{D�s{D�Z��tV�ToZ~*uÒ{v� � w<¦v~��ÃÙ up�br<~[{D�s~�}z�jdk*l � ~[q π :→ glV � ~ht��s~��<�T~�us~[w�qTtVqsox{vwå{v� g oZwHt¢Æ�w<o qT~h��oZ}�~�w�udox{vw�tV�&�v~*�aqs{D��ud��tD��~ V m�us����råqTr�t7q�tV�x�
π(g), g ∈ g tv�s~pw�oZ�x��{vqs~�wDqb{v�$~[��t7qT{v��u[�!�br<~[w�mvqTr<~[�T~|~[·9o�udqTu§w�{vw<¤�~[�T{ v ∈ V qsr�tVq�¦D~�qTu�tVw<w�oZr<ox��t7qs~*� � �
tV�x� π(g) ���2{D�s~�{7�v~[�*mDqsr<~��s~�~[·9o�udqTupt � tvuso�ub{V� V m<oxw�npr�ox��rztV�x� π(g) tV�T~�udqs�To��aqs�x�¢�<����~��d�¥qs�Toxtvw<¦v���xtv���
�P� K*K�c��

π(g) oxuAt¢us� � tV�x¦v~ � ��t�{v� gl V � tv�<�<�x��oxw<¦ � w�¦v~[�¥Ù uXqTr<~[{D�s~�}�m�n�~�Æ�w��2thw<{Dw<¤[~��s{ v ∈ V ud����r
qsr�tVq π(g)v = 0∀g ∈ g �
��{z��{Dw�u�qT�s���aq|qTr<~ � tvuso�u[m$qTtv�v~St v1 = v tvu�t � {7�v~D���br<~�w�m Fv1 o�u π(g) �¥oxw9�7tV�ToxtvwDq*m$usoxw���~So q�¦D~�qTu

tVw<w�oZr<ox��t7qs~*�/� j yX~�w���~Dm*~��v~��s� π(g) r�tvu0tX��{D�Z��}Sw�{v�<¤[~��s{X�[{�~��¢��ox~[w�qTu0��{v�T�T~�us��{Dw���oxw<¦Pqs{ v1 oZ�<o q*Ù u���ud~*�
tvuPt � tDudo�u��v~���qs{D� l ���P�hoxw��7tv�so�tVw��[~X{V� Fv1 m9nP~A}ht%�h��{Dw�udo���~�� V2 = V/Fv1 m�tVw��¢qsr<~���{D�s�T~�us��{Dw���oxw<¦
�s~��<�T~�us~[w�qTtVqsox{vw π1 {V� g oZw��<����~*� � � π �(�br<~A{v�$~[��t7qT{v��u π1(g) tv�s~AtV��ud{�w�oZ�x��{vqs~�wDq � n�~�tV�<�<�x� � w<¦D~[�¥Ù u
�br<~[{D�s~�} tV¦DtvoZwåqs{z¦v~[q v′2 qsr�t7q�Ù u�tVw<w�oZr<ox��t7qs~*� � �åtV�x� π1(g) ���br�~[w�m�t��<�T~��\oZ}htV¦D~ v2 ∈ V {v� v′2 oxuud~�w�qAqT{ Fv1 � �2~[�v~��s� π(g) �]¡ ~��<�T{���~[~*�zqs{�}htV�D~ V3 tVw�� ¦v~[q v3 m�~�q��V� � w qsr<~S~[w���m�n�~Sr�t%�D~�qsr�~
��~�usox�s~*� � tDudo�u�� �

j � l Å ud� � tV�x¦v~ � �Tt g ⊂ glV, dim V < ∞ �[{vw�usoxudqTu�{V�Pw�oZ�x��{vqs~�wDq�}htVqs�Tox�[~�u�o�� oxwHus{v}�~ � tDudo�u�{V� V m!tV�x�
}ht7qs�To���~�uP{v� g ∈ g tV�T~�udqs�To��aqs�x�¢�<����~��d�¥qs�Toxtvw<¦v���xtv����P� K*K�c�� � �$tv�Z��}ht7qT�so���~*u!{V� g tv�s~bu�qT�so��aqT�Z�]�<�<�$~[�s�ÃqT�so�tVw<¦D�<��tV�*m�qTr<~[�StV�T~Ptv�Z�9w<ox�x��{vqs~[w�q*�&�0{�ud~�~ÒqTr<o�u[mvqTtV�D~
e1, . . . en qs{ � ~�qsr<~�u�q�tVw��<tv�T� � tDudo�u��D~��aqT{v��u[�2�br<~�w j npoZqsr c udqTtvw���oxw<¦2�6{D��tV� � oZqs��tV�T� ��{Dw�udqTtVw�q�u l m
Ae1 = 0, Ae2 = ce1 ⇒ A2e2 = 0, Ae3 = ce1 + ce2 ⇒ A3e3 = 0, . . . �§yX~[w���~vm Anei = 0 �6{D�XtV�x� i �
�br<~=�[{vw9�v~��Tus~z�6{v�x�x{7nXu�~�wDqToZ�T~[�x� �6�s{D} k m � �NtV�<���Z�9oxw<¦ oZq�npoZqsr π ��r<{�ud~�w²qs{ � ~ qsr<~H��~�Æ�w<oZw�¦

