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Recall that A = (aij) is a symmetric Cartan matrix, ∆ is the corresponding root system, Q = Z∆
is the root lattice, and ∆ = {α ∈ Q|(α, α) = 2}

We construct the Lie algebra associated with this Cartan matrix as:

g = h ⊕ (⊕α∈∆ F Eα)

where h = F ⊗Z Q and Eα are some nonzero vectors. Also, (•, •) is extended from Q to h by
bilinearity. The following is a list of commutation relations where it is understood that h, h ′ ∈ h:

(i) [h, h′] = 0

(ii) [h,Eα] = (α, h)Eα

(iii) [Eα, E−α] = −α

(iv) [Eα, Eβ] = 0 if α + β /∈ ∆ ∪ {0}

(v) [Eα, Eβ] = ε(α, β)Eα+β if α + β ∈ ∆

Notice that for skew symmetry, we need: ε(α, β) = −ε(β, α). We have to find ε(α, β) for which
the Jacobi identity holds. After last time, it remains to check that the Jacobi identity holds for
Eα, Eβ, Eγ where α, β and γ are all distinct. Thus we need that:

[[Eα, Eβ ], Eγ ] + [[Eβ, Eγ ], Eα] + [[Eγ , Eα], Eβ ] = 0

Case 1 α + β + γ /∈ ∆ ∪ {0}. Then all three summands are zero, and the Jacobi identity holds.

Case 2 α + β + γ ∈ ∆. Then (α + β + γ, α + β + γ) = 2, or 6 + 2(α, β) + 2(β, γ) + 2(α, γ) = 2.
Hence:

(α, β) + (β, γ) + (α, γ) = −2

But each of these numbers is 1, 0, or −1 as already been discussed. Hence say (α, β) = −1,
(β, γ) = −1 and (α, γ) = 0. Hence α+γ /∈ ∆∪{0}, but α+β, β +γ ∈ ∆. Then the Jacobi identity
becomes: [[Eα, Eβ ], Eγ ] = [Eα, [Eβ , Eγ ]]. This translates into:

ε(α, β)ε(α + β, γ)Eα+β+γ = ε(β, γ)ε(α, β + γ)Eα+β+γ

Hence the the condition on ε is:

ε(α, β)ε(α + β, γ) = ε(β, γ)ε(α, β + γ)

This condition holds if ε(α, β) is bimulitplicative:

ε(α + α′, β) = ε(α, β)ε(α′, β)

ε(α, β + β′) = ε(α, β)ε(α, β ′)

ε(0, β) = ε(α, 0) = 1
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Case 3 α + β + γ = 0. This happens if (α, β) = (α, γ) = (β, γ) = −1. In other words,
α + β, β + γ, α + γ ∈ ∆. The Jacobi identity becomes:

ε(α, β)[Eα+β , E−α−β ] + ε(β, γ)[E−α, Eα] + ε(−α − β, α)[E−β , Eβ ] = 0

From this equation, we determine that −ε(α, β)(α + β) + ε(β,−α − β)α + ε(−α − β, α)β = 0. But
since α and β are linearly independent:

ε(β,−α − β) = ε(α, β)

ε(−α − β, α) = ε(α, β)

Therefore, using the bimultiplicativity of ε:

ε(α, β)ε(β, α) = ε(β, β)−1

ε(α, β)ε(β, α) = ε(α, α)−1
(1)

Lemma There exists a bimultiplicative function ε : Q×Q → {±1} such that ε(α, α) = (−1)
1
2
(α,α)

for any even lattice Q.

Remark Why does the ε given by the Lemma guarantee the Jacobi identity? Observe that:

ε(α + β, α + β) = (−1)
1
2
(α,α)(−1)

1
2
(β,β)(−1)(α,β)

ε(α, α)ε(β, β)ε(α, β)ε(β, α) = (−1)
1
2
(α,α)(−1)

1
2
(β,β)(−1)(α,β)

ε(α, β)ε(β, α) = (−1)(α,β)

This is consistent with skew symmetry since if α + β ∈ ∆, then (α, β) = −1. This is consistent
with (1): (−1)(α,β) = ε(β, β)−1 = −1 if α, β, and α + β are all roots.

