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Definition. An enveloping algebra of a Lie algebra g is a pair (U, ¢) where U is a unital
associative algebra and ¢ is a Lie algebra homomorphism g — U_ (where U_ denotes the
Lie algebra structure on U given by [a,b] = ab — ba).

Example. Given a representation ¢ : g — End V = U, we have an enveloping algebra
(U, ) of g.

Definition. The universal enveloping algebra of g is an enveloping algebra (U(g), ¢) which
is universal in the sense that for any other enveloping algebra (U, ¢), there is a unique asso-
ciative algebra homomorphism 7 : U(g) — U, which makes the following diagram commute:
(with respect to Lie algebra homomorphisms)

g Ul(g)-
|
U(g)-

Theorem. For any Lie algebra g, a universal enveloping algebra exists and is unique.

Proof. 1. Uniqueness: Suppose there are two universal enveloping algebras, U(g)_ and

U'(g)--

g Ul(g)-
WL P
U(g)-
But then mo 7’ : U(g) — U(g), and also 7’ o : U'(g) — U'(g).
But
86— U(g)
wl mworm’
1
U(g)

is a commuting diagram.



By uniqueness, we see that o7’ = 1, and by symmetry, 7’ om = 1.

Existence: Let a; be a basis for g. Let U(g) be a unital associative algebra generated by a;,
with relations a;a; — aja; = [a;, a;]. Let ¢(a;) = a;.

Since we divided by the above relations, ¢ is a Lie algebra homomorphism. So, this is an
enveloping algebra.

It is universal because:

g Ulg)-
SDL /
Ulg)-

This diagram commutes if we let m(a;,...a;,) = ¢(a;,)...p(a;,).

O

Poincare-Birkhoff-Witt Theorem. The monomials a;,...a;, with i1 < 15 < ... form a
basis of U(g). In particular, ¢ : g — U(g)_ is an embedding.

Proof. I) These monomials span U(g). Of course, the unordered monomials a;,..a;, span
U(g). We prove by induction on (s, number of inversions) that using relations [a;, a;] =
a;a; — aja;, we can bring this monomial to a linear combination of ordered monomials. If
0, @G, 41... With j, > jy + 1, we replace aj,aj,+1 with [aj,, aj,+1] + aj,4104,, (Where [a;,, a;j,41]
is a linear combination of the generators a;). We get a sum of monomials, where the number
of factors is less than s in all but the last one, and in that one, the number of inversions
drops by 1. Thus we can apply the inductive assumption.

IT) Let B, be the free vector space on generators u;,...u;, , i1 < is... < i,. Let B =
1&B, & By ---. We will show that there is a linear map o : U(g) — 9B such that the image
of the ordered monomials under ¢ is linearly independent, which will complete the theorem.

Let us define o by
o(l)=1,0(a;, - -a;,) =uy - -uy, ifip <+ <. (1)
Finally, we want to have
o(a, - @, — @y - 5,5, - a5,) = o(ag, -y, a5, ] ag,). (2)

To show that such a linear map exists, we assume it has been defined for all monomials of
degree less than or equal to n — 1 in U(g), and show that it can be extended to a map on all
monomials of degree less than or equal to n in U(g). So, assuming ¢ has been defined for all
monomials of degree less than or equal to n—1in U(g), if a;, - - - a;, is an ordered monomial,
let o(a;, -+ -a;,) = u;y -+ u;

n

If a;, - - a;, is not ordered, suppose ji > jr+1. Then set
olaj, -~ aj,) = olaj - aj a5 - az,) +olaj - [aj, a;,,] - aj,). (3)
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We must check that this map is well defined, in that its independent of the choice of the pair
(Jk, Jr+1). Suppose (Ji, ji+1) is another pair with j; > j5;41. There are two cases: 1) [ > k+1
and 2) [ =k + 1.

1) Set a;, = u,a;, , = v,a;, = w,a;,, = v. Then the induction hypothesis permits us to
write for the right hand side of (3)

o(---vu--aw---)+o(---vu.. . Jwz] - )Fo(--[w]cozw ) Fo (e [un] L [wa] 1) (4)
If we start with (j;, ji41), we obtain
o(--ruwv-zw--)+o(-uw. L |wz] ) =o(cvu.cxw )+
+o(-[uw].czwe )+ o(crvue s wa] )+ o(c[uw] L Jwa] o) (5)

This is the same as the value obtained before.

