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1. Abstract

A toric T = (S1)"-action on a compact connected symplectic 2-dimensional

there is amoment map

satisfying

fori =1;:::;n. The triple (M;!; )is then called a symplectic toric manifold.

The image of the moment map is a convex polytope in R", by the con-
vexity theorem [At, GS1]. Moreover, is a Delzant polytope that is, for each
vertex of , the outward normal vectors to the facets that mee t in the vertex
can be chosen to be a basis faZ". By Delzant's unigueness theorem, i1;!; )
is determined by its moment map image uniquely, up to an equiariant sym-
plectomorphism preserving . Conversely, given a Delzant polytope in R",
Delzant constructs a corresponding symplectic toric manibld (M ;! ) whose
moment map image is [De]. This manifold is a symplectic quotient of CN,
where N is the number of facets of , with respect to a subgroup K of (Sl)N.
Consequently, any symplectic toric manifold is a Kahler toric variety.

Here we study toric actions on symplectic 4-manifolds. As aesult of Delzant's
uniqueness and a combinatorial analysis of Delzant polyga any symplectic
toric 4-manifold is obtained from either a standard CP? or a Hirzebruch surface,

by a series of equivariant symplectic blow ups. However, it my be di cult to
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determine whether a given symplectic 4-dimensional manifial (M;! ) is sym-
plectomorphic to such a manifold. So, Delzant's classi caton does not answer

the following question.

Question 1.1. Given a compact connected symplectiéd-dimensional manifold

(M;!), does it admit a toric action ?

For instance, let (My;! ) be the symplectic manifold obtained from CP?
with its symplectic form normalized so that the line CP*  CP? has size 1, by
k symplectic blow ups of equal sizes. If k 4, this manifold does not admit
a toric action that is consistent with the blow-upsi.e., the blow ups cannot be
performed equivariantly. (See Corollary 2.9.) Does it admi any other toric
action? A-priori, (My;! ) might be symplectomorphic to a symplectic toric 4-
manifold; for instance, to an equivariant symplectic blow up of CP? by di erent
sizes 1 > ::: > . In Section 6 we give an example of a toric action on a
symplectic blow up of CP? that is not consistent with the blow up.

In this thesis, we ask

Question 1.2. Given k2 Nand > 0, does(My;! ) admit a toric action ?

We assume that thek symplectic -blow ups in (My;! ) are performed si-
multaneously from disjoint embedded balls. We show that theanswer isyes if
k < 4 (for suchthat (My;! ) exists), and no whenk 4, given that is small
enough.

The proof of the \yes" part is easy. The \no" part is treated by two ap-
proaches. For the rst approach we establish, in Section 3, acorrespondence

between the geometry of a symplectic toric 4-manifold and tle combinatorics
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of its moment map image. We derive it from the local and globalproperties
of a moment map and from Delzant's classi cation. We hope thd this anal-
ysis will be useful for other questions concerning toric adbns on symplectic
4-manifolds. The second approach gives a stronger result bus restricted to
small blow ups of CP2. In both approaches we rely on the existence of an in-
variant ! -compatible complex structure on a symplectic toric manifdd and on

the following lemma.

Lemma 1.3. Let (M;!) be a compact symplectic four-manifold. LetE 2
H>(M ;Z) be a homology class such thd& E = 1.

Suppose that there exists an embedded symplectic sph€e M whose ho-
mology class[C] = E. Then for any ! -tame almost complex structured there

exists a stableJ -holomorphic map in the classE.

This is proven by Gromov's compactness and the theory of psedp-holomorphic
curves and stable maps in almost complex 4-manifolds. (For @ nitions, see
Subsection 2.2.)

Our stronger result asserts

Claim 1.4. For 0 < % the symplectic manifold (My;! ) admits a toric

action if and only if k 3.

This is a corollary of the following theorem. Let

denotes the symplectic manifold that is obtained fromCP?, with its symplectic

form normalized so that the line CPY  CP? has size , by k simultaneous



M ;1)

denotes a symplectic toric manifold whose moment map imagesia Delzant

polytope .
Theorem 1. If (My;! (. ... ,)) is symplectomorphic to(M ;! ) and
(1.2) i3 foralli=1;:::;k;
then(M ;! ) can be obtained from aCP? of size by a sequence of equivariant
symplectic blow ups of sizes;;:::; k, performed in a descending order.
In Section 6 we see an example of a vector;( 1;:::; k) that does not satisfy

(1.1), for which the conclusion of the theorem is not true. InSection 5 we deduce
from Theorem 1 a complete list of the toric actions on My;! (. ... ) if the
sizes; 1;:::; g satisfy some restrictions.

In Subsection 4.3, we apply the theorem to get corollaries awcerning sym-
plectic manifolds and symplectic toric manifolds. First, the results are naturally
translated to the language of 2-dimensional subtori of the goup of symplecto-
morphisms of My;! ). The theorem also allows us to determine for many pairs
( ; 9 of Delzant polygons whether the symplectic toric manifolds (M ;! )
and (M o;! o) are symplectomorphic. Another application of the theoremis
to determine, in some cases, whether di erent symplectic lbw ups of CP? are

symplectomorphic.



2. Background
2.1. Symplectic manifolds.

2.1.1. Symplectic vector spaces and manifoldsA symplectic vector spacgV;!)

is a nite dimensional real vector spaceV endowed with a nondegenerate skew-

of V suchthat! (e;fj) = ij and! (e;¢g)="!(fi;fj) =0; such a basis is called
a symplectic basis (See, e.g., [Au2, Proposition 11.1.3].)
The symplectic orthogonal complemenof a linear subspaceN V is de ned

as the subspace
W' =fv2Vj!(v;w)=0forall w2 Wg:

A subspaceW is calledisotropic if W W' ; coisotropic if W' W ; symplectic
if W\ W' =0; Lagrangian if W = W' .

A symplectic manifold (M;! ) is a smooth real manifoldM with a symplectic
form, i.e., 2-form ! that is closed and nondegenerate. Nondegeneracy implies

that the dimension of M is even, say 2, and that ! " is a volume form.

Example 2.1. C" = R?" with the symplectic form

X
lo= dx; ~ dy;;
i=1
that is called the standard symplectic form
In general, for any symplectic vector space ;! ) of dimension 2n, the sym-

plectic form can be written as a di erential form

X0
I = dx; * dy;;
i=1



7

tic basis. This is a nondegenerate and closed di erential fom, (it is even exact,

P
I = d( in=1 xidy;)). Thus (V;!) can be considered as a symplectic manifold.

Locally, all symplectic manifolds of dimension 2 are the same. By Darboux's
theorem, every point has a neighbourhood which is symplectmorphic to an
open subset ofC" = R?" with the standard symplectic form ! o = P L, dxi~ dy;:
Such a symplectomorphism is called @arboux chart

This is a corollary of a more general theorem, the Darboux-Wmstein theo-
rem [W]. This theorem asserts that for two symplectic forms! g and! ; on a
manifold X that coincide at the points of a closed submanifoldY, there exists

a neighbourhoodUp of Y in X and a map
Ug! X
which is a di eomorphism with its image, such that
jy =ldy and ;="1g:

If a compact Lie group G acts on X, and ! ;! ; and Y are G-invariant, then

Ug can be chosen to bés-invariant and  to commute with the action of G.
To deduce the Darboux theorem, rst identify a neighbourhood of a point x

in M with a neighbourhood of 0 in TyM by the exponential of a Riemannian

metric,

exp =expy: TxM ! M:

The map exp is a di eomorphism betweenVy TxM andUp M. Then apply

the Darboux-Weinstein theorem to X = Ug; Y = fxg; ! o = (exp 1) !4, and
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l1=1,togetadieomorphism :U! U (for U Up) suchthat ! = 1.
Thechart exp transforms coordinates ofTyM with respectto a! x-symplectic
basis into local coordinates ofM near x, in which ! = P dx; ~ dy; [Au2].

If a compact Lie group G acts on M, (by symplectomorphisms f 50a06),
and x is a G- xed point, take exp that is de ned by a G-invariant Riemannian
metric. (Such a metric is obtained from some Riemannian metic g°by averaging

with respect to the compact group G action to get

VA
g(u;v) = GQO( al; aVv)da

for u;v 2 TxM.) The linearization in x of the action of G on M vyields a
linear action of G on TyM that consists of the linear mapsfd s0s2c. The G-
invariant Riemannian metric gives a G-invariant positive de nite scalar product
on TxM ; this together with the symplectic form ! , give a G-invariant Hermitian
structure on TyM. The map exp intertwines the action of G on M and the
linearized G-action on TyM, and it maps a G-invariant neighbourhood of zero
in TxM di eomorphically onto a G-invariant neighbourhood of x in M. This
gives a Darboux chart that is equivariant with respect to some homomorphism
G! U(n), where U(n) is the unitary group acting on C".

A submanifoldY M is calledsymplectic (isotropic, coisotropic, Lagrangian)
if for every y 2 Y the subspaceTyY of the symplectic vector space TyM;! y)

is symplectic (isotropic, coisotropic, Lagrangian).

2.1.2. Symplectic blow ups.The standard symplectic blow upof (C";! o) of size
% is obtained by removing the interior of a 2n-ball of radius r about the origin

and collapsing the boundingS?" ! along the Hopf map to anexceptional divisor
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CP" 1. The resulting space is the disjoint union of CP" ! with the open set
fk z k>r g. This space is naturally a smooth symplectic manifold such hat the
symplectic form onfk z k>r g is induced from C" and the symplectic form on
CP" !, pulled back to S® 1, is also induced fromC". See [MS3]. The size of
the blow up equals (2 ) times the symplectic area of the exceptional divisor.

A blow up of a 2n-dimensional symplectic manifold (M;! ) is a symplectic
manifold (Mr; &) that is constructed in the following way. Let I M be
a Darboux chart from an open subset of C" onto an open subset ofM .
Perform a standard symplectic blow up in , and push it forwar d to (M;! )
by the Darboux chart. (Notice that in performing a symplecti ¢ blow up of size
r2=2, one needs to embed a ball of radius strictly greater tham in order to get
a smooth structure.)

We may also consider e sequence of several blow ups. WheM;( ) is CP?
or a Hirzebruch surface, the resulting manifold is determired uniquely, up to
symplectomorphism, by the sizes of the blow ups. This resulis due to Biran
and McDu [Bil, McD4]. We say that CP? is of size if the symplectic form
is normalized so that the lineCP!  CP? has size |, i.e., symplectic area 2
Performing symplectic blow ups, CP! can be chosen to be disjoint from the
blow ups, and therefore giving a copy ofCP! in the blown up manifold.

One cannot perform symplectic blow ups of arbitrary large stes, however it
is always possible to perform symplectic blow ups of su cierly small sizes. For
instance, a necessary condition for blowing upCP? of size by k blow ups of
sizes (1;:::; k)isthat ;+ j < foralli6 j [Grl]. A su cient condition is

that there exists an integer N such thatk NZ2and ; <  forall i [MP]. The
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guestion of existence of blow ups is closely related to the \acking problem”,
and has been studied by McDu -Polterovich [MP], Biran [Bi2], and Traynor
[T]. Another question is whether two symplectic manifolds dtained from CP?
by di erent series of sizes of blow ups are symplectomorphicln Subsection 4.3

we deduce partial answers to that question from Theorem 1.

2.2. J-holomarphic spheres.

2.2.1. AlImost complex manifolds. An almost complex structureon a 2n-manifold
M is a berwise complex structureJ on the tangent bundleTM ,i.e., (TM;J)!

M is a complex vector bundle. A manifold with an almost complexstructure is
called an almost complex manifold A submanifold N of M is called analmost
complex submanifoldif JTN = TN. An almost complex structure J on M
is called integrable if there exists an atlas onM , according to which in local

coordinatesJ is represented byJg, where

i.e., the transition maps are holomorphic. That is, M is a complex manifold
We also call an integrable almost complex structure acomplex structure In
dimension 2 any almost complex structure is integrable. In ligher dimensions
this is not true [Cal].

An almost complex structure J is tamed by a symplectic form ! if at any

P2 M,

I'(v;Jv) > 0 for all nonzerov 2 T,M:
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If, in addition,
(2.2) F(Av;dw) =1 (v;w) for all v;w 2 T,M;

we say that! is compatible with J. When J is tamed by ! , for every submani-
fodC M,if J(TC)= TCthen! jrc is nondegenerate. Every -tame almost

complex structure determines a Riemannian metric

g(v;w) = %(! (v;Iw)+ ! (w;Jv)):
When ! is compatible with J, this metric can be written as
(2.2) g(v;w) =1 (v;Jw):

Moreover, by (2.1) and (2.2), each two of the threel; !; g de ne the third. Given
I, the space of almost complex structures that are compatiblevith (tamed by)
I is denoted byJ (M;! ) (3 (M;!)).

For each symplectic form! on M there exists an almost complex structureJ
which is compatible with ! . The spaces] (M;! )andJ (M;! ) are contractible
[MS3]. It follows that all J 2 J (M;! ) give rise to isomorphic complex vector
bundles (TM;J)! M; thus the Chern classes of these bundles are determined
by (M;! ) [MS1]. The same is true forJ (M;! ).

A Kahler manifold is a symplectic manifold (M;! ) with an integrable almost

complex structure J that is compatible with ! .

2.2.2. J-holomorphic spheres, curves and stable map#\ parameterizedJ -sphere

or a parameterizedJ -holomorphic spherein an almost complex manifold (M; J)
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is a J-holomorphic map from CP! to M, that is, amap f : CP1! M that sat-

is es the Cauchy-Riemann equations

A parameterized J-curve in (M;J) is a J-holomorphic map from a compact
connected Riemann surface (;j) into M.

An embeddedl-sphereC M is the image of aJ-holomorphic embedding
(i.e., a one-to-one immersion)f : CPY ! M. In particular, if J is tamed by a
symplectic form! on M, such aC is an embedded symplectic sphere. Similarly
we de ne an embedded] -curve.

When we refer to a curve (sphere) that isJ-holomorphic with respect to
someJ on M, without specifying the almost complex structure, we use tre
term pseudo-holomorphic curve (sphere)

A J-holomorphic curve u: ( ;j) ! (M;J) is said to be multiply covered if
there exists a compact connected Riemann surface ¢j9 such that u factors
asu’  where :( :j)! ( %j9is aholomorphic branched covering of degree
>1andu”: ( %j9! (M;J)is aJ-holomorphic curve. It is called simple if it
is not multiply covered.

We expand the concept of aJ-sphere by de ning a stable J-holomorphic
map. We will use the notion of labeled tree for this de nition. Recall that a
tree is a connected graph without cycles. For a given tree, wdenote the vertices
by T; for vertices ; 2 T we write E if and only if they are connected by

an oriented edge. Ann-labeling of T is a functionfl;:::;ng! T:i! ;.
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A stable J-holomorphic map of genus zero intoM with n marked points,

modeled over the labeled tree T; E; ) is a tuple

(;z)=(fu g or;fz ge ;f i;zg1 i n);

consisting of J-holomorphic spheresu : CP*! M ( 2 T), nodal points z

(E ), and n marked points z; 2 CP?, such that

if E thenu (z )=u (z ),

forevery 2 T,thepointsz (for E )andz (i 2 ) are pairwise
distinct, and

(stability) If u is a constant functionthen#(fz j E g[fz] i=

9 3

The stability condition implies that the automorphism grou p of a stable map
is nite. This de nition is due to Kontsevich [K0], it is form alized here as in
[MS2]. We denote the set of stable] -holomorphic maps of genus zero intdvi
by SC,(M;J).

A stable map (u;z) 2 SG,(M;J ) modeled over ann-labeled treeT is called
simple if every nonconstant mapu is simple andu (S2) 6 u (S?) for any two
vertices 6 suchthatu andu are nonconstant.

The action of G = PSL(2;C) on J-holomorphic spheres by reparameteriza-
tion extends naturally to an action on SC,(M;J) (see [MS2, section 5.1]); it
assigns to an isomorphism of trees a set of fractional lineatransformations
of the corresponding nodal spheres, that keeps track of theadal and marked

points.
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2.2.3. Complex subvarieties.In general, a J-holomorphic curve in an almost
complex manifold can not be represented, even locally, as thzero set ofJ-
holomorphic functions into C. Things are di erent when J is integrable. Recall
that a complex subvarietyof a complex manifold is a closed set de ned locally
as zeros of a nite set of holomorphic functions. A set that isde ned locally
as zeros ofk holomorphic functions whose complex di erentials are linarly
independent is acomplex submanifoldof dimension dimc M k. By the implicit
function theorem, a complex submanifold is given locally aghe image of an
open setU CY9mcM K ynderamapf:U! M with rank @f=dimcM k.
So, a complex submanifold has naturally the structure of a coplex manifold
of dimension dimc M k.

A complex subvariety V of a complex manifold (M; J ) is said to beirreducible
if it cannot be presented as a union of two complex subvarietis V1;V, with
V1;Vo 6 V. A complex subvariety V. M s irreducible if and only if Vsmooth
is a connected submanifold, wher&/smooth IS the set of pointsp of V for which
there is a neighbourhoodU of pin M such that V\ U is a complex submanifold
of U [GH]. (In particular, a connected complex submanifold is ireducible as a
subvariety.) The set Vsing = V N'Vsmooth IS @ complex subvariety.

