18.745: LECTURE 11

PROFESSOR: VICTOR KAC
SCRIBE: CHRISTOPHER DAVIS

PROPERTIES OF SEMI-SIMPLE LIE ALGEBRAS

Exercise 11.1: In this exercise, sum will always mean sum as vector spaces:

(a) The sum of two ideals of a Lie algebra is an ideal.

(b) The sum of finitely many solvable ideals is a solvable ideal.

(¢) The sum of a collection of solvable ideals of a finite dimensional Lie algebra
is a solvable ideal.

(d) The sum of an ideal and a sub-algebra is a sub-algebra.

Proof. (a): Let g denote a Lie algebra over a field F, let a,b be two ideals. An
arbitrary element of a + b has the form cja + c2b, with ¢1,co € F, a € a, b € b. Let
g € g. Then
[9: c1a + c2b] = c1[g, a] + e2[g, b,

where the latter is clearly in a + b, since a and b are ideals.

(b): Using induction, it will suffice to show that the sum of two solvable ideals is
solvable. Say a(™) = b(") = 0. Then, considering bilinearity, (a 4+ b)(™*+™ is made
of elements which are sums of terms

[@mtn OF ity [@mtn—1 OF bygn—1,[- .. [az or ba,ay or by]...].

Because a and b are ideals, each such term will lie in either a™) or 6(™ depending
on whether there are at least m terms from a or at least n terms from b. Thus,
each term is zero, and we conclude that the sum is solvable. (It is an ideal by part
(a).)

(c): We now assume that g is finite dimensional, but also that we now have an
arbitrary collection of ideals, a,. Consider these ideals as vector subspaces. We
clearly have that > a, is a subspace which contains each a,. We claim that we can
find a finite subcollection ay,...,a, of the ideals a, so that

Yo=Y a.

Choose a non-empty ideal a;. If a; = > a,, we are done, otherwise, pick another
ideal as which is not contained in a;. If a1 + ag = > a,, we are done, otherwise
repeat the process. At each stage, the dimension }_ a; goes up by at least one, and
as it is contained in the finite dimensional space g, the process must terminate in a
finite number of steps. At this point, we can reduce to part (b).

(d): Let a1, as € a an ideal, hq, ho € b a sub-algebra, and ¢; € F the field we are
working over. Then

[cra1 + c2hy, c3az + caho] = c1]ar, czas + caha] + cacs[hy, as] + cacalhi, ho).
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The first two terms are in our ideal, and the third term is in our sub-algebra. Thus,
we conclude that the sum of an ideal and a sub-algebra is indeed a sub-algebra.
(The other properties follow immediately from bilinearity of the bracket.) O

Definition. The radical R(g) of a finite dimensional Lie algebra g is the sum (as
vector spaces) of all g’s solvable ideals.

By 11.1(c), R(g) is a solvable ideal. As it contains all the other solvable ideals, it
is necessarily the maximal solvable ideal of g. Recalling that we call a Lie Algebra
with no non-zero solvable ideals semi-simple, we see that in the finite dimensional
case, g is semi-simple if and only if R(g) = 0.

Proposition. For a finite dimensional Lie algebra g, § = g/R(g) is a semi-simple
Lie algebra.

Proof. Consider any ¢1,92 € g, and let g1,z be their images in g. We claim
[91,92] = [91,92). But this is immediate from the fact that R(g) is an ideal, and
thus taking different representatives of g7 and gz and taking their bracket yields an
element which differs from [g1, g2] by an element of R(g).

Let T2 be a solvable ideal of g. Let m denote its preimage in g. Then the above
remarks show that [m, m] = [m, m], and applying this repeatedly shows that m is
solvable if and only if m(™ C R(g) for some n. Because R(g) is solvable, this in
turn implies that m is solvable, and thus, m C R(g). Thus, our original 7 must be
0, and so g is indeed semi-simple. O

We will later prove the following, which provides a method for breaking the
study of finite dimensional Lie algebras down into the study of (somewhat) simpler
objects:

Theorem (Levi). If g is a finite dimensional Lie algebra over a field F of charac-
teristic 0, then there exists a semi-simple sub-algebra s of g such that
g =5+ R(g),

a sum as vector Spaces.