�s~��<�T~�us~[w�qTtVqsox{vw�� �

yX~��s~�o�uXtVw�{Vqsr�~[�b~�·�~[����o�us~AqT{h��{vw����x����~�qsr<~��x~���qs�<�T~v��A@�BDC7EDF-G*Bå���� §K7U|W!��M©Q�M6J<QSR�Q�i�M\Q � `�Kdc�M6J<Q�ä&^-QSO7Y ×�Q�Ö � O7`
gln(F), sln(F), son(F), spn(F)

�

jdk*l
gln(F) o�uAqsr<~S~[w�qsox�T~�us��tv�[~]{V��}�tVqs�Tox�[~�u�� � � n = 1 m$qsr�~�~�wDqToZ�T~�ud��tD��~�oxu���{D}S}���qTtVqsox�v~ j tVw��år<~�w���~
¦v� 1(F) oxu�oZqTu]{7npwÍ��~[w�qT~[� l � � qTr<~[�Tnpoxus~vm!��~[w�{Vqs~ � � Mi,j qTr<~¢}ht7qT�soZ· {v�P¤�~[�T{Du�npoZqsr t2usoZw<¦D�Z~ k tVq
��{�udoZqsox{vw i, j �(�br<~[w�m<o � x ∈ Z(gln(F)) m Mi,jx = xMij �(�br<~�Æ���udqPqT~[�T} o�ubqsr<~ j qsrz�T{7n {V� x �<��tv��~*�
tvu]qsr<~ i qsr �s{7n oxw qsr�~��<�T{�������q��Í�br<~zud~*��{vw��Hqs~��s} o�u]qTr<~ i qTr �[{v�x�<}�w {V� x �<��tv�[~�� tDu�qTr<~ j qTr
��{D�Z�<}�wHoxw qTr<~¢�<�T{�������q����br<~h{vqsr<~���~[w�qT�sox~�u�oxw � {vqsrH}ht7qT�so���~*u�tV�T~¢�<���br<~��s~[�6{v�T~vm�~��v~��s��qsr�oZw<¦zoxw
qsr<~ j qTrå�T{7ný{v� x

j ~[·��[~[��q|�6{v� j, j
l }���udq � ~�~�õ���tv��qs{��<�pyX~�w���~Dm x }]��udq � ~���o�tV¦D{vw�tv�Ã�"�2{v�T~[{7�D~[�*m
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w<{VqTox�[~]qTr�t7q (Mi,jx)i,j = xj,j m�npr�oZ�x~ (xMi,j)i,j = xi,i �SÑ9{�m xi,i = xj,j �]�br�oxuA�6{v����~*u x = aI �6{v�
ud{D}�~ a ∈ F �j � l sln(F) o�uPqsr<~�tv�Z¦D~ � ��t]{v�!}htVqs�Tox�[~�ubnpoZqsr�qs��tv�[~���� � � n = 1 m�qsr<~�tv�Z¦D~ � ��tStVw���o q�uX��~�w�qs~[�Xtv�s~�qT�sox�9oxtv�Ã�
¡Nr<~[w n ≥ 2 mpqsr�~ }ht7qT�so���~*u Mi,j , i 6= j ��ud~*� � ~[�6{v�T~ tv�s~2oxwNqsr�~ tV�x¦v~ � ��t<� yX~�w���~Dmpqsr<~=ustv}�~
tV�T¦v�<}�~�wDq�udr�{7nXu|qTr�t7q Z(sln(F)) ∈ {aI |a ∈ F} ���P��q*m�usoZw��[~]qTr<~�us~htV�T~]qT�TtD��~���}htVqs�Tox�[~�u�m a = 0 m
tVw�� Z(sln(F)) = 0 �j Ç l ¡ ~�r�t%�v~�thud�9}�}�~�qT�so�� B �bÑ9�<�<�${Dus~ x ∈ Z(son(F)) � qTr<~[w�m�n�~�r�t%�D~ xT B + Bx = 0 tVw�� xz = zx