The complex dimension dimV of a complex subvariety V at a point of V
which is smooth of dimensiond is said to bed. The dimension at an arbitrary
point p 2 V is the maximum of positive integersd such that every neighborhood
of p contains a smooth point of V of dimensiond. The dimension ofV is the
maximal dimension of V at any point. If V is an irreducible subvariety, and

V1V is a subvariety that is not equal to V, then dimV; < dimV.
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In a compact complex manifold, for any complex subvarietyV there are

is maximal. TheseV, are theirreducible componentsof V. They are de ned up
to permutation uniquely.

By the Proper Mapping Theorem [GR], the image of a complex subvariety
under a proper holomorphic mapping (between complex manifials) is a complex
subvariety. Let (M;J) be a complex manifold, andV M be the image of a

nonconstant simple J-holomorphic curve
f: 1 M

where is a compact connected Riemann surface. Then, by the Poper Map-
ping Theorem, V is a complex subvariety ofM . By the assumption onf , the set
f 1(Vsing) is a complex subvariety in the irreducible compact 1-dimersional
that does notequal , so f 1(Vsing) is @ nite set of points. Hence nf (Vsing)
is connected, and so is its imag&/smooth- ON the other hand, by Resolution of
singularities according to Hironaka [Hi, BM], any complex subvariety V is the
image of a complex manifoldV under a proper holomorphic map , such that

Y(Vsmooth) is an open dense subspace &f and induces an isomorphism of
complex manifolds between 1(Vsmooth) and Vsmooth -

Thus

Corollary 2.2. A subset of a compact complex manifoldM;J) is an image
of a compact connected Riemannian surface under a nonconsta simple J-
holomorphic curvef if and only if it is an irreducible complex subvariety of

dimension 1. If f is an embedding, then its image is a complex submanifold.
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In the sequel, we refer to aJ-holomorphic curve (sphere) either as a subva-

riety, a map, or its image, depending on the context.

2.2.4. Positivity of intersections and the adjunction inequality. In a 4-dimensional
almost complex manifold, there is positivity of intersections of pseudo-holomorphic
curves, as in the case of holomorphic curves in a complex mdnld of dimc 2.
Let (M;J) be an almost complex 4-manifold, andA1; A, 2 H»(M ; Z) be homol-
ogy classes that are represented by simplé&-holomorphic curvesu,: ;! M
and u,: ! M, respectively. Suppose that the union of the two curves is
simple (i.e., u1(U;) 6 uy(U,) for any nonempty open subsetsU; 1 and

U, 2). Denote the number of all intersection points by

(U u) =# (z1;22) 2 1 2] ui(za) = uAz2)0:

Then

(ug;uz)  Ar Ay

with equality if and only if all intersections are transverse. See [MS2, Theo-
rem 2.6.3],[Gr1].

In a 4-dimensional M;J) we also have theadjunction inequality for J-
holomorphic curves. We denote the number of all self intersgtions of a curve

u: ! M hy

(u) = f(z0;21) 2 J 20 6 z1;u(20) = u(z1)9;

the rst Chern number of a homology classA 2 H>(M ;Z) by c1(A) = ey (TM); Al

and the Euler characteristic of a compact Riemann surface by (). Let A2
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H>(M ;Z) be a homology class that is represented by a simpléd -holomorphic

curveu: ! M. Then
(2.3) 2@ O A A caA)

with equality if and only if u is an immersion with only transverse self intersec-
tions [MS2, Theorem 2.6.4]. Whenu is a J-sphere, the adjunction inequality

is
(2.4) 2 2+A A ci(A):
Notice that 2+ A A ¢ (A) is independent ofJ 2J (M;! ).

Corollary 2.3. Let (M;! ) be a symplectic4-manifold, and A a homology class
in Ho(M ; Z2). If A is represented by a simplel-sphereu for J 2J (M;! ) and
2+ A A ¢ (A)=0, thenu is an embedded] -sphere.

If A is represented by an embeddedi-sphereu for someJ 2J (M;! ), then

for any J92J (M;! ), any simple J%sphere that representsA is embedded.

2.2.5. Moduli spaces of pseudo-holomorphic spheres and Gromov'srapactness.
Given a homology classA 2 H,(M;Z), we denote by M (A;J) all the pairs
(u;J), whereu: CP! M is aJ-sphere that represents the homology class.
The group G = PSL(2; C) of Meebius transformations of CP! naturally acts on
M (A;J) by reparameterizations. The subspace oM (A;J) of simple J-spheres
representingA is denoted byM (A;J).

Let (M;! ) be a compact symplectic Z2-manifold. AssumeJd = J (M;! ) or

J = J (M;!). Denote the universal moduli space of simple curves

M (Ad)=f(w;d) jJd2J;u2M (A;d)a
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Consider the projection

M (A;d) !

A point (u;J) in the universal moduli spaceM (A;J) is regular for A if the
di erential of  at (u;J) is surjective. By an analog of the implicit function
theorem and an argument of Taubes, McDu and Salamon [MS2] shw the
following.

Let Jreg(A) be the set of J 2 J such that everyu 2 M (A;J) is regular.
If J 2 Jreg(A), then the spaceM (A;J) is a smooth manifold of dimension
dimM + 2cy(A). Also, Jreg(A) is a subspace of the second category in the
spaceJ [MS2, Theorem 3.1.5].

By the implicit function theorem, any smooth map [0;1] ! J :t 7! J;
which starts at Jo can be lifted, on some interval [Q ), to a path [0; ) !
M (A;J): t7! (u;Jdt) in the universal moduli space which starts atug. Then
any regular (u; J) persists whenJ is perturbed. In contrast, if (u;J) is not reg-
ular there might be no neraby curve whenJ is perturbed. See [MS2, Remark
3.2.8].

For Jo;J1 2 J reg(A), denote by J (Jo; J1) the space of all smooth homotopies
[0;1]1! J: 7!'J from Jg to J1. A homotopy from Jg to J; is called regular
for A when it is transverse to the projection . If fJ gis a homotopy from Jg

to J; that is regular for A, then

W (A3 g=f(;u) jO 1;u2M (AJ)g

is a smooth oriented manifold with boundary

@v (A;fJ gg= M (A;Jo) [M  (A;J1);
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i.e., a cobordism betweenM (A;Jo) and M (A;J1). The set of A-regular
homotopies from Jg to J; is of the second category inJ (Jo;J1) [MS2, Theo-
rem 3.1.7].

Similar notions and statements hold not only for a homology d¢ass but also
foratreeTandamapT! HyM;Z): 7! A . See [MS2, Sections 5,6].

If M is of dimension 4, then for an almost complex structure on M, and an
embeddedJ -sphereC with self intersection number p, the pair (C; J) is regular
for the classA =[C] if and only if p 1 [MS2, Corollary 3.3.4], if and only
if co(A) 1. By [HLS], for an immersedJ-sphereC with ¢;(C) 1, the point
(C;J) is regular.

The moduli spaceM (A;J)=PSL(2; C) can be compacti ed. Gromov's com-
pactness theorem asserts that in a compact symplectic marofd (M;! ), if
J 2J (M;!)is a sequence of -tame almost complex structures onM that

converges toJ 2 J (M;! ) in the C! -topology and C is a sequence of] -

sequence of n-tuples of pairwise distinct points inCP!, then some subsequence

of f C ;z gweakly converges to a stable) -holomorphic map (u;z) 2 SC,(M;J).
A sequencd C ;z g on of J -holomorphic spheresin M;! ) is said to weakly

converge to a stable map (¢;z) = (fu g o1:;fz ge ;f i;z01 i n) if there

exists a collection of Meebius transformationsf g 3 such that

for every 2 T, the sequence

C =¢C “CPLI M
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converges tou in the C! -topology on all compact subset<CPnB (Z )
of CPlnz ,wherez =fz jE g

if E thenthesequence =( ) ! converges toz  in the C?! -
topology on every compact subset o€P!nfz g; C is the magni cation
of the restriction of C to the small neighbourhood  (CP'nB (z ))
ofz ;

the marked points converge;

no energy is lost.

See [MS2, Chapter 5] and [Grl, Section 1.5].

By energy of a pseudo-holomorphic sphere we mean its Riemannian ared;
coincides with its symplectic area, hence is a topologicalnvariant. This is the
key to compactness; it gives a uniformL?-bound on the rst derivatives for
all pseudo-holomorphic spheres that represent the same hasfogy class. This
leads to, at the worst, \bubbling o of spheres" at the limit. Since the energy
of a nonconstant pseudo-holomorphic sphere it cannot be arbitrarily small,
the bubbling can occur only near nitely many points (for a suitably chosen
subsequence) [MS2, MS1].

If the spheres that weakly converge to a stable mapu are all in the same

homology classA 2 H»(M ;Z), so is the stable mapu.

2.3. Symplectic toric manifolds.

2.3.1. Moment maps. A smooth action of a Lie group G on a manifold M is a

collection of maps : M ! M with a2 G suchthat ;p= s b e=1Id, and
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the associated map
G M! M; (am)7! a(m)

is smooth. To each element of the Lie algebrag one associates a one-parameter
group t 7! (expt ) Of dieomorphisms of M whose in nitesimal generator is
denoted by .

Let a Lie group G act on a symplectic manifold (M;! ) by symplectomor-

phisms. The action isHamiltonian if there exists a moment map that is, map
M1 g

such that

foreach 2 g

(2.5) d = (m)h

where M ! R, (p)= h( p); i, is the component of along
is equivariant with respect to the given action  of G on M and the

coadjoint action Ad of Gong :
(2.6) a=Ad, ; foralla2G:
The adjoint action of G on g
Ad: G! GL(9g)

attaches to g the linear map Adg: g! g that is the derivative at the

identity of 4:G! G dened by

a7lg a gt
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(M;!;G; ) is then called a Hamiltonian G-space

The motivation for the de nition of a moment map comes from th e study of
mechanical systems with symmetry. See [S1, S2]. In this séttg, the con g-
uration space of a classical mechanical system is considér@s a manifold N
with tangent bundle T(N) as the space of states. On the tangent bundle there
is a symplectic 2-form, determined by the forces on the systa. The kinetic
energyK : T(N) ! R can be thought of as a Riemannian metric onN. The
potential energy is given byamapV: N ! R. ThetotalenergyE: T(N)! R
isdenedby E=K +V ,where :T(N)! N isthe projection. These, via
Hamilton's equations, de ne a ow on T(N), i.e., a motion whose trajectories
describe the passage of the state in time. A symmetry is givety a Lie group
G that acts on N as a group of isometeries with respect tK, such that V is
constant on orbits of G. Amoment map : T(N)! g, satisfying (2.5) and
(2.6), is an integral of motion, i.e., is constant on orbits of the dynamical
system onT(N). It has a physical meaning, e.g., an angular momentum or a
linear momentum.

We forget the dynamics and are interested only in the geometr of such
a system. One geometric application of studying Hamiltonian G-spaces is to
understand the underlined symplectic manifolds.

In the sequel we consider actions by a torusT = (S1)' that are e ective,
that is, the homomorphism T ! Di ( M) that de nes the action is one-to-one.
Notice that when G is Abelian, the coadjoint action is trivial, so (2.6) means
that is constant on orbits, i.e., is G-invariant. When G = T is a torus,

this is implied by (2.5) [dS], and (2.6) becomes abundant. Wien G is a torus
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generated by the vector elds ;,,, denoted also by ;. So (2.5) can be replaced

by

(2.7) di= () foralli=1;:::;r

Example 2.4. Let (M;! ) be the sphereS? = CP?, with the symplectic form
I =d ~ dh, where ( ;h) are the cylindrical polar coordinates on S?. The

circle S acts on S? by rotations about its vertical axis;
7! rotation in angle around the h-axis.

The generating vector eld is @=@The associated moment map is the height

function h. To make the motion 1-periodic, this should be multiplied by 2 .

Usually we will consider torus actions on compact connectechite-dimensional
symplectic manifolds. However, we will also use Hamiltonia torus actions on

symplectic vector spaces.

Example 2.5. The standard T" action on (C";! o), given by

has moment map
..... — 1. 20 iy 2Y.
(2.8) Tr(ziiinzn) = 502007zl ):

When we identify C" with R?" (by z = p; + ig;), this moment map is

(2.9) 0 (PL;iiiPni 0l Gh) =(%(p12+ Q12);:33;%(pn2+ th?)):
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The moment map image is the positive orthant of R", dened by fx;
O;:::;xn Og.

In general, let T be anr-dimensional torus and suppose that we are given
a linear symplectic T-action on some symplectic vector spacé/. SinceT is
compact, there is aT-invariant positive de nite scalar product on V, which
together with the symplectic form give a T -invariant Hermitian structure on V,
i.e., T is a subtorus of a maximal torus inU(n), where dimV = 2n. We can
then nd an orthonormal basis consisting of simultaneous egen-vectors (weight
vectors) corresponding to the simultaneous eigen-valuesagights) 1;:::;  of
the elements oft. This means that there is a symplectic linear isomorphism of
V with R?", such that the linear symplectic action oft on V is given by the

homomorphism :t! R",
()=C 120 ) ()

The moment map is then the composition of the standard momentmap (2.9)

with  :R"! t , and so is given by

The image of is the convex region in t
(2.10) S( 1;::0 n)=*F s ] sy;iinsn Og;
the -s being theweights of representationof T on V [GS3, Proposition 32.1].

When HY(M ;R) = 0, (in particular, when the manifold M is simply con-
nected), for any action of a torus T = (S1)' on M there is a moment map

that satis es (2.7). This is not true if HY(M;R) 6 0. For example, let M
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be the 2-torus R2=Z2, with coordinates (x;y) accordingly, and symplectic form
dx ~ dy. The 1-torus R=Z acts on M by translations of the rst coordinate;
the generating vector eld is @=@x Then, although in a neighbourhood of
(Xo0:Yo) 2 R?=Z2, the map y + constant satis es (2.7), there is no global func-
tion f : R?=Z21 R with d = dy. On the other hand, if a compact connected
symplectic M admits a Hamiltonian action whose xed points are isolated, then
M is simply connected. This follows from Morse theory, as we Wi see in the
next subsubsection.

Adding a constant to the moment map yields a new moment map, de ned
by the same equation (2.7), whose image diers from (M) by a translation.
Reparameterizing the torus action by composing it with an auomorphism of
the torus results in transforming ( M) by an element of GL(n; Z), where a
map in GL(n; Z) is given by ann n matrix with entries in Z and det 1. We
denote by AGL(n; Z) the a ne transformations of R" of the form x 7! Ax + b
where A is in GL(n;Z) and bis in R".

For any Lie subgroupH of T, a moment map of the induced action ofH is

obtained by the composition of and the projection i , where

is the inclusion map. (We denote the inclusionH ! T and the maph ! tit
induces on the Lie algebras by the same letter; by i we mean the dual of the
latter inclusion.)

The orbits of a Hamiltonian torus action are isotropic (see Au2, Proposition

111.2.12]). Hence the dimension of T such that there is an e ective Hamiltonian
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action of T on (M;! ) is at most %dim M. An e ective Hamiltonian action of a
(% dim M )-dimensional torus is calledtoric ; the triple (M;!; ) is then called

a symplectic toric manifold.

2.3.2. The convexity theorem and Morse-Bott theory.Let (M;!;T; ) be a
Hamiltonian T-space, whereT is a torus. Using Morse-Bott theory, the man-
ifold M and the moment map : M ! t can be characterized by the local
description of . The local behavior of a moment map is understood by the
equivariant version of the Darboux-Weinstein theorem (seeSubsection 2.1). Let
Xo be a xed point of the action of T and let p= ( Xg). By de nition of the

moment map,
diX(): (i)!xozo

for all i, soxg is a critical point of . Near the T- xed point there is a Darboux
chart that intertwines the action of T on (M;! ) and a linear action of T on
(Txo,M;! «,) (identi ed with ( R?";! g)). The linear action on Ty,M de nes a
moment map, described in Example 2.5. This map equals the pursforward of
the given moment map under the Darboux chart, up to a transla tion. Thus,
there exists a neighbourhoodU of x¢ and a neighbourhoodU® of pin t such

that

xXn
(U)=U% (p+f s ;s Og);
i=1

where j;:::; , are the weights associated with the linear representation bT
on the tangent space ofM at xq. This is the local convexity theorem [GS3,
Theorem 32.2]. When the acting torus is of half the dimensiorof the manifold,

the weights are independent (as vectors irR"), so the T- xed point is isolated.
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A more general version, [GS3, Theorem 32.3], of the local ceaxity theorem
says the following. Let T; be the stabilizer group of x 2 M, the inclusion
of T1 in T dualizes to give a linear mapping, :t ! t1 . Let q1;:::; n
be the weights of the representation of Ty on the tangent space ofx 2 M.

Let S( 1;:::; n) be the convex region (as de ned in (2.10)) int; and let

(2.11) (U)= UN (p+SY 1:::5; 0)):

A similar local argument yields that for 2 t, the component = h ; i s
a Morse-Bott function, and the indices and dimensions of itscritical manifolds
are all even [GS3, Theorem 32.6]. AnyT - xed point is also a critical point of

; for almost all 2 t, these are all the critical points of . Thus, when the
T- xed points are isolated, in particular, when dim T = %dim M, for almost all

2 t the function is a Morse function.