The above is also a direct sum as vector spaces, because s N R(g) is contained in
R(g), hence is solvable, and is contained in the semi-simple s, and hence is 0. Such
a situation is called a semi-direct sum of a sub-algebra s and an ideal R(g).

Note that in such a case, we have a homomorphism of Lie algebras

s — Der R(g),
defined by

s — ad s|p(q)-

This situation is reminiscent of the semi-direct product from group theory, and
motivates the following definition.

Definition. Given a triple (s,t, ), with s, v Lie algebras and ¢ a homomorphism
s — Der t, we define the semi-direct sum to be the Lie algebra g = s x ¢ as follows:

e As a vector space, g = s + ¢, a direct sum of vector spaces.

o The commutator of two elements of s (resp. of t) is defined as in s (resp.
int).

o The commutator [s,r|, with s € s and r € v, is defined to be (s)(r).
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That the above is well-defined follows from the next exercise:

Exercise 11.2: The semi-direct sum g = s X t as defined above is a Lie algebra.

Proof. Tmplicit in the definition is that we extend all the rules to make the bracket
bilinear and skew-commutative. It remains to check the Jacobi identity.

[A1s1+ pare, [A2s2 + pora, A3ss + pars]]+
[A282 + pare, [A3ss + pars, Adrs1 + pari]]+

[A3s3 4 psrs, [A1s1 + p1r1, Aase + pars]] =
[A1s1+ par1, Ao As[sz, s3] + Aapsp(s2)(rs) — Aspap(ss)(r2) + pops[ra, rs]]+
[A2s2 + piare, —A1As[s1, s3] + p1A3p(ss)(r1) — Apse(s)(rs) — paps[re, rs]l+

[A3s3 4 pars, A Ai[s1, s2] + Arpuap(s1)(r2) — padap(s2)(r1) + papielry, ro]] =
A1 A2As[s1, [s2, s3]] + A1 Azpisp(s1) (@(s2)(r3)—

A2 A30(s1)(@(s3)(r2) + A papze(s1)([r2, 3]

1A2Azp([s2, 83])(r1) + padapslre, ¢(s2)(rs)

pipiaAs[re, (0(s3)(r2)] + papzpslry, [r2, 7s]

A1 A2As[s2, [s1, s3]] 4+ p1 Az Asp(s2) (p(s3)(r1

A Azpzp(s2)(p(s1)(rs) — padepsp(s2)([r1, rs]

A1t A3 o([s1,83])(r2) + pap2As[re, o (ss)(r1)

Arpzps(re, (o(s1)(rs)] — pipzps(re, [r,7s]

A1 A2Az[ss, [s1, s2]] + ArpaAsp(s3) (@(s1)(r2

p1daAzp(s3)((s2)(r1) + pipeise(ss)([r, 2]

MAzpsp([s1, s2])(r3) + Apzps[rs, ¢(s1)(r2)

pideps(rs, (o(s2)(r)] + papepslrs, [re, r2]] =

_|_

_|_

)=
I-
I-
)-
)
I-
]
)-
)=
I-

we can now simplify using the Jacobi identities for v and s, and the identity

o([s1,52])(r3) = p(s1)(p(52)(73)) — (s2)(w(51)(73))-

Apzpse(s1)([re, rs]) + padepsre, ¢(s2)(rs)]—
pipizAs[ry, (0(s3)(r2)] — padzpse(s2)([ry, rs])+
Fp1peAz[re, 9(s3)(r1)] — Apaps(re, (p(s1)(r3)]—
pap2A3p(s3)([r1, m2]) + Apapslrs, o(s1)(r2)] — piAepslrs, (e(s2)(r1)] = 0,
where the last equality follows from the fact that ¢(s;) is a derivation. O

Note in particular that if ¢ = 0, then g = s x v is just the usual direct sum of s
and t.