Proof of the Lemma Choose an ordered basis of simple roots {α1, . . . , αn} of Q and define ε
on any two pair as follows:

ε(αi, αj) =























−1 if i < j and (αi, αj) = −1

1 if i > j and (αi, αj) = 1

1 if i > j and (αi, αj) = 0

−1 if i = j

Extend this by bilinearity to any pair α =
∑r

i=1 kiαi, β =
∑r

i=1 miαi ∈ Q. Check ε(α, α) =

(−1)
1
2
(α,α):

ε(α, α) =
∏

i,j

ε(αi, αj)
kikj

=
∏

i

ε(αi, αi)
k2

i

∏

i<j

(ε(αi, αj)ε(αj , αi))
kikj

=
∏

i

(−1)k2
i

(αi,αj )

2

∏

i<j

(−1)(αi ,αj)kikj

= (−1)
1
2
(α,α)
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Remark So, g is a Lie algebra. Why is g semisimple? If I is an ideal, then by a lemma proved
last time, either h ∈ I, h 6= 0, for h ∈ h, or one of the Eα is in I. But then all Eβ with β(h) 6= 0
are in I, or [Eα, E−α] = −α ∈ I. So in both cases I is not abelian. Since ∆ is indecomposable, g

is simple.

Discussion It remains to treat F4 and G2. It suffices to prove that (♣) dim g(A) < ∞ if A = F4

or G2. Indeed, then g(A) is a semisimple finite dimensional Lie algebra, since A is indecomposable,
it is simple.

Excercise 20.1 The root system of a simple Lie algebra is determined by Π = {α1, . . . , αr} and
(αi, αj) from the axioms of roots systems. Hence the root system of g(A) in both cases will be ∆F4

and ∆G2 respectively.

Solution We have ∆ determined by Π and Aij = (αi, αj) because of the following property: Start
with any αi ∈ Π, and we can figure out the form of all of the roots by using the string property to
figure out how many times we can add αj to a particular root (normally the string property tells
us how many roots are in a line, but we know all roots in ∆+ can be formed by adding αi’s, so we
never have to worry about subtracting αi’s only adding them since αi−αj is not a root if i 6= j). In
fact, we can form a convex hull that contains all of the roots by starting with each αi, proceeding
as far in the αj direction as possible, and continuing to proceed in directions that so far have zero
coefficient to find the points that define the hull. Then the roots contained therein are the positive
ones. We take ∆− = {−v|v ∈ ∆+}, and then we have the set of all roots ∆+

⋃

∆−.

Discussion (cont.) In order to prove (♣), consider g = E6 and g = D4 respectively and the
automorphism σ:

σ(Ei) = Eσ(i)

σ(Fi) = Fσ(i)

σ(αi) = ασi

How to make sure that ε(σ(α), σ(β)) = ε(α, β)? For that, order the indices so that i < j if there is
an arrow going from the ith root of the Dynkin diagram to the j th root.
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Now, construct the following elements of E6:

E′

1 = E4 + E5, E′

2 = E2 + E3, E′

3 = E1, E′

4 = E6

F ′

1 = F4 + F5, F ′

2 = F2 + F3, F ′

3 = F1, F ′

4 = F6

H ′

1 = H4 + H5, H ′

2 = H2 + H3, H ′

3 = H1, H ′

4 = H6

And for D4:

E′

1 = E1 E′

2 = E2 + E3 + E4

F ′

1 = F1 F ′

2 = F2 + F3 + F4

H ′

1 = H1 H ′

2 = H2 + H3 + H4

Excercise 20.2 Show that these elements satisfy the relation of the Lie algebra g̃(A) with A = F4

and G2 repectively.

Solution Begin with the E6 case. Obviously the H’ variables commute since they are sums of
H’s which all commute. As for the relations between the H’s and the E’s:

[H ′

1, E
′

1] = [H4 + H5, E4 + E5] = 2E′

1

[H ′

1, E
′

2] = [H4 + H5, E2 + E3] = −E′

2

[H ′

1, E
′

3] = [H4 + H5, E1] = 0

[H ′

1, E
′

4] = [H4 + H5, E6] = 0

[H ′

2, E
′

1] = [H2 + H3, E4 + E5] = −E′

1

[H ′

2, E
′

2] = [H2 + H3, E2 + E3] = 2E′

2

[H ′

2, E
′

3] = [H2 + H3, E1] = −E′

3

[H ′

2, E
′

4] = [H2 + H3, E6] = 0

[H ′

3, E
′

1] = [H1, E4 + E5] = 0

[H ′

3, E
′

2] = [H1, E2 + E3] = −2E′

2

[H ′

3, E
′

3] = [H1, E1] = 2E′

3

[H ′

3, E
′

4] = [H1, E6] = −E′

4

[H ′

4, E
′

1] = [H6, E4 + E5] = 0

[H ′

4, E
′

2] = [H6, E2 + E3] = 0

[H ′

4, E
′

3] = [H6, E1] = −E′

3

[H ′

4, E
′

4] = [H6, E6] = 2E′

4

So we see that [H ′

i,E
′

j] = AijE
′

j for A = F4.

Since [Hi,Fj ] = -AijFj for A = E6, and [H ′

i,E
′

j ] = AijE
′

j for A = F4, it is evident that we will
have [H ′

i,F
′

j ] = -AijF
′

j for A = F4 since the F’ variables are defined in the exact same way as the
E’ variables except with Fi in place of Ei.
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Furthermore, [E ′

i,F
′

j ] = H ′

iδij since E′

i, F ′

j only contain the same Ea and Fb variables when i = j,
and then exactly one H is produced per commutator of an Ea with an Fa. So we have shown the
X ′

n satisfy the relations for g̃(F4).

Now for the D4 case. The same argument for the commutators of H’s with each other and E’s with
F’s apply as before. Consider again the commutation relations between the H’s and the E’s:

[H ′

1, E
′

1] = [H1, E1] = 2E′

1

[H ′

1, E
′

2] = [H1, E2 + E3 + E4] = −E′

2

[H ′

2, E
′

1] = [H2 + H3 + H4, E1] = −3E′

1

[H ′

2, E
′

2] = [H2 + H3 + H4, E1 + E2 + E3] = 2E′

2

So [H ′

i,E
′

j ] = AijE
′

j for A = G2 and similarly for the F’s.

(continuing) Hence we have a homomorphism g̃(F4) → g(E6) and g̃(G2) → g(D4) where the
kernal is an ideal which intersects h trivially. But since g(E6) and g(D4) are finite dimensional,
the images of these maps are finite dimensional as well. But g(F4) and g(G2) are quotients of these
images, hence they are finite dimensional.

Corollary All abstract root systems and abstract Cartan matrices are concrete. In other words,
they come from a semisimple Lie algebra.

Excercise 20.3 a) Show that on a simple Lie algebra over F, the nondegenerate symmetric
invariant bilinear form is unique up to a constant factor.

b) Check that the form in the simply-laced g as follows is invariant:

(i)(•, •)|h is the given one (the Killing form).

(ii)(Eα, h) = 0, (Eα, Eβ) = 0 if α + β 6= 0

(iii)(Eα, E−α) = −1

Solution There are three cases to consider: (h,h’), (h,Eα), and (Eα,Eβ) for h, h’ ∈ Π and Eα

and Eβ /∈ h where (,) is another non-degenerate, bilinear form on g (the Killing form is one already
by the semisimplicity of g). We know (,) and K must be the same (up to a constant) on h, which
is the first case, and we can use the invariant property of (,) to show (,) is proportional to K (by
the same constant) in the latter two cases.

a. Consider generic non-degenerate, invariant, bilinear form C:

C(α, [β,Eβ ]) = C(α, (β, β)Eβ) = (β, β)C(α,Eβ) = C([α, β], Eβ) = C(0, Eβ) = 0
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Thus C(α,Eβ) = 0 = K(α,Eβ) = (α,Eβ).