Recall that a smooth function f from a compact connectedn-dimensional
manifold X to R is Morse-Bott if each connected component of its critical set
C: is a submanifold of X and if, in addition, at each critical point x 2 Cs,
the Hessian,d?f, of f is nondegenerate in directions normal toC; at x. If C;
consists of isolated points thenf is called aMorse function. For a Morse-Bott
function f, the index of d?f, is constant along a connected componentC of
Ct, and its value is called theindex of the critical submanifold C. By the

Lemma of Morse, near a critical point p of a Morse functionf there is a local
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i, such that the identity f = f(p) (Y2 i (y )2+ (y *1)%+ 111+ (y")?
holds throughout U, where is the index of f at p [Mi].

Morse-Bott theory asserts that the manifold X decomposes into disjointw;'s,
where eachWw; is a cell bundle over a componenC; (of C; ), with ber dimension

equal to the index of C;.

Wi=fx2Xj (X)! Cjast! +1g;

where ¢ is the ow generated by the gradient vector eld of f, with respect
to some Riemannian metric onX [Bo]. If f is Morse, then eachW; is actually
a cell, so the compactX is homotopic to a nite CW-complex, with a cell of
dimension for each critical point of index [Mi].

Suppose thatf is Morse-Bott and for all the critical manifolds C; the di-

mension and index of C; are even. On the critical manifolds Cq;:::;Ck of

f . For each of the cell bundlesW; over the remaining critical manifolds, W; is
of codim 2, thus it cannot disconnect X. So the complement of thesew;'s
in X is connected, hence&k = 1. Thus f has a unique local maximum [GS3,
Corollary 32.1]. As a corollary, any function has a unique local maximum
[GS3, Lemma 32.1]. (Iff is Morse and the indices of all its critical points are
even, then a closed curve through a point oW, can be perturbed so that it
intersects the Wi's, i > 1, transversally, but since fori > 1 codimW; 2, this
means that this intersection is empty. Thus C lies in Wy and can be contracted

to Xp. Hence 1(X :Xg) =0 [GS3, Corollary 32.2].)
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The local convexity theorem and the uniqueness of a local mamum for any
function are the key ingredients of the proof of the convexity theorem that
asserts that the image of the moment map : M ! t is a convex polytope
[GS3, Theorem 32.4], [GS1], and [At]. Also, the moment map is open as a
map from M to ( M), and the moment map preimage of a connected set is

connected (see [Kn]).

2.3.3. Delzant's theorem. For a symplectic toric manifold (M;!; ), the mo-
ment map image is a Delzant polytope. A Polytope R" is a Delzant
polytope if for each vertex p of , there are n edges meeting inp; each edge
is of the formp+tvi, 0 t 1 , wherev; 2 (Z"); and the vy;:::;v, can be
chosen to be a basis for{").

By Delzant's Theorem [De, Gu, LT, dS], the triple (M;!; ) is determined
by its moment map image uniquely, up to an equivariant sympletomorphism
preserving . Conversely, given a Delzant polytope in R", Delzant constructs
a corresponding symplectic toric manifoldM  whose moment map image is .
This manifold is a symplectic quotient of CN, where N is the number of facets
of , with respect to a subgroup K of (Sl)'\I ; the toric T-action is through an
isomorphism of T with the quotient (Sl)N =K. The polytope is realized as

the intersection of the positive orthant RY with an n-dimensional a ne space.

Example 2.6. We go along the course of the Delzant construction associatp
to aninterval [0;a] R a symplectic toric manifold M . By this we follow the

Exercise in [dS, Section 28.3]. Let =]0;a]; then

= fx2Rjh 1 O k1l ag
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where 1 and 1 are the primitive outward-pointing normal vectors to the facets

of . Let
"R?! R

be the projection sending (20) 7! 1; (0;1) 7! 1. The map mapsZ? onto Z,

thus it induces a surjective map

: R?=Z2%1 R=Z:
The kernel of is the diagonal subgroup

D = f(e':dt)g

of T = S S Denote byi the inclusion of D in T; it induces a mapi: d! R?

of the Lie algebras with duali : R*! d;
I (X1;X2) = X1+ Xz!

Equip C? with the standard symplectic form ! ¢ and the standard S? St

Hamiltonian action (as in Example 2.5) with moment map
1. 5. . 1
(z1:22) = S(jz1f%jz2?)  5(0;a):
2 2
Then D acts on C? in a Hamiltonian way by
(€';e") (z1;20) = (€'z1; €' 2,);

with moment map

i " C2! n;

a:

N =

()= Sz + i)
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The manifold M is the symplectic quotient of the zero-level set

(I ) 1(0) = f(Zl;Zz) 2 Cz: jlez + j22j2 = ag

with respect to D, i.e.,
M =CP'=s%

The toric St action is through an isomorphism of St with St S'=D; it is the
action by rotations described in Example 2.4. Since a Delzanpolytope in R
must be a translation of an interval [0;a] (a 2 R), Delzant's theorem implies
that a symplectic toric 2-manifold is equivariantly symplectomorphic to CP?!, of
symplectic area 2a , with the S* action by rotation. (Di erent lengths of the

interval correspond to di erent normalizations of the symplectic form on CPL.)

Since an invariant Kahler structure descends to symplectc reduced spaces
[GS2], the toric manifold M is Kahler. (For details, see [GGK, Chapter 5].)
Consequently, for any toric action on a compact symplectic nanifold (M;! )
there exists an invariant ! -compatible complex structure. A symplectic toric
manifold (M;!; ) with an invariant Kahler structure has a structure of an
algebraic toric variety with the fan equal to the fan de ned by the polytope

= ( M)I[LT, Lemma 9.2]. (Notice that the same fan might be de ned by non
AGL( n; Z)-equivalent Delzant polytopes; a toric variety admits a campatible
symplectic structure i it can be embedded into CP" with the Fubini-Study

form; di erent embeddings lead to di erent moment-map poly topes.)

2.3.4. Symplectic toric four-dimensional manifolds. In dimension four, we are

familiar with the following symplectic toric manifolds.
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Example 2.7. CP? with the Fubini-Study symplectic form ! 5 and the standard
toric action

(a;0): [wo; wi;wo] 7! [wo; awy; bws]:

The moment map image is the triangle
(2.12) f(x1;x2) 2R?jx1 0; X2 0;Xi+Xp G

R
where = zi cpt ! Fs, as in the left side of Figure 1. (To see that, identify
neighborhoods of [1: 0: Q0 : 1: 0}[0 : O : 1] in CP? with the neighborhood

of 0 in C2)

We call the triangle of vertices (0;0); (0; );(; 0) a standard -triangle. It
is easy to see that any Delzant polygon of 3 edges is a triangl&GL(2; Z)-

equivalent to a standard -triangle, for some .

Example 2.8. Hirzebruch surfaces: to each integem there corresponds the

Hirzebruch surface
f([20; 215 22]; [wa; W2]) 2 CP? CPjziwj = zowig
with the toric action
(a0 ([20;21; 22]; [wa; We]) 7! ([azo; 213 0" 25]; [wa; bws])

with symplectic forms induced by multiples of the Fubini-Study forms on CP?
and on CP!. The corresponding polygons are as in Figure 1 on the right.

A Hirzebruch surface is aCP! bundle over CP!. The moment map preimages
of the top and bottom edges are the \north pole section” and the \south pole

section"; the moment map preimages of the side edges are ber
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Figure 1. Delzant polygons of CP? and of a Hirzebruch surface

A trapezoid as in Figure 1 is called astandard Hirzebruch trapezoid It is
determined by parameters @; b; d wherea is the average of the lengths of its top
and bottom edges,bis its height, and d is a non-negative integer such that the
right edge has slope é (or is vertical if d = 0), (and the left edge is vertical);
we denote it by Hirz,.p.q. Hirzebruch trapezoids are the images of standard
Hirzebruch trapezoids under AGL(2; Z)-transformations. Any Delzant polygon
with 4 edges is a Hirzebruch trapezoid [Ka2, Lemma 2].

The rational length or size of an edge of a Delzant polygon is measured after
translating the edge, along a vector normal to it, to a line through points in Z2,
and calibrating such line such that the distance between adjcent Z2-points is
1.

From CP?2 and Hirzebruch surfaces we get other symplectic toric manilds
by performing equivariant blow upsat T- xed points. Let a torus T = (S1)"
act on a 2h-dimensional symplectic manifold (M;! ). Near every T- xed point
there exists a Darboux chart that is equivariant with resped to the T action
on M and a linear action of the torus onC". By that and the fact that a linear

action of (S1)" descends to the standard blow up ofc", we get aT action on a
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Figure 2. Blowing up C?

symplectic blow up of the manifold. If the action of T on (M;! ) is Hamiltonian,
so is the yielded action on the blown up manifold.

The moment map image of the standard symplectic blow up ofC? of size is
obtained from the moment map imageR?2 of C2 by cutting out a triangle whose
sides have size. See Figure 2. In a symplectic toric 4-manifold, the moment
map sends aT - xed point Xg to a vertex of the moment map polytope (see
Claim 3.2), and a neighbourhood ofxg to a neighbourhood of the vertex in .
(As follows from the equivariant version of the Darboux-Weinstein theorem.)
So an equivariant blow up of size of a symplectic toric 4-manifold translates
to cutting out a corner of size from its moment map image. This can be
done if and only if the sizes of the two edges that meet at the amer are each
strictly greater than . (Otherwise there is no equivariant Darboux chart that
is centered at the corresponding xed point and that contains a closed ball of

size )

Corollary 2.9. If k 4, it is impossible to perform k equivariant symplectic

blow ups ofCP? by equal sizes.
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Figure 3. Di erent equivariant blow ups of CP? may vyield the

same symplectic toric manifold

Example 2.10. The polygon in Figure 3 can be obtained either from a triangle
of size by cutting out corners of sizes 1; »; 3 or from a triangle of size
2 1 2 g3 by cutting out corners of sizes 2 3] 1 3 1 2

Thus the manifolds obtained by the corresponding equivariat symplectic
blow ups of CP? are symplectomorphic (as also follows from the Cramona tras-

formations).

We also have a notion of an equivariant symplectic blow down.Let a torus
T act on a 2n-dimensional symplectic manifold M;! ). Let C M be an em-
bedded smoothT -invariant symplectic 2-sphere, whose homology class saties
[C] [C]= 1. By the equivariant version of the Darboux-Weinstein thearem, a
neighbourhood of C is equivariantly symplectomorphic to a neighbourhood of
the exceptional divisor in a standard blow up of C". We can then equivariantly
blow down M along C. This yields a symplectic manifold with a T action whose
equivariant blow up is (M;! ) with the original action of T.

From an analysis of the Delzant polygons we see that every Deant polygon

is obtained by a nite sequence of \corner cuts" from a triangle or a Hirzebruch
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trapezoid, that correspond to a nite sequence of equivariait blow ups from ei-
ther CP? or a Hirzebruch surface (see [Ful, Section 2.5] and [O]). Caequently,
a four-dimensional symplectic toric manifold can be equivaiantly blown down

to either CP? or a Hirzebruch surface.

3. Reading geometric data from the moment map polygon

There are relations between geometric data of \;!; ) and combinatorial
data of the corresponding moment map polygon .

Notation:

Here, (M;!; ) is a 4-dimensional symplectic manifold (M;! ) with an e ec-
tive Hamiltonian action of T = (Sl)2 and amomentmap : M ! t = R%

The image ( M) is a Delzant polygon in R? denoted by . Write E() for
the set of edges of .

By Delzant's construction, there is a T-invariant complex structure that is
compatible with ! . Let JM be such a structure.

One road that we will take to reach a connection betweenl{;!; )and is
the local and global properties of a moment map associated Wi a Hamiltonian
action of a torus T (see Subsection 2.3). Recall that such a map is connected
and open as a map to its image , i.e., the inverse image of a conected set is
connected, and the image of an open set is open in . A pointxg 2 M is xed

for the action of T if and only if
(3.1) dix,= (i)ly, =0forall i

In particular, a T- xed point is a critical point of ;if T = S!'themap isa

function M ! R, soxg satises (3.1) i Xg is a critical point of . The behavior
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of the moment map near aT - xed point is described by the equivariant version
of the Darboux-Weinstein theorem. When dimT = %dim M, this theorem
implies that the T- xed points are isolated.

We will make an extensive use of the following.

Remark 3.1 Every projection R2 ! R in a rational direction is dual to an

embedding

The composition

is a moment map that is associated with the Hamiltonian actin on (M;! ) by
the embeddedS?. This is the th component of , for a rational (the
projection i is in the th direction). Thus is a Morse-Bott function, and the
indices and dimensions of its critical manifolds are all eve. (See Subsection
2.3.) By de nition, any point that is xed by the action of T is also xed by
S!, hence a critical point of . When the projection is in a ratio nal direction
along which there is no edge of , these are all the critical pants of . (In a
critical point xo of , (di d) x, =0;i.e.,Imd x, kerdi (,..) Since the

T- xed points are isolated, such a is a Morse function.

3.1. The inverse image of a vertex and an edge.

Claim 3.2. The inverse image of a vertex of is a xed point for the action

of T, and the image of aT- xed point is a vertex.



38

To see Claim 3.2, notice that for a vertexp of , there is an S!-moment
map that is obtained by composing with a projection i in a rational
direction along which there is no edge of , with i p as the maximal value.
Then, p= (i p)is aconnected component of the set of critical points of
. Since the critical points of are the T-xed points, and are isolated, !p
is a T- xed point. On the other hand, applying the local convexity theorem
when dimT = %dim M, we see that the image of ar - xed point is a vertex of
the moment map polygon .

The inverse image under of an edgeA of is the level set of the minimum
of a circle-moment map obtained by composing with the projection i along
the direction of A (i.e., i sendsA to a point). Hence A is a compact
connected symplectic submanifold ofM . Since is T-invariant, so is  A.
The stabilizer of A contains anS* embedded intoT (by i), it is of dimension
one (since projections in other directions do not send the ege A to a point),
and is connected (it is enough that the stabilizer is conneatd for points near the
inverse image of a vertex, which follows from the local desgstion of the action
of T = St S!nearaT-xed point of M); hence the stabilizer is the embedded
St. Splitting T asS*  S* accordingly yields a nontrivial Hamiltonian action
of St on the compact connected symplectic submanifold 1A (restricted from
the T-action). In particular, dim g( *A) = 2 (it is even, < 4, and > 0). By
Delzant's theorem, it must be then a 2-sphere of symplectic ga 2 times the

rational length of A. (See Example 2.6.) We thus have proven
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Claim 3.3. The inverse image under of an edgeA of is a T-invariant
embedded symplecti@-sphere, that admits a nontrivial Hamiltonian circle ac-
tion restricted from the toric action on (M;! ). The rational length of A equals

the symplectic area of A divided by2 .

Claim 3.4. The inverse image under of an edgeA of is an embedded

irreducible JM -sphere.

Proof. First, we claim that for the embedded sphere

the tangent space satis es
(3.2) TY = JMTYy:

To see that, recall that Y is a connected component of the xed points set
for an action of St T (restricted from the action of T) on M. This action,
consisting of symplectomorphismsf ng,s1, is linearized to a linear action of
St on TM, consisting of fd ygpsi. Let p2 Y. We claim that for v 2 T,M,

the vector
(3.3) v2 TpY if and only if d pov = v forall b2 st

This follows from the local normal form of a compact Lie group action on a
manifold: There is a di eomorphism between a neighbourhoodof a xed point
in the manifold and a neighbourhood of the origin in the tangent space to the
manifold at the xed point that intertwines the action of S* on the manifold and

the linearized action of S on the tangent space. (For a linear action, , = d p,
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which yields (3.3).) Since each of the mapd pgpst is JT’V' -holomorphic, for

eachw 2 TY the vector JMw satis es

dp(IMw) = IV (d pw) = IV w

for all b2 S*. Hence (3.2).

As an almost complex manifold of real dimension 2, Y; J¥ jTy) Is a complex
manifold. SinceY is also an embedded sphere iM , it is an embedded holomor-
phic sphere in the complex manifold M;J3M). In particular, (  *A)

smooth —

1A is connected, hence A is irreducible as a subvariety.

A neighbourhood of the embedded symplectic spher& = A M is
symplectomorphic to a neighbourhood of the 0-section in thesymplectic normal
bundle Ny, de ned as (TY)?, where? denotes the orthgonality in TM with
respectto! . The bundle : Ny ! Y is both a symplectic vector bundle and
a complex line bundle overY = CPY. SinceY is T-invariant, the action of
T induces a toric action on the bundleNy (by di erentiation). Recall that T
splits asS!  S! where the rst coordinate stabilizes Y and the action of T is
restricted to an action of the second coordinate. Hence, theveights of the toric
action at a T- xed pointin Y = CP! are vectors inZ2: (; ) at the north pole
n,and ( ; ) atthe south pole s, such that = k for somek 2 Z.