Thus, we see that the classification of finite dimensional Lie algebras over a field
of characteristic zero reduces to the determination of three things:

(1) All finite-dimensional semi-simple Lie algebras.
(2) All finite-dimensional solvable Lie algebras.
(3) For s semi-simple, t solvable, all homomorphisms ¢ : s — Der t.

We will completely solve 1, but 2 is a wild problem.



4 PROFESSOR: VICTOR KAC SCRIBE: CHRISTOPHER DAVIS

Exercise 11.3: Let g C gl,,4+r(IF) be the Lie algebra consisting of matrices of the

form
_(al|b
g - O c )

with a € gly,, ¢ € gl,, and b an m x n matrix. Compute R(g), the complementary
s, and describe the homomorphism ¢ : § — Der R(g).

Proof. Because of the multiplication

(ote)- o) = (™).

we see that if we have an ideal R(g) of g, then the set of elements appearing in the
“a” block must be an ideal of gl,,, and the elements appearing in the “c” block must
be an ideal of gl,,. Furthermore, as R(g) is solvable, these sets must be solvable.

We will see later in lecture that the maximal solvable ideal of gl,, is simply the
ideal of scalar matrices. (This is not circular, as we will not use this exercise to
prove it.) We now claim that R(g) has no other restrictions, beyond this one. In
particular, R(g) consists of all matrices of the form:

My, | b
( O | uln > ’
for all A\, u € F, and all m x n matrices b.
To see that this sub-algebra is solvable, consider

) ()] - ()

Thus, the matrices in the derived algebra are strictly upper-triangular, and hence
our sub-algebra is solvable. Actually, the same calculation as above shows that our
sub-algebra is an ideal. We simply note that not only does [A1, A2] = 0, but also
[A1,a2] =0, for any as € gl,,.

For a general matrix a € g, we can, through subtraction, see that

amod R(a) = (412 )

for some d € sl,,, and e € sin. Because we are in the characteristic zero case, we
see that there is no overlap, and so the above forms the complementary algebra.
Simply by calculating the bracket, we see that

¢ :5 — Der R(g)

d|o0

(ﬁ)awd,e

Alb 0| db—be
we: (1) = (F145)

The remainder of the lecture will concern methods to identify Lie algebras as
semi-simple. Recall the following definition:

where

O
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Definition. Given a subalgebra g C gly, we say that V is irreducible with respect
to g if the only invariant subspaces of V with respect to g are 0 and V.

Theorem. Let V be a finite dimensional Lie algebra over an algebraically closed
field F of characteristic zero. Let g C gly be a subalgebra such that V is irreducible
with respect to g. Then one of the following two possibilities holds: either g is
semi-simple, or g = s @ Fly, where s is semi-simple and Iy denotes the identity
operator on V.

Proof. Consider the weight space
Vi = {v € Vl]a(v) = Ma)v,a € R(g)}.

(Here, the representation 7 is the defining representation of g C gly, and we omit
it.) Because R(g) is solvable, Lie’s Theorem assures us that the elements a have a
common non-zero eigenvector. Simply because « is a linear operator on V', we have
that the associated function A(a) is linear, and thus the weight-space is non-zero
for some A\ € R(g)*.

By Lie’s Lemma, V), is invariant with respect to g. From our assumptions, we
can then conclude V), = 0 or V. But we know it’s non-zero. Thus, the elements
of R(g) act either as scalars or as zero. In the former case, the complementary
semi-simple Lie algebra must then be

s = {a € g|tr(a) = 0},

and in this case the sum is actually a direct sum, because the scalar matrices are
in the center of g.
d

Example. For any two non-zero vectors v; and v, in some finite dimensional vector
space V, we can find an operator g € gly sending vy to vy. Thus, any non-zero
invariant subspace of gly must contain every non-zero vector. Clearly it must also
contain the zero vector. Hence, V is irreducible with respect to gly .

