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@BA*C:D8EFE/GIH�DJGLK6MON
n = 2r P A�QRA:S�T�A*Q2UWV 2r(F) = {A ⊂

UWE
2r(F)|AtJ + JAt = 0} X�P H�A?NYA J P DZUBD8T�[�UW\OA PUY[^]_]_A`GINYa�C XRb�c GLd�aFD_DeCfH�DZT�gZAhM8K b DZUYaFUi]eD%[ b A�GIDZ\ZA?T�GIM b A

J =

























0 0 0 · · · 1

0 0 . .
.

0
. . . 1

...
... −1

. . . 0

. .
.

0 0
−1 · · · 0 0 0

























�kj�lOmJnOo-p*lq����rtsIuJvJwyx6z�{8xB|~}
2r(F) = {

(

a b
c d

)

|d = −a′, b = b′, c = c′} �i� z�w`sIw ′ � |_x6z�wex~sY{8��|~}�uJ| � x � u8�
� � x6z�sYw`|~}�wf�:x�x�u_x6z�w�{J��x �-�J� {?�Ou8�${8�&uW��{J� r × r � {Jx~s �����
� u8x�w �L� MZNLUYM

2r(F) P A�H�D%dZA b′ = −b X c′ = −c �
� u8���Rx � uJ� ��� A?T�M8GIA�GYH�A�DZT^GYa�QRaFDZgZMOT�D8E r × r

]eD8GYNIa�� b [ j �9� H�A?T M =

(

a b
c d

)

∈
UYV

2r(F) ⇔

(

a b
c d

)(

0 j
−j 0

)

+

(

0 j
−j 0

)(

a b
c d

)

= 0 ⇔

(

at ct

bt dt

)(

0 j
−j 0

)

+

(

jc jd
−ja −jb

)

= 0 ⇔

(

−ctj + jc atj + jd
−dtj − ja btj − jb

)

= 0 ⇔

−ctj + jc = 0
atj + jd = 0

−dtj − ja = 0
btj − jb = 0

⇔

c = −j−1ctj
d = j−1atj
a = −j−1dtj
b = j−1btj�LM P K6MZN

A = {ai,j}i,j P A�H�D%dZA jA = {an+1−i,j}i,j

DZT�Q
Aj = {an+1−i,n+1−j}i,j �B� a�T�C:A j−1 = j X�P AgZA:G

j−1Atj = {an+1−i,n+1−j}i,j = A′ X DZT�Q�UWM_aFT�QRA:A*Q M ∈
UWV

2r(F) ⇔ c = c′, b = b′, a = −d′ �
�

��T�UYaFQ�A�UYV
2r(F) P A�H�D%dOA

h =





















a1

. . .

ar

−ar

. . .

−a1





















.

DZUkD� tD8NYGIDZT¡U c�b D8EFgZA b NID � ��T�QRA:A*Q X a�T2GIH�a�U b DOUWa�U�UYV 2r(F)
C`MOT^GID8aFT�ULD�]eDJGYNIa�� P a�GYH¢Q�aFUWGYaFT�C£GhA:aFgZA?T^dJDZE c A*U XD8T�Q�UWM b [�DBNIA:]eD8NI\�aFT�MZT�A9M8K�GYH�A¤V�NIA:d�aFM c U/EFA?C`G c NIA?U�GYH�A�a�T^GIA:NfUWA*C£GYaFMBM8K�UYV 2r(F)

D8T�QhGIH�A�Q�aFDZgZMZT�D8EZU c�b DZE�gOA b NfDa�UBD� tD8NYGID8T�U c�b D8EFgZA b NID � ��T�EFa�gOH^GiMZK!¥9��A?NIC:aFUYA_¦ X GIH�aFULa�T^GYA?NIUYA?C`GYaFMZT�aFULDOUBD b MJdZA �§
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� H�A�dZA*C£GIMZNfU Fi,j = Ei,j − En+1−i,n+1−j

K6MON
1 ≤ i, j ≤ r X i 6= jD8T�Q

Fi,j = Ei,j−En+1−j,n+1−i

K6MZN
r+1 ≤ j ≤ n X 1 ≤ i ≤ r

DZNYA(NIM�M8G�dZA*C£GIMZNfU ��� H�A�C`MZNINIA?UYV�MOT�QRaFT�giNYM�M8GfUD8NIA
∆ µ6¶ = {εi − εj

K6MZN
i, j = 1, . . . , r, P a�GYH i 6= j; εi + εj

K6MZN
i, j = 1, . . . , r;−εi − εj

K6MON
i, j = 1, . . . , r} ��LMZGYA�GIH�DJG

±2εi

DZNYAhNYM�MZGIU �
� u8x�w � � H�aFUBUYA`GLa�Uia�T�QRA?C:MZ]_V�M^UYD b EFAkK6MONLD8EFE r ≥ 1 X H�A?T�C`A�UYV 2r(F)

aFULUYaF]�V�E�A �
rtsYu*u·� �k� MON r ≥ 2 P A�H�D%dOA�GIH�A�CfH�D8aFT�U εa + εb,−εb + εc, εc + εb

a�K
c 6= b

DZT�Q
εa + εb,−εb + εa, εc + εb

a�K
a 6= b �(� H�a�ULUWH�M P U¤GIH�DJG�DZE�E εi + εj ¸ UBD8NIA�C:MZT�T�A?C£GIA?Qº¹6a�K r = 1