Notice that by the description of near a T- xed point, the weights of the
toric action at a T-xed pointin Y = 1A, (i.e., at the preimage of a vertex
of the edgeA), are the primitive vectors along the directions of the edgs that

meet in that vertex.
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The symplectic normal bundle overY is obtained by two trivializations
ns XYY nfng)! (Ynfng C;

and

s: XYnfsg)! (Ynfsg C:

We can assume that ,, is equivariant with respect to the circle action on Ny
induced by the toric action on M, and the diagonal circle action on (Y nfng) C,
that is the S! action induced by the toric action on the rst coordinate, and
the weight of the induced S* action on the normal bundle at s on the second

coordinate. (The same for g.) The transition map

f= s n 1j n( 1(Ynfn;sg)
is then homotopic to the map of the equator timesC that sends
(x:y) 70 (x Hxy):

Thus the self intersection number ofY (with respect to the orientation deter-
mined by ! ) is k.

Thus

Claim 3.5. Let A be an edge of . The self intersection number of 1A is the
rate of growth of the distance between two dots starting frorthe two vertices of
A and going along the adjacent edges t& in  in velocity 1, where distances

are measured in rational length.

For example,
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the self intersection number of the inverse image of any edgef a Delzant

triangle is 1;

if Ts a polygon obtained from by cutting a corner (in correspo ndence
to equivariantly blowing up (M;!; ) to get ( M; &k 7)), the inverse
image under7in M of the edge created at the cut is of self intersection

1.

For two edgesA; B of , the intersection number of Inand Bis1if
A and B are adjacent (as follows from the description of near the canmon

vertex), and O if not.

3.2. Fans and the complex blow up. Recall that a symplectic toric manifold
(M;!; ) with an invariant ! -compatible complex structure JM has a structure
of an algebraic toric variety with the fan equal to the fan de ned by the
polytope = ( M). When dimM = 4, the 2-dimensional fan is generated
by the primitive vectors of Z? emerging from the origin in normal outward-
pointing directions to the edges of . The inverse image unde of an edge
of isa T-invariant embedded JT’V' -holomorphic sphere that corresponds to a
facet of the fan .

Now, suppose that (\; k& ~;JM) is obtained by an equivariant blow-up at
a T- xed point of a 4-dimensional (M;!; ;JT’V' ). The corresponding moment-
map polygon = T M) results by cutting a corner from . The polygon
~de nes a fan 7 which we get from by inserting the sum of two adjacent

vectors: the outward normals to the edges of that touch the cut corner. By

de nition, ~is the fan obtained by blowing up as a fan; this corresponds to
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blowing up (M;JT’V' ; T) as a toric variety; see [Ful]. So, there is an equivariant

complex blow up map

S(MEIMTY (M;IMT:

For an edgeF of there is an edge F in the same direction in 7 such that

(— )= F. We say that F sits aboveF. If F does not touch the point
of the blow up-cut, then ( 'F)= ~ F. If F does touch the site of the
blow up-cut, then 1( F)= ~ YF[ E), where E is the edge created at

the blow up-cut.

Notation: Let (M (s.); Fs:s): ~(s:5)) denote a 4-dimensional symplectic toric
manifold with moment-map polygon ~(s), obtained by a sequences of s equi-
variant blow ups, starting from (M;!; ) with moment map image . Denote
by ~(s; the Delzant polytope obtained from by the rst i equivariant blow
ups in the sequences.

For an edgeF of ,wedene A®"for0 i sbyinduction. A®? = fFg,
Fori 1, the set A" is the set of edges of~(s;jy such that A 2 A B
either A sits above an edge ofB\(FS;i Y or A is the edge that is created at the
ith blow up-cut and there is an edge ofA(FS;i Y that touches the corner of the

ith blow up-cut.

By induction we get the following.

Corollary 3.6.  Consider (M s:s); ~s:s); ~(s;5)) and (s, de ned as above.

There are equivariant complex blow up maps

Msiiy . . M(si LT
it (Msiyi dp ST (M s 0337 & 25T
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forl i s.

For an edgeF of
. 1 1 — a ~ 1 .
(s it 1) °( "F)= AJZAS:S;S)[ =1 (59

The coe cient (=number of occurrences) of the preimage of the edge that sits
aboveF is 1; the coe cient of the preimage of the edge created at the lasblow
up-cutis 1ifitis in A® (and 0 if not); the coe cient a; of the preimage of
the edge that sits above the edge created at théh blow up-cut 1 | s 1)
is f(j), wheref (j) is the jth element in the Fibonacci series.

There are at mosts + 1 edges inA™® | and the union of these edges is
connected. The rational length ofF is bounded above byS times the sum of
rational lengths of the edges iMA >, If F and G are non adjacent edges in
then A and AS™ are disjoint.

We say thatF is given (with multiplicities) by the series of edges that are in

AG®)

From an analysis of the 2-fans de ned by Delzant polygons, weget that
every Delzant polygon is obtained by corner cuts from eithera Delzant triangle
or a Hirzebruch trapezoid (see [Ful, Sec. 2.5] and [O]). In awespondence, by
Delzant's unigueness, every 4-dimensional symplectic tac manifold is obtained
by equivariant blow ups from either CP? or a Hirzebruch surface. In particular,
the number n of edges of a Delzant polygon is 3. We apply these facts to

give proofs by induction in Claim 3.7 and Lemma 3.8 (in the nex subsection).

Claim 3.7. Let (M;!; ) be a4-dimensional symplectic toric manifold, with

moment-map polygon of n edges. Letvy;:::;v, be the primitive Z2-vectors
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that are outward normal to the edgesAq;:::;A, of , successive in clockwise

order, respectively. We declarevg to bev, and v,+; to bev;. Denote

Then

(3.4)

s; = the self intersection number  A; A

SiVi = Vi 1+ Vi+1;

0 1
Vi1
si:det% §:

Vi+1

We will give a straightforward proof, independent of Claim 3.5.

Proof.

(3.5)

(3.6)

Since is a Delzant polygon, each of (v; 1;vi) and (vi;Vij+1) is

a basis forZ2. Thusvis1 = v 1+ av;, i.e.,

aVi = Vi 1+ Vs,

for some integersa;.

We show that

a Si

by induction on n, the number of edges of .

For n = 3;4, it is enough to check the claim for a standard Delzant
triangle and standard Hirzebruch trapezoids. (This is sin@ acting by an
element of AGL(2;Z) on preserves both a and the self intersection

number s;.)
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When is a standard Delzant triangle, the primitive outward normal
Z2-vectors are, in clockwise order, ©® 1);( 1,0);(1;1). Soa; = ap =
az3= 1= s1= sS)= 83

When is a standard Hirzebruch trapezoid of slope é the vectors

are (0, 1);( 1,0);(0;1);(d;1), scay = a4u =0= s sS4 (recall

1A, and A, are bers of the CP! bundle over CP! in Example
28),anda; = d= s;;,a3=d= s3 (recall 1A is the south
pole section and 1Aj; is the north pole section of the bundle in that
Example).

For the induction step it is enough to show that if the claim is true for
the normal vectors generating the fan de ned by (of n edges), itis
also true for the vectors generating the fan~de ned by 7Twhere Tis
obtained by cutting a corner from , in correspondence to an equivari-

ant blow up of M at a T- xed point. The fan ~is obtained from by

inserting V0= v+ vi41 betweenvy and viy1 (forsomel k n). This

and inserting a 1 between them. While the corresponding equariant

blow up of M at a T- xed point whose image is the vertex between the

and to sx+1 and inserting a 1 between them.
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This follows from the lest assertion: substituting (3.6) and (3.5) in the
right hand side of (3.4) yields

0 1

ol M€

SiVi Vi1

which equals
0 1
%Vi 1 §
sj det :
Vi

Since ( 1;Vv;) is a basis to Z2 and is ordered in clockwise direction,

this equalss;.

3.3. Hy(M;Z) and JM-curves are spanned by the edges.  The following
follows from well known facts on algebraic toric varieties Ful], and is proven

here (in a di erent way) for 4-dimensional symplectic toric manifolds.

Lemma 3.8. Let (M;!; ) be a4-dimensional symplectic toric manifold, with
moment-map polygon of n edges, and T-invariant complex structureJM that

is compatible with! . Then

there aren 2edges of whose union is connected, such that the classes
of their inverse images under form a basis toH,(M ;Z). Moreover,
forany n 2 edges of whose union is connected, the classes of their

preimages form a basis taH»(M ; Z2);



48

Proof.

any JT’V' -holomorphic curve is homologous irH»(M ; Z) to a linear com-
bination with coe cients in N of inverse images under of edges of
for any setS of n 2 edges whose union is connected, any irreducible
JM -holomorphic curve C that is not the preimage of an edge of is
homologous to a linear combination with coe cients in N of preimages
of edges of whose union is connected and that are contained irs; if
the intersection of C with each of the two edges of that are notin S
is positive, then all then 2 edges ofS appear with positive coe cients

in this linear combination.

In our notation, N does not include 0.

We show the claim by induction onn.

For n = 3, the manifold (M;!; ) is CP? with the standard toric
action. Thus the inverse image of any edge of is CP! embedded in
CP?, and its class spansH,(M ; Z).

For n = 4, the manifold is a Hirzebruch surface, thus dimH,(M ; Z) =
2. The moment map image is then (AGL(2 Z)-equivalent to) a standard
trapezoid of north edgeN , south edgeS, and side edged$-. It is enough
to show that there are no integersa; b not all zero such that the class
a S]+H F]=0, neither there are integersc;d not all zero such

that the class¢[ IN]+ d[ F]=0. Indeed, by the above,

's Yf=1; N 'F=1; ' 'F=0:
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So,

0=(a[ 's]+H 'F) [ 'Fl=a

and hence

0=(a[ 'Sl+H ') [ 'sl=H 'F1[ 'S]=b;

and similarly for N; F.

For the induction step, suppose that (M; & 7Jis obtained by an equi-
variant symplectic blow up at a T- xed point of a 4-dimension al sym-
plectic toric manifold (M;!; ), and J¥r is an invariant ! -compatible
complex structure on it. We recall the equivariant complex blow up
map :(M;IVET)E (M IMT.

By induction, there is a basis of Ho(M ;Z) that consists of classes
of -preimages of n 2 edges of whose union is connected. Denote
thesen 2 edges of by B . For any cycle C representing a class in

H,(NMr; 2), the class

X X
[C]= al *Al=[ ( a~ A,
Ai2B Ai2B

whereg 2 Z, and A; is the edge of = T M) that sits above A; (i.e.,
(- )= tA).

Hence

X
[C]= ne[~ ‘E]+ a[~ Al
Ai2B
whereE is the edge created in the blow up-cut, i.e.,~ E is the excep-

tional divisor obtained by the equivariant blow up.
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If B consists of an edge that touches the point of the blow up-cut,

set

B.= | A [ E:

Ai2B
If B consists of the edges that do not touch the point of the blow up
cut, then by the above argument, the =preimage of an edge F adjacent
to E in ~is homologous to a linear combination of inverse images of
edges in “that sit above the edges in B plus an integer ng multiply

of ~ E. Then1= ~ 1 ~ 1E = ng, henceng 60, and ~ 1E is
spanned by~ F and the =preimages of the n 2 edges that sit above

the edges inB . Set

B-= [ Ai[ F

Ai2B

where F is an edge adjacent toE in ~
In both cases, we getB - that consists ofn+1 2 edges of'whose
union is connected and the classes of their inverse images der ~form
a basis toH»(M; 2).
The same proof gives that for anyn 2 edges of whose union is

connected, their inverse images under form a basis toH,»(M ; Z).

Let be a circle-moment map obtained by composing with proj ection
in a rational direction along which there is not any edge of . (See
Remark 3.1.) Denote byvmin (Vmax) the vertex of minimal (maximal)

value of that projection.
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Vmax- Then the south pole of D1 is a minimum for , the north pole
of D; 1 is the south pole of D; for each 1 i m, and the north

pole of Dy, is a maximum for ; each D; is a -gradient sphere. Let

the others satisfyD; D; = W wherek; (k%) is the order of the

34,eachDi, 1 i m,(DY,1 j m9Yisanembedded irreducible
JM _sphere. The intersection number of di erent D;'s is 1 if the spheres
intersect and O otherwise.

It is enough to prove the claim for irreducible;l%’I -holomorphic curves.
Also, the claim is obvious for a -preimage of an edge of . So, we
assume thatC is an irreducible JM -holomorphic curve that is not the
-preimage of an edge of . In particular, C 6 D; for 1 i m
(Cée DY forl j mY. Bythe rstpart of this claim, in Hy(M;Z)

X X’
[Cl= aDi+ QDY; with ay = by =0:
i=1 j=1

We show by induction that
forl i<m (1 i<m?9; as=ks a=k O

This follows from the proof of Lemma C.6 in [Kal]. In details: the

intersection number of any two irreducible JM -holomorphic curves that
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are not equal to each other is non-negative. Thus we get

(3.9 C D; Oforalli; ineach chain
Setting i = 1 in (3.9) and substituting (3.7), we get 0 C D; =
apD, D1+ a;D1 D1+ byD% D; = ap sincea; = by = 0. This gives
ar=k, ai;=k; = 0. Taking (3.9) with D; that is neither the rst nor
the last in its chain, and substituting (3.7), we get
Ki 1+ K
a 1Di 1 D+ aD; D+ a+1Dij+1 Di=a 1 %ai + Qi+ 0;
|
S0,
ai+1  Kiviai=k + ki 1a4=k & 1
Substituting the induction hypothesis a;=k; a 1=k 1 0, and di-
viding by kj+1 givesaj+1=k+1 a=k O.
Notice that (3.8) implies that
(3.10) aa=C D1>0) a>0foral2 i m;
and
(3.11) tb=C D%>0) b >0forall2 j md
In general,a > 0) a > O for all i m(b >0) k> O0forall

i m9. Hence, an irreducibleC is homologous inH»(M ;Z) to a
linear combination with coe cients in N of inverse images under of,

at most n 2, edges of whose union is connected.
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It is enough to observe that for any setS of n 2 edges whose union is
connected, there is a circle moment map , obtained by composng
with projection in a rational direction along which there is not any edge
of , such that the vertex vmin is the vertex between the two edges of

that are not in S. Then the previous proof gives the required.

Corollary 3.9. Let (M;!; ) be a symplectic toric 4-manifold with moment
map image . The moment map preimages of the edges of the polygon span

H>(M ; Z); the number of edges equaldimH,(M ;Z) +2.

Remark 3.10. The fact that the number n of edges of equals dimH,(M ;Z)+2
follows from the existence of a Morse function on the compacimanifold M such
that the indices of all its critical points are even, and the aitical points are the
n xed points of the toric action (that is, the preimages of the vertices of ).
Such a function is given by composing with projection in a rational direction
along which there is not any edge of . (See Remark 3.1.)

Then, By Morse theory, M is homotopic to a CW-complex with a cell of
dimension for each critical point of index (see Subsection 2.3). So the
dimension of Hy (M ;Z) is the number of critical points of index 2k. Recall
also that such a function attains a single maximum and a singt minimum. The
index of the critical point of maximal value is 4; the index of the critical point

of minimal value is 0; and each of the othemn 2 critical points is of index 2.

Corollary 3.11. The moment map image of an irreducibleJM -holomorphic

curve C of negative self intersection is an edge of .
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Proof. Otherwise,C 6 DjhenceC] [ !D;] 0 foreach edgeD; 2 E().
P

Therefore, since by Lemma 3.8, ] = D, 2E() aj[ 'Di] with non-negative

coe cients a;, we get

X X
[C] [C]=[C] al 'Dil= a(Cl [ 'Di) O
D 2E() D 2E()

to get a contradiction.

Lemma 3.12. Let be an S'-moment map obtained by composing with
projection i in a rational direction along which there is not any edge of
Let vinin and viax be the vertices of of minimal and maximal value of that
projection.

Let C be aJ%’| -holomorphic sphere. If ( C) avoids a neighbourhood of the
vertex Vmin, then pushing C along the gradient ow of  weakly converges to
the inverse image under of a connected sequencec of edges of ; none of

the edges in that series touchegmi,. The homology clas§ !Lc]=[C].

Proof. The S'-moment map

is associated with a Hamiltonian action on (M;! ) of S! embedded inT by
i:st! T

Let u be the vector eld generating the action of St.
Let ; be the ow generated by the gradient of the moment map . The o w
t IS a one-parameter subgroup of the complex toru€ ; it is generated by the

vector eld JM . This ow is equivariant with respect to the action, i.e., for
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eacht,the map ¢: M ! M Iis equivariant to the action of T. Consequently,

it sends a set that is a -preimage of a vertex or a -preimage of an edge to
itself. Let fC; = {(C)g with discretei!1 . EachC; is aJT’V' -holomorphic

sphere in the homology class@]. By Gromov's compactness [Grl], there is a
subsequencé C g of it that weakly converges to a stableJM -holomorphic map

C%= fu g 27 (T a nite tree; u JM-holomorphic spheres) in C].