If V is a vector space over an algebraically closed field of characteristic zero, we
can then apply the above theorem. The algebra gly contains the scalar matrices,
and in particular

glv = Slv ) FIV

This last equation follows from the fact that sly is an ideal in gly (this follows from
Exercise 1.2), FIy, their intersection is empty, and the sum of their dimensions is
the dimension of gly,. Our theorem thus lets us conclude that sly is semi-simple.
(It should be noted that the above argument does not work if the characteristic of
our field is p > 0 and p divides the dimension of V| because in that case the scalar
matrices are inside of sly.)

Exercise 11.4: Prove that spy,p is always semi-simple, and soy, g is semi-simple
if and only if the dim V # 2. (Assuming still that char F = 0, with F algebraically
closed.)

Proof. We first consider spy g. Choose B so that B’s anti-diagonal elements, i.e.
the ones (bp1,...,b1n), are (=1, —1,...,—=1,1,...,1), with n/2 := m of each. Then
the matrices of spy,p are those for which
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—Qn1 e —Am+11 Am1 ... A
—Qan?2 . —Am+12 Am2 . ai2
+
—AQnn coeo —Qm+41n Amn ... QA1n
an1 . Anpm+1 N Ann

Am+11 -++ Om4im+1 -+ Am4in =0

—Qm1 e —Amm+1 . —QAmn

—a11 —01n

Because the terms along the anti-diagonal are arbitrary, it’s clear that if v is a vector
with no zero components, then we can map v to any vector w by choosing those
anti-diagonal elements suitably, and leaving the rest as zero. Consider now a vector
v with v; = 0, and v; # 0. Choose a matrix in spy,p with a;; = 1. If i +j =n+1,
then set the rest of the entries equal to zero. Else, set the necessary entry to —1,
and the rest to zero. If it appears at all, the —1 occurs in a row different from
the 1, and so our matrix maps v to a vector w with w; = v; # 0. Repeating this
process and taking some linear combination, we see that any invariant subspace
containing v contains an element which has no zero entries, and as we saw above,
that subspace must therefore be all of V. As the characteristic is not two, spy g
does not contain the scalar matrices, and so, from the previous theorem, spy p is
semi-simple.

Consider now soy,p. Assume that B = I,,, and then the matrices of soy, g are
such that A + AT = 0. Say n = 2. Then soy,p is one-dimensional, and thus
solvable, and in particular not semi-simple.

Consider the following equation, where the a;; terms should be viewed as vari-
ables:

0 —a21 —Aa3z1 ... —Qp1

U1 w1

azt 0 —as - wo
- v _

az1  a32 . 3= s

an1 - 0 Un Wn

Using the same argument as above, we know that a non-zero invariant subspace
contains a vector with no zero components. It’s then clear that we can choose our
matrix A so that Av = (wy, ..., w;_1,?,Wit1,...,w,)T, i.e., we can choose all but
one of the image’s coordinates, and we can choose the location of the unspecified
coordinate. Can we specify n linearly independent vectors in this way? Yes, as
long as n > 3, because we can specify the vectors e; + aie,, ea + asep, ..., €51 +
Gp—1€n,bre1 +e,. These n being linearly dependent would imply either that by = 0,
in which case we’re done, or else bia; = 1, and in particular, a; # 0. Now, choose
the matrix in soy,p with as; = —1, a12 = 1, and the rest of the elements zero.
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This matrix maps es + bae,, to ey (this is where we use that n > 3). This vector is
linearly independent from the first n — 1 we wrote above as long as a; # 0, which
we just saw, so we have our linearly independent set of vectors, so our invariant
subspace must be all of V. We conclude that V is irreducible with respect to soy, g,

and thus, if n > 3, we have that soy p is semi-simple.
O

Here is another theorem useful for determining semi-simplicity:

Theorem. A finite dimensional Lie algebra g over a field F of characteristic zero
is semi-simple if and only if its Killing form is non-degenerate.