GIH�aFU�U·GfDJGYA?]_A:T^GBaFUBdJDOC c M c UWEF[_GYN c A%» �
� H�A�CfH�D8aFT εa + εb, εa − εb

K6MZN
a 6= b

UWH�M P U9GYH�D8G�D8EFE εi − εj ¸ U�D8NIA�C`MOT�T�A?C`GYA*Q�GYM�GIH�A εi + εj ¸ U�¹¼D8T�QeH�A:T�C:AD8]_MOT�g�GIH�A:]eUYA:EFdZA*UI» �
� H�A −εi − εj ¸ ULD8NIA�C`MZT�T�A?C`GYA?Q�GIM εi + εj ¸ U b [yM b d^aFM c UBCfH�D8aFT�U −εi − εj , εi + εj �� H�a�UBUWH�M P UtGYH�D8GBDZT�[eG P M_NIM�M8GIUiDZNYA�C`MOT�T�A*C£GYA*Q X D8T�Q ∆

aFUiaFT�QRA*C`MO]�V$MOUID b E�A �
�

½ mJ¾�¿�¾�p*o6À*o-¾$ÁÂ��	��-�$��Ã6�
∆ � | � wf�fu � }�uJ|`{OÄ`�Fw � �-� w � ∆ = ∆′ ∪ ∆′′ �k� � x6z α′ + α′′ /∈ ∆ ∪ {0}

�`uJs�{J�Å�
α′ ∈

∆, α′′ ∈ ∆
xÅz�w`� � wBz�{JvJw�{��Iu8s£sYw`|¼}�uJ� �J� ��� � wf�Iu � }�u%| � x � uJ�¢uW� g � ��x�u �J� sYwf�:x0|£� � u·� �-� wf{J�Æ| g = g′⊕g′′ � z�w:sYw

g′ = h′ ⊕

(

⊕

α′∈∆′

gα′

)

�`uJs
h′ = span{ν−1(∆′)}

{8� �
g′′ = h′′ ⊕

(

⊕

α′′∈∆′′

gα′′

)

�`uJs
h′′ = span{ν−1(∆′′)} �

rtsYu*u·� �kÇ A?C?D c UYA α′ + α′′ /∈ ∆ ∪ {0} XRP A�gZA:G X [gα′ , gα′′ ] ⊂ gα′+α′′ = 0 �
� aFT�C`A F[gα, g−α] = Fν−1(∆′) P AeC`MZT�C`E c QRA X UYD%[ b [¢È^DZC:M b a&a�QRA:T^GYa�G·[ X [h′, gα′′ ] = 0

DZT�Q
[h′′, gα′ ] = 0 XUYM

[g′, g′′] = 0 � ��G�NYA?]eD8aFT�UhGYM2UYH�M P GYH�DJG
g′
D8T�Q

g′′
DZNYA_U c�b D8EFgZA b NIDOU � � a�NfU·G�T�MZGYA�GYH�DJG β′ ∈ ∆′

aF]_V�E�aFA?U
−β′ ∈ ∆′ � ��T�Q�A:A?Q X(P AyH�D%dZA −β′ ∈ ∆ X DZT�QÉU c V�V$MOUYa�T�g −β′ ∈ ∆′′

E�A*DZQ�U�GYM
β′ + (−β′) ∈ ∆ ∪ {0} X DC`MOT^GYNfDZQRa�C£GIa�MOT � ��M P a�K α′, β′ ∈ ∆′

GIH�A:T
γ = α′+β′ /∈ ∆′′ XZb A?C:D c UYAiGYH�D8G P M c EFQ�]_A?DZT γ +(−β′) = α′ ∈ ∆K6MZN

γ ∈ ∆′′
D8T�Q

−β′ ∈ ∆′ X D8T�MZGYH�A?NBC`MZT^GINIDOQRaFC`GYaFMZT �9� M_A?a�GIH�A:N α′, β′ ∈ ∆′ ∪ 0
DZT�Q

[gα′ , gβ′ ] = gα′+β′ ∈ g′MZN
α′, β′ /∈ ∆ ∪ 0

D8T�Q
[gα′ , gβ′ ] = 0 � ��G�a�U�T�M P C`EFA?D8N�GYH�D8G

g′
aFU�D2U c�b DZE�gOA b NfD ��� a�]_aFEFDZNYEF[ X g′′

a�U�DZEFUYM¡D
U c�b D8EFgZA b NfD � �

Ê lOË&Á!o6À?o¼¾�Á��BÌ T�Í�Î p?À:m Í nZÀ�mJ¾�¾�À�p:Ï�p?À?l�Ð aFUtD�V�DZa�N
(V, ∆) X�P H�A?NYA V

aFU�D�S�T�a�GYA�QRaF]_A:T�UYa�MOT�D8E�dZA*C£GYMON¤UYV�DZC:A
MJdZA?N

R
M8K(QRaF]_A:T�UYa�MOT

r X DZT�Q ∆
a�ULD�S�T�a�GYA�UYA`GBM8K&dZA*C£GYMONIUtaFT

V X U c CfH�GYH�D8GtGIH�A�K6MZEFEFM P a�T�geD8��aFMZ]eUtH�MOEFQ¹W¦*»
0 /∈ ∆ X V = span{∆}¹~ÑZ»���K