�6{v�Xtvw�� z ∈ g � � ~�q y = (Mij − Mji) m�tvw�� z = B−1y m9qTr<~[w�m�o qXo�uboZw g �
zT B + Bz = yT (B−1)T BT + BB−1y = yT + y = 0

�2�<�Zqsox�<�x��oxw<¦2qTr<~��[{v}�}]��q�t7qToZ{DwÍ�s~��xtVqsox{vw � � B m&nP~¢r�t%�D~ 0 = Bxz − Bzx = −xT Bz − Bzx =
xy + yx � Ñ9oxw��[~ y oxu�tVw�qso�ud�9}�}�~�qT�so��Vm�qsr<o�uho�uh~�õ��<ox�7tV�x~[w�qhqs{ (yx)T = (yx) � � � ud~��s�D~�qsr�tVq yx

oxu�tV�x�A¤�~[�T{Du�mb~�·<��~���q��6{D��t �[{v�9� {v� j qTrö�T{7n {v� x oxwNqsr�~ i qsrN�T{7n¸���xtD��~vmXtvw�� tÍw�~[¦DtVqs~*�N��{v�9�
{V��qsr�~ i qsrN�T{7n {v� x oZw²qTr<~ j qsrN�T{7n¸�<�xtD��~v� �br<~å�-tv�aq�qsr�tVq yx oxu�ud�9}�}�~�qT�so��2}�~�tvw�u�qsr�t7q�tv�Z�� ��q��6{v�<���${Duso qToZ{Dw�u�{v� x tv�s~å�6{v����~��Nqs{ � ~=�<� ¡ ~=¦v~[q�w<{ ��{Dw�u�qT�TtvoZw�q�{Dw xi,j tvw�� xj,i m|udoxw��[~
qsr<~*ud~���tVw�� {vw qTr<~2��o�tV¦v{Dw�tV�Poxw xy � y|{7n�~��v~���m(nP~���{=¦v~[q�qTr�t7q xi,i = −xj,j � Ñ9�<����{�udoxw<¦ qsr�tVq
n ≥ 3 m$qsr<o�uA}S~*tVw�uAnP~S��tVwå¤�~[�T{¢{v��q�tV�x�!qsr<~�{#�$�\��o�tV¦D{vw�tv��~��Z~�}S~�w�qTu�� Å �<�<o qToZ{Dw�tV�x�Z�Dm
n�~�n�{D�<�x�å¦v~�q
xi1,i1 = −xi2,i2 , xi2,i2 = −xi3,i3 , xi1,i1 = −xi3,i3 m&npr<o���r=ox}��<�xoZ~*u�qsr�t7q]qTr<~���o�tV¦D{vw�tv�(oxu]¤[~��s{åtDun�~��Z�¥�|Ñ9{�m��6{D� n ≥ 3 m$nP~�r�t%�v~ Z(g) = 0 �X�br<~�ustv}S~]r<{v���<up�6{D� n = 1 m�qT�sox�9oxtv�Z�x�v�b¡Nr<~�w n = 2 m�nP~
��r�tVw�¦v~�qTr<~ � tvusoxu|qs{�}htV�v~ B = y

(

1 0
0 x

)

m/npoZqsr y 6= 0, x 6= 0 ���br<~[w�m
�6{v� A =
(

a b
c d

)

m
nP~
r�t%�v~

0 = AT B + BA = y
(

a cx
b dx

)

+ y
(

a b
cx dx

)

,

npr<o���r�ox}��<�Zox~�upqsr�tVq j tvuTus�<}�~AqTr�t7q|��r�tV� F 6= 2
l � a = d = 0 tVw�� b = −cx �%$�oZ�D~[w

C =
(

0 −cx
c 0

)

, D =
(

0 −dx
d 0

)

,

qsr<~������x~�tv�s�x��tv�Znbt%��u��[{v}�}]��qT~v�ÒÑ9{�m9�6{v� n = 2 m Z(g) = g �j ÷ l �br<~å��{D}��<��qTtVqsox{vw²o�u¢�v~��s� udox}�oZ��tV�hqT{ Ç � �br<o�u�qsox}�~vmp{v��� B o�u¢tVw�qso�us��}�}�~�qT�so��V� Ñ9�<�<�${Dus~ x ∈
Z(son(F)) � qsr<~�w�m�nP~]r�t%�D~ xT B + Bx = 0 tVw�� xz = zx �6{v��tvw�� z ∈ g � � ~�q y = (Mij + Mji) m
tVw�� z = B−1y m�qsr<~�w�m<oZqXoxuboxw g �

zT B + Bz = yT (B−1)T (−B)T + BB−1y = y − yT = 0

�2�<�Zqsox�<�x��oxw<¦2qTr<~��[{v}�}]��q�t7qToZ{DwÍ�s~��xtVqsox{vw � � B m&nP~¢r�t%�D~ 0 = Bxz − Bzx = −xT Bz − Bzx =
xy + yx �]Ñ9oxw���~ y oxu�us��}�}�~�qT�so��Vm$qTr<oxu�}�~�tvw�uAqsr�tVq yx = −(yx)T � � � us~[�T�v~�qTr�t7q yx o�u�tV�x�0¤�~[�T{Du�m
~�·<��~���q(�6{v��t���{v�9��{V� j qsrh�T{7n {V� x oxw�qsr�~ i qTrh�s{7n �<�xtD��~DmDtVw��ht���{v�9��{V�$qsr<~ i qTrh�s{7n {V� x oxw�qsr<~ j qTr
�s{7n �<��tv�[~v�§Ñ9oxw���~ yx oxu�tVw�qso�us��}�}�~�qT�so��Vm9tV�x� � �<q��6{D�<�Ò�${Duso qToZ{Dw�u§{v� x tv�s~p�6{D�T�[~��SqT{ � ~A�<�&¡=~|¦D~�qÒw<{
��{Dw�u�qT�TtvoZw�q|{Dw xi,j tvw�� xj,i m/usoZw���~�qTr<~�us~S�xtvw��2{vwåqsr<~���o�tV¦v{Dw�tV�0oZw yx ��y|{7n�~��v~���m�n�~S��{�¦D~�q|qTr�t7q
xi,i = xj,j ��Ñ9���<��{�udoxw<¦�qsr�tVq n ≥ 3 m$qTr<oxu�}�~�tvw�uAn�~S�[tVw ¤[~��s{¢{D��q�tv�Z�!qTr<~�{&���©��o�tV¦D{vw�tv��~[�x~[}�~[w�q�u[�Å �<��oZqsox{vw�tv�Z�x�vm/nP~Sr�t%�v~S~�õ���tv�ZoZq��2�s~��xtVqsox{vw�u � ~�q�nP~[~[wHtVw9�z~[�x~[}�~�wDq�{v�Òqsr�~��<oxtv¦v{vw�tV�¥m$}�~*tVw<oxw<¦�qsr�tVq
x = aI

j tVw��¢nP~A�[tvwh�<o�����tvw9� a
l �(y|{7n�~��v~[�*m aI �[tvwh{vw<�x� � ~�oZw g oZ� 2aB = 0 �&�br�oxu�oxu�ox}S�${DuTuso � �x~vm

~�·<��~���qpoZw2��r�tv�TtD�aqT~[�Toxudqso����<�
¡Nr<~[w n = 2 m B =

( 0 x
−x 0

)

m�npo qTr x 6= 0 ���br<~�w�m��6{v� A =
( a b

c d

)

m�qs{ � ~�oZw g �§n�~�}���udq
r�t%�v~

0 = AT B + BA = x
( −c a

−d b

)

+ x
( c d

−a −b

)

ud{�nP~Xud~�~bqsr�tVq a = −d � � � C ∈ Z(g) mDqsr<~�whn�~Xtv�xus{���w�{7n a = d
j �6�T{v} t � {7�v~ l �!Ñ�{�mvoZ� C ��{v}�}���qs~*u

npo qTrz~[�v~��s��qTr<oZw�¦�m9o qXr�tvuPqsr�~��6{v�T}
(

0 u
v 0

)

�§�br<~�w�m�qsr�~��6{v�x�Z{7npoxw<¦S}]��udqXr<{v�����6{v�Xtv�Z� A ∈ g �
0 = AC − CA =

(

bv au
−av cu

)

−
(

cu −au
av bv

)

⇒ C = 0.

�br<~¢{Dw<�Z�HtVw�qToxus�9}S}�~[qs�Tox��}ht7qT�soZ·H{V�X��ox}S~�w�usoZ{Dw k oxu��<m&ud{åqsr�tVq��[tDud~¢o�u�w�{vw�us~[w�uso��[tV�¥�z�br���u[m!qsr�~
��~�wDqT~[�p{v� spn(F) oxuptv�Znbt%��uP���


