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1. Abstract

A toric T �= (S1)n -action on a compact connected symplectic 2n-dimensional

manifold is an e�ective T-action, generated by vector �elds � 1; : : : ; � n , such that

there is a moment map

� : M ! t� = Rn ;

satisfying

d� i = � � (� i )!

for i = 1 ; : : : ; n. The triple ( M; !; �) is then called a symplectic toric manifold.

The image of the moment map is a convex polytope � in Rn , by the con-

vexity theorem [At, GS1]. Moreover, � is a Delzant polytope, that is, for each

vertex of �, the outward normal vectors to the facets that mee t in the vertex

can be chosen to be a basis forZn . By Delzant's uniqueness theorem, (M; !; �)

is determined by its moment map image uniquely, up to an equivariant sym-

plectomorphism preserving �. Conversely, given a Delzant polytope � in Rn ,

Delzant constructs a corresponding symplectic toric manifold (M � ; ! � ) whose

moment map image is � [De]. This manifold is a symplectic quot ient of CN ,

where N is the number of facets of �, with respect to a subgroup K of (S1)N .

Consequently, any symplectic toric manifold is a K•ahler toric variety.

Here we study toric actions on symplectic 4-manifolds. As a result of Delzant's

uniqueness and a combinatorial analysis of Delzant polygons, any symplectic

toric 4-manifold is obtained from either a standard CP2 or a Hirzebruch surface,

by a series of equivariant symplectic blow ups. However, it may be di�cult to
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determine whether a given symplectic 4-dimensional manifold (M; ! ) is sym-

plectomorphic to such a manifold. So, Delzant's classi�cation does not answer

the following question.

Question 1.1. Given a compact connected symplectic4-dimensional manifold

(M; ! ), does it admit a toric action ?

For instance, let (M k ; ! � ) be the symplectic manifold obtained from CP2

with its symplectic form normalized so that the line CP1 � CP2 has size 1, by

k symplectic blow ups of equal sizes� . If k � 4, this manifold does not admit

a toric action that is consistent with the blow-ups, i.e., the blow ups cannot be

performed equivariantly. (See Corollary 2.9.) Does it admit any other toric

action? A-priori, ( M k ; ! � ) might be symplectomorphic to a symplectic toric 4-

manifold; for instance, to an equivariant symplectic blow up of CP2 by di�erent

sizes� 1 > : : : > � k . In Section 6 we give an example of a toric action on a

symplectic blow up of CP2 that is not consistent with the blow up.

In this thesis, we ask

Question 1.2. Given k 2 N and � > 0, does(M k ; ! � ) admit a toric action ?

We assume that the k symplectic � -blow ups in (M k ; ! � ) are performed si-

multaneously from disjoint embedded balls. We show that theanswer isyes if

k < 4 (for � such that (M k ; ! � ) exists), and no when k � 4, given that � is small

enough.

The proof of the \yes" part is easy. The \no" part is treated by two ap-

proaches. For the �rst approach we establish, in Section 3, acorrespondence

between the geometry of a symplectic toric 4-manifold and the combinatorics
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of its moment map image. We derive it from the local and globalproperties

of a moment map and from Delzant's classi�cation. We hope that this anal-

ysis will be useful for other questions concerning toric actions on symplectic

4-manifolds. The second approach gives a stronger result but is restricted to

small blow ups of CP2. In both approaches we rely on the existence of an in-

variant ! -compatible complex structure on a symplectic toric manifold and on

the following lemma.

Lemma 1.3. Let (M; ! ) be a compact symplectic four-manifold. LetE 2

H2(M ; Z) be a homology class such thatE � E = � 1.

Suppose that there exists an embedded symplectic sphereC � M whose ho-

mology class[C] = E. Then for any ! -tame almost complex structureJ there

exists a stableJ -holomorphic map in the classE.

This is proven by Gromov's compactness and the theory of pseudo-holomorphic

curves and stable maps in almost complex 4-manifolds. (For de�nitions, see

Subsection 2.2.)

Our stronger result asserts

Claim 1.4. For 0 < � � 1
3 , the symplectic manifold (M k ; ! � ) admits a toric

action if and only if k � 3.

This is a corollary of the following theorem. Let

(M k ; ! (�;� 1 ;:::;� k ) )

denotes the symplectic manifold that is obtained fromCP2, with its symplectic

form normalized so that the line CP1 � CP2 has size� , by k simultaneous
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symplectic blow ups of sizes� 1; : : : ; � k , from disjoint embedded balls. Let

(M � ; ! � )

denotes a symplectic toric manifold whose moment map image is a Delzant

polytope �.

Theorem 1. If (M k ; ! (�;� 1 ;:::;� k ) ) is symplectomorphic to(M � ; ! � ) and

(1.1) � i �
�
3

for all i = 1 ; : : : ; k;

then (M � ; ! � ) can be obtained from aCP2 of size� by a sequence of equivariant

symplectic blow ups of sizes� 1; : : : ; � k , performed in a descending order.

In Section 6 we see an example of a vector (�; � 1; : : : ; � k ) that does not satisfy

(1.1), for which the conclusion of the theorem is not true. InSection 5 we deduce

from Theorem 1 a complete list of the toric actions on (M k ; ! (�;� 1 ;:::;� k )), if the

sizes�; � 1; : : : ; � k satisfy some restrictions.

In Subsection 4.3, we apply the theorem to get corollaries concerning sym-

plectic manifolds and symplectic toric manifolds. First, the results are naturally

translated to the language of 2-dimensional subtori of the group of symplecto-

morphisms of (M k ; ! � ). The theorem also allows us to determine for many pairs

(� ; � 0) of Delzant polygons whether the symplectic toric manifolds (M � ; ! � )

and (M � 0; ! � 0) are symplectomorphic. Another application of the theorem is

to determine, in some cases, whether di�erent symplectic blow ups of CP2 are

symplectomorphic.
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2. Background

2.1. Symplectic manifolds.

2.1.1. Symplectic vector spaces and manifolds.A symplectic vector space(V; ! )

is a �nite dimensional real vector spaceV endowed with a nondegenerate skew-

symmetric bilinear form ! . For (V; ! ), there exists a basis (e1; : : : ; en ; f 1; : : : ; f n )

of V such that ! (ei ; f j ) = � i;j and ! (ei ; ej ) = ! (f i ; f j ) = 0; such a basis is called

a symplectic basis. (See, e.g., [Au2, Proposition II.1.3].)

The symplectic orthogonal complementof a linear subspaceW � V is de�ned

as the subspace

W ! = f v 2 V j ! (v; w) = 0 for all w 2 W g:

A subspaceW is calledisotropic if W � W ! ; coisotropic if W ! � W ; symplectic

if W \ W ! = 0; Lagrangian if W = W ! .

A symplectic manifold (M; ! ) is a smooth real manifoldM with a symplectic

form, i.e., 2-form ! that is closed and nondegenerate. Nondegeneracy implies

that the dimension of M is even, say 2n, and that ! ^ n is a volume form.

Example 2.1. Cn �= R2n with the symplectic form

! 0 =
nX

i =1

dxi ^ dyi ;

that is called the standard symplectic form.

In general, for any symplectic vector space (V; ! ) of dimension 2n, the sym-

plectic form can be written as a di�erential form

! =
nX

i =1

dxi ^ dyi ;
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where (x1; : : : ; xn ; y1; : : : ; yn ) are coordinates with respect to a chosen symplec-

tic basis. This is a nondegenerate and closed di�erential form, (it is even exact,

! = d(
P n

i =1 x i dyi )). Thus ( V; ! ) can be considered as a symplectic manifold.

Locally, all symplectic manifolds of dimension 2n are the same. By Darboux's

theorem, every point has a neighbourhood which is symplectomorphic to an

open subset ofCn �= R2n with the standard symplectic form ! 0 =
P n

i =1 dxi ^ dyi :

Such a symplectomorphism is called aDarboux chart.

This is a corollary of a more general theorem, the Darboux-Weinstein theo-

rem [W]. This theorem asserts that for two symplectic forms ! 0 and ! 1 on a

manifold X that coincide at the points of a closed submanifoldY , there exists

a neighbourhoodU0 of Y in X and a map

 : U0 ! X;

which is a di�eomorphism with its image, such that

 jY = Id Y and  � ! 1 = ! 0:

If a compact Lie group G acts on X , and ! 0; ! 1 and Y are G-invariant, then

U0 can be chosen to beG-invariant and  to commute with the action of G.

To deduce the Darboux theorem, �rst identify a neighbourhood of a point x

in M with a neighbourhood of 0 in TxM by the exponential of a Riemannian

metric,

exp = expx : TxM ! M:

The map exp is a di�eomorphism betweenV0 � TxM and U0 � M . Then apply

the Darboux-Weinstein theorem to X = U0; Y = f xg; ! 0 = (exp � 1)� ! x , and
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! 1 = ! , to get a di�eomorphism � : U ! U (for U � U0) such that � � ! = ! 0.

The chart � � exp transforms coordinates ofTxM with respect to a ! x -symplectic

basis into local coordinates ofM near x, in which ! =
P

dxi ^ dyi [Au2].