α ∈ ∆
GYH�A?T

kα ∈ ∆
a�Ò

k = 1
MON

−1
K6MONLD8EFE

k ∈ Z¹¼ÓO»º¹ |£x~s � �^��}
sYuI}�w`s£x~Ô »h��K α, β ∈ ∆
GYH�A?T

{β + jα|j ∈ Z} ∩ (∆ ∪ 0) = {β + jα| − p ≤ j ≤ q} P H�A:NIA
p, q ∈ Z+

DZT�Q
p − q = 2(α,β)

(α,α)
�¥9EFA:]_A:T^GfUBM8K

∆
D8NIA�C:DZE�EFA?Q�NYM�MZGIU X D8T�Q�NIDZT�\yMZK�GYH�A�NYM�M8GLUY[RU·GIA:]Õa�UBNfD8T�\

(V, ∆) = r �
��T P H�DJGBK6MOE�EFM P U P A P aFE�E/MZKÅGYA?T�C?D8EFE�D b UWGYNfDZC`GBNYM�M8GLUY[RU·GIA:]eUBUWaF]_V�EF[yNYM�MZGBUY[RU·GIA:]eU �

�kj Í ÐÉ¿&Ö-l¡��	��-�$�L× A`G
g b A�D8T�[eUWA?]_aFUYa�]_V�EFA × aFAkD8EFgZA b NfD�MJdZA?N�D�CfH�MOUYA:TeS�A?EFQ F

M8K�CfH�D8NfDZC£GIA:NIaFUWGYa�C
0 X ∆ ∈ h∗GYH�A�UYA`G�M8K¤NIM�M8GfU X V = (span

MJdZA:N
R
M8K

∆) = R ⊗Q h∗Q X/P H�A?NYA h∗Q
aFUkGIH�A�UYV�DZT¢M8K

∆
MJdZA:N

Q X D8T�Q (·, ·) ØGYH�A b aFE�aFT�A?DZNLA`��GIA:T�UYa�MOT�M8K K |hQ

¹ P H�a�CfH P A�\^T�M P H�DOUBNfDJGYaFMZT�D8E/dJD8E c A?U�MZT hQ

»tGYM
hR Ø GIH�A�UYV�D8T�MZK ∆

MJdZA?N
R �(� H�A:T b [ � H�A:MZNIA:]eUtÓ�DZT�QyÙ�K6NYMO]ÚV�NYA*C`A?Q�a�T�g�E�A*C£G c NYA*U (V, ∆)

a�U�DZT�D b U·GINIDOC£G�NIM�M8GiUW[RUWGYA:]ÛC?D8EFE�A*Q
g Ø NYM�MZGUY[�UWGYA?] �

�kj Í ÐÉ¿&Ö-l��R	���Ü�� QRa�]
V = 1 X ∆ = {α,−α} α −α

-� q� H�a�U(a�U&GYH�A�MZT�EF[�NIM�M8G¤UY[�UWGYA?]ÝMZK
NfD8T�\y¦ XOb [�GYH�AiS�NIUWG9G P M�DJ�Ra�MO]eU �&� H�ALUWGYNIa�T�g�V�NYMOV�A?NWG·[�M b d^aFM c UWEF[�H�MOEFQ�UH�A?NYA �
Ê lOË&Á!o6À?o¼¾�Á���Ì T¡D b U·GINIDOC£GLNIM^MZG�UW[RUWGYA?]Þa�U�C?D8EFE�A*Q o¼Á0ß!l�nZ¾$ÐÉ¿¤¾$p Í�Î Ö¼l a�K&GYH�A:NIA�aFU�T�M�QRA*C`MO]�V$MOUYa�GYaFMZT�a�T^GIM�D
c T�aFMZT�MZK�G P M�T�MZT�A?]�V�G·[�UWA:GIU ∆ = ∆′ ∪ ∆′′

U c CfH�GYH�D8G α′ + α′′ /∈ ∆ ∪ {0}
K6MZNLDZE�E

α′ ∈ ∆′, α′′ ∈ ∆′′ �
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½ mJ¾�¿�¾�p*o6À*o-¾$Áá�R	���Ü��yâãsYu*uJx�|fÔ%|£x�w � (V, ∆) � | � wI�fu � }�u%|:{ZÄ:��w � ä V = V ′ ⊕ V ′′ � z�w:sYw V ′ ⊥ V ′′

{J� �
∆ = ∆′ ∪ ∆′′ � z�w`sYw ∆′ = V ′ ∩ ∆

{J� � ∆′′ = V ′′ ∩ ∆ �
rtsYu*u·� �k� a�NfUWG X U c V�V$MOUYA�GYH�D8G ∆ = ∆′ ∪ ∆′′

U c CfH�GYH�D8G α′ + α′′ /∈ ∆ ∪ {0}
K6MZN�DZE�E

α′ ∈ ∆′, α′′ ∈ ∆′′ �¤� H�A?T
b [2GYH�A_UWGYNIaFT�g�V�NYMOV�A?NWG·[ q = 0 � Ç c G −α′′ ∈ ∆′′