2) Set aj, = u,a;,,, = v,a;,, = w. Using the induction hypothesis, the right hand side of
(3) becomes

o(-wou--) + ol fowlu- )+ o vfuw] ) + o (- [uv]w- ) (6)
Similarly, if we start with o(---wovu---) 4+ o(- - - ufvw]), we can wind up with
o(-wou- )+ ol wluv] )+ o uwlv- ) + o (- ufow] ) (7)
So we must show that o applied to
(- owlu-) = (- ufow] ) + (- ofurw] ) —
o fuwlu )+ o fuw ) — (- wluw] ), (8)

a monomial of degree less than or equal to n — 1, gives 0.

But from the properties of ¢ on all monomials of degree less than or equal to n — 1 in U(g),
if (++-xy---) is a monomial of degree less than or equal to n — 1,

a(---a:y---)—a(---ym---)—0(---[xy]---):O. (9)

Hence o applied to (8) gives

(- flowlu] - --) + (- [oluw]] - ) + (- - [luv]w] - ) (10)

which is zero by the Jacobi identity and linearity of . Thus o is well defined on monomials
of degree less than or equal to n, as well, and we extend o linearly to the space spanned by
all monomials of degree less than or equal to n in U(g). In this way, o is defined on all of
U(g), and clearly, the image of the ordered monomials in U(g) is linearly independent in B,
as they are in bijection with the generators of 8. Thus the proof is completed.

O



Remark. Any representation 7 of a Lie algebra g in a vector space V extends to a represe-
nation of U(g) — End V' (as associative algebras).

Definition. Given a representation m of g over V', V' can be considered a g-module by
defining a binary product g x V into V mapping g - v to 7(g)v. Thus the defining property
of a g-module is: [a,b]v = abv — bav. By a homomorphism of g-modules we mean a linear
map ¢ : Vi — V5 such that ¢(gv) = gp(v). An isomorphism is a homomorphism ¢ which is
bijective.

Let g be a finite dimensional Lie algebra with a fixed non-degenerate invariant symmetric
bilinear form (.,.). Chose a basis u; of g and let v; be the dual basis, which means (u;,v;) =
52']‘.

Definition. The Casimir operator Q1 = ), uv; € U(g).

Exercise 22.1. () is independent of the choice of the basis u;.

Solution. Take another basis u;/ with dual basis v;/. Since u; was a basis, we can write
Ui/ = Zj QiU - In this basis, Q = Zz UZ'IUZ',.

Note that by definition, (u;',v') = 65 = (32, aijuy, vi) = >_;(aij)(uj, vi). Let the matrix

A = (a;j), and B = ((uj,v,)). Clearly, AB = I. Now consider I = BA = ), (u;, v})ak.
This implies that >, (u;v})ak = 0;; = (u;, >, arivy). But since v; is the unique vector such
that (uj,v;) = dj;, it follows that v; = >, axvj.

Finally, Q" = >, u/vi’ = >2,(32; aijui)vi’ = 32537, aijvi'uj. By the result of the previous
paragraph, this equals ; Ujug, which gives the desired result, ' = > uv; = Q.

O

Lemma 1. (on dual bases) For a € g write [a,u;] = ), ajju; and [b,u;] = >, bjju;. Then
a;; = —bj; (under the above assumptions).

Proof. We have: ([a,w;],vr) = >_; aij(uj, vr) = ai, and similarly ([a, vi],ux) = by. Hence

ay = (a, [u;, vg]) and by = (a, [v;, uy]). Therefore ay, = —by;. O

Definition. Let V be a g-module, where g is a Lie algebra. A 1-cocycle is a linear map
¢ : g — V such that ¢([a,b]) = ap(b) — by(a). The space of 1-cocycles is denoted Z(g, V).

Example of a 1-cocycle. The trivial 1-cocycle associated to v € V' is p,(a) = a - v.

Exercise 22.2. Check that v, is a 1-cocycle.
Solution. ¢,(|a,b]) = [a,blv = a(bv) — b(av) = ap,(b) — by, (a) O

The trivial 1-cocycles form a subspace B(g, V) of Z(g,V). Let H'(g,V) = Z(g,V)/B(g, V).



Main Theorem on Cohomology. If g is a semi-simple Lie algebra over an algebraicly
closed field of characteristic 0, and V is a finite dimensional g-module, then H'(g,V) = 0,
i.e., every l-cocycle is trivial.

Exercise 22.3. H'(g, V1 ®V2) = H'(g,V1)® H'(g, V) where Vi &V, denotes the direct sum
of g-modules V; and V5.

Solution. First we show that Z(g, Vi @ Vs) = Z(g, V1) ® Z(g, Vs). It is clear that Z(g, V} &
Vo) D Z(g,V1)®Z(g, V). Furthermore, every 1-cocycle p € Z(g, V1@ V;) can be decomposed
asmopdmoyp € Z(g, V1) ® Z(g,Va).

It is also clear that B(g, Vi @ V) = B(g, V1) @ B(g, V2) since @y, am, = ©u; D Pos-

Therefore H'(g, Vi @ V2) = Z(g. V1 @ V2)/B(g, Vi @ V2) = Z(g, V1) @ Z(g,V2)/B(g. V1) &
B(g,V2) = Z(g.V1)/B(g, V1) & Z(g, V) /B(g. Vo) = H' (g, V1) ® H'(g, V2).

O

Lemma 2. In the situation of lemma 1. Let V' be a g-module and ¢ : g — V a 1-cocycle.
Then for any a € g we have: a ), u;p(v;) = Qp(a).

Proof. a7 uip(vi) = Y [a, uilp(vi) + 30, wiap(vi) = 37, s aijuio(vi) + 3, wiap(vi) =

> U (D2 aivi) + o wiap(vi). Now 3o ajvp = — 37 bjivg = —[a,vi], s0 a ) uip(v;) =
— 2 uiellas vil) + 32, ujap(vy) = 325 uj(ap(v;) — ¢(la, vi])) = 32, ujvp(a) = Qp(a). O

Corollary. g commutes with €2, i.e., in any g-module a(Qv) = Q(av) for alla € g, v € V.
Proof. Apply lemma 2 to the trivial cocycle ¢, (a) = a-v: a(Q) = a ), wv;(v) = Qav). O

Proof of the Main Theorem on Cohomology. The proof is by induction on the dimension of
the g-module V.

First note that we may assume that V' is faithful, that is, aV = 0 implies a = 0 for a € g.
Indeed let go = {a € glaV = 0}. This is an ideal of g. Hence go and g/go are again
semi-simple Lie algebras. In particular [go, go] = go. Let ¢ be a 1-cocycle of g in V, i.e.,
©([a,b]) = ap(b) — bp(a). If a,b € g, we get ¢([a,b]) = 0. So ¢([go,g0]) = 0, therefore
©([a,b]) = 0. Hence ¢ : g/go — V, so we may replace g by g/go.

We want to apply lemma 2.

Take (a,b) = tryab. It is non-degenerate since g is semi-simple. Let {u;} be a basis of g,
{v;} the dual basis, and Q = >, u;v; the Casmir operator. We decompose V = Vj & 4,
where Vj is the generalized eigenspace of {2 attached to 0 and V; is the sum of all the
other generalized eigenspaces. By the corollary V, and Vi are g-invariant. So by Exercise
22.3 H'(g,V) = H'(g,Vo) ® H'(g,V1). If Vj and V; are not both zero, by the induction
hypothesis H'(g,Vy) = 0 and H'(g,V;) = 0 and so H'(g,V) = 0. Hence we may assume
V=V,or V.



Case 1: 'V = Vi. So Q is invertible. Let v = )" u;¢(v;). Lemma 2 now states that
a(v) = Qp(a). Hence p(a) = Q7 ta(v) = a(Q ). So ¢ = pg-1, is a trivial cocycle.

Case 2: V = V4. So Q is a nilpotent operator. Hence try (2) = 0, but try (Q) = try >, wv; =
> i (uiv;) = dimg. So g=0and H'(g,V) = 0. -



