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We have been proving the following,

Theorem 1 (Classification theorem) Let g be a finite-dimensional semisimple Lie algebra over an
algebraically closed field of characteristic 0. Then g is isomorphic to a direct sum of simple Lie
algebras, and a complete and non-redundant list of the latter is as follows:

sl (F) (n > 2),50,(F) (n>7),8p,(F) (n >4, even), Es, E7, Eg, Fy, Ga.

The strategy of the proof is given in the following diagram.

choose b A choose f € V* A
abstract
g root system root system 1 Cartan matrix abstract
1 Cartan
g9(4) matrix A

First construct the following set of generators E;, F;, H; (i = 1,...,r = dim h = rank (g)) as follows:

let ; be a simple root, and choose E; € gq,, F; € g_q, such that [E;, F}] = %(;11(3;% (recall that

(B> 0—a;] = Fr (), 8o, = FE;,g_o, = FF;.) Then we have:

[Hi, Hj| = 0,[H;, Ej| = a;;Ej, [H;, Fj| = —a;; F}, [E;, Fj] = 6;;H; (%)
where a;; := % are the entries of the Cartan matrix A = (a;;).
N YO s .
To check these: [H;, Ej] = oj(H;)E; = 20‘}((&70(;;)) = 22(((;]7’023) = a;j; [H;, Fj] = —ai;F; is clear;

[E;, F;] has been checked. [Ej;, Fj] = 0 because it belongs t0 ga,—a;, 50 it is not a root by part (a)
of the Theorem in Lecture 17.

Next, we denote by n, (respectively n_) the subalgebra of g generated by all E;s (respectively F;s).

Then
ny = @ Ja;, n_= @ a-

QEA+ OZE—A+

Indeed, let o € AL \ II. Then by part (c) of the Theorem from Lecture 17, a — a; € A for some
simple root vy, hence go = [ga—aq,, Fi| since dimg, = 1. [ga, 98] = ga+p if @, B, + 5 € A by part
(d) of Theorem 3 from Lecture 13.

This proves that all g, with « € A, are in ny. Likewise all g_,(ov € Ay) are in n_. Note that
we have the so-called triangular decomposition g =n_ @ h @ ny (a direct sum as vector spaces).

Exercise 19.1. (a) Show that for sl,, ny = strictly |PP* triangular matrices, if h = diagonal



matrices, and if f chosen as we did. (b) Find the triangular decompositions for so,, and sp,,.

Solution. (a) In Lecture 14, we noted that

where ) was the diagonal matrices, and FE;; is the root space attached to the root €; —e;. We need
to distinguish the positive roots from the negative roots; the f we have chosen gives positive roots
for each F;; where ¢ > j. The direct sum of the spaces FFE;; where ¢ > j is indeed the desired space
ny of strictly upper triangular matrices, and n_ is the space of strictly lower triangular matrices,
showing the triangular decomposition.

(b) For so0,(F), we have

a2

0 —ay

and s0,(F) = h @ (@” IE‘FZ-j>, where Fj; = Eij — Epy1-jnt+1—i- Then the positive roots are

gi£¢;j(1 < j),e;. Hence the space ny is the set of matrices A such that A" = —A which are strictly
upper-triangular, while the n_ is the set of matrices A such that A’ = —A which are strictly
lower-triangular.

For sp, (IF), we have the same Cartan subalgebra b; this time, the F;; = E;; — Epq1—jnt1—; for
1<i4,j<r(i#j)and Fij; = Ejj + Epnt1—jn+1—i (1 <i <rr+1 < j <n. The corresponding root
vectors are Agp, = {g;—¢;(i,j =1,...,70 # j),ei+¢;,—e;i—¢;(i,j = 1,...,7)}; the positive roots
are now €; £ ¢;(i < j) and 2¢; if n is even. Finally, ny is the set of upper triangular matrices (in

block form) such that d = —a’,b =V',c = ¢/, where ’ denotes transposition with respect

b
d

to the antidiagonal, and n_ is the set of lower triangular matrices which satisfy this condition.
Remark 1 Any non-zero ideal of g has a non-zero intersection with b.

Lemma 1 Let § be a finite-dimensional abelian Lie algebra, and let m be a diagonalizable repre-
sentation of b in a vector space V' (not necessarily finite-dimensional), i.e. V = EB/\Q)* Vi, where
Vw={v € V | w(h)v = A(h)v,h € b}. Then for any w(h)-invariant subspace U C V, we have
U =@y (UNW).

Proof. Take u € U and write u = ), v\, where vy € V). Take h € b such that A\;(h) # Aa(h)
(scale so that A\j(h) =1.) Then U > w(h) = A1(h)vy, + A2(h)vy, + ---. Hence
U —m(h)u = (1— Xa(h))va, + (1 — Ag(h))vxg + -+

and we may apply induction on the number of summands in u. [



Proof of the Remark. If [ is a non-zero ideal of g which intersects b trivially, then by the
lemma, g, C I for some root . But then [gn, g o] = Fv~(a) C I, a contradiction. [J

Let g(A) be the Lie algebra on generators E;, F;, H; (i =1,...,r) subject to relations (*).

2 -1

Exercise 19.2. Show that g((2)) = sla(F) but g << 1 o

elements 0fj< 2 -1 >

>> is infinite dimensional. Find the

-1 2

Solution. For the case g((2)) = sl2(F), we have r = 1, giving the generators F1, 1, H; with the
relationships [El,Fl] = Hy; [Hl,Hl] =0 [Hl,El] = 2F; [Hl,Fl] = —2F;. Let

1 0 0 1 0 0
H1—<0_1>7E1—<0 0>7F1_<1 0)7

simple calculations show that these relationships are satisfied, and these matrices generate slo(IF).