Let ( ) be the lowest point of ( C) on the boundary of from right (left)
to Vmin, (When we think of i as the height function). We argue that C%is the
inverse image under of the chain L¢ of edges of that lie above the vertices

following and . We will derive that from the behavior of the gradient ow

In complex coordinates near a critical point of , a map  sends g;w) 7!
(et z;e' w), where ; are the weights of the action, and the critical point is
(0; 0). Recall that the critical points of are the inverse image under of the
vertices of . Near the -preimage of vnax, the weights are negative. Near

Lvmin, the weights are positive. Near the preimage of any other veex, the
weights are of opposite signs to each other; thusz( w) is pushed by the ow
towards or outwards the preimage (Q0) of the vertex if and only if z =0 or
w =0, i.e,, if it is in the preimage of one of the edges that toucles the vertex.

ghus a point p is pushed by the ow  along the gradient of to

% itself if p is the -preimage of a vertex;
§ the preimage of the vertex above it ifp is in the -preimage of an edge;

~ the preimage ofvnayx if p is in the preimage of an inner point of
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Let U be a neighhbourhood in of the chain L¢ of edges that lie above
the vertices following and ; let W be a neighbourhood in of the chain
of edgesAc that lie below the vertices preceding and , such that U and
W are disjoint. Then, since U [ W contains all the critical points
of , the in mum of the norm of the ow  outside U | w is > 0,
where the norm is with respect to a Riemannian metric onM . This and our
above observation imply that the ow pushes away from W andinto  1U.
Thus, for any neighbourhoodU of L¢, there ist big enough such that ((C)
is contained in  'U. Since for any neighbourhoodV of L there are
disjoint neighbourhoodsU of Lc and W of Ac such that U V, for any
neighbourhoodV of  !L¢ there ist big enough such that (C) is contained
in V.

The subsequencéC = (C)gweakly converges to the stabIe]T’VI -holomorphic
map C%°= fu g »7. By [MS2, Theorem 5.2.2], ifx 2 C (CPY) = (C) con-
verges tox 2 M then x 2 u (CPY) for some componentu of the stable

JM -holomorphic map C® Thus C°=  ILc.

Claim 3.13. Let (M;!; ) be a4-dimensional symplectic toric manifold with
moment-map polygon and T-invariant complex structure J¥ that is compat-
ible with ! .

Every stable JM -holomorphic map C is homologous inH2(M ;Z) to a lin-
ear combination with positive coe cients of preimages of edjes of whose
union is connected. In particular, C is homologous to aT -invariant stable

JM _holomorphic map.
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Notice that by Lemma 3.8 the claim holds for irreducible JT’V' -holomorphic

curves. We will use Lemma 3.12 to show it for a stable map.

Proof. By de nition, C is a nite tree of irreducible J¥ -holomorphic spheres
(called the componentg with multiplicities in  N. Let A be the set of components
of C that are -preimages of edges of .

Let be a circle-moment map obtained by composing with proj ection in
a rational direction along which there is not any edge of . Let vy, be the
vertex of of minimal value of that projection. We think of th e projection i
as the height function.

If for any component S , that is not in A, the moment map image avoids
a neighbourhood ofvyin, then, by Lemma 3.12, each such component can be
pushed along the gradient of to the inverse image under oft he chainLg of
edges of that lies above the vertices following the lowest points of the image
of ( S ) on the boundary of , from right and left to vuin . Thus, sinceC is
a (connected) tree of components, The union of the edges thatre images of
the components inA and the sequences of edgdss obtained as above for the
other components is connected.

Otherwise, there is a componentD, which is not a -preimage of an edge
of , such that D intersects the inverse images of both the edges that touch
Vmin. BY that and positivity of intersections, the intersection number of D with
the inverse image of each of these edges is positive. Thus, hgmma 3.8, each
componentS of C is homologous to a linear combinationFs of -preimages
of n 2 edges of whose union is connected with non-negative coe dents,

and [D] can be represented by such a linear combination with coe cents all
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positive. Combining such a representative oD with representatives Fs of the

homology classes of the other components gives the claim.

3.4. Symplectic invariants. For (M;! ) we denote byc;(M) the rst Chern
class of a complex bundle TM;J) ! M, forJ 2J (M;!). Recall that for

I -tame J1;J>, these complex bundles are isomorphic hence have the sarng

Claim 3.14. Let (M;!; ) be a4-dimensional symplectic toric manifold with
moment-map polygon . The homology class inH>(M ; Z) of the inverse image

of the boundary of is the Poincare dual toc;(M).

Proof. It is enough to check that for any element of the setf| 15]9325()
P
generating Ho(M ; Z) (by Lemma 3.8), the pairing of it with A2E() [ IA]

equalsci(  'B). Indeed, since forA;B 2 E(),

[ Bl [ 'A]=

8
%[ ‘B] [ 'B]ifA=B
glifAis adjacent to B ;

7 0 otherwise

R
and for an embedded spher&s in M, ci(S) = gci(M)= S S+2, we have
X
[ 'BI [ *Al=[ 'BI [ 'Bl+2=ca( 'B):

A2E()

Corollary 3.15. The perimeter of the polygon (measured in rational length)

is equal to the pairing of! with the rst Chern class c;(TM), divided by 2 .
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Example 3.16 If M is CP? of size 1 (i.e., normalized such thatCP!  CP?

P
homology classL, then the Poincare dual to ¢;(M) equals & ik=1 Ei. If M

admits a toric action with moment map image , then, by Coroll ary 3.15, the
P
perimeter of the polygon equals 3 !‘:1 i
P
To see that 3L !‘:1 E; is the Poincare dual toc; (M), it is enough to check

that when we pair it with L and with each E; we get the right answer. (Recall

Indeed, we have
ca(L)=2+ L L=3=3L Ei) L;
and forl i Kk,

ca(Ej)=2+ E; Ej=1=BL Ei) E;:
i=1

R
1 1 2
Remark 3.17. The Euclidean area of is equal to the Liouville volume &2°%

This follows from the Duistermaat-Heckman theorem, see Rerark 5.10 in [GGK].

Remark 3.18 The Euclidean area of a Delzant triangle of edge-size is % 2-jts
rational perimeter is 3 . Thus a Delzant triangle is determined by each of its
Euclidean area and its rational perimeter. However, non AGL2; Z)-equivalent
Hirzebruch trapezoids might have the same Euclidean area ahperimeter. In
Section 6, we see Hirzebruch surfaces that are not isomorphias symplectic
toric manifolds but are symplectomorphic, thus their asso¢ated trapezoids are

non equivalent but of the same area and perimeter.
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4. No toric action on (Mg;! ) for k> 3 and small

Given a symplectic 4-dimensional manifold ;! ), does it admit a toric
action? We know that, if so, (M;! ) must be symplectomorphic to a manifold
obtained by a sequence of equivariant symplectic blow ups o€P?, or of a
Hirzebruch surface. (We saw this in Subsection 2.3, as a caitary of Delzant's
theorem and the classi cation of Delzant polygons.) Howeve, it may be di cult
to determine whether a given M;! ) is symplectomorphic to such a manifold.

For instance, the symplectic manifold (M;! ) obtained from CP? of size 1
by k 4 blow ups of equal sizes does not admit a toric action that is consistent
with the -blow ups, i.e., the -blow ups can not be performed equivariantly.
(See Coroallary 2.9.) Does it admit any other toric action? A-priori, (M;! )
might be symplectomorphic to a symplectic toric 4-manifold; for instance, to
an equivariant symplectic blow up of CP? by dierent sizes ;1 >:::> . In
Section 6 we give an example of a toric action on a symplecticlow up of CP?
that is not consistent with the blow up.

We ask whether M;! ) admits a toric action. Through this paper, we
assume that thek symplectic -blow ups in (M;! ) are performed simultane-
ously from disjoint embedded balls. We show that (under thisassumption) the
answer isyesif k < 4 (for such that (M;! ) exists), and no whenk 4,
given that is small enough. See Corollary 4.1 and Corollary 4.11.

The \yes" part is easy: whenk =1and < lork=2;3and < % we
can simultaneously cut out by size k di erent corners of a Delzant triangle of
edge-size 1, hence it is possible to perforrk equivariant symplectic blow ups

of size , starting from the standard CP?. The condition < 1 for k =1 and
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< % for k = 2;3 is a necessary condition for existence of the symplectic dlv
up manifold (My;! ) [Grl].

Two versions of the \no" part are given in Subsections 4.1 and4.2. The
stronger claim asserts that for 0< % and k 4 the symplectic manifold
(Mg;! ) does not admit a toric action.

Notation:

For a vector

we denote by

homology class of a lineCP! M of size .

If v=(1; ;:::; ), we denote the manifold by
(M3 ):

For a convex polygon in R?, we denote by
(M 51 )

a symplectic toric manifold whose moment map image is .
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4.1. First approach.  Here we apply Gromov's compactness for pseudo-holomorphic
spheres and the results of the last section to reduce the cliai to a combinatorial

claim on a moment map polygon (if exists). This yields a proofof the following

result.
Theorem 2. If (My;! ) is symplectomorphic to(M ;! ) and
1
. < —;
(4 1) 3k22k’
then (M ;! ) can be obtained from a standardCP? of size 1 by a sequence of

k equivariant symplectic blow ups of size.

The theorem becomes false if we drop condition (4.1). In Seiin 6 we give

a counter example in the cas&k =1 and > 3.

Corollary 4.1.  The symplectic manifold(My;! ) with < ﬁ admits a toric

action if and only if k 3.
The main ingredient of the proof of Theorem 2 is:

Claim 4.2. If (My;! ) is symplectomorphic to(M ;! ), and

< 1.
3k22%’

plectic exceptional sphere, such that equivariantly blowmg down along it yields

(Mg 1;! ) with a toric T-action.

Proof of Theorem 2, assuming Claim 4.2 .By Claim 4.2 there is an embedded
T-invariant exceptional symplectic sphere of size , and blowing down equiv-

ariantly along it yields (Mg 1;! ) with a toric T-action, and a corresponding
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moment map polygon whose number of edges is smaller by 1 andsitarea is

1. 1
32K T 3k 1)2

larger by 72 comparing to . Since s the assumption in
Claim 4.2 holds, and we can re-apply the claim for My 1;! ).

After k iterations, we get a symplectic toric manifold (N ;! ) with a cor-
responding moment map polygon of 3 edges, hence a Delzant angle, and
area % Since a Delzant triangle of edge-size 1 is AGL(Z)-equivalent to the
standard 1-triangle, N is CP? of size 1, and the yielded toricT -action on N
is equivariantly symplectomorphic to the standard action on CP? through an
isomorphism of the torus T with (81)2.

By reversing our steps we get standardCP? of size 1 blown up equivariantly

k times by equal sizes .

It remains to prove Claim 4.2. The crucial Lemma is

Lemma 4.3. Assume that(My;! ) admits a toric T-action with moment map
polygon

Then each of the homology classek; contains a linear combination with
coe cients in N of moment map preimages of edges of. Moreover, in each
homology classE; there is a linear combination with coe cients in N of inverse

images of edges of whose union is connected.
First we deduce the following from Gromov's compactness.

Lemma 4.4. Let (M;! ) be a compact symplectic four-manifold. LetE 2
H2(M;Z) be a homology class such thd8 E = 1. Suppose that there exists

an embedded symplectic sphe@ M whose homology clasgC] = E. Then for
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any almost complex structureJ 2 J (M;! ) there exists a stable] -holomorphic

map in the classE.

Proof. There is a compatible almost complex structureJg such that the ho-
mology classE is realized by an embeddedly-spheref : CPY! M. Construct
Jo in the following way. First choose a compatible complex strcture on the
embedded symplectic sphereC. Then extend it to TM jc. Finally, extend this
structure to a compatible almost complex structure on (M;! ).

By Lemma A.2, given in the Appendix, sinceE is a homology class realized by
an embeddedlg-sphere of self intersection 1, the spaceM (E;Jg)=PSL(2;C)
consists of a single point, and foragenerid 2J (M;! )the spaceM (E;J )=PSL(2;C)
is compactly cobordant to M (E;Jo)=PSL(2;C), in particular they have the
same number mod2 of points. Hence, for a generit there is aJ -holomorphic
sphere inE. Therefore, for anyJ 2 J (M;! ) there is a sequence of -tame
almost complex structuresJ that converges toJ (in the C! topology), for
which there exist J -holomorphic spheres in the clas€E. Then, by Gromov's
compactness [Grl], there is a subsequence of it that convezg to a stableJ-

holomorphic map in the homology classkE.

We deduce the following from Lemma 4.4.

Lemma 4.5. Let J be an almost complex structure onM = (My;! ) that
is tamed by!,. Then each of the homology classeg;;:::;Ex in Ho(M;Z)

contains a stableJ-holomorphic map.
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Proof. Since we assume that in ;! ) the k symplectic blow ups are per-

formed simultaneously from disjoint embedded balls, thereare disjoint embed-

1 i k. First choose a compatible complex structure on each of the id-
joint embedded symplectic sphere<C;, 1 i k. Then extend it to TMjc,.
Finally, extend these simultaneously to a compatible almos complex structure
on M. The rest of the proof of Lemma 4.4 holds when we seE = E; for each

1 i k.

Proof of Lemma 4.3. If M = ( My;! ) admits a toric T-action with a moment
map image , then by Delzant's construction, ( My;! ) admits a ! ,-compatible
and T-invariant complex structure Jt.

By Lemma 4.5, each of the homology classeg; in Hy(M; Z) contains of a
stable Jt-holomorphic map (that is not necessarily aT -invariant map). How-
ever, by Lemma 3.8, every stablelt -holomorphic map is homologous to a linear
combination of moment map preimages of edges of the polygon with coe -
cients in N.

Moreover, by Lemma 3.13, a stablelJt-holomorphic map is homologous to a
linear combination with coe cients in N of moment map preimages of edges of

the polygon whose union is connected.

Now, assume that My;! ) admits a toric action with moment map polygon

. By Lemma 4.3, each E; can be represented by a linear combination with
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coe cients in N of inverse images of edges of . We call such a linear combina-
tion a -representative of E;. If it is a linear combination of inverse images of
edges of whose union is connected, we call it aconnected -representative

There might be several such representations.

Claim 4.6. Assume that (My;! ) admits a toric action with moment map
image . Choose -representatives forEj;:::;Ex. For m Kk, the number of
edges in the union of the -representatives ofm dierent Ei's is > m, unless

each of these -representatives is a single edge with multiplicity one.

The proof is by a simple algebraic argument.

Proof. Assume that the union of the chosen -representatives of Eq;:::;Em
(without loss of generality) is a subset of the set of edge€1;:::;Cn, i.e., in
Ho(Mg;Z),forl i m,

X .
(4.2) Ei= al 'l a20[ N

E1;:::;Em are independent, the matrix A is invertible (over R). We get that
the vector
(4.3) ( *Ciliiinil *Cad'= A YEyinEm)t

Since the homology classess; E 1 : : ; Ex form a basis ofH2(My; Z), each [ 1Cj] =
P . : . . .
dL + HEj, with unique integers as coe cients. The coe cients do not

change if we write [ 1Cj] as a linear combination ofL;E; in Hz(My;R). By
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this and (4.3), all the entries of A ! are in Z, so in Hy(M; 2),
1 X .
(4.4) [ 'Gl= HE; W2z
i=1

Since the size of eaclE; is we deduce that the lengthjC;j of eachC; is an

integer multiple of . SincejCjj > 0, it must be a multiple of by N; 2 N.

However, by (4.2),forl i m,
X .
(4.5) = &jCjj; a 20[ N:
j=1
Thus
X .
(4.6) = aNj; aj20[ N; Nj2N:

j=1
We get that in each line (and each column) of (the invertible matrix) A thereis 1

in one entry and 0 in each of the other entries, i.e., each of th -representatives

is a single edge with multiplicity one.

Remark 4.7. Notice that the proof relied on the fact that all the exceptional
divisors are of the same size. The claim does not hold foEP? blown up by
di erent sizes. For example, consider a Delzant triangle ofedge-size 1 cut by
k > 1 dierent sizes 1 >:::> |, starting from a corner of the triangle and
iterating the cuts in clockwise direction, in a descending oder. See the right
side of Figure 4 fork = 2. Then each E; in the corresponding equivariantly
k-blown up CP? is represented by the sequence of edgés;g ; «, in which
F; sits above the edge created in thg th blow up-cut, for j <k , and Fy is the

edge created in thekth blow up-cut (as follows from Corollary 3.6). The union
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fFjg1 ; «k, while fori 6 k the -representative of the class E; consists of more

than one edge.

Claim 4.8. Assume that (My;! ) admits a toric action with moment map
polygon . If the connected -representatives ofE; and E; are each a single
edge of with multiplicity one, and i 6 j, then the intersection number of the
moment map preimages of these edges@s= E; E;, thus the edges are di erent
(otherwise that intersection number equals 1), and non-adjacent (otherwise

that intersection number equalsl).

Corollary 4.9. Assume that(M;! ) admits a toric action with moment map
image . Choose connected -representatives for Eq;:::;Ex. Denote their

union by U.

If U is disconnected, then at least one of its connected componisn
consists of a single edge that is, with multiplicity one, oneof the -

representatives.

If none of the chosen connected -representatives is a single edge of
with multiplicity one, then U is connected and consists of at leask + 1

edges.