¹-UYaFT�C`A_a�K
−α′′ ∈ ∆′

GIH�A:T
α′′ + (−α′′) = 0 ∈ ∆ ∪ {0} XDÉC`MOT^GYNfDZQRa�C£GIa�MOT�» X H�A:T�C`A α′ − α′′ /∈ ∆ ∪ {0} X UWM X�b [åGIH�A¢UWGYNIa�T�gºV�NYMOV�A?NWG·[ p = 0

DZU P A:EFE X DZT�QæH�A:T�C:A
(α′, α′′) = 0 �(� D8\�a�T�g V ′ = span∆′ X V ′′ = span ∆′′ P A�gZA:GtGIH�A�QRA*UWaFNYA*Q�Q�A?C`MO]_V�M^UWa�GYaFMZT�M8K V � �MZT�dOA:NfUWA?E�[ X U c V�V�M^UWA V = V ′⊕V ′′

D8T�Q
∆ = ∆′∪∆′′

K6MZN
∆′ = V ′∩∆, ∆′′ = V ′′∩∆

DZT�Q
(α′, α′′) = 0K6MZNyDZE�E

α′ ∈ ∆′ X α′′ ∈ ∆′′ �qç A¡UYH�DZE�ELUYH�M P GIH�DJG
α′ + α′′ /∈ ∆ ∪ {0}

K6MONyD8EFE
α′ ∈ ∆′, α′′ ∈ ∆′′ X UYMGYH�DJG

∆ = ∆′ ∪ ∆′′
a�U�D�QRA*C`MO]�V$MOUYa�GYaFMZT¢MZK

∆ � ��M8GYA�GIH�DJG α′ + α′′ 6= 0 b A?C:D c UYA α′ ∈ V ′ X α′′ ∈ V ′′
DZT�Q

V ′ ∩ V ′′ = 0 � ��K α′ + α′′ ∈ ∆
GYH�A?TèA:a�GYH�A?N

α′ + α′′ ∈ ∆′
MZN

∆′′ �_ç a�GYH�M c G�E�M^UYU�MZK�gOA:T�A?NIDZE�a�G·[ X U c V�V$MOUYA
α′ + α′′ ∈ ∆′′ � Ç c GBGIH�A:T 0 = (α′, α′ + α′′) = (α′, α′) X�P H�aFCfH�aFULa�]_V$MOUIUWa b EFA � �

é uJ�
�`����| � u8� � � H c U (V, ∆) c T�aFê c A?E�[eQRA*C`MZ]_V$MOUYA?U¤a�T^GYM�D�U c ]ëM8K�aFT�QRA?C:MZ]_V$MOUID b EFALNIM^MZG�UY[�UWGYA?]eU V = ⊕jVj XP H�A?NYA Vi ⊥ Vj

K6MZN
i 6= j X D8T�Q ∆ = ∪j∆j P a�GYH ∆j ⊂ Vj �

� H�a�UiNYA*Q c C:A?UtGYH�A�U·G c QR[�MZK0gOA:T�A?NIDZE$NIM�M8GLUY[�UWGYA?]eUtGYMeaFT�QRA?C:MZ]_V$MOUID b EFAkMOT�A?U �
Ê lOË&Á!o6À?o¼¾�Á�� ��P M�a�T�QRA?C:MZ]_V�M^UYD b EFALD b UWGYNfDZC`G&NIM�M8G¤UY[RU·GIA:]eU (V1, ∆1)

D8T
(V2, ∆2)

DZNYA o¼p?¾$Ðå¾�m*¿&ì!o-n a�K
GYH�A:NIA
A`�Ra�U·GfUkD�dZA*C£GYMONkUYV�DZC:A�a�UWMO]_MZNIV�H�a�UW]

ϕ : V1 7→ V2
U c CfH¡GYH�D8G ϕ(∆1) = ∆2

D8T�Q
(ϕ(a), ϕ(b)) = γ(a, b)

K6MON
D8EFE

a, b ∈ V1
DZT�Q�D�C:MZT�UWGIDZT^G

γ ∈ R+ �
� u8x�w � ��K (·, ·)

aFULNYA?V�EFDOC`A*Q P a�GYH γ(·, ·)
K6MONLUWMO]_A

γ ∈ R+ P AhgOA`GLD8T�a�UWMO]_MZNIV�H�a�C�NIM�M8GLUW[RUWGYA?] �
½ mJ¾�¿�¾�p*o6À*o-¾$Áí�R	��Fî���Ã6�

(V, ∆) � |e{J��ïFð/ñ�ò*ó`ô%õ�ö&ôJ÷fø�ùJú6ò�{OÄ£|£x~sY{Z�:xBsYu*uJxi|£Ô%|£x�w ��� {J� � (·, ·) � x-|�Ä � � � �
wI{8sB�`uJs ���x6z�w:�y�`uJsy{J��Ô�u8xÅz�w`sk}�u%| � x � vJw � w-û¤� � x�w_|£Ô ��� w:x¼s � ��Ä � � � �
wf{JsB�`uJs � (·, ·)1
�`u8s � z � �IzÉxÅz�w�|£x¼s � ����}$sIuI}�w`s£x~Ôèü~x6z�wx6z � s � { �O� u �ký z�u8� � | � x6z�w:sYw�w �O� |£x-|�{ δ ∈ R+ � |£���Iz2xÅz�{Jx (α, β)1 = δ(α, β) �

rtsYu*u·� �k� a�� α ∈ ∆ �þ� H�A?TþK6MON�DZT�[ β ∈ ∆
GYH�A?NYA�A`�Ra�U·GeDºUWA*ê c A:T�C:A α = γ0, γ1, . . . , γk = β

U c CfHåGIH�DJG
γi + γi+1 ∈ ∆ ∪ {0}

D8T�Q
(γi, γi+1) 6= 0

K6MZNLDZE�E
i = 0, . . . , k − 1 �

� M¡UWA?AeGYH�D8G X K6MZN�D�NYM�M8G α
QRA:S�T�A

C = {γ ∈ ∆|
GIH�A:NIA�A`�Ra�U·GfUBD_UWA*ê c A:T�C:AhMZK γ ¸ UBDOUBD b MJdZA } D8T�Q B =

∆ \ C ��� H�A:T γ ∈ C
D8T�Q

β ∈ B
aF]_V�EF[

(γ, β) = 0 � ��T�QRA:A*Q X (γ, β)¬0 b [¡UWGYNIa�T�g�V�NIMZV$A:NYG·[�]_A?D8T�U�A?a�GIH�A:N
γ +β ∈ ∆

MZN
γ−β ∈ ∆ X D8T�Q_UYM�GYH�A�UWGYNIaFT�gOU γ, β

MON
γ,−β, β X NIA?UYV�A*C£GYaFdZA?E�[ X aF]�V�E�[ β ∈ C X D�C`MOTOGINIDOQRa�C£GYaFMZT ��LM P C

D8T�Q
B
D8NIA�MONWGIH�MZgOMZT�DZE!U c�b UYA`GfUkMZK ∆

DZT�Q
C
aFU�T�MZT�A?]�V�G·[ X UYa�T�C`A�a�G�C`MOT^GID8aFT�U α � Ç [2V�NIMZV$MOUYa�GIa�MOT¦*ÿ � Ñ X D8T�Q�UYa�T�C:A ∆

a�Uia�T�Q�A?C`MO]_V�M^UYD b E�A XRP A�C:MZT�C:E c Q�AkGIH�DJG B
a�UBA:]_VRG·[ X DZU P D8T^GYA*Q ��LM P�X Q�A`S�T�A δ b [ (α, α)1 = δ(α, α) �9ç A P aFE�E�UYH�M P GIH�DJG (β, β)1 = δ(β, β)

K6MONiGYH�A�UID8]_A
δ �(ç A�\�T�M P

2(α, γ1)

(α, α)
=

2(α, γ1)1
(α, α)1

= p − q

UYM
(α, γ1) = δ(α, γ1) X D8T�Q�DZU

2(α, γ1)

(γ1, γ1)
=

2(α, γ1)1
(γ1, γ)1

= p − q

D8T�Q
(α, γ1) 6= 0 P A�gZA`G (γ1, γ1)1 = δ(γ1, γ1) �� aF]_a�E�D8NIE�[ (γ2, γ2)1 = δ(γ2, γ2)

DZT�Q�UWM�MZT X�c T^GYaFE γk = β �� a�T�D8EFE�[�GYH�AkU·GINYaFT�g�V�NIMZV$A:NYG·[�aF]_V�E�aFA?U (α, β)1 = δ(α, β)
K6MON�DZE�E�NYM�M8GfU X D8T�Q_DOU(GYH�ALNYM�MZGIU9UYV�D8T V

GYH�AhUYDZ]�A
a�UtGYN c A�K6MZNLDZE�E a, b � �

ç A�H�D%dZAhÙeUWA?NYaFA?UiMZK!D b U·GINIDOC£GBNYM�MZGiUY[RU·GIA:]eU��
� [^V$A Ar

� ç A2GIDZ\ZA V = {a ∈ Rr+1 | Σai = 0}
D8T�Q K6MONeGYH�A U·GfD8T�Q�DZNIQ b DOUWa�U εi

M8K
Rr+1 P A2E�A:G

∆Ar
= {εi − εj | i, j = 1, . . . , r +1} �0� H�Aka�T�T�A:N¤V�NYMRQ c C`G¤a�U9GIH�A�UWGID8T�Q�D8NYG¤MZT�ALMZT Rn+1 a � A � (εi, εj) = δi,j �� MyCfH�A?Cf\�GYH�D8GBGYH�a�ULa�U�D_NIM�M8GLUW[RUWGYA?] P A�MZT�EF[�T�A:A?Q�GIMydZA?NYa�K6[yGIH�A�U·GINYaFT�geV�NIMZV$A:NYG·[¢¹6GYH�A�M8GYH�A:NBG P MeDJ�Ra�MO]eUM b d�aFM c UYE�[_H�MOEFQ�» �9� H�A�A`�RV�EFa�C`a�G�C`MZ]_V c GIDJGIa�MOTyK6MON α = εi − εj X β = εk − εl

aFUigOa�dOA:T b [eGIH�AhK6MZEFE�M P aFT�g_C:DOUWA*U¹6T�M8GYA�GIH�DJG
(α, α) = 2

K6MZNLD8EFE/NIM^MZGIU
α
»��

¹W¦*»
i 6= k, l; j 6= k, l ��� H�A?T (α, β) = 0

DZT�Q
α + β, α − β /∈ ∆ ∪ {0} X UYM p = q = 0

D8T�Q2GYH�A_UWGYNIaFT�g
V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»
α = εi − εj X β = εj − εk ��� H�A:T (α, β) = −1

DZT�Q
q = 1 X p = 0 X UYMyGIH�A_U·GINYaFT�g�V�NYMOV�A?NWG·[�H�MOEFQ�UD8g^D8aFT �¹¼ÓO»

α = εi − εj X β = −εi + εk �9� H�A:T (α, β) = −1
D8T�Q

q = 1 X p = 0 X UYM�GIH�A�UWGYNIa�T�g_V�NIMZV$A:NYG·[yH�MOEFQ�U �
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α = εi − εj X β = −εi − εj �9� H�A:T (α, β) = −2
D8T�Q

q = 2 X p = 0 X UYM�GIH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[yH�MOEFQ�U �¹~ÿZ»
α = εi − εj = β �9� H�A?T (α, β) = 2

DZT�Q
q = 0 X p = 2 X UWM�GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �

�kj�lOmJnOo-p*l¢Ü/����{�� � ��� V = Rr � � x6z�x6z�w�|£x�{8� � {Js � ÄI{J| � | εi � i = 1, . . . r � w � w¼û9�
w

∆Br
= ∆ �	�

2r+1
= {εi − εj ,−εi − εj , εi + εj ; εi,−εi | i, j = 1, . . . , r

∆Cr
= ∆ ��


2r

= {εi − εj ,−εi − εj , εi + εj ; 2εi,−2εi | i, j = 1, . . . , r}

∆Dr
= ∆ �	�

2r
= {εi − εj ,−εi − εj , εi + εj | i, j = 1, . . . , r}rtsYu8v%w�x6z�{8x¤x6z�w`|`w�{JsIw�sYu*uJx�|£Ô%|£x�w � | � �-� w � xÅz�{Jx�xÅz�w�|£x~s � �^��}$sYuf}�w:s£x¼Ô�z�uJ� � |�Ä`Ô A`�RV�EFa�C`a�GYEF[ vJw`s � �fÔ � ��� � x �

� u8���Rx � uJ� � ç A�H�D%dZAkGYH�A�K6MOE�EFM P a�T�g�M b d^aFM c U
� Ä£|:w:s£v%{8x � u8� � ��c V�V$MOUYA�D V�DZa�N (V, ∆)

MZKkD2S�T�a�GIA2QRa�]_A?T�UWaFMZT�D8EtdZA?C`GYMON�UYV�DZC:A�MJdZA?N
R
DZT�QþD¡S�T�a�GYA�UWA:G�MZK

dZA*C£GIMZNfU�aFT a�GyUYD8GYa�U·K6[èGIH�A�S�NfU·G�G P MèDJ�RaFMZ]eU�M8KkD b U·GINIDOC£G_NYM�MZG_UY[RU·GIA:] X D8T�Q α, β ∈ ∆ �æ� H�A:T GYH�A2UWGYNIa�T�gV�NIMZV$A:NYG·[eH�MZE�Q�UiK6MON
α, β

a�Ò¢a�GLH�MOEFQ�UtK6MON
α,−β

a�Ò¢a�GLH�MZE�Q�UiK6MON
−α, β �

ç A P aFE�E&C:DZNYNI[�M c G�GIH�A�V�NIM�M8K&K6MZNhD8EFE�GIH�NYA?A�MZK¤D b MJdZA�NIM^MZGkUY[�UWGYA?]eULaFT¡V�D8NfD8EFEFA:E �Bç A�H�D%dZA�GIH�A�K6MOE�EFM P aFT�gC:DOUWA*U��

���
��

α = εi − εj , β = εk − εl � ��T2DZE�E
GIH�NYA?A�NYM�MZGBUY[RU·GIA:]eU X¹W¦*»
i 6= k, l; j 6= k, l �(� H�A?T (α, β) = 0

D8T�Q
α + β, α− β /∈ ∆∪ {0}

UYM
p = q = 0

D8T�QeGYH�A�UWGYNIaFT�g
V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»
α = εi − εj X β = εj − εk �_� H�A:T (α, β) = −1

D8T�Q
q = 1 X p = 0 X UWM�GYH�AyU·GINYaFT�g�V�NYMOV�A?NWG·[H�MZE�Q�UBDZgOD8aFT �¹¼ÓO»

α = εi − εj X β = −εi + εk ��� H�A?T (α, β) = −1
DZT�Q

q = 1 X p = 0 X UWMyGYH�A_U·GINYaFT�g�V�NYMOV�A?NWG·[H�MZE�Q�U �¹-Ù^»
α = εi − εj X β = −εi − εj ��� H�A?T α = −β