C(β, [Eβ , Eγ ]) = C(β, ε(β, γ)Eβ+γ) (β + γ ∈ ∆)

= 0 by the previous case

= C([β,Eβ ], Eγ)

= C((β, β)Eβ , Eγ) → C(Eβ , Eγ) = 0 (β + γ ∈ ∆)

= C(β,−β)(β = −γ)

→ C(Eβ, E−β) = −C(β, β)/(β, β), and since K(β, β) is proportional to (β, β),

K(Eβ, E−β) is proportional to (Eβ , E−β) by the same constant for all β.

Thus K is proportional to (, ).

b. There are four cases to check, when exactly zero, one, two, or three elements in the relation
(a, [b, c]) = ([a, b], c) are from h. (Note, in this proof, α, β, and γ all represent values in ∆.)

Case 1, where a, b, c ∈ h is evident since the Killing form is invariant.

Case 2, where a, b ∈ h also holds because each on the left hand side, a ∈ h, while b ∈ h and c /∈ h

implies [b, c] /∈ h, which means (a, [b, c]) = 0 by (ii). On the right hand side, [a, b] = 0, and so both
sides are equal to zero and thus equal.

Case 3, where a ∈ h means that b = Eα, c = Eβ. We have both sides equal to 0 in the case α+β 6= 0
and the left hand side equal to −(a, α) and the right hand side equal to (a, α)(Eα, E−α) = −(a, α)
when β = −α. Thus both sides are equal in this case as well.

Case 4, where a = Eα, b = Eβ, c = Eγ . Thus both sides are equal to zero unless α = −(β + γ)
or α + β = −γ, or in other words, α + β + γ = 0. In this case, the left hand side is equal
to ε(β, γ)(Eα, Eβ+γ) = −ε(β, γ), while the right hand side is equal to −epsilon(α, β). ε(β, γ) =
−ε(γ, β) = −ε(−α − β, β) = ε(α, β) by the antisymmetry of ε, and thus both sides are equal and
we are done.

Remark A remark on the compact form (simply-laced case). Let gR = hR ⊕ (⊕α∈∆ R Eα). This
is a simple Lie algebra over R. Then ωR defined by ωR|hR

= −I and ωR(Eα) = E−α. Extend ωR to
gC by anti-linearity: ω(λa) = λ̄ω(a) for a ∈ gR and λ ∈ C.

Excercise 20.4 Show that ωR is an automorphism, hence the fixed point set R of ω on gC is a
real subalgebra. Show that (•, •)|R is negative definite.

Solution

gC = C ⊗ gR

= C ⊗ (hR ⊕ (⊕α∈∆ R Eα)), hR = ⊕α∈Π R α

= ⊕i(C ⊗R vi), where vi ranges over Π, Eα

ωR(v =
∑

i

ai ⊗R vi) = v → for vi = α ∈ Π that ai = −a∗i → ai is imaginary

for vi = Eα, E−α cases that these come in pairs aEα + a∗E−α.
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ωR is an automorphism of gR since it is evidently surjective and a homomorphism, and for something
of the form

∑

i aivi to be in the kernel, all of the ai’s must be 0. Thus the kernel is 0 as well, and
a surjective homomorphism from a Lie algebra to itself with zero kernel is an automorphism.

K = {v|ωR(v) = v} is a real subalgebra generated by {i ⊗R α, α ∈ Π, i ⊗R (Eα − E−α), α ∈ ∆}

Consider (, )|K :

(i ⊗R α, i ⊗R α) = −(α, α) < 0 (α ∈ Π, since (,) is positive definite on h)

(i ⊗R (Eα − E−α), i ⊗R (Eα − E−α)) = 2(Eα, E−α) = −2 < 0

(1 ⊗R (Eα + E−α), 1 ⊗R (Eα + E−α)) = 2(Eα, E−α) = −2 < 0

So (, ) is negative definite on K.

Definition The real Lie algebra R is called the compact form of gC since the corresponding Lie
group is compact.
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