Proof. Suppose the Killing form K (a,b) is non-degenerate. Let a denote an abelian
ideal of g. To show that g is semi-simple, it is equivalent to show that any such
a = 0. Now, for a € a,

ada:g—a
a— 0,

simply because a is an ideal. Similarly, for g € g, we have: ad g : a — a. Write
g =a®dV, adirect sum as vector spaces. We then can partially determine the form

of the following matrices:
0] A
B|C
ad g = < 0D ) ’

where the first row and first column have size dim a and the second row and second

column have size dim 0. Their product is a strictly upper triangular matrix, and as

g € g was arbitrary, we conclude that either a = 0 or the Killing form is degenerate.

The former must hold, lest we have a contradiction, and so our g is semi-simple.
Now, for the converse, assume g is semi-simple. Let

v={a € g|K(a,g) =0}

From lecture 9, we know that t is an ideal. Considering the adjoint representation
of v in glg, then implication (2) = (3) in Cartan’s Criterion shows that ad v is
solvable. Then, as usual, if (ad t)™) = 0, we know t(" is in the center of g, and
hence t(™*1) = 0, so t is solvable, which implies t = 0, showing that the Killing

form is indeed non-degenerate.
O

The preceding theorem allows us to apply the following result to semi-simple Lie
algebras.

Theorem. If the Killing form on a finite dimensional Lie algebra is non-degenerate,
then the center of g, Z(g), equals zero, and all derivations of g are inner. In par-
ticular, these claims hold for a semi-simple Lie algebra over a field of characteristic
zero.

Proof. If ¢ € Z(g), then ad ¢ = 0, and so
K(c,a) =trg(ad c ad a) = 0,
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hence ¢ = 0. Hence the adjoint map
ad: g — glg
is injective, and we may identify g with its image. Thus, we from now on assume
g C Der g C glg. It remains for us to prove g = Der g.
The Killing form on g is by definition the trace form on glgy, and its restriction

to g is, by our assumption, non-degenerate.
Denote by gt the set {D € Der g|(D,g)y = 0}.

Exercise 11.5: If V is a finite dimensional vector space with a symmetric bilinear
form B and a subspace U on which B is non-degenerate, then V = U @ UL, where

Ut ={veV|B(v,u) =0 for all u € U}.

Proof. Through a change of basis if necessary, we can assume we have a basis
{ut, ..., Un, w1, ..., wy} for V so that {u1,...,u,} is a basis for U on which B is
the identity.

In this basis, B takes the form of the matrix

I, 0
o1l? )’

where we use symmetry to fill in the top right box. From here, the assertion is
obvious. (|

Applying the exercise, g = g @ g+, a direct sum as vector spaces. From exercise
1.5(b), g is an ideal of Der g. From Lecture 9, we know that the trace form is
invariant, and that g is an ideal of g. Thus, our direct sum as vector spaces is
actually a direct sum of ideals, too, and furthermore, for any D € g, we have
[g, D] = 0. This means that D acts as 0 on every element g € g. But since D is
by definition just a derivation of g, we see that D is the trivial derivation, which

completes the proof.
O

Finally, we end with another exercise, which shows that the previous theorem
does not have a converse:

Exercise 11.6: All derivations of the two-dimensional non-abelian Lie algebra
are inner, but its Killing form is degenerate.

Proof. Consider a derivation D of the non-abelian, two-dimensional Lie algebra.
We know
Db = Dla,b] = [Da,b] + [a, Db].
Say D(a) = A11a + A21b and D(b) = Aj2a + A22b. Then the above equation means
A12a + A22b = Ar1a + Axob,

which in turn implies A2 = A11 = 0.
We now simply check that

[)\an — A1), a] = Aa1b
and

[)\an - /\21177 b] = /\22ba
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which matches our derivation D. Thus we conclude that all derivations are inner.
Also, note that the center of our algebra is trivial.
Now consider the Killing Form. We have

0 1 0 O
ada—(o O)andadb—(_1 0).

So, K(b,a) = K(b,b) = 0, and the Killing form is thus degenerate. We conclude
that the previous theorem does not have a converse. O