- 2 —1 a1 . - .
To show that g << 1 9 >> is infinite-dimensional, we note that ny and n_ are freely generated
over the generators F1, Fo, which is an infinite-dimensional space. Since g = ny @ haa_, it is also
infinite-dimensional.

2 —1
-1 2
tators 1 FEoFq and EsFE1FE,, as well as F1FyFy and Fy ' Fy. [

The maximal ideal J is the ideal containing the inverse images of the triple commu-

Lemma 2 (a) g(A) = n_ @ b D ny, where ny (resp. n_) is generated by the E;s (resp. F;s) and
h = span of H;s. (b) §(A) has a mazimal ideal J(A) among ideals intersecting b trivially.

Proof. (Exercise 19.3.) First we show by induction on n that any commutator of length n:
[[bilvblé]’ cee 7bln] (Where blk € {Ei7 F;, HZ})a

lie in either n4 or in n_ or in b.

Solution. The base case is obvious. Now assume b = [[b;,, b;,], ..., b;,] isin ny, n_ or b; we show
that ¥ = [[[bi;, bi,],- -+ bi, ], 04,0, is in ny, n_ or h. The following table summarizes the possible
values of the n + 1-length commutator o', ignoring irrelevant constant factors in front of the b.

b

b it E; F; H;
Ej 0 5jiHj —a,-jEj
Fj —52']'Hi 0 —(Liij
H

ajiEi —ajiF,- 0

<.



Recalling that n, is defined to be the subalgebra generated by the E;, that n_ is generated by the
F; and that b is generated by the H;, we observe that &', the n + 1-length commutator, always
belongs to one of ny,n_ or b if all the b;, s are E;, F; or H;. [J

Hence g(A) = n_ + h + n. This sum is direct since 0y = @ g(A)q, 0 = > ;- kicvij, ki € Z;, not
all 0, and similarly for n_, but h = g(A)o. (This proves (a).)

But by Lemma 1, any ideal I of g(A) is of the form I = I_ & Iy & Iy, where I+ C ny, Iy C bh.
Soif INh =0, then I = 1_@® I, I C ny. Hence (b) follows, since J(A), as a sum of all
ideals intersecting b trivally, is a proper maximal ideal. We let g(A) = g(A4)/J(A). Now consider
the surjective homomorphism §(A) > g defined by ¢(E;) = E;, o(F;) = F;,(H;) = H; (which
generate g). Moreover, J(A) C ker ¢, otherwise ¢(J(A)) contradicts Remark 1, and furthermore,
J(A) = ker ¢ since J(A) is maximal. Hence we have an isomorphism g(A)—=g. (Note that ¢ is
mapping the infinite-dimensional n; and n_ to finite-dimensional ny and n_). O

So, if we know that g with a given root system exists, like g = sl,,,s0,, or sp,, then g(4) = g
is the Lie algebra with this root system. We have proved that any simple Lie algebra over F is
isomorphic to sl,(F),so0,(F),sp,, (F), or possibly the simple Lie algebras whose root systems are
Ag,,1=6,7,8 Ar,, Ag,, called the exceptional Lie algebras. So it remains to prove the existence
of the latter. Note that we have the same Cartan matrices in the following cases:

A1 =B =04 (1-d root systems are identical)
=C; O=0 0O==0

D3 = Aj O—0O—20
Dy =A1 ¢ A

or, on the level of Lie algebras, sly(F) ~ so3(F) ~ spy(F); s05(F) ~ sp,(F); s06(F) ~ sly(F); 504 ~
slo(F) @ sl (IF).

Now we want to construct the simple Lie algebras from their root systems. (We will carry out an
explicit construction; this construction doesn’t show uniqueness.)

First we consider the simply-laced case A = AT, i.e. all roots have the same length. Let (V,A) be
a simply-laced root system, with (-, -) such that («, ) = 2 for any root «, and let @QQ = ZA be the
root lattice. Then A = {a € Q | (o, ) = 2}, in all examples A,, D,, Eg, E7, Eg; the first two are
known to exist, whereas the last three are new.

Consider the following space over F: g = h @ (P, ca FE,), where h = F ®g (QA) and E, are some
non-zero vectors. Extend the bilinear form from (-,-) on V' to b by bilinearity. Define brackets on
g as follows:

(i) [h,h'] = 0 for h, i’ € .
(i) [h, Ea] = (h,a)Eq
(iii) [Ew, E_a] = —a (for convenience)
(iv) [Ea, Eg] =0if o+ 8 & AU{0}
(V) [Eas Eg] = (o, 8)Easp if a+ 8 € A.



Next time, we will study how to construct € so that the Jacobi identity holds. To do this, we have
to check the Jacobi identities of any triple of distinct basis elements of g:

(i) If this triple is h, ', " € b, the identity is obvious.
(ii) If h, 1/, E, or h, E,, Eg, the Jacobi identity holds for any choice of ¢(a, 3) (Exercise 19.4).

(ili) (next time) If E,, Eg, E,, we will have to choose € appropriately.

Solution. A straightforward calculation shows the Jacobi identity:

o, (W, Eo]] + [, [Ba, ] + [Eo, [0, 0] = [h, [W, Ea]] + [, [Ea, h]
= [h, (K, Q)Ey] + [N, —(h,a)E,]
= (M, a)[h, Eo] — (h, o[, Eq]
= (K,a)(h,a)Ey — (h,a)(l,a)E,

=0
and
[hv [EOH Eﬁ“ + [Eou [Eﬁ7 h]] + [Eﬁ7 [hv Eoz]]
= (a+B,h)[Ea, Eg] — (8,h)|Ea, Eg] + (o, h)[Eg, Ea]
= (a+B,h)[Ea, Eg] — (8,h)|Ea, Eg] — (o, h)[Eq, Eg]
= 0.
U