D8T�Q2D c GYMO]_D8GYa�C:DZE�EF[ q = 2 X p = 0 X UWMyGYH�A�U·GINYaFT�gV�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÿZ»
α = εi − εj = β �¤� H�A?T�D c GYMO]eDJGYa�C:DZE�EF[ q = 0 X p = 2 X UYM�GYH�A�UWGYNIa�T�g�V�NYMOV�A?NWG·[eH�MOEFQ�U �
����$�
α = εi − εj , β = εk + εl �¹W¦*»
i 6= k, l; j 6= k, l ��� H�A?T (α, β) = 0

DZT�Q
p = q = 0

K6MZN�DZE�E&GIH�NIA:A_NYM�MZG�UY[RU·GIA:]eU X GYH�AyUWGYNIa�T�gV�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»
α = εi − εj X β = εj + εk �t� H�A?T (α, β) = −1

DZT�Q
q = 1 X p = 0

K6MZNkD8EFE/GYH�NIA:A�NYM�M8G�UY[RU·GIA:]eU XGYH�A�UWGYNIaFT�g_V�NYMOV�A?NWG·[eH�MZE�Q�U �¹¼ÓO»
α = εi − εj X β = εi + εk �9� H�A:T (α, β) = 1

D8T�Q
q = 0 X p = 1 X K6MONtDZE�E$GYH�NYA?A�NIM^MZGtUY[RU·GIA:]eU X GIH�AU·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹-Ù^»

α = εi − εj X β = εi + εj �þ� H�A?T (α, β) = 0
D8T�Q

q = p = 1
K6MZN

∆Cr
X p = q = 0

K6MZN
∆Br

, ∆Dr
X DZT�Q�GYH�A�UWGYNIa�T�g�V�NYMOV�A?NWG·[yH�MZE�Q�Uia�T2DZE�E
GIH�NYA?A �����
��

α = εi + εj , β = εk − εl �¹W¦*»
i 6= k, l; j 6= k, l ��� H�A?T (α, β) = 0

DZT�Q
p = q = 0

K6MZN�DZE�E&GIH�NIA:A_NYM�MZG�UY[RU·GIA:]eU X GYH�AyUWGYNIa�T�gV�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»
α = εi + εj X β = −εj + εk �9� H�A?T (α, β) = −1

D8T�Q
q = 1 X p = 0

K6MONtDZE�E$GYH�NYA?AkNIM�M8GtUY[RU·GIA:]eU XGYH�A�UWGYNIaFT�g_V�NYMOV�A?NWG·[eH�MZE�Q�U �¹¼ÓO»
α = εi + εj X β = εi − εk �9� H�A:T (α, β) = 1

D8T�Q
q = 0 X p = 1 X K6MONtDZE�E$GYH�NYA?A�NIM^MZGtUY[RU·GIA:]eU X GIH�AU·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹-Ù^»

α = εi + εj X β = εi − εj �þ� H�A?T (α, β) = 0
D8T�Q

q = p = 1
K6MZN

∆Cr
X p = q = 0

K6MZN
∆Br

, ∆Dr
X DZT�Q�GYH�A�UWGYNIa�T�g�V�NYMOV�A?NWG·[yH�MZE�Q�Uia�T2DZE�E
GIH�NYA?A ������$�

α = εi + εj , β = εk + εl �9� H�A:T�a�T2DZE�E
GIH�NYA?A�NYM�MZGiUY[RU·GIA:]eU¹W¦*»
i 6= k, l; j 6= k, l �(� H�A?T (α, β) = 0

DZT�Q
p = q = 0 X GIH�A�UWGYNIa�T�g�V�NIMZV$A:NYG·[yH�MOEFQ�U �¹~ÑZ»

α = εi + εj X β = εj + εk �9� H�A:T (α, β) = 1
D8T�Q

q = 0 X p = 1 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹¼ÓO»
α = εi + εj = β � H�A:T2D c GYMZ]eD8GYa�C:D8EFEF[ q = 0 X p = 2 X UWM�GIH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �Ç [�GIH�A�� b UYA:NIdJDJGIa�MOT P A�gOA`GkGYH�D8G�GYH�A�UWGYNIa�T�g�V�NYMOV�A?NWG·[�H�MOEFQ�U�a�T D8EFE�GIH�NYA?A�NIM^MZGkUY[�UWGYA?]eU�aFT2GYH�AC:DOUWA*U


����*���
α = εi − εj , β = −εk − εl
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α = −εi − εj , β = εk − εl�?�����$�
α = −εi − εj , β = εk + εl�����*���
α = εi + εj , β = −εk − εl�?�����*���
α = ei − εj , β = −εk − εl� H�aFU�C:MZ]_V�EFA`GfUhGYH�AeV�NIM�M8K9K6MON ∆Dr

DZT�Q E�A*D%dZA?UkMZT�E�[2GIH�AeC:DOUWA*UkaFT�dZMOE�d�aFT�g��:UWaFT�gOE�A:GYMZT�U���K6MZN�GYH�A
M8GIH�A:NiG P M�NIM�M8GLUY[�UWGYA?]eU �

�
��
��

α = (2)εi X β = εj − ek �¹W¦*»
i 6= j, k �9� H�A:T (α, β) = 0

D8T�Q
p = q = 0 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»

i = j �&� H�A:T (α, β) = 1
K6MON

∆Br

DZT�Q
q = 0 X p = 2 X GYH�AiUWGYNIa�T�gkV�NIMZV$A:NYG·[kH�MOEFQ�U0DZT�Q (α, β) = 2 X

(α, α) = 4
K6MZN

∆Br

D8T�Q
q = 0 X p = 1 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹¼ÓO»

i = k � � H�A?T (α, β) = −1
K6MZN

∆Br

D8T�Q
q = 2 X p = 0 X GIH�A2U·GINYaFT�gºV�NYMOV�A?NWG·[ÉH�MZE�Q�U_D8T�Q

(α, β) = −2 X (α, α) = 4
K6MON

∆Cr

D8T�Q
q = 0 X p = 2 X GIH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �

�
���$�

α = (2)εi X β = εj + ek �¹W¦*»
i 6= j, k �9� H�A:T (α, β) = 0

D8T�Q
p = q = 0 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»

i = j �&� H�A:T (α, β) = 1
K6MON

∆Br

DZT�Q
q = 0 X p = 2 X GYH�AiUWGYNIa�T�gkV�NIMZV$A:NYG·[kH�MOEFQ�U0DZT�Q (α, β) = 2 X

(α, α) = 4
K6MZN

∆Cr

DZT�Q
q = 0 X p = 1 X GIH�A�UWGYNIa�T�g_V�NIMZV$A:NYG·[eH�MOEFQ�U �
��

�
�

α = εj − ek X β = (2)εi �¹W¦*»
i 6= j, k �9� H�A:T (α, β) = 0

D8T�Q
p = q = 0 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»

i = j �&� H�A:T (α, β) = 1
K6MZN

∆Br

D8T�Q
q = 0 X p = 1 X GIH�ALUWGYNIa�T�g�V�NIMZV$A:NYG·[�H�MOEFQ�U(DZT�Q (α, β) = 2K6MZN

∆Br

DZT�Q
q = 0 X p = 2 X GIH�A�UWGYNIa�T�g�V�NIMZV$A:NYG·[yH�MOEFQ�U �¹¼ÓO»

i = k � � H�A?T (α, β) = −1
K6MZN

∆Br

D8T�Q
q = 1 X p = 0 X GIH�A2U·GINYaFT�gºV�NYMOV�A?NWG·[ÉH�MZE�Q�U_D8T�Q

(α, β) = −2
K6MZN

∆Br

DZT�Q
q = 2 X p = 1 X GIH�A�UWGYNIa�T�g_V�NIMZV$A:NYG·[yH�MOEFQ�U ����

�
�

α = εi + ej X β = (2)εk �¹W¦*»
i 6= j, k �9� H�A:T (α, β) = 0

D8T�Q
p = q = 0 X GYH�A�U·GINYaFT�g_V�NIMZV$A:NYG·[eH�MZE�Q�U �¹~ÑZ»

i = j �&� H�A:T (α, β) = 1
K6MZN

∆Br

D8T�Q
q = 0 X p = 2 X GIH�ALUWGYNIa�T�g�V�NIMZV$A:NYG·[�H�MOEFQ�U(DZT�Q (α, β) = 2K6MZN

∆Cr

D8T�Q
q = 0 X p = 2 X GYH�A�UWGYNIaFT�g_V�NYMOV�A?NWG·[eH�MZE�Q�U �

�
�
�
�

α = (2)εi X β = (2)εj �¹W¦*»
i 6= j �9� H�A?T (α, β) = 0

DZT�Q
p = q = 1

a�T b M8GIH X GYH�A�U·GINYaFT�g�V�NYMOV�A?NWG·[�H�MZE�Q�U �¹~ÑZ»
i = j � H�a�UiaFULD c GYMO]eDJGYa�C �Ç [�GIH�A�� b UYA:NIdJDJGIa�MOT P AkgZA`G�GYH�D8G¤GIH�AkUWGYNIa�T�g�V�NIMZV$A:NYG·[�H�MOEFQ�U¤aFT b M8GYH�NYM�MZG�UW[RUWGYA?]_U�aFTeGYH�AhC:DOUWA*U�

�
��
��

α = −(2)εi X β = εj − ek�
�
���$�

α = −(2)εi X β = εj + ek

�
���?�$�

α = (2)εi X β = −εj − ek�
�
���?�$�

α = −(2)εi X β = −ej − ek
����
�
�

α = εj − ek X β = −(2)εi�?���
�
�

α = −εi − ej X β = (2)εk�����
�
�

α = εi + ej X β = −(2)εk�?�����
�
�

α = −εi − ej X β = −(2)εk�
�
�
�
�

α = −(2)εi X β = (2)εj

�
���
�
�

α = (2)εi X β = −(2)εj�
�
���
�
�

α = −(2)εi X β = −(2)εj� H�aFULA`�RH�D c U·GfUtGYH�A�V$MOUIUWa b aFE�a�GYaFA?U X D8T�Q�UYH�M P UtGYH�DJG ∆Br

D8T�Q
∆Cr

D8NIAkaFT�QRA?A?Q�NYM�MZGBUY[RU·GIA:]eU �
�


