18.745 Introduction to Lie Algebras Fall 2004

Lecture 1 — September 7, 2004
Prof. Victor Ka¢ Scribe: Patrick Lam

Definition 1 (a) An algebra is a vector space over a field F, endowed with a multiplication ab,
which is bilinear:

a(Ab+pc) = Aab+ pac
(Ab+ pc)a = Aba + pca

An altebra is associative if (ab)c = a(bc).

(b) A Lie algebra is an algebra g with product [a,b], called the bracket of a and b, subject to two
azrioms:

o skew commutativity: [a,a] =0

e Jacobi identity: [a, [, c]] + [b, [c,a]] + [, [a,b]] = 0.

a
c b
Remark. In a Lie algebra, one has [b,a] = —[a, b].
Proof. 0=[a+b,a+b]=la,b]+[bal+ o]+ [bt] O

Examples.

1. g a vector space with bracket [a,b] = 0. This is called an abelian Lie algebra.
2. R? with vector multiplication x (cross product).
3. If A is an associative algebra, then [a, b] = ab— ba satisfies the two identities. This Lie algebra

is denoted by A_.

Exercise 1.1. Check the Jacobi identity on [a,b] = ab — ba. Moreover, this is true if A is
only quasi-associative, i.e. (ab)c — a(bc) is symmetric in a,b (= (ba)c — b(ac)).



Solution. First, we show that associativity implies quasi-associativity. Let (ab)c = a(bc).
Then (ab)c — a(bc) = 0 = (ba)c — b(ac). Hence we only need to show that [a,b] satisfies the
Jacobi identity if A is quasi-associative.

Here are some consequences of quasi-associativity.

(ab)e — a(bc) — (ba)c + blac) = 0
(cb)a — c(ba) — (be)a + b(ca) = 0
(ac)b — a(cb) — (ca)b+ c(ab) = 0
(ba)e — b(ac) — (ab)e +a(bc) = 0

We expand the Jacobi identity, group terms, and apply quasi-associativity:

[a, [b, c]] + [b [¢, a]] + [c, [a, b]]
= a(bc—cb) — (be — cb)a + b(ca — ac) — (ca — ac)b + c(ab — ba) — (ab — ba)c
= [(¢b)a — c(ba) — (be)a + b(ca)]

+ [(ac)b — a(cb) — (ca)b + c(ab)]

+ [(ba)c — b(ac) — (ab)e + a(bc)]

= 0 (since all these terms = 0 by quasi-associativity)

0

A special case is A = End V, then A_ = gly, is called the general linear Lie algebra. In
particular, A = Mat,F, then A_ = gl (F).

. Any subalgebra of a Lie algebra is a Lie algebra.

Notation: for subsets M, N of g we denote [M, N| the span of all commutators [m, n], where
m € M and n € N. For example, subspace § is a subalgebra of g if [h,h’] € b.

Example. sl,(F) ={a € gl,(F)|tra=0}

Exercise 1.2. Show that tr[a,b] = 0 when a,b € gl (F). Also show that if f : gl, (F) — F is
a linear function such that f([a,b]) =0,a,b € gl,,(F), then f(k) =c-tr k.

Solution. We have

tr [a,b] = tr ab — tr ba = Zzajibij — Zzbﬁaij =0
J ]

i
Now, any matrix e;;,i # j can be expressed as a commutator [a,b] where a,b € gl (F),

because e;jej; — ejje;; = e;5. Hence f(e;;) = 0 for all such matrices.

But f(ei;) = f(e;j) = cfor all 4, j because f(e;;)—f(ej;) = f(eii)—f(ej;) = fleijeji—ejieij) =
0.



Any z € gl,,(F) can be split into 2’ + 2" where 2’ is the sum of e;;,7 # j, and z” is of the
form ), Aje;;. By linearity,

flx) =0+ f(z") :CZ/\i =c-tr.
g

Definition 2 An ideal m C g is a subspace such that [m,g] C m.

Example. sl,(F) is an ideal of gl,,(F) by Exercise 1.2.

5. Factor algebras: If g is a Lie algebra and m is an ideal, then g/m is a Lie algebra with bracket
[a +m,b+m] = [a,b] +m.

6. Direct sum of two (Lie) algebras g1 @ g2: [(a,b), (a1,b1)] = ([a,a1],[b,b1]) where a,a; €
g1, bv bl € go.

More examples of subalgebras of gly,: Let B be a bilinear (F-valued) form on a vector space V' over
IF, define oy, = {a € gly, | B(a(u),v) + B(u,a(v)) = 0}.

Exercise 1.3. Let B be a bilinear F-valued form on a vector space V over F. Define
ov,p ={a€gly | Bla(u),v) + B(u,a(v)) =0

Check that this is a subalgebra of the Lie algebra gly,.

Solution. To show that oy g is a subalgebra (it is clearly a subspace), we need only show that
ov,B is closed under the bracket. Let z,y € oy p.