Proof. By Claim 4.8, if the connected -representatives of E; and E;
are each a single edge of with multiplicity one, and i 6 j, then the

union of these -representatives is disconnected. Thus if e@ch of the

one, thenU hask connected components, each consists of a single edge.
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If at least one of the k connected -representatives is not a single
edge with multiplicity one, then, by Claim 4.6, U consists of more than
k edges. If, in addition, U is disconnected then it consists of at most
k +1 edges. (Obviously, a union ofk + 2 edges or more of is con-
nected.) So,U is disconnected and consists of exactlk + 1 edges out
of the k + 3 edges of . If none of its connected components consists of
a single edge, then, by Claim 4.8, each component supports &ast one
connected -representative that is not a single edge with multiplicity
one, so by Claim 4.6, them; edges of a connected componeitsupport
at most m; 1 of the E;'s. Thus the non connectedk + 1 edges support
at most i }:1 (mj 1)=k+1 |<k of these classes, where> 1

is the number of connected components, and we get a contradion.

Thus at least one of the connected components of the uniot of the

of these representatives is a single edge with multiplicityn 2 N, since

Ei E; = 1, the multiplicity n equals 1.

This follows directly from the last assertion and Claim 4.6.

Proof of Claim 4.2. If k = 0, there is nothing to prove. If k 1, the moment

map image is a Delzant polygon of k+3 4 edges, so it must be obtained by

angle of edge-size cut once by size is considered a trapezoid Hirzi( ) o1

We notice that corner-cuts commute with an action on a polygm by an element
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of GL(2; Z) (i.e., reparameterization of the torus action). Hence, wecan assume
that the original trapezoid is a standard Hirzebruch trapezoid with side edges
F, south edgesS, north edge N, and slope 1=d (whered 2 N[f 0g), such that
[ 1S]=[ IN]+d F], where isthe moment map.

By Corollary 3.6, an edge A of is given, with multiplicities 2% by a
connected sequence of edges of (thus the rational length ofA is bounded from
above by X times the sum of rational lengths of the edges in that sequers),
such that non adjacent edges in are given by disjoint sequertes. In particular,

S and N are given by such disjoint sequences. Hence

(4.7) iSi+iNj  2P() ;

where P () is the perimeter of in rational length. Since there are t wo side
edgesF in the Hirzebruch trapezoid , separated by N and S, F is given by
disjoint such sequences (with multiplicities) of edges of (separated by the
edges in that sit above N and S).

For each classE;, 1 i k, in (Mg;! ), we choose a connected -
representative, that is, a linear combination with coe cie nts in N of inverse
images of edges of whose union is connected. (The existencef such repre-
sentatives is guaranteed by Lemma 4.3.) If none of these -r@resentatives is
a single edge of with multiplicity one, Claim 4.9 implies th at the union U of
these -representatives is connected and consists of at lest k + 1 edges of the
k + 3 edges of . Then, (at least) one of the two series of edges giing F as
above is contained inU: The connected at most two edges that are not inU

can overlap at most one sequence giving, since the two series givingF are
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separated at each end by an edge. Thus
(4.8) iFj 2%

P
By Remark 3.17, the (Euclidean) areal(jSj+Nj)jiFj = ;"% i2of equals
the Liouville volume %(1 k 2) of (My;! ). The rational perimeter P () equals

3 k whichis zih;c 1(M)i (see Example 3.16). Hence, by (4.7) and (4.8),
1 o 1ok k
2(1 k ) 22(3 k )2k
Then
1 k?2 223 k)(k)
23k k ?):

So, 1 3k2% | in contradiction to the assumption on . Thus, (at least) one

map of a single edge of with multiplicity one. By Claim 3.3 an d Claim 3.4,
such a representative is an embedded T-invariant symplecti Jt-holomorphic
sphere. Without loss of generality, E; is represented by such alt sphereCr.
The rest of the claim follows from Lemma A.1, stated below, wlken we set
(M;!) to be (Mg;! ), the structure Jg to be the almost complex structure
constructed in Lemma 4.5, for which the exceptional divisos obtained by the

symplectic blow ups are disjoint embeddedly-holommorphic spheres that rep-

of (My;! ) that sends the exceptional divisorC; in E1 that is obtained by the
symplectic blow up to Ct, and also sends thek disjoint exceptional divisors ob-

tained by the symplectic blow ups to k disjoint embedded symplectic spheres.
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This symplectomorphism expands to a symplectomorphism beateen the sym-
plectic blow down along Ct+ and the symplectic blow down alongC;. Thus
blowing down along Ct gives Mg 1;! ). Performing the blow down equivari-

antly gives a toric T-action on the yielded M 1;! ).

Lemma 4.10. Let (M;! ) be a compact4-dimensional symplectic manifold. Let
Jo; J1 be! -tame almost complex structures orM . Let A be a class inH»(M ; Z)
with self intersection number 1. Assume thatA is represented by an embedded
Jo-holomorphic sphereCy and by an embedded 1-holomorphic sphereC;.

Then there is a symplectomorphism of(M;! ) that sendsCy to C;, and in-

duces the identity map onH (M ; Z).
The proof is in the Appendix

4.2. Second approach. Here we deduce a stronger result than Theorem 2

and L but also their pairings with the rst Chern class ¢;(M). This does not
involve a combinatorial analysis of the moment map polygon.This approach is
a part of a joint work with Martin Pinsonnault.

We say that avectorv =( ; 1;:::; k) is small, or that (My;! ) is obtained

from CP? by small blow upsif:

(4.9 i3 foralli=1;:::;k:

Theorem 3. If (My;! ) is symplectomorphic to(M ;! )andv=(; 1;:::; k)
satis es (4.9), then (M ;! ) can be obtained from a standardCP? of size by

a sequence of equivariant symplectic blow ups of sizes;:::; k, performed in

a descending order.
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Again, the theorem becomes false if we drop condition (4.9)See Section 6.

Corollary 4.11. For 0 < % the symplectic manifold (Mg;! ) admits a

toric action if and only if k 3.

Corollary 4.12. For small v = (; 1;:::; k), such that 1 B Kk, If

i=::= jxjandj 3+1i 1, then there is no toric action on (M;! ).

The number of Delzant polygons obtained by a sequence d cuts of sizes

bounded from above by ik=01(3+ i). (After the ith cut, there are at most
3+ i corners at which thei + 1st cut can be done, depending on the size of
the edges of the polygon obtained so far and the size of thie+ 1st cut.) Thus

Theorem 3 implies the following result.

Corollary 4.13. For small v=(; 1;:::; k), the number of toric actions on

(My;!y) is nite, and bounded from above by '3+ i.

In the next section we deduce from Theorem 3 a complete list ofthe toric
actions on (My;! ), if v satis es some restrictions.

Theorem 3 follows from

realized by an embedded -invariant symplectic sphere, such that equivariantly

blowing down along it yields(My 1;! (: 1 — k)) with a toric T-action.
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Proof of Theorem 3, assuming Claim 4.14 .By Claim 4.14, we get an embed-
ded T -invariant exceptional symplectic sphere of size; that satis es | j for
alll | Kk, andblowing down equivariantly along it gives My 1;! ;o1 — k))
with a toric T-action. The vector we get after omitting the entry of ; still sat-

is es (4.9). After k iterations, we get a symplectic toric manifold (N ;! ) with

a corresponding moment map polygon of 3 edges, hence a Deltanangle, and
area% 2. Since any Delzant triangle of edge-size is AGL(2;Z)-equivalent to
the standard -triangle, N is CP? of size , and the yielded toric T-action on

N is equivariantly symplectomorphic to the standard action on CP? through
an isomorphism of the torusT with (S1)2.

By reversing our steps we get the standardCP? of size blown up equivari-

Proof of Claim 4.14. Let Enin be a classE; that satis es
By Lemma 4.3, Claim 3.4 and Claim 3.3, in homology,
X
Emn = m[C];
1=1
wherem; 2 N, and eachC, is a T-invariant embedded symplectic Jt-sphere.

Sincec1(Emin) =1, there must be 1 | n such that ¢;(C;) 1. Let C be

such aC. If Enin 6 [C], then the symplectic area
0<! V(C) <! V(Emin):

In particular, [ C] 6 E; for all i.
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SinceC is an embedded]t-sphere and

c(C) 1,

the almost complex structure Jt is regular for the class ] at the sphereC
[MS2, Corollary 3.3.4],[HLS]. Hence there is an open neigldirhood U of Jt
in J (Mg;!y), such that for each almost complex structure J®in U, there
is a (simple) J%sphere representing €] [MS2, Remark 3.2.8]. For a generic
J 2J (My;!y)thereis aJd -holomorphic sphere inE; (as argued in the proof
of Lemma 4.4). We deduce that for somel®%2 J (My:! ), the classes €] and
all the E;'s are represented by (simple)) ®®spheres. By positivity of intersections
of J%spheres in an almost complex 4-manifold [MS2, Theorem 2.8], we get

that

(4.10) foralli; [C] Ei O

Present [C] in Hy(M ; Z) as
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(4.10) shows that for all j, the coecient @ 0. (Since 0<! ,(C) = a

{13 j,alsoa 0. So,

3 'v(Emin) > ! v(C)

XK
= & q

j=1

IDk I:)k
- 3 3 a‘JJ
j=1
o ocal©) Xk
- 3 =03
ci(C)
3 3’

where we applied the assumption

i3 forall j =1;::5;K

to get a contradiction.

HenceEnin = [C], i.e., the homology classE i, contains aT-invariant em-
bedded symplecticJt-sphereC.

The rest of the claim follows from Lemma A.1, when we set (1;! ) to be
(Mg;!y), the structure Jg to be the almost complex structure constructed in
Lemma 4.5, for which the exceptional divisors obtained by tle symplectic blow
ups are disjoint embeddedJg-holommorphic spheres that represent the classes
E1;:::;Ek, and J; to be Jtr. This gives a symplectomorphism of M;! )
that sends the exceptional divisor in Enqin that is obtained by the symplectic
blow up to C, and also sends thek disjoint exceptional divisors obtained by
the symplectic blow ups to k disjoint symplectic spheres. This symplectomor-

phism expands to a symplectomorphism between the sympleati blow down
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along C and the symplectic blow down along the exceptional divisor m E min

that was obtained by the symplectic blow up. Thus blowing down along C gives

We give here an alternative proof for Claim 4.14 that does notrely on any
toric results (except from the existence of aT -invariant ! ,,-compatible complex
structure).

First, we notice that a small modi cation of the above proof yields the fol-

lowing claim.

Claim 4.15. Consider (My;! ). Assume thatv satis es (4.9).

that is of minimal symplectic area is realized by an embeddedreducible J-

holomorphic sphere.

Proof. Let Enin be a classk; that satis es
'v(Emin) !'v(Ej); forall 1 j k
By Lemma 4.5, for any! ,-tame J,

(4.11) Emin = m|[C]; wherem, 2 N; and eachC, is a simpleJ-sphere
1=1

(Here the C,'s are not necessarilyT -invariant nor immersed spheres). Then, as
in the proof of Claim 4.14, there mustbe 1 | n such that ¢;(C;) 1. Let
C be such aC;. We replace C by an immersedJ -holomorphic sphereC?in

the same homology class, wherd isin J (M;! ). This is possible since, by
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[McD3, Corollary 4.2.1], immersed spheres are dense in theniversal moduli
spaceM ([C];! ) of all spheres that areJ -holomorphic for some! ,-tame J, with
respect to the C2 topology on the spheres and theC!-topology onJ (My;! ).
Replacing Jt in J , and C in C%in the rest of the proof of Claim 4.14,
and applying the regularity criterion of [HLS] for immersed spheres, yields then
that the homology class Eqmin = [CY = [C]. Also, by the same argument,
c1(C) = ¢1(CY =1 (recall that c; is independent in the! ,-tame almost complex

structure), and we get the adjunction equality

2+[C] [C] @(C)=2 1 1=0:

Hence, by Corollary 2.3, C is an embeddedJ-sphere, so it is irreducible as a

complex subvariety (see Corollary 2.2).

Now apply Claim 4.15 to J = Jy, and the next claim.

Claim 4.16. Let (M;!; ) be a symplectic toric4-manifold with a T-invariant
I -tame complex structureJt. Then, an embedded irreducible]t-holomorphic

sphereC with negative self intersection is alsoT -invariant and symplectic.

Proof. Since Jt is tamed by !, the Jr-sphereC is symplectic. C is alsoT-
invariant. To see that, act on C by any element of T, this gives a Jy-sphere
in the same homology class (since the action is smooth). If ttwo Jt-spheres
were di erent, we get a contradiction to positivity of inter sections of di erent

irreducible subvarieties (of complementary dimensions)n a complex manifold.

The rest of Claim 4.14 follows, as before, from Lemma A.1.
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4.3. Applications.  Corollary 4.11 (and Corollary 4.1) can be stated in terms of
2-subtori of the group of Hamiltonian symplectomorphisms d (My;! ). Recall
that the group Ham(M;! ) of Hamiltonian symplectomorphisms is the group
of symplectomorphisms which can be connected to the identyt by a path
suchthat & = X; ¢, where (X{)! = dH for some smoothH;: M ! R.
If M is simply connected, HamM;! ) is the identity component of the group
Symp(M;! ) of all symplectomorphisms. The image of an e ective Hamiltonian
T-action is an n-dimensional subtorus of HamM;! ). Conversely, every n-
dimensional subtorus of HamM;! ) is the image of an e ective Hamiltonian

T-action, determined uniquely up to automorphisms of T.

Corollary 4.17. For (My;! ) with % there is a 2-subtorus inHam(My;! )

if and only if k 3.

We denote by

\Y,

the set of vectors (; 1;:::; k) such that (M ;! ) can be obtained from a

standard CP? of size by a sequence of equivariant symplectic blow ups of

Theorem 3 allows us to determine, in many cases, for which Deant polygons
the symplectic manifolds ( M ;! ) are symplectomorphic. Ifv satis es (4.9)
and (M;! ,0) is symplectomorphic to (M:! ), then, for each , if V02V

thenv 2V too, by the theorem. Let

Vl=3

denote the set ofv 2V that satisfy (4.9).
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Corollary 4.18. For any Delzant polygons and © the setsV*™ and V1Y
either coincide or are disjoint. If these sets do not coincieé, then(M ;! ) and
(M o1 o) are not symplectomorphic. If these sets coincide and are neampty,

then(M ;! ) and (M o;! o) are symplectomorphic.

Another application of Theorem 3 is to determine, in some cass, which

di erent blow ups of CP? are symplectomorphic. Let

Vr
denote the set of vectors ( 1;:::; k) such that there exists a sequence of
equivariant symplectic blow ups of sizes 1;:::; k in a descending order, starting

with a CP? of size .

Corollary 4.19. Consider the symplectic manifolds(M;! ) and (M;! o).
Suppose thatv satis es (4.9) and V%is in Vr; let  be such thatv®2 Vv .

Then (My;!y) and (M;! o) are symplectomorphic if and only ifv2V .

Remark 4.20. Let
N = (N;! (abid; 15 k))

denote the symplectic manifold that is obtained by k simultaneous symplectic
zoid Hirz,yp.g, Of average width a, height b, and slope é We assume that
the blow ups are obtained from disjoint embedded symplectichalls. Can we
generalize Theorem 2 (or Theorem 3) tdN ? This does not follow neither from

the rst approach nor from the second.
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exceptional divisors obtained by the blow ups, byA;B the homology classes

of the \north pole section" and the \south pole section", respectively, and by

form a basis to Ha(Nk;Z). Assume that N = (Ng;! @abd; 1 ) admits a
toric T-action with moment map image . Then there is a compatible T-
invariant complex structure Jt on N; by Lemma 4.4, in each of the classeg;
there is a stable Jt-holomorphic map. So, by Lemma 3.13, eaclE; can be
represented by a linear combination with coe cients in N of inverse images of
edges of , whose union is connected. We choose one for eadh;, and call
it the connected -representative of Ej. The proof of Claim 4.6 shows that if
1= .= = ,thenfor m k, the number of edges in the union of the
connected -representatives of m dierent E;'s is greater than m, unless each
of these -representatives is a single edge with multiplicity one. In particular,
unless there is an edge representing sontg;, the union of the connected -
representatives of thek classes consists of at leak + 1 edges of thek +4 edges

of . The proof of Corollary 4.9 shows that if the union of the ¢ onnected -

the union of these edges is connected. However, we can not der from it that

a union of the -representatives that consists of k + 2 edges of is connected.
Thus the proof of Claim 4.2 in the rst approach does not genealize to a proof
of a similar claim for a Hirzebruch surface blown up sympledtally by k blow
ups of equal small size. Also, in the second approach the préof Claim 4.14

applies only to blow ups of CP?.
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Moreover, the assertion of Theorem 2 (or Theorem 3) does not d¢id for
symplectic blow ups of a Hirzebruch surface. We see this evamhen the number
k of blow ups is 0. In Section 6, we see Hirzebruch surfaces thare not
isomorphic as symplectic toric manifolds but are symplectonorphic. This gives
examples of non standard toric action on each of them, i.e.,@unter examples
to such a theorem.

However, the niteness of the number of toric actions (as we @duced from
Theorem 3 in Corollary 4.13) still holds. We claim that the number of toric
actions on (Ng;! (ab:d: 1. ) In particular, and on any four dimensional com-
pact symplectic manifold in general, is nite. (We count toric actions up to
equivariant symplectomorphisms and automorphisms ofT = (81)2.) This will
not be proven here. See [KKP]. In contrast, Eugene Lerman hasonstructed
in [L] a compact contact manifold that admits in nitely many non-conjugate

toric actions.

5. Counting toric actions on small non-equal blow ups of CP?

Notation: For v = (; 1;:::; k), a toric action on (My;! ) that can be

obtained by starting from a standard action on CP? of size and performing

If the blow ups are performed in a descending order we say thathe action is

d-consistent with v or just d-consistent

Remark 5.1. Notice that if a toric action on ( My;! ) is consistent with v, and

v is small, then, by Theorem 3, it is also d-consistent withv.
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For k 2 N, a necessary condition for the existence of the symplectic amifold

(Mt o y) is that

..... K
(5.1) i+ <, fori6ij

When k = 1;2;3, this condition is also su cient for the existence of a d-
consistent toric action on (My;! (. ... ,)); we can then simultaneously cut
out di erent corners of a triangle of edge-size by these sizes. Notice that the
small condition ; 5 implies condition (5.1).

When k 4, the condition (5.1) is not su cient for the existence of a d-
consistent toric action on (My;! ¢, ... .))- For example, when =1 and
1 = o= 4 = with small enough, the condition is satis ed and the

symplectic manifold exists, but there is no toric action on My;! ).

P
A su cient condition is that > 1>:..> | and !‘:1 i < . Then,

a corner of the triangle and iterating the cuts in clockwise drection, in a de-

scending order. However, there are other possibilities towt a Delzant triangle

of edge-size by sizes 1;:::; k in a descending order.
Let v=(; 1;:::; k). Assume that 1 k, and that the sym-
plectic manifold (M;! ) exists. Given a sequence of cuts of sizes;:::; k

that are performed in the order of appearance inv (a descending order), and

start from a Delzant triangle of edge-size , we construct distinct subsets

Aj (j =1;2;3) of the Delzant triangle, we setlé to be the set of pairs (i;i),

such that Aj, or an edge that sits avove it, was cut by size ; at the ith cut.
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For the edge of size j created atthejthcut (1 j k 1), we setl; to be
the set of pairs (i;i), such that this edge, or an edge that sits above it, was cut

by size ; at the ith cut. Then these subsets satisfy the following conditions

their union is D;
forl i Kk, the pair ( i;i) is in exactly two of these subsets;

the intersection of each di erent two of these subsets consis of at most

one element;
(j:i)21i) i<j,wherelog=13[ 18] 15;
fori>j> 0,ifI;\ I; 6 ; then ( ;i) 2 1;;

forl n 3,iflj\I§6; then(j;j)2I1§;

P P

On the other hand, givenk 1 + 3 subsets that satisfy the above conditions,

descending order, starting from a standard -triangle. This gives a neces-

sary and su cient condition for the existence of a d-consistent toric action

actions on (My;! ). It equals the number of AGL(2;Z)-equivalence classes
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descending order, starting from the triangle of vertices (Q0); (0; );(; 0) (the
standard -triangle). By Theorem 3, whenv is small, the numbern, equals the
number of toric actions on (My;! ) up to equivariant symplectomorphism and
reparameterization of the 2-torus T. We noticed in Corollary 4.13 that n, is
bounded from above by ik=01(3 + i). Yet we need to determine which of these
Delzant polygons are equivalent.

For example, whenk =1 and 1 < , there is exactly one toric action that
is d-consistent with v. The number of polygons obtained by a 1-cut from the
standard -triangle is the number of ways to choose one corner out of thee,
i.e., 3; all these polygons are identi ed under the equivalace relation: one can
get from one to another by a rotation; by rotation we mean a transformation

in GL(2; Z) that cyclically permutes the vertices of the polygon.

Whenk =2, for v=(; 1; 2),suchthat 1+ ,<

If 1= »then there is exactly one toric action that is d-consistent with
v. The number of polygons obtained by ;; » cuts from the standard

-triangle is the number of ways to choose two corners out of thee, i.e.,
3 polygons; all these are identi ed under the equivalence ration (one

can get from one to another by a rotation).

If 16 5 then there are exactly two toric actions that are d-consistent
with v. Assume ; > ,. We choose 1 corner from 3, and then 1
corner from the resulting 4; this gives 12 polygons, and 2 equalence
classes. Because of equivalence under rotations, it doestnmoatter what

corner we choose for the rst cut; because of equivalence ured re ection
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Figure 4. cutting a Delzant triangle of edge-size by i; »

through a rational symmetry axis, it does not matter if the second cut is
done in clockwise direction or in anticlockwise direction fom the rst.
The nonequivalent possibilities are: one cut is leaning onhe other, or

not.

Corollary 5.2. Forsmallv=(; 1;:::; k),

if k=1, there is exactly one toric action on(Mq;!);
if k=2 and 1= », there is exactly one toric action on(M>;! ,);

if k=2 and 1> 5, there are exactly two toric actions on(M»;! ).

Notice that when k =3 and ;= ,= 3= suchthat2 < |, thereis
exactly one way to cut ;; »; 3 cuts from the standard -triangle.

Recall that an n-dimensional subtorus of HamM;! ) corresponds to a Hamil-
tonian action of T = (S1)", determined uniquely up to automorphisms of T.
Two subtori are conjugate in Symp(M;! ) if and only if the corresponding T -
actions are equivariantly symplectomorphic (up to an automorphism of T). We

deduce the following from Theorem 3 and the above observatits.

| there is

,,,,,,

,,,,,,
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We show now that for generalk 2 N and smallv=(; 1;:::; k), such that
1>::..> g, there are no AGL(2; Z) equivalences other than the rotation and

re ection through a rational symmetry axis described abovefor k = 1; 2.

Proposition 5.4. Forsmallv=(; 1;:::; k), such that

120> g

the number of toric actions on (My;!y) isone if k =1, two if k =2 and at
most2 5 ::: (k+2) ifk 3.

If in addition v satis es

and
forall 1 i k; T
j=i+l

then the number of toric actions on(My;! ) isone if k =1, two if k =2 and

exactly 2 5 ::: (k+2) if k 3.

An example of a smallv that satis es the above conditions is given byv =

LLond
Corollary 5.5. Forsmall v=(; 1;:::; k), such that

120> g

the number of conjugacy classes d-subtori in Symp(My;! ) isone if k =1,
twoif k=2 andatmost2 5 ::: k+2 if k 3.

If in addition v satis es
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and

X
forall 1 i Kk; i< i
j=i+l

then the number of conjugacy classes dI-subtori in Symp(My;! ) is one if

k=1,twoif k=2 and exactly 2 5 ::: (k+2) if k 3.

To prove the proposition, we characterize a Delzant polygonby a labeled

graph. A coloring of a Delzant polygon is a labeled graph

G =(V;E);

in which

there is a vertex in V for every vertex of ;

two vertices of the graph are connected by an edge i if and only if

there is an edge between the corresponding vertices in ;

each edgee 2 E is labeled by the pair

I(e) = (r(e);s(e));

where

r(e) = rational length of the corresponding edge in ;

s(e) = self intersection of the corresponding edge in ;

by self intersection of an edge in  we mean the self intersecton number

of its moment map preimage.
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For a vertex v in a Delzant polygon, we denote byv-the corresponding vertex
in G . For an edgeA in a Delzant polygon, we denote byA the corresponding
edge inG . We say that edgese;f in G are adjacent if they have a common
vertex. If a vector v appears in an edges, we say that e emergesfrom v. Since
is a Delzant polygon, for each vertex there are exactly two edges that emerge
from it, so to each edge there are exactly two edges that are gaicent to it.
Two labeled graphsG = (V;E;l) and G°= (V% E®19 are called isomorphic

if there is a bijective mapping f from V onto V°such that

forall v;iw2 V: fv;wg2E , f f(v);f(w)g2E®

and

forall fv;wg 2 E; 1(fv;wg) = 14ff (v); f (w)qg):

An isomorphism of G with itself is called an automorphism of G. We call two
vertices vi and v, of a labeled graphG the sameif there is an automorphism
of G that sendsv; to vs.

Cutting a corner emerging from a vertexv in a Delzant polygon by size

to get Oresults in changes in the vertices set, edges set and labejrof the
coloring G , to get a coloring G o of © We call that change in the coloring
graph alsocutting by size at w. Such a cutting omits the vertex v and adds
two others ; to the vertices set. It replaces the edged v; wg and fw; ug of
colors (@;c) and (b;d) in edgesf ;wgandf ;ugofcolors@ ;c 1)and
(b ;d 1); we say that the edgef ;w gin G ois obtained from the edgef v; wg
in G by the cut. The cutting also adds to the edges set an edgé; g of color

(; 1), that we call the edge createdby the cutting. A necessary condition for
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cutting a coloring at a vertex v by size is that the rst coordinate of each of

the two edges emerging fromv is greater than .

Claim 5.6. Two Delzant polygons areAGL(2 ; Z)-equivalent if and only if their

colorings are isomorphic as labeled graphs.

Proof. For a map 2 AGL(2;Z2), two vertices v and w are connected by an
edge in a Delzant polygon if and only if (v) and (w) are connected by
an edge in (); the map preserves the rational length, (as follows from the
de nition), and the self intersection number of the moment map preimage of
an edge, (since corresponds to reparameterizing the torus action). Hence
induces an isomorphism of colorings betwee® and G () .

On the other hand, let ;1 and , be Delzant polygons whose coloring$& |
and G , are isomorphic as labeled graphs via a mappin@. In particular, 1
and , have the same numbem of edges. LetA;;B1 be adjacent edges in ;
with a common vertex p;. The vertex py is sent by f to a vertex p, in G ,; the
edgesA7 and B3 are sent by f to edgesA>; B3 in G , with p, as a common
vertex. The edgesA, and B, are then adjacent in , with a common vertex
p2.

Fori = 1;2, as ; is a Delzant polygon in R?, the edgesA; and B; that
meet at p; are of the form p; + tua,, and p; + tug,, for 0 t 1 , where
Ua;;Us, 2 (Z?), and we can assume that @, ; Ug,) is a basis for ¢2). De ne

M 2 GL(2;Z) by

M(UA1)= Uas; M(uBl): ug,:



91

M is well de ned since fori = 1;2, (ua,;Us;) is a basis forz2. Dene 2
AGL(2;2) by
(V)= MW)+(p2 M(p)):
For an edgeE denote by vg the primitive Z2-vector that is outward normal

to E. Then,

(P1) = P2; V(A1) = VAz: V(1) = VB,:
The rational length of (A1) equals the rational length of A; which equals the
rational length of A, sinceA; and A> have the same color; similarly, the rational

length of (B1) equals the rational length of B,. Thus, as edges that emerge

from the same point, on the same direction, with the same ratbnal length,
(Al) = Az; (Bl) = BzZ

In particular, the other vertex q; of By is sent by to the other vertex @ of
Bo.

Sincef sendsB3 = fpi;a10 to B> = fpp;epg and pr to pp, it sends gr to
ep. Let C; be the edge ofG , that has ¢ as a common vertex withB3. The
edgeC; is sent by f to an edgeC; in G , that has ¢ as a common vertex
with B>. For i = 1;2, the edgeC; is adjacent to B; and di erent from A; in

i. By Claim 3.7, for edgesA; B; C of a Delzant polygon such thatA;B;C are

successive in some order (clockwise or anticlockwise),
(5.2) SBVR = Va + Vc;
where sg denotes the self intersection oB. For 2 AGL(2;2),

S (B1) = Sp;-
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SinceB; and B, have the same color,

SB; = SB,-

Combining the above,

(53 Vien= Vay S@E)V T VA SeVe, = Ve

Also, the rational length of (C1) equals the rational length of C; which equals
the rational length of C,, since C; and C, have the same color. Thus as edges

that emerge both from @, on the same direction, with the same rational length,

(C1)= Ca:

We go on and apply the same argument to the following edges irhie colorings

to get

(5.4) (= 2

By Theorem 3, Proposition 5.4 translates to a claim on equivéence classes

of Delzant polygons that are obtained by cutting a standard -triangle by sizes

form of the following combinatorial claim. Its proof is by combinatorial argu-

ments.

Proposition 5.7. Forsmallv=(; 1;:::; k), such that
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the number of non-isomorphic colorings ofk + 3-polygons that are obtained by
cutting a standard -triangle by sizes 1;:::; k in a descending order is one if
k=1,twoifk=2andatmost2 5 ::: (k+2) ifk 3.

If in addition v satis es

and

forall 1 i Kk; i< i
j=i+l

then the number of the non-isomorphic colorings is one ik =1, two if k =2

and exactly 2 5 ::: (k+2) if k 3.

We will deduce Proposition 5.7 from the following observatons.

Notation: Considerv = (; 1;:::; k), such that 1 k. A

standard -triangle is called a (i;v)-cutting; a labeled graph that is obtained
by a (i; v)-cutting is called a (i;v)-coloring. Notice that there might be several

di erent ( i;v)-cuttings and several di erent (i;v)-colorings.

Lemma 5.8. Assumev ={(; 1;:::; x)issmall,and ;>:::> . Then, for
a (i; v)-cutting, the edge created at thath stage of the cutting is the only edge

in color ( i; 1) in the (i;v)-coloring obtained by the cutting.

This edge serves as a handle to hold and compare di erenti;(v)-colorings.

Proof. Another edge for which the second coordinate of its color is 1 can be

either
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the edge created at thej th stage forj <i , and hence the rst coordi-

nate of its color is j that is strictly greater than ;,

or an edge obtained by two cuts from an edge of the coloring ofhe
standard -triangle (in that case i  2); by assumption 1>
k,» hence the second coordinate of the color of such an edge igistly

greater than % = 3, Which is greater than ;.

Hence forv as in the lemma, given a coloring of a Delzant polygon that is

triangle, the cutting steps are determined uniquely by the ®loring. Still, there
might be two colorings obtained by di erent ( k; v)-cuttings that are isomorphic.
(For example, the colorings of the three polygons obtained ¥ cutting i, each

at a di erent corner of the standard -triangle.)

Claim 5.9. Assumev={(; 1;:::; x)issmall, and 1>:::> .

If the colorings G{™) and G{™) we get by two(i; v)-cuttings are iso-
morphic, then in these cuttings up to (including) thei  1st stage, we

get isomorphic colorings.

If there are two dierent vertices ; of a(i 1;v)-coloring G(' 1V)
such that the coloring G(li“’) obtained by cutting ; at is isomorphic
to the coloring Gg“’) obtained by cutting ; at , then these vertices are

the same inG( V),
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Proof. By Lemma 5.8, in both (i; v)-colorings there is exactly one edge in color
(i; 1) (the edge created at theith stage). Let d; be that edge in G{"") and
d, be that edge inGY"). Forj =12, let a;ly be the edges adjacent tad; in
Gj(i“’). Denote by Gj(i V) the coloring obtained by thei 1 rst stages of the
jth (i;v)-cutting. Let a be the edge inG{' ™ from which & is obtained by
the ith cut. Similarly de ne by. The edgesa; and by are adjacent in Gj(i ),
Then the color of g; is (rational length of g; + ;, intersection number ofa; +1);
the color of by is determined similarly. Thus if the color of a; is the same as the
color of ap, then the colors ofa; and a, are the same. The rest of the edges in
GJ-(i V) are not a ected by the ith cut.

If the colored polygonsG{™) and G are isomorphic via a mapf , then f
must map d; to dy, hence it sends the edgea;; b, to the edgesay; b,. Assume,
without loss of generality, that f (a;) = a, and f (b)) = b,. Forj =1;2, let

uj;vi;w; be the vertices ofG{' )

such that a; = fuj;vijgand by = fvj;w;g.
. i 1Lv) (i Lv) Ay - Ay

Then the mapping from G3 to G, that sends uq;vq; Wy to Up; Vo, Wo,
respectively, (and the edgesa;; b, to the edgesay; ), and maps the other ver-
tices as (the restriction of) f is an isomorphism. This proves the rst assertion.

This proof also yields the second assertion; we notice thatni this case
Gl ™ =gl ™) = gl 1 the edgesa;; b, are the edges that emerge from
the vertex , and the edgesay; b, are the edges that emerge from the vertex

. The automorphism of G{' 1V) that we get maps to , thus indicates that

these vertices are the same.
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In other words, cutting j+1 from non-isomorphic (i; v)-colorings results in

non-isomorphic ({ + 1;v)-colorings.

Claim 5.10. Assumev = (; 1;:::; k) issmall, and 1 > ::: > . For
i> 2 givena(i 1;v)-coloring G V)| colorings that are obtained by di erent
cuttings of size ; from G{ V) (j.e., that are performed at di erent vertices of

the coloring GU V) are not isomorphic.

Proof. We show by induction that for j 2 there are not two di erent vertices
that are the same in a (;v)-coloring. Then, by Claim 5.9, cutting by size
at di erent vertices of a (i  1;v)-coloring, for i > 2, yields non-isomorphic
colorings.

For j =2, there are two non-isomorphic (2, (; 1; 2))-colorings. The vectors

of edge-colors in these colorings are

€ 20:(2 (2 1 (2 1;C  1;0) inone,

and (( 2 1 (2 1)1 2)( 1;0);(; 1)) in the other.

The rst coloring corresponds to the polygon in the left of Figure 4 ; the second
coloring corresponds to the polygon in the right of Figure 4. Sincev is small,
and 1 >:::> |, in both cases each edge is colored in a dierent color; in
particular no two di erent vertices are the same.

For the induction step, assume true forj ( 2). Consider a ( +1;v)-coloring
GU*LV) | As before, there is only one (the new) edge with color ( j+1; 1).
We denote the vertices ofd by ; . We denote the adjacent edges tal by a; b,

wherea=f; gandb=f; g Sincedis the only edge with color (j+1; 1),
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an automorphism f of GU*1V) sendsd = f; g to itself. Thus f might not
sendv thatisnotin f; gtow2f; gnorsendv2f ; gtow thatis not
inf; g

If f sends to and to |, then it must send the adjacent edgea to the
other adjacent edgeb and sendbto a. Sof ( )= ,andf( )= ,thusf sends
the other edge that is adjacent toa to the other edge that is adjacent tob, and
so on. This induces an automorphism of theG() coloring obtained by the
rst j cuts of the given ( + 1;v)-cutting that sends the vertex v at which the
j +1st cut is done to itself and maps the other vertices as (the estriction of)
f (as described in the proof of Claim 5.9). This isomorphism inlicates there

#i* ¢ 1 dierent \the same" vertices at that GU¥) coloring, in

are at leastb
contradiction to the induction assumption.

Sof must send each of the vertices and to itself, but then it must send
any other vertex of the coloring to itself. (It must send to itself, to itself,

and so on.) Thus there are not two di erent vertices in GU*1V) that are the

same.

Proof of Proposition 5.7. For k = 1; 2, the proposition follows from Corollary

5.2. Assumek 3. From a (k 1;v)-coloring, we get one coloring for each
di erent vertex of the coloring at which a -cut can be performed; by Claim
5.10, (k;v)-colorings that are obtained by cutting at di erent vertic es of a k

1; v)-coloring are non isomorphic. Thus, when we make thekth cut we get at

most 3+ k 1 non-isomorphic colorings from each coloring obtained at lie

k 1st stage. The proposition follows by induction, applying the fact that
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colorings that are obtained by a ; cut from non-isomorphic (i  1;v)-colorings
are non-isomorphic (Claim 5.9). For the second assertion waotice that if these

conditions are satis ed, then at each stage it is possible t@ut at any vertex.

6. Non consistent toric actions on non-small blow ups of CP?

We describe below an example of a toric action on a non-smalllbw up of

CP? that is not consistent with the blow up.

Example 6.1 For > % let (M4;! ; 1) be CP? of size 1 blown up equivariantly
by size . The moment map image is obtained by cutting a corner of size from
a Delzant triangle of edge-size 1, to get a trapezoid Hirg, y=.1 .1, say, the

trapezoid with vertices
(0;0);(1;0); (51 ) (01 )

Let(N;! 2; 2)be aHirzebruch surface whose image is a trapezoid Hifz. y=.1 3,

say, the trapezoid with vertices
0;0;(2 ;052 L1 )01 )

See Figure 5. (Notice that the north edge is then of size 2 1, whichis> 0
if and only if > %.) Since these Hirzebruch trapezoids have the same average
width a and height band the inverse of their slopes di er by 2, the corresponding
manifolds are isomorphic as symplectic manifolds with Harionian S* action
(by [Ka2, Lemma 3]), however they are not isomorphic as sympctic toric
manifolds (their moment map polygons are not AGL(2; Z)-equivalent).

The homology classE 2 Hy(M1;Z) = H»(N;Z) of the exceptional divisor

obtained by the blow up (of size ) is represented by the »-preimage of a
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Figure 5. symplectomorphic but not equivariantly symplec-

tomrophic symplectic toric manifolds

connected union of edges, (e.g.,the north and the left), of He moment map
polygon »(N), but not by a »-preimage of a single edge of o(N). We

denote by Sg the »-preimage of the union of the north and the left edge. The
same is true forL (that is represented by the »-preimage of the union of the
left, the north, and the right edges of »(N), but not by a ,-preimage of a
single edge). LetJ'T\' be aT-invariant ! ,-tame complex structure on (N;! »).

(We may think of J{\‘ as al -tame complex structure on the symplectomorphic

(M1;! ).) Then

(6.1) there is no J'T\' holomorphic sphere inN that represents the classE:

For such aJ'T\‘-sphere must be simple (sinceE E = 1 is not a multiply of
any 16 n 2 N), hence embedded (by the adjunction equality satis ed sine
E is represented by an embeddedl#’Il sphere), and irreducible (by Corollary
2.2); thus, by Claim 4.16, it is an embedded symplecticT -invariant exceptional
sphere of size in N. Blowing down equivariantly along it we get CP? of size 1
with the standard toric action; by reversing our step we get that (N;! 2; 2)is

isomorphicto (M1;! ; 1) as symplectic toric manifolds, to get a contradiction.
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We deduce that there is no;l$l -holomorphic sphere that represents the ho-
mology classL of CP! of size 1. Otherwise, by Claim 6.2 below, the stable
J%‘ -holomorphic map Sg representing the classk is a J-holomorphic sphere,

in contradiction to (6.1).

Claim 6.2. Let J be an almost complex structure orM = (My;! ) that is

tamed by! . If there is a J-holomorphic spherel in M in the homology class

J-holomorphic map representing the class is d-holomorphic sphere.

Proof. First, since L L =1, such a J-spherel is simple. Assume thatC is a

stable J-holomorphic map in E;, with smooth componentsC;, i.e.,

X
C= m;Cj; m; 2 Nfor all j; C; are J-spheres
i=1
Since L;Eq;:::;Ex form a basis to Hy(M; Z), for each j there is a unigue
representation
(6.2) [Cil=4dL+ dE; d;4 22z

i=1
If for each j the coe cient a of L is zero, we get

foralll j N;! (Cj)= H = 1:
i=1
Then all the | are in Z; moreover, sinceC; is a J-holomorphic sphere and
J is tamed by ! , we have! (Cj) > 0, so 0< I 2 N. SinceC is in E;, we

P - . - o
get sz1 m; ! =1; since all m;; ! are non-negative integers we conclude that

N=1= my= 1 ie., CisaJ-holomorphic sphere.
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Otherwise, there must be a simple smooth component; of C, such that the
coe cient a of L in the representation (6.2) is negative (in particular, Cj 6 1).

Thus

[Ci] L=g <0

and we get contradiction to positivity of intersections of the di erent simple

J-holomorphic spheresC; and I.

Remark 6.3. Claim 6.2 might motivate an attempt to prove that when s
small a stable J-holomorphic map in E; 2 Ho(My;;Z) must be a J-sphere by
arguing the existence of aJ-sphere inL for any ! -tame J. This approach is
not fruitful, since (as we saw here) it isnot true that there is a J-sphere inL

for any ! -tame J. Notice that arguing that the Gromov-Witten invariant
(6.3) GW(L;p1;p2) 60

implies for a non generic! -tame almost complex structureJ only the existence

of a stable J-holomorphic map in L (as seen in Example 6.1).

The manifold (N;! 1; 1) =(Mgq;! ; 1) in Example 6.1 is an ancestor to a
family of manifolds (N;! 5; a) (a2 N): Aslong as > a=(a+ 1), a one-sided
shear translation of the trapezoid corresponding to ;! 5; ) yields a new
trapezoid with the same average width and height and slope m This
trapezoid is the moment map image of a Hirzebruch surface, tht we de ne
as (N;! a+1; a+1). By the same argument as above, forb a, (N;! p; p)

and (N;! a+1; a+1) are isomorphic as symplectic manifolds with Hamiltonian
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St action but not as symplectic toric manifolds. Notice that th e associated
trapezoids are of the same area and perimeter. Given, there is a nite num-
ber of a's that satisfy > a=(a+ 1), hence a nite number of a's such that
(N;! a41; a+1) exists; thus we get a nite number of non-isomorphic but sym-
plectomorphic symplectic toric manifolds.

We also derive from Example 6.1 an example of a toric action orffMy;! ),
with k > 1 and non-smallv, that is not consistent with the symplectic blow

ups given byv.

Example 6.4. Assume > % and 1 >:::> | . are positive numbers, such

Pea ; : : 0 2 i
that ;7 i <minfl ;2 1g. Let (My;! (1.: ;. 1) be CP- of size

image is obtained from the trapezoid with vertices
(0;0);(1;0);(; 1 ) (0;1 )

(as in the left of Figure 5) by iterations of corner-cuts, starting from the upper

Let (Nk 1,' ( .....

155 k1)

from (N;! 2; ») by k 1 equivariant blow ups of sizes (1;:::; k 1), such that

the moment map image is obtained from the trapezoid with verices
0;0);2 ;052 L1 )(@O;1 )

(as in the right of Figure 5) by iterations of corner-cuts, starting from the upper

Then these manifolds are symplectomorphic but not isomorpkc as symplectic
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toric manifolds. Thus (Mg;! (1.. ;.. . ;)) admits a toric action that is not

consistent with the blow ups.

Appendix A

Notation: Denote by J the space

J=J (M;!1);
and by
J (Jo;J1)
the space of all smooth homotopies [A]!'J : 7!'J from Jg to J;.

Lemma A.1. Let (M;! ) be a compact4-dimensional symplectic manifold. Let
Jo; J1 be! -tame almost complex structures orM . Let A be a class inH>(M ; Z)
with self intersection number 1. Assume thatA is represented by an embedded
Jo-holomorphic sphereCy and by an embedded 1-holomorphic sphereC;.

Then there is a symplectomorphism of(M;! ) that sendsCy to C;, and in-

duces the identity map onH (M ; Z).

Proof. By Lemma A.2, given below,M (A;Jo)=PSL(2;C)andM (A;J1)=PSL(2;C)
consist each of a single point, and are compactly cobordantia a compact one-

dimensional

W (A;fdig) = f(Ji;u) J u2M (A J1)g=PSL(2;C)

for somefJig 2 J (Jo; J1).
This gives a family (with parameter 0 t 1) of J;-holomorphic embeddings

¢ from CP? to the manifold. Their images are embedded symplectic sphes
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in M, denoted by C;, all in the homology classA. Notice that the pullbacks
of I to CP! by homotopic maps are all in the same cohomology class. Hence
by Moser, there is a family of di eomorphisms : CP*! CP!, starting at the
identity map, that satisfy ( o(')) = ((!). Hence we may assume that g
is a symplectic embedding of the standardCP* and compose the embeddings
f tgonthe family f (gto get a one-parameter family of symplectic embeddings
f + (g of the standard CP! into M. This is a \partial ow" f g, , ; that
moves along the symplectic sphere€;. Di erentiating it by t gives vector elds
Xt, whereX; is de ned at the points of the t-th sphereC; and attaches top 2 C;
a tangent vector in T,M .

We claim that X; can be expanded to a vector eldX; on the manifold that

is Hamiltonian, i.e.,

(A.1) x| = dHYy;

whereH;: M ! R depends smoothly ont.
We can expandX; in some way (e.g., by a partition of unity) to get a time
dependant vector eld (not necessarily Hamiltonian) on M. This generates a

one-parameter family of di eomorphismsf g

suchthat o= ¢ . Forvectorsu,v in tangent directions to C; at points

of the t-th sphere,

Oza!(tV; t W),
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since the ow on the spheres preserves . By de nition, the right term equals
the Lie derivative of ! in direction of the vector eld evaluated on tangent

vectors to C;. By Cartan's formula,
LXt! = d( Xt! )+( Xt)d! = dXt!;

where the last equality is since! is closed. Thus the pullback of the one form
x.! to C; through  {is closed, hence (in this case) exact; we get that there
is a function h; de ned on C;, such that the pullback of x,! to C; equalsdh;.
For a point of the embedded sphereC;, there is a coordinates neighbourhood
(x4;x5: v yh), whose intersection with C; is given by y} = y} = 0, and the
coordinates depend smoothly ort. ((x};x}) is a coordinates neighbourhood in

C: and y};y} are in complement directions). Then we can write
x,! = aydx + abdx; + Bidy) + bydys;

where af(x{;x}5;0;0) = g—'g and ab(x};x5;0;0) = g—g The pullback of this
1-form to C; equalsdh.

De ne
He = he + By(x§;x5;0,0)y] + By(x};x5; 0; 0)ys:

Thus we expand the de nition of h; to a neighbourhood of thet-th sphere in
M ; this expansion is smooth int. We expand these functions to a family of
functions H;: M ! R by partition of unity in M [0; 1], (we may apply this

here since (A.1) is linear under multiplication by smooth functions).
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This gives a Hamiltonian ow on M, thus a family of symplectomorphisms
f ¢go t+ 1, starting from the identity map. The symplectomorphism 1 sends

Co to C; and induces the identity map onH>(M ; Z2).

Lemma A.2. Let (M;! ) be a compact4-dimensional symplectic manifold. Let
A be a class inH»(M ; Z) with self intersection number 1.

Then

For J 2J , if there is an embedded] -sphere C that representsA, then

(1) M (A;J)=PSL(2; C) consists of a single point, and] is in J gg(A).

(2) there is no non-smooth stablel -holomorphic map in A, chsequently

P
J is regular for any tree T and a decompositionA = T A

Let Jo be an! -tame almost complex structure onM such that A is
represented by an embeddedy-holomorphic sphereCy.

Then, for J; 2 J such that A is represented by an embedded;-
holomorphic sphereC,, there is a compact cobordism betweelkl (A;Jy)=PSL(2;C)

and M (A;J1)=PSL(2;C) via
W (A;flJ g=f(J ;u) ju2M (A;J )g=PSL(2;C)

for somefJ g2J (Jo;J1).
Moreover, for a genericJ in J there is such a compact cobordism

betweenM (A;Jg)=PSL(2;C) and M (A;J)=PSL(2;C).
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(1) Since A is realized by an embedded]-sphere C, the ad-
junction equality 0 =2+ A A ci(A) holds; sinceA A= 1
this implies c1(A) = 1. Thus J is regular for the classA at C
[HLS], [MS2, Corollary 3.3.4]. Any element in the moduli spae
M (A;J) diers from C by reparameterization of CP!, otherwise,
sinceA A = 1, we get a contradiction to positivity of intersec-
tions of simple J-holomorphic spheres in the symplectic 4-manifold
(M; 1) [MS2, Theorem 2.6.3]. In particular, M (A;J)=PSL(2;C)

consists of a single point. It follows thatJ 2 J (eg(A).

(2) Assume that A is realized by a non smooth stable] -holomorphic

map, i.e., A = P L, mi[ui], where for 1 i  n the component
u; is a simple J-holomorphic sphere andm; 2 N, such that n > 1.
Then A A = P ", mi(u] [C]). Sincen> 1,forl i n,
1'(C) > ! (y)) so C 6 uj, hence by positivity of intersections,
[u]l [C] 0. Thus O P L, mi(ui] [C]) = A A, in contra-

dictionto A A= 1.

By the previous assertions of the lemma, bothlg and J; are regular for
A and for any nite decomposition A = P A .

Hence, by [MS2, Theorem 3.1.7], for the homology clasA, for a A-
regular homotopy fJ g, 4, there is a cobordism betweerM (A;Jo)

and M (A;J,) via

W (Al gp=f@ su) j uzM (AJd)g
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and the set of such homotopies is of the second category ih (Jg;J1).
Adding marked points to the sphere guarantees that PSL(2C) acts
freely on the moduli space. So we get a cobordism equipped \kitan ac-
tion of this group which is free and proper. The quotient is a ®bordism
betweenM (A;Jg)=PSL(2;C) and M (A;J1)=PSL(2;C).

Moreover, the above holds not just for a homology clas®\ but also
whenwe xatree TandamapT! HyM;Z): 7! A such that
A= P -1 A (with corresponding notions of moduli spaces of simple
stable maps and regularity) [MS2, Theorem 6.2.11].

By [MS2, De nition 6.2.10], a homotopy fJ g from Jg to J; that is

regular for T and fA gsatises thatforall 2 T, the map
M (A;J3)1d (uid)T7td

is transversal tofJ g. By [MS2, Theorem 6.2.11] the set of such homo-
topies is of the second category i (Jg;J1).

Assume that for someJ®in such fJ g there is a a simple stableJ%
holomorphic map u = fu g modeled onT that represents the decom-
position A = i >t A . Thenforall 2 T,in a neighbourhood ofu
the spaceM (A ;J)is a nonempty manifold of dimension 4+ 2, (A ).
Since A is a homology class of self intersection 1 that is realized by
an embeddedlg-sphere,ci(A) = 1. So, if the number of vertices 2 T
is > 1 there must be A such that ¢;(A ) < 1, hence the dimension
4+2c(A )of M (A ;J) nearu is smaller than 6. However, mark-

ing points on the sphere guarantees that the 6-dimensional ie group
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PSL(2; C) acts freely on this nonempty manifold of dimension< 6, to
get a contradiction. Thus, for a decompositionA = i >1 A modeled
on T of more than 1 vertices, forfJ g in a set of the second category
in J (Jo;J1), there are no stableJ -holomorphic maps in A that are
modeled onT and represent the the decompositionA = i ST AL

By taking intersections of these sets over the enumerable s®f pos-
sible nite decompositions of A, we get a set of the second category in
J (Jo;J1), such that for fJ gg 1 in this set there are no non-smooth
stable J -holomorphic maps in A. Hence, by Gromov's compactness,
the cobordismW (A;fJ g) is compact.

The same proof shows that ford in J that is regular for A and for any
nite decomposition A = P A there is a compact cobordism between

M (A;Jg)=PSL(2;C)and M (A;J)=PSL(2;C).
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