If a compact Lie group G acts on M , (by symplectomorphisms f � aga2 G),

and x is a G-�xed point, take exp that is de�ned by a G-invariant Riemannian

metric. (Such a metric is obtained from some Riemannian metric g0by averaging

with respect to the compact group G action to get

g(u; v) =
Z

G
g0(� a� u; � a� v)d� a;

for u; v 2 TxM .) The linearization in x of the action of G on M yields a

linear action of G on TxM that consists of the linear mapsf d� aga2 G . The G-

invariant Riemannian metric gives a G-invariant positive de�nite scalar product

on TxM ; this together with the symplectic form ! x give aG-invariant Hermitian

structure on TxM . The map exp intertwines the action of G on M and the

linearized G-action on TxM , and it maps a G-invariant neighbourhood of zero

in TxM di�eomorphically onto a G-invariant neighbourhood of x in M . This

gives a Darboux chart that is equivariant with respect to some homomorphism

G ! U(n), where U(n) is the unitary group acting on Cn .

A submanifold Y � M is calledsymplectic (isotropic, coisotropic, Lagrangian)

if for every y 2 Y the subspaceTyY of the symplectic vector space (TyM; ! y)

is symplectic (isotropic, coisotropic, Lagrangian).

2.1.2. Symplectic blow ups.The standard symplectic blow upof (Cn ; ! 0) of size

r 2

2 is obtained by removing the interior of a 2n-ball of radius r about the origin

and collapsing the boundingS2n� 1 along the Hopf map to anexceptional divisor
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CPn� 1. The resulting space is the disjoint union ofCPn� 1 with the open set

fk z k> r g. This space is naturally a smooth symplectic manifold such that the

symplectic form on fk z k> r g is induced from Cn and the symplectic form on

CPn� 1, pulled back to S2n� 1, is also induced fromCn . See [MS3]. The size of

the blow up equals 1=(2� ) times the symplectic area of the exceptional divisor.

A blow up of a 2n-dimensional symplectic manifold (M; ! ) is a symplectic

manifold ( ~M; ~! ) that is constructed in the following way. Let 
 ! M be

a Darboux chart from an open subset 
 of Cn onto an open subset ofM .

Perform a standard symplectic blow up in 
, and push it forwar d to (M; ! )

by the Darboux chart. (Notice that in performing a symplecti c blow up of size

r 2=2, one needs to embed a ball of radius strictly greater thanr in order to get

a smooth structure.)

We may also consider e sequence of several blow ups. When (M; ! ) is CP2

or a Hirzebruch surface, the resulting manifold is determined uniquely, up to

symplectomorphism, by the sizes of the blow ups. This resultis due to Biran

and McDu� [Bi1, McD4]. We say that CP2 is of size � if the symplectic form

is normalized so that the line CP1 � CP2 has size� , i.e., symplectic area 2�� .

Performing symplectic blow ups, CP1 can be chosen to be disjoint from the

blow ups, and therefore giving a copy ofCP1 in the blown up manifold.

One cannot perform symplectic blow ups of arbitrary large sizes, however it

is always possible to perform symplectic blow ups of su�ciently small sizes. For

instance, a necessary condition for blowing upCP2 of size � by k blow ups of

sizes (� 1; : : : ; � k ) is that � i + � j < � for all i 6= j [Gr1]. A su�cient condition is

that there exists an integer N such that k � N 2 and � i < �
N for all i [MP]. The
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question of existence of blow ups is closely related to the \packing problem",

and has been studied by McDu�-Polterovich [MP], Biran [Bi2] , and Traynor

[T]. Another question is whether two symplectic manifolds obtained from CP2

by di�erent series of sizes of blow ups are symplectomorphic. In Subsection 4.3

we deduce partial answers to that question from Theorem 1.

2.2. J -holomorphic spheres.

2.2.1. Almost complex manifolds. An almost complex structureon a 2n-manifold

M is a �berwise complex structureJ on the tangent bundleT M , i.e., (T M; J ) !

M is a complex vector bundle. A manifold with an almost complexstructure is

called an almost complex manifold. A submanifold N of M is called analmost

complex submanifoldif JT N = T N . An almost complex structure J on M

is called integrable if there exists an atlas on M , according to which in local

coordinatesJ is represented byJ0, where

J0 =

0

B
B
@

0 � Id

Id 0

1

C
C
A ;

i.e., the transition maps are holomorphic. That is, M is a complex manifold.

We also call an integrable almost complex structure acomplex structure. In

dimension 2 any almost complex structure is integrable. In higher dimensions

this is not true [Cal].

An almost complex structure J is tamed by a symplectic form ! if at any

p 2 M ,

! (v; Jv) > 0 for all nonzero v 2 TpM:
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If, in addition,

(2.1) ! (Jv; Jw) = ! (v; w) for all v; w 2 TpM;

we say that ! is compatible with J . When J is tamed by ! , for every submani-

fold C � M , if J (T C) = T C then ! jT C is nondegenerate. Every! -tame almost

complex structure determines a Riemannian metric

g(v; w) =
1
2

(! (v; Jw) + ! (w; Jv)) :

When ! is compatible with J , this metric can be written as

(2.2) g(v; w) = ! (v; Jw):

Moreover, by (2.1) and (2.2), each two of the threeJ; !; g de�ne the third. Given

! , the space of almost complex structures that are compatiblewith (tamed by)

! is denoted byJ (M; ! ) (J � (M; ! )).

For each symplectic form! on M there exists an almost complex structureJ

which is compatible with ! . The spacesJ (M; ! ) and J � (M; ! ) are contractible

[MS3]. It follows that all J 2 J (M; ! ) give rise to isomorphic complex vector

bundles (T M; J ) ! M ; thus the Chern classes of these bundles are determined

by (M; ! ) [MS1]. The same is true forJ � (M; ! ).

A K•ahler manifold is a symplectic manifold (M; ! ) with an integrable almost

complex structure J that is compatible with ! .

2.2.2. J -holomorphic spheres, curves and stable maps.A parameterizedJ -sphere

or a parameterizedJ -holomorphic spherein an almost complex manifold (M; J )
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is a J -holomorphic map from CP1 to M , that is, a map f : CP1 ! M that sat-

is�es the Cauchy-Riemann equations

df � i = J � df:

A parameterized J -curve in (M; J ) is a J -holomorphic map from a compact

connected Riemann surface (�; j ) into M .

An embeddedJ -sphere C � M is the image of aJ -holomorphic embedding

(i.e., a one-to-one immersion)f : CP1 ! M . In particular, if J is tamed by a

symplectic form ! on M , such aC is an embedded symplectic sphere. Similarly

we de�ne an embeddedJ -curve.

When we refer to a curve (sphere) that isJ -holomorphic with respect to

some J on M , without specifying the almost complex structure, we use the

term pseudo-holomorphic curve (sphere).

A J -holomorphic curve u : (� ; j ) ! (M; J ) is said to be multiply covered if

there exists a compact connected Riemann surface (�0; j 0) such that u factors

asu
0
� 
 where
 : (� ; j ) ! (� 0; j 0) is a holomorphic branched covering of degree

> 1 and u
0
: (� 0; j 0) ! (M; J ) is a J -holomorphic curve. It is called simple if it

is not multiply covered.

We expand the concept of aJ -sphere by de�ning a stable J -holomorphic

map. We will use the notion of labeled tree for this de�nition . Recall that a

tree is a connected graph without cycles. For a given tree, wedenote the vertices

by T; for vertices �; � 2 T we write �E� if and only if they are connected by

an oriented edge. Ann-labeling � of T is a function f 1; : : : ; ng ! T : i ! � i .
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A stable J -holomorphic map of genus zero intoM with n marked points,

modeled over the labeled tree (T; E; �) is a tuple

(u; z) = ( f u� g� 2 T ; f z�� g�E� ; f � i ; zi g1� i � n );

consisting of J -holomorphic spheresu� : CP1 ! M (� 2 T), nodal points z��

(�E� ), and n marked points zi 2 CP1, such that

� if �E� then u� (z�� ) = u� (z�� ),

� for every � 2 T, the points z�� (for �E� ) and zi (i 2 � � ) are pairwise

distinct, and

� (stability) If u� is a constant function then #( f z�� j �E� g [ f zi j � i =

� g) � 3.

The stability condition implies that the automorphism grou p of a stable map

is �nite. This de�nition is due to Kontsevich [Ko], it is form alized here as in

[MS2]. We denote the set of stableJ -holomorphic maps of genus zero intoM

by SCn (M; J ).

A stable map (u; z) 2 SCn (M; J ) modeled over ann-labeled treeT is called

simple if every nonconstant mapu� is simple andu� (S2) 6= u� (S2) for any two

vertices � 6= � such that u� and u� are nonconstant.

The action of G = PSL(2 ; C) on J -holomorphic spheres by reparameteriza-

tion extends naturally to an action on SCn (M; J ) (see [MS2, section 5.1]); it

assigns to an isomorphism of trees a set of fractional lineartransformations

of the corresponding nodal spheres, that keeps track of the nodal and marked

points.
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2.2.3. Complex subvarieties.In general, a J -holomorphic curve in an almost

complex manifold can not be represented, even locally, as the zero set ofJ -

holomorphic functions into C. Things are di�erent when J is integrable. Recall

that a complex subvarietyof a complex manifold is a closed set de�ned locally

as zeros of a �nite set of holomorphic functions. A set that isde�ned locally

as zeros ofk holomorphic functions whose complex di�erentials are linearly

independent is acomplex submanifoldof dimension dimC M � k. By the implicit

function theorem, a complex submanifold is given locally asthe image of an

open setU � Cdim C M � k under a map f : U ! M with rank @f= dim C M � k.

So, a complex submanifold has naturally the structure of a complex manifold

of dimension dimC M � k.

A complex subvariety V of a complex manifold (M; J ) is said to beirreducible

if it cannot be presented as a union of two complex subvarieties V1; V2 with

V1; V2 6= V . A complex subvariety V � M is irreducible if and only if Vsmooth

is a connected submanifold, whereVsmooth is the set of points p of V for which

there is a neighbourhoodU of p in M such that V \ U is a complex submanifold

of U [GH]. (In particular, a connected complex submanifold is irreducible as a

subvariety.) The set Vsing = V n Vsmooth is a complex subvariety.

The complex dimension dim V of a complex subvariety V at a point of V

which is smooth of dimensiond is said to bed. The dimension at an arbitrary

point p 2 V is the maximum of positive integersd such that every neighborhood

of p contains a smooth point of V of dimension d. The dimension of V is the

maximal dimension of V at any point. If V is an irreducible subvariety, and

V1 � V is a subvariety that is not equal to V , then dim V1 < dim V.
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In a compact complex manifold, for any complex subvariety V there are

distinct complex subvarieties V1; : : : ; Vm such that V = V1 [ : : : [ Vm , where m

is maximal. TheseVi are the irreducible componentsof V . They are de�ned up

to permutation uniquely.

By the Proper Mapping Theorem [GR], the image of a complex subvariety

under a proper holomorphic mapping (between complex manifolds) is a complex

subvariety. Let (M; J ) be a complex manifold, andV � M be the image of a

nonconstant simpleJ -holomorphic curve

f : � ! M;

where � is a compact connected Riemann surface. Then, by the Proper Map-

ping Theorem, V is a complex subvariety ofM . By the assumption onf , the set

f � 1(Vsing) is a complex subvariety in the irreducible compact 1-dimensional �

that does not equal �, so f � 1(Vsing) is a �nite set of points. Hence � nf � 1(Vsing)

is connected, and so is its imageVsmooth . On the other hand, by Resolution of

singularities according to Hironaka [Hi, BM], any complex subvariety V is the

image of a complex manifold �V under a proper holomorphic map� , such that

� � 1(Vsmooth ) is an open dense subspace of�V and � induces an isomorphism of

complex manifolds between� � 1(Vsmooth ) and Vsmooth .

Thus

Corollary 2.2. A subset of a compact complex manifold(M; J ) is an image

of a compact connected Riemannian surface under a nonconstant simple J -

holomorphic curve f if and only if it is an irreducible complex subvariety of

dimension 1. If f is an embedding, then its image is a complex submanifold.
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In the sequel, we refer to aJ -holomorphic curve (sphere) either as a subva-

riety, a map, or its image, depending on the context.

2.2.4. Positivity of intersections and the adjunction inequality. In a 4-dimensional

almost complex manifold, there is positivity of intersections of pseudo-holomorphic

curves, as in the case of holomorphic curves in a complex manifold of dimC 2.

Let (M; J ) be an almost complex 4-manifold, andA1; A2 2 H2(M ; Z) be homol-

ogy classes that are represented by simpleJ -holomorphic curvesu1 : � 1 ! M

and u2 : � 2 ! M , respectively. Suppose that the union of the two curves is

simple (i.e., u1(U1) 6= u2(U2) for any nonempty open subsetsU1 � � 1 and

U2 � � 2). Denote the number of all intersection points by

� (u1; u2) = # f (z1; z2) 2 � 1 � � 2 j u1(z1) = u2(z2)g:

Then

� (u1; u2) � A1 � A2;

with equality if and only if all intersections are transverse. See [MS2, Theo-

rem 2.6.3],[Gr1].

In a 4-dimensional (M; J ) we also have the adjunction inequality for J -

holomorphic curves. We denote the number of all self intersections of a curve

u : � ! M by

� (u) = f (z0; z1) 2 � � � j z0 6= z1; u(z0) = u(z1)g;

the �rst Chern number of a homology classA 2 H2(M ; Z) by c1(A) = hc1(T M ); Ai ;

and the Euler characteristic of a compact Riemann surface � by � (�). Let A 2
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H2(M ; Z) be a homology class that is represented by a simpleJ -holomorphic

curve u : � ! M . Then

(2.3) 2� (u) � � (�) � A � A � c1(A);

with equality if and only if u is an immersion with only transverse self intersec-

tions [MS2, Theorem 2.6.4]. Whenu is a J -sphere, the adjunction inequality

is

(2.4) 2� (u) � 2 + A � A � c1(A):

Notice that 2 + A � A � c1(A) is independent of J 2 J � (M; ! ).

Corollary 2.3. Let (M; ! ) be a symplectic4-manifold, and A a homology class

in H2(M ; Z). If A is represented by a simpleJ -sphereu for J 2 J � (M; ! ) and

2 + A � A � c1(A) = 0 , then u is an embeddedJ -sphere.

If A is represented by an embeddedJ -sphereu for some J 2 J � (M; ! ), then

for any J 0 2 J � (M; ! ), any simple J 0-sphere that representsA is embedded.

2.2.5. Moduli spaces of pseudo-holomorphic spheres and Gromov's compactness.

Given a homology classA 2 H2(M ; Z), we denote by M (A; J ) all the pairs

(u; J ), where u : CP1 ! M is a J -sphere that represents the homology classA.

The group G = PSL(2 ; C) of M•oebius transformations ofCP1 naturally acts on

M (A; J ) by reparameterizations. The subspace ofM (A; J ) of simple J -spheres

representingA is denoted byM � (A; J ).

Let (M; ! ) be a compact symplectic 2n-manifold. AssumeJ = J (M; ! ) or

J = J � (M; ! ). Denote the universal moduli space of simple curves

M � (A; J ) = f (u; J ) j J 2 J ; u 2 M � (A; J )g:
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Consider the projection

� : M � (A; J ) ! J :

A point ( u; J ) in the universal moduli space M � (A; J ) is regular for A if the

di�erential of � at (u; J ) is surjective. By an analog of the implicit function

theorem and an argument of Taubes, McDu� and Salamon [MS2] show the

following.

Let J reg(A) be the set of J 2 J such that every u 2 M � (A; J ) is regular.

If J 2 J reg(A), then the space M � (A; J ) is a smooth manifold of dimension

dim M + 2c1(A). Also, J reg(A) is a subspace of the second category in the

spaceJ [MS2, Theorem 3.1.5].

By the implicit function theorem, any smooth map [0; 1] ! J : t 7! Jt

which starts at J0 can be lifted, on some interval [0; � ), to a path [0; � ) !

M � (A; J ) : t 7! (ut ; Jt ) in the universal moduli space which starts at u0. Then

any regular (u; J ) persists whenJ is perturbed. In contrast, if ( u; J ) is not reg-

ular there might be no neraby curve whenJ is perturbed. See [MS2, Remark

3.2.8].

For J0; J1 2 J reg(A), denote by J (J0; J1) the space of all smooth homotopies

[0; 1] ! J : � 7! J� from J0 to J1. A homotopy from J0 to J1 is called regular

for A when it is transverse to the projection � . If f J� g is a homotopy from J0

to J1 that is regular for A, then

W � (A; f J� g) = f (�; u ) j 0 � � � 1 ; u 2 M � (A; J � )g

is a smooth oriented manifold with boundary

@W � (A; f J� g) = �M � (A; J0) [ M � (A; J1);
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i.e., a cobordism betweenM � (A; J 0) and M � (A; J 1). The set of A-regular

homotopies from J0 to J1 is of the second category inJ (J0; J1) [MS2, Theo-

rem 3.1.7].

Similar notions and statements hold not only for a homology class but also

for a tree T and a map T ! H2(M ; Z ) : � 7! A � . See [MS2, Sections 5,6].

If M is of dimension 4, then for an almost complex structureJ on M , and an

embeddedJ -sphereC with self intersection number p, the pair (C; J ) is regular

for the classA = [ C] if and only if p � � 1 [MS2, Corollary 3.3.4], if and only

if c1(A) � 1. By [HLS], for an immersedJ -sphereC with c1(C) � 1, the point

(C; J ) is regular.

The moduli spaceM (A; J )=PSL(2; C) can be compacti�ed. Gromov's com-

pactness theorem asserts that in a compact symplectic manifold (M; ! ), if

J� 2 J � (M; ! ) is a sequence of! -tame almost complex structures onM that

converges toJ 2 J � (M; ! ) in the C1 -topology and C� is a sequence ofJ� -

holomorphic spheres with a �xed (symplectic) area, and z� = ( z1
� ; : : : ; zn

� ) a

sequence of n-tuples of pairwise distinct points inCP1, then some subsequence

of f C� ; z� g weakly converges to a stableJ -holomorphic map (u; z) 2 SCn (M; J ).

A sequencef C � ; z� g� 2 N of J� -holomorphic spheres in (M; ! ) is said to weakly

converge to a stable map (u; z) = ( f u� g� 2 T ; f z�� g�E� ; f � i ; zi g1� i � n ) if there

exists a collection of M•oebius transformations f � �
� g� 2 N

� 2 T such that

� for every � 2 T, the sequence

C �
� = C � � � �

� : CP1 ! M
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converges tou� in the C1 -topology on all compact subsetsCP1nB � (Z � )

of CP1 n Z � , where Z � = f z�� j �E� g;

� if �E� then the sequence� �
�� = ( � �

� )� 1 � � �
� converges toz�� in the C1 -

topology on every compact subset ofCP1nf z�� g; C �
� is the magni�cation

of the restriction of C �
� to the small neighbourhood� �

�� (CP1 nB � (z�� ))

of z�� ;

� the marked points converge;

� no energy is lost.

See [MS2, Chapter 5] and [Gr1, Section 1.5].

By energy of a pseudo-holomorphic sphere we mean its Riemannian area;it

coincides with its symplectic area, hence is a topological invariant. This is the

key to compactness; it gives a uniformL 2-bound on the �rst derivatives for

all pseudo-holomorphic spheres that represent the same homology class. This

leads to, at the worst, \bubbling o� of spheres" at the limit. Since the energy

of a nonconstant pseudo-holomorphic sphere inM cannot be arbitrarily small,

the bubbling can occur only near �nitely many points (for a suitably chosen

subsequence) [MS2, MS1].

If the spheres that weakly converge to a stable mapu are all in the same

homology classA 2 H2(M ; Z), so is the stable mapu.

2.3. Symplectic toric manifolds.

2.3.1. Moment maps. A smooth action of a Lie group G on a manifold M is a

collection of maps� a : M ! M with a 2 G such that � ab = � a� b, � e = Id, and
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the associated map

G � M ! M; (a; m) 7! � a(m)

is smooth. To each element� of the Lie algebrag one associates a one-parameter

group t 7! � (exp t� ) of di�eomorphisms of M whose in�nitesimal generator is

denoted by � M .

Let a Lie group G act on a symplectic manifold (M; ! ) by symplectomor-

phisms. The action isHamiltonian if there exists a moment map, that is, map

� : M ! g�

such that

� for each � 2 g

(2.5) d� � = � � (� M )!;

where � � : M ! R, � � (p) = h�( p); � i , is the component of � along � .

� � is equivariant with respect to the given action � of G on M and the

coadjoint action Ad � of G on g� :

(2.6) � � � a = Ad �
a � � ; for all a 2 G:

The adjoint action of G on g

Ad: G ! GL(g)

attaches to g the linear map Adg : g ! g that is the derivative at the

identity of  g : G ! G de�ned by

a 7! g � a � g� 1:
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(M; !; G; �) is then called a Hamiltonian G-space.

The motivation for the de�nition of a moment map comes from th e study of

mechanical systems with symmetry. See [S1, S2]. In this setting, the con�g-

uration space of a classical mechanical system is considered as a manifold N

with tangent bundle T(N ) as the space of states. On the tangent bundle there

is a symplectic 2-form, determined by the forces on the system. The kinetic

energy K : T(N ) ! R can be thought of as a Riemannian metric onN . The

potential energy is given by a mapV : N ! R. The total energy E : T(N ) ! R

is de�ned by E = K + V � � , where � : T(N ) ! N is the projection. These, via

Hamilton's equations, de�ne a 
ow on T(N ), i.e., a motion whose trajectories

describe the passage of the state in time. A symmetry is givenby a Lie group

G that acts on N as a group of isometeries with respect toK , such that V is

constant on orbits of G. A moment map � : T(N ) ! g� , satisfying (2.5) and

(2.6), is an integral of motion, i.e., � is constant on orbits of the dynamical

system on T(N ). It has a physical meaning, e.g., an angular momentum or a

linear momentum.

We forget the dynamics and are interested only in the geometry of such

a system. One geometric application of studying Hamiltonian G-spaces is to

understand the underlined symplectic manifolds.

In the sequel we consider actions by a torusT �= (S1)r that are e�ective ,

that is, the homomorphism T ! Di�( M ) that de�nes the action is one-to-one.

Notice that when G is Abelian, the coadjoint action is trivial, so (2.6) means

that � is constant on orbits, i.e., is G-invariant. When G = T is a torus,

this is implied by (2.5) [dS], and (2.6) becomes abundant. When G is a torus
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T �= (S1)r , the Lie algebra g = t �= Rr , with basis � 1; : : : ; � r , and the action is

generated by the vector �elds � i M , denoted also by� i . So (2.5) can be replaced

by

(2.7) d� i = � � (� i )! for all i = 1 ; : : : ; r:

Example 2.4. Let (M; ! ) be the sphereS2 �= CP1, with the symplectic form

! = d� ^ dh, where (� ; h) are the cylindrical polar coordinates on S2. The

circle S1 acts on S2 by rotations about its vertical axis;

� 7! rotation in angle � around the h-axis.

The generating vector �eld is @=@�. The associated moment map is the height

function h. To make the motion 1-periodic, this should be multiplied by 2� .

Usually we will consider torus actions on compact connected�nite-dimensional

symplectic manifolds. However, we will also use Hamiltonian torus actions on

symplectic vector spaces.

Example 2.5. The standard Tn action on (Cn ; ! 0), given by

(a1; : : : ; an ) : (z1; : : : ; zn ) 7! (a1z1; : : : ; anzn );

has moment map

(2.8) 	 T n (z1; : : : ; zn ) =
1
2

(jz1j2; : : : ; jzn j2):

When we identify Cn with R2n (by zi = pi + iqi ), this moment map is

(2.9) 	 T n (p1; : : : ; pn ; q1; : : : ; qn ) = (
1
2

(p1
2 + q1

2); : : : ;
1
2

(pn
2 + qn

2)) :
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The moment map image is the positive orthant of Rn , de�ned by f x1 �

0; : : : ; xn � 0g.

In general, let T be an r -dimensional torus and suppose that we are given

a linear symplectic T-action on some symplectic vector spaceV . Since T is

compact, there is a T-invariant positive de�nite scalar product on V , which

together with the symplectic form give a T-invariant Hermitian structure on V ,

i.e., T is a subtorus of a maximal torus in U(n), where dimV = 2n. We can

then �nd an orthonormal basis consisting of simultaneous eigen-vectors (weight

vectors) corresponding to the simultaneous eigen-values (weights) � 1; : : : ; � n of

the elements oft. This means that there is a symplectic linear isomorphism of

V with R2n , such that the linear symplectic action of t on V is given by the

homomorphism � : t ! Rn ,

� (� ) = ( � 1(� ); : : : ; � n (� )) :

The moment map is then the composition of the standard momentmap (2.9)

with � � : Rn ! t� , and so is given by

�( q1; : : : ; qn ; p1; : : : ; pn ) =
1
2

(p1
2 + q1

2)� 1 + : : : +
1
2

(pn
2 + qn

2)� n :

The image of � is the convex region in t�

(2.10) S(� 1; : : : ; � n ) = f
nX

i =1

si � i j s1; : : : ; sn � 0g;

the � i -s being theweights of representationof T on V [GS3, Proposition 32.1].

When H 1(M ; R) = 0, (in particular, when the manifold M is simply con-

nected), for any action of a torus T �= (S1)r on M there is a moment map

that satis�es (2.7). This is not true if H 1(M ; R) 6= 0. For example, let M
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be the 2-torus R2=Z2, with coordinates (x; y) accordingly, and symplectic form

dx ^ dy. The 1-torus R=Z acts on M by translations of the �rst coordinate;

the generating vector �eld is @=@x. Then, although in a neighbourhood of

(x0; y0) 2 R2=Z2, the map y + constant satis�es (2.7), there is no global func-

tion f : R2=Z2 ! R with df = dy. On the other hand, if a compact connected

symplectic M admits a Hamiltonian action whose �xed points are isolated, then

M is simply connected. This follows from Morse theory, as we will see in the

next subsubsection.

Adding a constant to the moment map � yields a new moment map, de�ned

by the same equation (2.7), whose image di�ers from �(M ) by a translation.

Reparameterizing the torus action by composing it with an automorphism of

the torus results in transforming �( M ) by an element of GL(n; Z), where a

map in GL(n; Z) is given by an n � n matrix with entries in Z and det � 1. We

denote by AGL(n; Z) the a�ne transformations of Rn of the form x 7! Ax + b

where A is in GL(n; Z) and b is in Rn .

For any Lie subgroup H of T, a moment map of the induced action ofH is

obtained by the composition of � and the projection i� , where

i : H ,! T

is the inclusion map. (We denote the inclusionH ,! T and the map h ,! t it

induces on the Lie algebras by the same letteri; by i� we mean the dual of the

latter inclusion.)

The orbits of a Hamiltonian torus action are isotropic (see [Au2, Proposition

III.2.12]). Hence the dimension ofT such that there is an e�ective Hamiltonian
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action of T on (M; ! ) is at most 1
2 dim M . An e�ective Hamiltonian action of a

( 1
2 dim M )-dimensional torus is called toric ; the triple ( M; !; �) is then called

a symplectic toric manifold.

2.3.2. The convexity theorem and Morse-Bott theory.Let (M; !; T; �) be a

Hamiltonian T-space, whereT is a torus. Using Morse-Bott theory, the man-

ifold M and the moment map � : M ! t� can be characterized by the local

description of �. The local behavior of a moment map is understood by the

equivariant version of the Darboux-Weinstein theorem (seeSubsection 2.1). Let

x0 be a �xed point of the action of T and let p = �( x0). By de�nition of the

moment map,

d� i x0 = � � (� i )! x0
= 0

for all i , sox0 is a critical point of �. Near the T-�xed point there is a Darboux

chart that intertwines the action of T on (M; ! ) and a linear action of T on

(Tx0 M; ! x0 ) (identi�ed with ( R2n ; ! 0)). The linear action on Tx0 M de�nes a

moment map, described in Example 2.5. This map equals the push forward of

the given moment map � under the Darboux chart, up to a transla tion. Thus,

there exists a neighbourhoodU of x0 and a neighbourhoodU0 of p in t� such

that

�( U) = U0\ (p + f
nX

i =1

si � i ; si � 0g);

where � i ; : : : ; � n are the weights associated with the linear representation of T

on the tangent space ofM at x0. This is the local convexity theorem [GS3,

Theorem 32.2]. When the acting torus is of half the dimensionof the manifold,

the weights are independent (as vectors inRn ), so the T-�xed point is isolated.
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A more general version, [GS3, Theorem 32.3], of the local convexity theorem

says the following. Let T1 be the stabilizer group of x 2 M , the inclusion

of T1 in T dualizes to give a linear mapping, � : t� ! t1
� . Let � 1; : : : ; � n

be the weights of the representation ofT1 on the tangent space ofx 2 M .

Let S(� 1; : : : ; � n ) be the convex region (as de�ned in (2.10)) in t1
� and let

S0(� 1; : : : ; � n ) = � � 1S(� 1; : : : ; � n ) in t� . Then there exists a neighbourhoodU

of x in M and a neighbourhoodU0 of p = �( x) in t� such that

(2.11) �( U) = U0\ (p + S0(� 1; : : : ; � n )) :

A similar local argument yields that for � 2 t, the component � � = h� ; � i is

a Morse-Bott function, and the indices and dimensions of itscritical manifolds

are all even [GS3, Theorem 32.6]. AnyT-�xed point is also a critical point of

� � ; for almost all � 2 t, these are all the critical points of � � . Thus, when the

T-�xed points are isolated, in particular, when dim T = 1
2 dim M , for almost all

� 2 t the function � � is a Morse function.

Recall that a smooth function f from a compact connectedn-dimensional

manifold X to R is Morse-Bott if each connected component of its critical set

Cf is a submanifold of X and if, in addition, at each critical point x 2 Cf ,

the Hessian,d2f x of f is nondegenerate in directions normal toCf at x. If Cf

consists of isolated points thenf is called aMorse function. For a Morse-Bott

function f , the index of d2f x is constant along a connected componentC of

Cf , and its value is called the index of the critical submanifold C. By the

Lemma of Morse, near a critical point p of a Morse function f there is a local

coordinate systemy1; : : : ; yn in a neighbourhoodU of p with yi (p) = 0 for all
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i , such that the identity f = f (p) � (y1)2 � : : : � (y� )
2

+ ( y� +1 )
2

+ : : : + ( yn )2

holds throughout U, where � is the index of f at p [Mi].

Morse-Bott theory asserts that the manifold X decomposes into disjointWi 's,

where eachWi is a cell bundle over a componentCi (of Cf ), with �ber dimension

equal to the index of Ci .

Wi = f x 2 X j 	 t (x) ! Ci as t ! + 1g ;

where  t is the 
ow generated by the gradient vector �eld of f , with respect

to some Riemannian metric onX [Bo]. If f is Morse, then eachWi is actually

a cell, so the compactX is homotopic to a �nite CW-complex, with a cell of

dimension � for each critical point of index � [Mi].

Suppose that f is Morse-Bott and for all the critical manifolds Ci the di-

mension and index of Ci are even. On the critical manifolds C1; : : : ; Ck of

index zero, f = constant = ai on Ci , and a1; : : : ; ak are the local maxima of

f . For each of the cell bundlesWj over the remaining critical manifolds, Wj is

of codim � 2, thus it cannot disconnect X . So the complement of theseWj 's

in X is connected, hencek = 1. Thus f has a unique local maximum [GS3,

Corollary 32.1]. As a corollary, any function � � has a unique local maximum

[GS3, Lemma 32.1]. (If f is Morse and the indices of all its critical points are

even, then a closed curve through a point ofW1 can be perturbed so that it

intersects the Wi 's, i > 1, transversally, but since for i > 1 codimWi � 2, this

means that this intersection is empty. Thus C lies in W1 and can be contracted

to x0. Hence� 1(X : x0) = 0 [GS3, Corollary 32.2].)
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The local convexity theorem and the uniqueness of a local maximum for any

function � � are the key ingredients of the proof of the convexity theorem, that

asserts that the image of the moment map � : M ! t� is a convex polytope

[GS3, Theorem 32.4], [GS1], and [At]. Also, the moment map � is open as a

map from M to �( M ), and the moment map preimage of a connected set is

connected (see [Kn]).

2.3.3. Delzant's theorem. For a symplectic toric manifold (M; !; �), the mo-

ment map image is a Delzant polytope. A Polytope � � Rn is a Delzant

polytope if for each vertex p of �, there are n edges meeting inp; each edge

is of the form p + tv i , 0 � t � 1 , where vi 2 (Zn ); and the v1; : : : ; vn can be

chosen to be a basis for (Zn ).

By Delzant's Theorem [De, Gu, LT, dS], the triple ( M; !; �) is determined

by its moment map image uniquely, up to an equivariant symplectomorphism

preserving �. Conversely, given a Delzant polytope � in Rn , Delzant constructs

a corresponding symplectic toric manifoldM � whose moment map image is �.

This manifold is a symplectic quotient of CN , where N is the number of facets

of �, with respect to a subgroup K of (S1)N ; the toric T-action is through an

isomorphism of T with the quotient ( S1)N =K . The polytope � is realized as

the intersection of the positive orthant RN
+ with an n-dimensional a�ne space.

Example 2.6. We go along the course of the Delzant construction associating

to an interval [0; a] � R a symplectic toric manifold M � . By this we follow the

Exercise in [dS, Section 28.3]. Let � = [0 ; a]; then

� = f x 2 R j hx; � 1i � 0; hx; 1i � ag;
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where� 1 and 1 are the primitive outward-pointing normal vectors to the facets

of �. Let

� : R2 ! R

be the projection sending (1; 0) 7! � 1; (0; 1) 7! 1. The map � maps Z2 onto Z,

thus it induces a surjective map

� : R2=Z2 ! R=Z:

The kernel of � is the diagonal subgroup

D = f (eit ; eit )g

of T = S1 � S1. Denote by i the inclusion of D in T; it induces a mapi : d ! R2

of the Lie algebras with dual i� : R2 ! d� ;

i� (x1; x2) = x1 + x2:

Equip C2 with the standard symplectic form ! 0 and the standard S1 � S1

Hamiltonian action (as in Example 2.5) with moment map

� (z1; z2) =
1
2

(jz1j2; jz2j2) �
1
2

(0; a):

Then D acts on C2 in a Hamiltonian way by

(eit ; eit ) � (z1; z2) = ( eit z1; eit z2);

with moment map

i� � � : C2 ! n� ;

(i� � � )(z1; z2) =
1
2

(jz1j2 + jz2j2) �
1
2

a:
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The manifold M � is the symplectic quotient of the zero-level set

(i� � � )� 1(0) = f (z1; z2) 2 C2 : jz1j2 + jz2j2 = ag

with respect to D , i.e.,

M � = CP1 �= S2:

The toric S1 action is through an isomorphism ofS1 with S1 � S1=D; it is the

action by rotations described in Example 2.4. Since a Delzant polytope in R

must be a translation of an interval [0; a] (a 2 R), Delzant's theorem implies

that a symplectic toric 2-manifold is equivariantly symplectomorphic to CP1, of

symplectic area 2�a , with the S1 action by rotation. (Di�erent lengths of the

interval correspond to di�erent normalizations of the symplectic form on CP1.)

Since an invariant K•ahler structure descends to symplectic reduced spaces

[GS2], the toric manifold M � is K•ahler. (For details, see [GGK, Chapter 5].)

Consequently, for any toric action on a compact symplectic manifold (M; ! )

there exists an invariant ! -compatible complex structure. A symplectic toric

manifold (M; !; �) with an invariant K•ahler structure has a structure of an

algebraic toric variety with the fan � equal to the fan de�ned by the polytope

� = �( M ) [LT, Lemma 9.2]. (Notice that the same fan might be de�ned by non

AGL( n; Z)-equivalent Delzant polytopes; a toric variety admits a compatible

symplectic structure i� it can be embedded into CPn with the Fubini-Study

form; di�erent embeddings lead to di�erent moment-map poly topes.)

2.3.4. Symplectic toric four-dimensional manifolds. In dimension four, we are

familiar with the following symplectic toric manifolds.
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Example 2.7. CP2 with the Fubini-Study symplectic form ! F S and the standard

toric action

(a; b) : [w0; w1; w2] 7! [w0; aw1; bw2]:

The moment map image is the triangle

(2.12) f (x1; x2) 2 R2 j x1 � 0 ; x2 � 0 ; x1 + x2 � � g;

where � = 1
2�

R
CP1 ! F S , as in the left side of Figure 1. (To see that, identify

neighborhoods of [1 : 0 : 0]; [0 : 1 : 0]; [0 : 0 : 1] in CP2 with the neighborhood

of 0 in C2.)

We call the triangle of vertices (0; 0); (0; � ); (�; 0) a standard � -triangle. It

is easy to see that any Delzant polygon of 3 edges is a triangleAGL(2 ; Z)-

equivalent to a standard � -triangle, for some � .

Example 2.8. Hirzebruch surfaces: to each integern there corresponds the

Hirzebruch surface

f ([z0; z1; z2]; [w1; w2]) 2 CP2 � CP j z1wn
2 = z2wn

1 g

with the toric action

(a; b) : ([z0; z1; z2]; [w1; w2]) 7! ([az0; z1; bn z2]; [w1; bw2])

with symplectic forms induced by multiples of the Fubini-Study forms on CP2

and on CP1. The corresponding polygons are as in Figure 1 on the right.

A Hirzebruch surface is aCP1 bundle over CP1. The moment map preimages

of the top and bottom edges are the \north pole section" and the \south pole

section"; the moment map preimages of the side edges are �bers.
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Figure 1. Delzant polygons ofCP2 and of a Hirzebruch surface

A trapezoid as in Figure 1 is called astandard Hirzebruch trapezoid. It is

determined by parameters (a; b; d) wherea is the average of the lengths of its top

and bottom edges,b is its height, and d is a non-negative integer such that the

right edge has slope� 1
d (or is vertical if d = 0), (and the left edge is vertical);

we denote it by Hirza;b;d. Hirzebruch trapezoids are the images of standard

Hirzebruch trapezoids under AGL(2; Z)-transformations. Any Delzant polygon

with 4 edges is a Hirzebruch trapezoid [Ka2, Lemma 2].

The rational length or size of an edge of a Delzant polygon is measured after

translating the edge, along a vector normal to it, to a line through points in Z2,

and calibrating such line such that the distance between adjacent Z2-points is

1.

From CP2 and Hirzebruch surfaces we get other symplectic toric manifolds

by performing equivariant blow upsat T-�xed points. Let a torus T �= (S1)n

act on a 2n-dimensional symplectic manifold (M; ! ). Near every T-�xed point

there exists a Darboux chart that is equivariant with respect to the T action

on M and a linear action of the torus onCn . By that and the fact that a linear

action of (S1)n descends to the standard blow up ofCn , we get aT action on a



34

Figure 2. Blowing up C2

symplectic blow up of the manifold. If the action of T on (M; ! ) is Hamiltonian,

so is the yielded action on the blown up manifold.

The moment map image of the standard symplectic blow up ofC2 of size� is

obtained from the moment map imageR2
+ of C2 by cutting out a triangle whose

sides have size� . See Figure 2. In a symplectic toric 4-manifold, the moment

map sends aT-�xed point x0 to a vertex of the moment map polytope � (see

Claim 3.2), and a neighbourhood ofx0 to a neighbourhood of the vertex in �.

(As follows from the equivariant version of the Darboux-Weinstein theorem.)

So an equivariant blow up of size� of a symplectic toric 4-manifold translates

to cutting out a corner of size � from its moment map image. This can be

done if and only if the sizes of the two edges that meet at the corner are each

strictly greater than � . (Otherwise there is no equivariant Darboux chart that

is centered at the corresponding �xed point and that contains a closed ball of

size � .)

Corollary 2.9. If k � 4, it is impossible to perform k equivariant symplectic

blow ups ofCP2 by equal sizes.
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� 3

� 2

� 1

Figure 3. Di�erent equivariant blow ups of CP2 may yield the

same symplectic toric manifold

Example 2.10. The polygon in Figure 3 can be obtained either from a triangle

of size � by cutting out corners of sizes � 1; � 2; � 3 or from a triangle of size

2� � � 1 � � 2 � � 3 by cutting out corners of sizes� � � 2 � � 3; � � � 1 � � 3; � � � 1 � � 2:

Thus the manifolds obtained by the corresponding equivariant symplectic

blow ups ofCP2 are symplectomorphic (as also follows from the Cramona trans-

formations).

We also have a notion of an equivariant symplectic blow down.Let a torus

T act on a 2n-dimensional symplectic manifold (M; ! ). Let C � M be an em-

bedded smoothT-invariant symplectic 2-sphere, whose homology class satis�es

[C] � [C] = � 1. By the equivariant version of the Darboux-Weinstein theorem, a

neighbourhood ofC is equivariantly symplectomorphic to a neighbourhood of

the exceptional divisor in a standard blow up ofCn . We can then equivariantly

blow down M along C. This yields a symplectic manifold with a T action whose

equivariant blow up is (M; ! ) with the original action of T.

From an analysis of the Delzant polygons we see that every Delzant polygon

is obtained by a �nite sequence of \corner cuts" from a triangle or a Hirzebruch
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trapezoid, that correspond to a �nite sequence of equivariant blow ups from ei-

ther CP2 or a Hirzebruch surface (see [Ful, Section 2.5] and [O]). Consequently,

a four-dimensional symplectic toric manifold can be equivariantly blown down

to either CP2 or a Hirzebruch surface.

3. Reading geometric data from the moment map polygon

There are relations between geometric data of (M; !; �) and combinatorial

data of the corresponding moment map polygon �.

Notation:

Here, (M; !; �) is a 4-dimensional symplectic manifold ( M; ! ) with an e�ec-

tive Hamiltonian action of T �= (S1)2 and a moment map � : M ! t� �= R2:

The image �( M ) is a Delzant polygon in R2 denoted by �. Write E(�) for

the set of edges of �.

By Delzant's construction, there is a T-invariant complex structure that is

compatible with ! . Let J M
T be such a structure.

One road that we will take to reach a connection between (M; !; �) and � is

the local and global properties of a moment map associated with a Hamiltonian

action of a torus T (see Subsection 2.3). Recall that such a map is connected

and open as a map to its image �, i.e., the inverse image of a connected set is

connected, and the image of an open set is open in �. A pointx0 2 M is �xed

for the action of T if and only if

(3.1) d� i x0 = � � (� i )! x0
= 0 for all i:

In particular, a T-�xed point is a critical point of �; if T = S1 the map � is a

function M ! R, sox0 satis�es (3.1) i� x0 is a critical point of �. The behavior
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of the moment map near aT-�xed point is described by the equivariant version

of the Darboux-Weinstein theorem. When dimT = 1
2 dim M , this theorem

implies that the T-�xed points are isolated.

We will make an extensive use of the following.

Remark 3.1. Every projection R2 ! R in a rational direction is dual to an

embedding

i : S1 ,! T:

The composition

	 = i� � �

is a moment map that is associated with the Hamiltonian action on (M; ! ) by

the embeddedS1. This is the � th component � � of �, for a rational � (the

projection i� is in the � th direction). Thus 	 is a Morse-Bott function, and the

indices and dimensions of its critical manifolds are all even. (See Subsection

2.3.) By de�nition, any point that is �xed by the action of T is also �xed by

S1, hence a critical point of 	. When the projection is in a ratio nal direction

along which there is no edge of �, these are all the critical points of 	. (In a

critical point x0 of 	, ( di� � d�) x0 = 0; i.e., Im d� x0 � ker di� �( x0) .) Since the

T-�xed points are isolated, such a 	 is a Morse function.

3.1. The inverse image of a vertex and an edge.

Claim 3.2. The inverse image of a vertex of� is a �xed point for the action

of T, and the image of aT-�xed point is a vertex.
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To see Claim 3.2, notice that for a vertex p of �, there is an S1-moment

map 	 that is obtained by composing � with a projection i� in a rational

direction along which there is no edge of �, with i� p as the maximal value.

Then, � � 1p = 	 � 1(i� p) is a connected component of the set of critical points of

	. Since the critical points of 	 are the T-�xed points, and are isolated, � � 1p

is a T-�xed point. On the other hand, applying the local convexity theorem

when dimT = 1
2 dim M , we see that the image of aT-�xed point is a vertex of

the moment map polygon �.

The inverse image under � of an edgeA of � is the level set of the minimum

of a circle-moment map obtained by composing � with the projection i� along

the direction of A (i.e., i� sends A to a point). Hence � � 1A is a compact

connected symplectic submanifold ofM . Since � is T-invariant, so is � � 1A.

The stabilizer of � � 1A contains anS1 embedded intoT (by i), it is of dimension

one (since projections in other directions do not send the edge A to a point),

and is connected (it is enough that the stabilizer is connected for points near the

inverse image of a vertex, which follows from the local description of the action

of T �= S1 � S1 near aT-�xed point of M ); hence the stabilizer is the embedded

S1. Splitting T as S1 � S1 accordingly yields a nontrivial Hamiltonian action

of S1 on the compact connected symplectic submanifold �� 1A (restricted from

the T-action). In particular, dim R(� � 1A) = 2 (it is even, < 4, and > 0). By

Delzant's theorem, it must be then a 2-sphere of symplectic area 2� times the

rational length of A. (See Example 2.6.) We thus have proven
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Claim 3.3. The inverse image under� of an edgeA of � is a T-invariant

embedded symplectic2-sphere, that admits a nontrivial Hamiltonian circle ac-

tion restricted from the toric action on (M; ! ). The rational length of A equals

the symplectic area of� � 1A divided by2� .

Claim 3.4. The inverse image under� of an edgeA of � is an embedded

irreducible J M
T -sphere.

Proof. First, we claim that for the embedded sphere

Y = � � 1A � M;

the tangent space satis�es

(3.2) T Y = J M
T T Y:

To see that, recall that Y is a connected component of the �xed points set

for an action of S1 � T (restricted from the action of T) on M . This action,

consisting of symplectomorphismsf � bgb2 S1 , is linearized to a linear action of

S1 on T M , consisting of f d� bgb2 S1 . Let p 2 Y . We claim that for v 2 TpM ,

the vector

(3.3) v 2 TpY if and only if d� bpv = v for all b 2 S1:

This follows from the local normal form of a compact Lie group action on a

manifold: There is a di�eomorphism between a neighbourhoodof a �xed point

in the manifold and a neighbourhood of the origin in the tangent space to the

manifold at the �xed point that intertwines the action of S1 on the manifold and

the linearized action of S1 on the tangent space. (For a linear action,� b = d� b,
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which yields (3.3).) Since each of the mapsf � bgb2 S1 is J M
T -holomorphic, for

eachw 2 T Y the vector J M
T w satis�es

d� b(J M
T w) = J M

T (d� bw) = J M
T w

for all b 2 S1. Hence (3.2).

As an almost complex manifold of real dimension 2, (Y; JM
T jT Y ) is a complex

manifold. SinceY is also an embedded sphere inM , it is an embedded holomor-

phic sphere in the complex manifold (M; J M
T ). In particular, (� � 1A)smooth =

� � 1A is connected, hence �� 1A is irreducible as a subvariety. �

A neighbourhood of the embedded symplectic sphereY = � � 1A � M is

symplectomorphic to a neighbourhood of the 0-section in thesymplectic normal

bundle NY , de�ned as (T Y)? , where ? denotes the orthgonality in T M with

respect to ! . The bundle � : NY ! Y is both a symplectic vector bundle and

a complex line bundle overY �= CP1. Since Y is T-invariant, the action of

T induces a toric action on the bundleNY (by di�erentiation). Recall that T

splits as S1 � S1 where the �rst coordinate stabilizes Y and the action of T is

restricted to an action of the second coordinate. Hence, theweights of the toric

action at a T-�xed point in Y �= CP1 are vectors inZ2: (�; � ) at the north pole

n, and (� �; 
 ) at the south pole s, such that � � 
 = k� for somek 2 Z.

Notice that by the description of � near a T-�xed point, the weights of the

toric action at a T-�xed point in Y = � � 1A, (i.e., at the preimage of a vertex

of the edgeA), are the primitive vectors along the directions of the edges that

meet in that vertex.



41

The symplectic normal bundle over Y is obtained by two trivializations

� n : � � 1(Y n f ng) ! (Y n f ng) � C;

and

� s : � � 1(Y n f sg) ! (Y n f sg) � C:

We can assume that� n is equivariant with respect to the circle action on NY

induced by the toric action on M , and the diagonal circle action on (Y nf ng)� C,

that is the S1 action induced by the toric action on the �rst coordinate, an d

the weight of the induced S1 action on the normal bundle at s on the second

coordinate. (The same for� s.) The transition map

f = � s � � n
� 1j� n (� � 1 (Y nf n;sg))

is then homotopic to the map of the equator timesC that sends

(x; y) 7! (x � 1; xky):

Thus the self intersection number ofY (with respect to the orientation deter-

mined by ! ) is k.

Thus

Claim 3.5. Let A be an edge of� . The self intersection number of� � 1A is the

rate of growth of the distance between two dots starting fromthe two vertices of

A and going along the adjacent edges toA in � in velocity 1, where distances

are measured in rational length.

For example,
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� the self intersection number of the inverse image of any edgeof a Delzant

triangle is 1;

� if ~� is a polygon obtained from � by cutting a corner (in correspo ndence

to equivariantly blowing up ( M; !; �) to get ( ~M; ~!; ~�)), the inverse

image under ~� in ~M of the edge created at the cut is of self intersection

� 1.

For two edgesA; B of �, the intersection number of � � 1A and � � 1B is 1 if

A and B are adjacent (as follows from the description of � near the common

vertex), and 0 if not.

3.2. Fans and the complex blow up. Recall that a symplectic toric manifold

(M; !; �) with an invariant ! -compatible complex structureJ M
T has a structure

of an algebraic toric variety with the fan � equal to the fan de �ned by the

polytope � = �( M ). When dim M = 4, the 2-dimensional fan � is generated

by the primitive vectors of Z2 emerging from the origin in normal outward-

pointing directions to the edges of �. The inverse image under � of an edge

of � is a T-invariant embedded J M
T -holomorphic sphere that corresponds to a

facet of the fan �.

Now, suppose that ( ~M; ~!; ~� ; J ~M
T ) is obtained by an equivariant blow-up at

a T-�xed point of a 4-dimensional (M; !; � ; J M
T ). The corresponding moment-

map polygon ~� = ~�( ~M ) results by cutting a corner from �. The polygon

~� de�nes a fan ~�, which we get from � by inserting the sum of two adjacent

vectors: the outward normals to the edges of � that touch the c ut corner. By

de�nition, ~� is the fan obtained by blowing up � as a fan; this corresponds to
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blowing up (M; J M
T ; T) as a toric variety; see [Ful]. So, there is an equivariant

complex blow up map

� : ( ~M; J
~M

T ; T) ! (M; J M
T ; T):

For an edgeF of � there is an edge ~F in the same direction in ~�, such that

� ( ~� � 1 ~F ) = � � 1F . We say that ~F sits aboveF . If F does not touch the point

of the blow up-cut, then � � 1(� � 1F ) = ~� � 1 ~F . If F does touch the site of the

blow up-cut, then � � 1(� � 1F ) = ~� � 1( ~F [ E), where E is the edge created at

the blow up-cut.

Notation: Let ( ~M (S;s) ; ~! (S;s) ; ~� (S;s)) denote a 4-dimensional symplectic toric

manifold with moment-map polygon ~� (S;s) , obtained by a sequenceS of s equi-

variant blow ups, starting from ( M; !; �) with moment map image �. Denote

by ~� (S;i ) the Delzant polytope obtained from � by the �rst i equivariant blow

ups in the sequenceS.

For an edgeF of �, we de�ne A (S;i )
F for 0 � i � s by induction. A (S;0)

F = f F g.

For i � 1, the set A (S;i )
F is the set of edges of~� (S;i ) such that A 2 A (S;i )

F i�

either A sits above an edge ofA (S;i � 1)
F or A is the edge that is created at the

i th blow up-cut and there is an edge ofA (S;i � 1)
F that touches the corner of the

i th blow up-cut.

By induction we get the following.

Corollary 3.6. Consider ( ~M (S;s) ; ~! (S;s) ; ~� (S;s)) and ~� (S;s) , de�ned as above.

There are equivariant complex blow up maps

� i : ( ~M (S;i ) ; J
~M ( S;i )

T ; T) ! ( ~M (S;i � 1) ; J
~M ( S;i � 1)

T ; T);
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for 1 � i � s.

For an edgeF of � ,

(� s � : : : � � 1)� 1(� � 1F ) =
[

A j 2 A ( S;s )
F

[ aj
i =1

~� � 1
(S;s)A j :

The coe�cient (=number of occurrences) of the preimage of the edge that sits

aboveF is 1; the coe�cient of the preimage of the edge created at the lastblow

up-cut is 1 if it is in A (S;s)
F (and 0 if not); the coe�cient aj of the preimage of

the edge that sits above the edge created at thej th blow up-cut (1 � j � s � 1)

is � f (j ), where f (j ) is the j th element in the Fibonacci series.

There are at most s + 1 edges in A (S;s)
F , and the union of these edges is

connected. The rational length ofF is bounded above by2s times the sum of

rational lengths of the edges inA (S;s)
F . If F and G are non adjacent edges in�

then A (S;s)
F and A (S;s)

G are disjoint.

We say that F is given (with multiplicities) by the series of edges that are in

A (S;s)
F .

From an analysis of the 2-fans de�ned by Delzant polygons, weget that

every Delzant polygon is obtained by corner cuts from eithera Delzant triangle

or a Hirzebruch trapezoid (see [Ful, Sec. 2.5] and [O]). In correspondence, by

Delzant's uniqueness, every 4-dimensional symplectic toric manifold is obtained

by equivariant blow ups from either CP2 or a Hirzebruch surface. In particular,

the number n of edges of a Delzant polygon is� 3. We apply these facts to

give proofs by induction in Claim 3.7 and Lemma 3.8 (in the next subsection).

Claim 3.7. Let (M; !; �) be a 4-dimensional symplectic toric manifold, with

moment-map polygon� of n edges. Letv1; : : : ; vn be the primitive Z2-vectors
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that are outward normal to the edgesA1; : : : ; An of � , successive in clockwise

order, respectively. We declarev0 to be vn and vn+1 to be v1. Denote

si = the self intersection number� � 1A i � � � 1A i :

Then

�

� si vi = vi � 1 + vi +1 ;

�

(3.4) si = det

0

B
B
@

vi � 1

vi +1

1

C
C
A :

We will give a straightforward proof, independent of Claim 3.5.

Proof. � Since � is a Delzant polygon, each of (vi � 1; vi ) and (vi ; vi +1 ) is

a basis forZ2. Thus vi +1 = � vi � 1 + ai vi , i.e.,

(3.5) ai vi = vi � 1 + vi +1 ;

for some integersai .

We show that

(3.6) ai = � si

by induction on n, the number of edges of �.

For n = 3 ; 4, it is enough to check the claim for a standard Delzant

triangle and standard Hirzebruch trapezoids. (This is since acting by an

element of AGL(2; Z) on � preserves both ai and the self intersection

number si .)
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When � is a standard Delzant triangle, the primitive outward normal

Z2-vectors are, in clockwise order, (0; � 1); (� 1; 0); (1; 1). So a1 = a2 =

a3 = � 1 = � s1 = � s2 = � s3.