Consider

But since B is bilinear and yz = [y, 2] — zy, B(u,y(z(v))) = B(u, [z,y] — zy) = —B(u,z(y(v))) +
B(u, [z, y]) where B(u, [z,y]) is 0 from above, implying that B(z(y(u)),v) = —B(u, z(y(v))), giving
closure:

B(x(y(u)),v) + B(u, z(y(v))) = 0
U

Important special cases: dimV < oo, B is non-degenerate (i.e. det of the matrix of B in some
basis is non-zero).

e case 1: B is symmetric. B(a,b) = B(b,a), then oy p is called the orthogonal Lie algebra,
notation soy,g.

e case 2: B is skew-symmetric. B(a,b) = —B(b,a), then oy p is called the symplectic Lie
algebra, notation spy,p.



Exercise 1.4. Suppose dim V' = n, choose a basis of V, let soy g and spy,p C gl,,. Let B be the
matrix of the bilinear form. Show

soyp = {acgl,(F) | a’ B+ Ba=0}
spyp = {acgl,(F) | o’ B+ Ba=0}

Solution. Recall that gl, is associative, and that soy, g is the set of a € A such that B(u, a(v))+
B(a(u),v) = 0 and B symmetric; similarly, spyp is the corresponding set when B is skew-
symmetric. For soy g, we expand the definition of the bilinear form to get

u” Ba(v) + (a(u))T Bv =0
and expressing a as matrix multiplication,
u” (Ba)v + (au)T Bv = ! (Ba)v + ur'a? Bv =0
which is equivalent to the matrix condition
a’'B + Ba=0
when B is a symmetric matrix; similarly, for a skew-symmetric B, we expand to get
u? Ba(v) + (a(u))TBv =0
and expressing a as matrix multiplication,
u! (Ba)v + (au)T Bv = uT (Ba)v + uTa’ Bv = 0
which is equivalent to the matrix condition
a’ B + Ba = 0.

O
Definition 3 The derived algebra of g is [g, g]. Obviously, this is an ideal, and hence a subalgebra.

We now classify Lie algebras in dimensions 1 and 2.
dim 1. g=TFa,[a,a] =0. Only the abelian one.

dim 2. g=Fa+Fb,|[g,g] =Fla,b]. case 1. [a,b] = 0. Then g abelian. case 2. [a,b] = ¢ # 0. So
g’ = Fe. Take d ¢ g’ such that d # 0. Then [d,¢] = ac, since Fc is an ideal, and o # 0, since g

nonabelian. Replacing d by éd, we get [d,c] = c¢. Thus we have a unique non-abelian Lie algebra,
[a,b] = b.

The two most important ways to construct Lie algebras:



1. as a subalgebra (of gl,,);

2. by structure constants: choose a basis e, ..., e, of g; then [e;, e;] = > p_; cfjek. The scalars

cfj are called structure constants. Of course, cfi =0 and cfj = —cfj by skew-commutativity

and a quadratic equation which is the Jacobi identity.

Remark 1 The non-abelian 2-dimensional Lie algebra is

(5 2))eme
Ifa:<é 8) andb:<8 é),then [a,b] = b.

Example 1 The Heisenberg Lie algebra $, has basis p;,q;(i = 1,...,n),c. (dim$, = 2n+1)
where [p;, q;] = di;¢, [c,pi] = 0,[c, ;] = 0, [pi,p;] = 0,[qs,q;] = 0. Jacobi trivially holds. Realization
by operators: p; = %,qi =z5,c=1o0nClzy,...,z,].

The first important meaning of the Jacobi identity: Rewrite it as follows:

[av [bv CH = [[CL, b]? C] + [b7 [CL, CH (1)

Definition 4 For any algebra A, an endomorphism D is called a derivation if the Leibniz rule
holds, i.e.
D(ab) = (Da)b+ a(Db).

Definition 5 Given an element a € g, define the operator ad a (adjoint) on g by:
(ad a)b = [a,b).

Equation 1 means that ad a is a derivation of the Lie algebra g. It is called an inner derivation.

Notation: Given an algebra A, denote by Der A(C End A) the space of derivations of A.

Exercise 1.5. a) Der A is closed under the bracket in End A i.e. bracket of two derivations is a
derivation, or Der A is a subalgebra of gl 4. (b) If A = g is a Lie algebra, then [D,ad a] = ad (D(a))
for any derivation F' € Der g and a € g. Hence inner derivations form an ideal of the Lie algebra
Der g.

Solution. a) Let Dj, Dy be derivations. Consider (by parts) [Dy, Dsl:

Dng(ab) = Dl((DQCL)b + a(ng))

Dl((Dga)b) + Dl(a(ng))

(Dl (Dga))b + (Dga)(le) + (Dla)(ng) + a(Dngb)

Dng(ab) = (Dg(Dla))b + (Dla)(ng) + (Dga)(le) + (l(DQle)
(
(

Dng(ab) — D2D1(ab) = (D1Dsya — Dnga)b + (I(Dngb — D2D1b)
(D1D2 — Dng)a)b + a((D1D2 — Dng)b)



showing that the bracket is a derivation.

b) Consider

[D,ad a] = (D(ad a))b— ((ad a)D)b
Dla,b] — [a, D(b)]
ab) — D(ba) — aD(b) + D(b)a

— D

—  D(a)b+ Dby — Dibya — bD(a) — aD{bT + Dibya
= [D(a),0]

= ad D(a)

which shows that inner derivations form an ideal of the Lie algebra Der g. [J



