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Lecture 24
Prof. Victor Ka¢ Scribes: Maksim Lipyanskiy and Yakov Shapiro

For the last two lectures g will be a finite-dimensional semisimple Lie algebra over an algebraically
closed field F of characteristic 0.

Choose a Cartan subalgebra § in g. Let A C h* be the set of roots, A, the subset of positive roots.
Let g = b @ (P, e 8a) be the root space decomposition of g.

Recall that g, = FE,. Let ny = ®a€A+ ga, and n_ = @, A ga. We then have the triangular
decomposition g =n_@® hdny. Let b =h dny; b is called a Borel subalgebra of g. Note that
[b,b] =n,. Since n, is a nilpotent subalgebra of g, b is a solvable subalgebra.

If Hy, Ho, ... H, is a basis of b, then {E_g(8 € A}), H;(i=1,2,...7), Eg(8 € Ay)} form an
ordered basis of g if we choose an ordering on the positive roots 1, fo, ... By (where r + 2N =
dim g). Then, by the Poincaré-Birkhoff-Witt theorem, the elements

E7_”611 ETEQ . ETgN hith3? ... hf,"Egll Egj . Eg: (my, s;, n; € Z4)

form a basis of the universal enveloping algebra U(g) of g. (When all m;, s;, and n; are zero, the
product is 1).
A highest weight g-module with highest weight A € h* is defined by the property that it contains a
non-zero vector vp such that

(1) hvpa = A(h)vy for all h € b.

(2) NLUVA = 0

(3) Ulgur =V

By the above description of the basis of U(g), properties (1) and (2) imply that (3) is equivalent
to the following:

(3) Um_)up =V
For 11 € h*, the weight subspace of a g-module V' is given by V,, = {v € V : hv = p(h)v for all h €
h}. If V}, is non-zero, p is called a weight of the g-module V.
A non-zero vector v € V), is called singular if nyv = 0. If one exists, p is called a singular weight.

Example. Any A € h* is a singular weight of a highest weight g-module with highest weight A.

Notation. Given A € h*, let D(A) = {A >, kiovi : ki € Zy} C b*, where Il = {ag, ag, ... oy}
is the set of simple roots of g.

Proposition 1 Let V be a highest weight g-module with highest weight A. Then



(a) V =8epn)

(b) Va =Fup and dim V), < oo

(c) V is an irreducible g-module if and only if A is its only singular weight.
(d) V contains a unique proper mazimal submodule.

(e) If v is a singular vector with weight X\, then Q(v) = (A + 2p,\)v, where (-,-) is a non-
degenerate symmetric invariant bilinear form on g,  is the corresponding Casimir operator,
and 2p =3 en, Q-

(1) Qv = (A+2p, ) dy
(9) If X is a singular weight, then (A + p, A+ p) = (A + p, A + p).

(h) If A € by = RA, then V has finitely many singular weights.

Proof. (a) and (b) follow from the property (3’), which shows that any vector in V is a linear
combination of elements of the form E_g E_g ...E_g va, and each such element has weight

(c) By a lemma from lecture 19, for any g-submodule U of V'

U= EB (UNWy) (1)

AED(A)

Now let A = A — >, kja, where all k;-s are in Z,. Choose A to be an element of D(A) of minimal
height for which U N'V) # 0. Let v € (U N V),) be non-zero. Then for any o € A, we will
E.v € Vi, and E,v has a weight smaller than the weight of v. Therefore, by our choice of A,
E,v =0 for all & € Ay, so v must be a singular vector.

Conversely, if v is a singular vector of weight A, then U(g)v = U(n_)v, and this is a proper
submodule of V unless A = A.

(d) also follows from (1), because the sum of all proper submodules of V satisfies (1) and does not
contain vy, so it is the only maximal proper submodule.

(e) Recall that Q@ = ", u;v;, where (u;,v;) = 6;5, {u;} is a basis of g and {v;} is the dual basis.
Since € is independent on the choice of basis, we can make any selection we want. We will use
{Ey (0 € Ay), E_, (0 € Ay), H; (i = 1,2,...n)} as a basis {u;} for g. The dual basis is
{E_o (0 € Ay), E, (¢ € Ay), H (i = 1,2,...n)}, where (Eo, E_,) = 1 for all @« € Ay and
(H;, H) = §;;. We now have

Q= > (BaE_o+E_oE,)+ Z HiH' =2 Y E_oEq+27"(p) + Z H;H'
(2 (2

OLEA+ OJEA+
because [E_q, Ey] = (E_o, Eo)v~Ha) = v~ ().

Therefore, if v is a singular vector with weight A, then Q(v) = 2A(v=1(p)) + 2, A(H)A(H?) =
2(A, p) + (A, A). This proves (e).



(f) By (e), if vy is the highest weight vector in Vi, then Quy = (A+2p, A)vp. But any other vector
in V has the form gva, where g € U(g). However, Q commutes with g and hence with U(g). So
Q(gv) = gQ(v). Therefore, Q(gvp) = g2 (va) = (A + 2p,A)gva. Thus (f) holds.

(g) follows from (e) and (f): together they imply that (A +2p,A) = (A + 2p, \).

(h) All weights of V' lie in Dy, hence they also lie in hi. So the set of singular weights must lie in
the intersection of a discrete subset D(A) of the Euclidean space with the compact subset given by
{M|A+ p|? = |A + p|?}. Hence the set of singular weights is contained in a finite set. O

A Verma module with highest weight A € h*, denoted by M(A), is a highest weight module with
highest weight A such that any other highest weight module with highest weight A is a quotient of
M(A).

Proposition 2 (a) For any A € b*, M(A) exists and is unique up to isomorphism.

(b) The vectors EﬁlﬁlEﬁ%Q . EM

o, where ki € Zy and Ay = {51, B2,...0n}, form a basis of
M(A).

(¢) M(A) has a unique irreducible quotient, L(A) = M(X)/N(\), where N () is the unique maz-
imum submodule of M(\).

(d) M(A) = M(A') (respectively L(A) = L(A")) if and only if A = A'.

Proof. (a) We construct M(A) as U(g)/U(g) < ny,h —A(h) (h € h) >, where g acts by multipli-
cation on the left, and the highest weight vector v, is the image of 1 in U(g). Uniqueness is proved
by universality.

(b) is clear from the description of the basis of U(g), which shows that no non-zero linear combi-
nation of the vectors from (b) can belong to the left ideal described above.

(c) follows from part (d) of the previous proposition.

(d) follows from (c), since the set of roots of M(A) is D(A), but D(A) = D(A') iff A = A’. The
second part of (d) also follows from (c), because L(A) determines its highest weight A uniquely. O

Example. For sly =< E,F,H >, h = CH and each A € h* is just given by a number A = A(H).
Also, we have p(H) = 1. Then M(A) is the span of vy, Fua, F2vy, .... F acts on it in the obvious
way, and the action of F and H is determined by the key lemma: E(FFvp) = k(A — k4 1)FFloy
and H(F*v) = (A — 2k)vp. By the key lemma, M(A) is irreducible unless A € Z,. If A € Z,
then F*ly, is a singular vector, and F(A) =< FAiy, 14 =1,2, ... > is a submodule of M(A),
isomorphic to the Verma module with highest weight A —2(A+1) = —-A —2.