When � is a standard Hirzebruch trapezoid of slope � 1
d , the vectors

are (0; � 1); (� 1; 0); (0; 1); (d;1), so a2 = a4 = 0 = � s2 = � s4 (recall

� � 1A2 and � � 1A4 are �bers of the CP1 bundle over CP1 in Example

2.8), and a1 = � d = � s1; a3 = d = � s3 (recall � � 1A1 is the south

pole section and � � 1A3 is the north pole section of the bundle in that

Example).

For the induction step it is enough to show that if the claim is true for

the normal vectors generating the fan � de�ned by � (of n edges), it is

also true for the vectors generating the fan~� de�ned by ~�, where ~� is

obtained by cutting a corner from �, in correspondence to an equivari-

ant blow up of M at a T-�xed point. The fan ~� is obtained from � by

inserting v0 = vk + vk+1 betweenvk and vk+1 (for some 1� k � n). This

changes the sequence of integersa1; : : : ; an by adding 1 to ak and to ak+1

and inserting a 1 between them. While the corresponding equivariant

blow up of M at a T-�xed point whose image is the vertex between the

edgesAk and Ak+1 changes the sequences1; : : : ; sn by adding � 1 to sk

and to sk+1 and inserting a � 1 between them.
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� This follows from the lest assertion: substituting (3.6) and (3.5) in the

right hand side of (3.4) yields

det

0

B
B
@

vi � 1

� si vi � vi � 1

1

C
C
A

which equals

� si det

0

B
B
@

vi � 1

vi

1

C
C
A :

Since (vi � 1; vi ) is a basis to Z2 and is ordered in clockwise direction,

this equals si .

�

3.3. H2(M ; Z) and J M
T -curves are spanned by the edges. The following

follows from well known facts on algebraic toric varieties [Ful], and is proven

here (in a di�erent way) for 4-dimensional symplectic toric manifolds.

Lemma 3.8. Let (M; !; �) be a4-dimensional symplectic toric manifold, with

moment-map polygon� of n edges, and T-invariant complex structureJ M
T that

is compatible with ! . Then

� there are n� 2 edges of� whose union is connected, such that the classes

of their inverse images under� form a basis to H2(M ; Z). Moreover,

for any n � 2 edges of� whose union is connected, the classes of their

preimages form a basis toH2(M ; Z);
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� any J M
T -holomorphic curve is homologous inH2(M ; Z) to a linear com-

bination with coe�cients in N of inverse images under� of edges of

� ;

� for any set S of n � 2 edges whose union is connected, any irreducible

J M
T -holomorphic curve C that is not the preimage of an edge of� is

homologous to a linear combination with coe�cients in N of preimages

of edges of� whose union is connected and that are contained inS; if

the intersection of C with each of the two edges of� that are not in S

is positive, then all then � 2 edges ofS appear with positive coe�cients

in this linear combination.

In our notation, N does not include 0.

Proof. � We show the claim by induction on n.

For n = 3, the manifold ( M; !; �) is CP2 with the standard toric

action. Thus the inverse image of any edge of � is CP1 embedded in

CP2, and its class spansH2(M ; Z).

For n = 4, the manifold is a Hirzebruch surface, thus dimH2(M ; Z) =

2. The moment map image is then (AGL(2; Z)-equivalent to) a standard

trapezoid of north edgeN , south edgeS, and side edgesF . It is enough

to show that there are no integersa; b not all zero such that the class

a[� � 1S] + b[� � 1F ] = 0, neither there are integers c; d not all zero such

that the class c[� � 1N ] + d[� � 1F ] = 0. Indeed, by the above,

� � 1S � � � 1F = 1 ; � � 1N � � � 1F = 1 ; � � 1F � � � 1F = 0 :
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So,

0 = ( a[� � 1S] + b[� � 1F ]) � [� � 1F ] = a

and hence

0 = ( a[� � 1S] + b[� � 1F ]) � [� � 1S] = b[� � 1F ] � [� � 1S] = b;

and similarly for N; F .

For the induction step, suppose that ( ~M; ~!; ~�) is obtained by an equi-

variant symplectic blow up at a T-�xed point of a 4-dimension al sym-

plectic toric manifold ( M; !; �), and J ~M
T is an invariant ! -compatible

complex structure on it. We recall the equivariant complex blow up

map � : ( ~M; J ~M
T ; T) ! (M; J M

T ; T).

By induction, there is a basis of H2(M ; Z) that consists of classes

of �-preimages of n � 2 edges of � whose union is connected. Denote

these n � 2 edges of � by B � . For any cycle C representing a class in

H2( ~M ; Z), the class

[�C ] =
X

A i 2 B �

ai [� � 1A i ] = [ � (
X

A i 2 B �

ai ~� � 1 ~A i )];

where ai 2 Z, and ~A i is the edge of ~� = ~�( ~M ) that sits above A i (i.e.,

� ( ~� � 1 ~A i ) = � � 1A i ).

Hence

[C] = nE [~� � 1E] +
X

A i 2 B �

ai [~� � 1 ~A i ];

whereE is the edge created in the blow up-cut, i.e.,~� � 1E is the excep-

tional divisor obtained by the equivariant blow up.
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If B � consists of an edge that touches the point of the blow up-cut,

set

B ~� =
[

A i 2 B �

~A i [ E:

If B � consists of the edges that do not touch the point of the blow up-

cut, then by the above argument, the ~�-preimage of an edge F adjacent

to E in ~� is homologous to a linear combination of inverse images of

edges in ~� that sit above the edges in B � plus an integer nE multiply

of ~� � 1E. Then 1 = ~� � 1F � ~� � 1E = � nE , hencenE 6= 0, and ~� � 1E is

spanned by~� � 1F and the ~�-preimages of the n � 2 edges that sit above

the edges inB � . Set

B ~� =
[

A i 2 B �

~A i [ F;

where F is an edge adjacent toE in ~�.

In both cases, we getB ~� that consists of n + 1 � 2 edges of~� whose

union is connected and the classes of their inverse images under ~� form

a basis toH2( ~M ; Z).

The same proof gives that for anyn � 2 edges of � whose union is

connected, their inverse images under � form a basis toH2(M ; Z).

� Let 	 be a circle-moment map obtained by composing � with proj ection

in a rational direction along which there is not any edge of �. (See

Remark 3.1.) Denote by vmin (vmax ) the vertex of minimal (maximal)

value of that projection.
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Let D1; : : : ; Dm be a chain of �-preimages of edges betweenvmin and

vmax . Then the south pole of D1 is a minimum for 	, the north pole

of D i � 1 is the south pole of D i for each 1 � i � m, and the north

pole of Dm is a maximum for 	; each D i is a 	-gradient sphere. Let

D 0
1; : : : ; D 0

m0 be the other chain of �-preimages of edges betweenvmin

and vmax . By Lemma 5.2 in [Ka1], the �rst and last spheres in the chain

D1; : : : ; Dm satisfy D1 � D1 = � (k2 � k0
1 )

k1
, Dm � Dm = � (km � 1 � k0

m 0)
km

, and

the others satisfyD i �D i = � (k i � 1+ k i +1 )
k i

, whereki (k0
i ) is the order of the

stabilizer for the circle action on the i th sphere in the chainD1; : : : ; Dm

(D 0
1; : : : ; D 0

m0). The same is true for the chainD 0
1; : : : ; D 0

m0. By Claim

3.4, eachD i , 1 � i � m, (D 0
j , 1 � j � m0) is an embedded irreducible

J M
T -sphere. The intersection number of di�erent D i 's is 1 if the spheres

intersect and 0 otherwise.

It is enough to prove the claim for irreducible J M
T -holomorphic curves.

Also, the claim is obvious for a �-preimage of an edge of �. So, we

assume that C is an irreducible J M
T -holomorphic curve that is not the

�-preimage of an edge of �. In particular, C 6= D i for 1 � i � m

(C 6= D 0
j for 1 � j � m0). By the �rst part of this claim, in H2(M ; Z)

(3.7) [C] =
mX

i =1

ai D i +
m0X

j =1

bj D 0
j ; with a1 = b1 = 0 :

We show by induction that

(3.8) for 1 � i < m (1 � i < m 0); ai +1 =ki +1 � ai =ki � 0:

This follows from the proof of Lemma C.6 in [Ka1]. In details: the

intersection number of any two irreducible J M
T -holomorphic curves that
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are not equal to each other is non-negative. Thus we get

(3.9) C � D i � 0 for all i; in each chain:

Setting i = 1 in (3.9) and substituting (3.7), we get 0 � C � D1 =

a2D2 � D1 + a1D1 � D1 + b1D 0
1 � D1 = a2 since a1 = b1 = 0. This gives

a2=k2 � a1=k1 = 0. Taking (3.9) with D i that is neither the �rst nor

the last in its chain, and substituting (3.7), we get

ai � 1D i � 1 � D i + ai D i � D i + ai +1 D i +1 � D i = ai � 1 �
ki � 1 + ki +1

ki
ai + ai +1 � 0;

so,

ai +1 � ki +1 ai =ki + ki � 1ai =ki � ai � 1:

Substituting the induction hypothesis ai =ki � ai � 1=ki � 1 � 0, and di-

viding by ki +1 gives ai +1 =ki +1 � ai =ki � 0.

Notice that (3.8) implies that

(3.10) a2 = C � D1 > 0 ) ai > 0 for all 2 � i � m;

and

(3.11) b2 = C � D 0
1 > 0 ) bj > 0 for all 2 � j � m0:

In general, a� > 0 ) ai > 0 for all � � i � m (b� > 0 ) bj > 0 for all

� � j � m0). Hence, an irreducibleC is homologous inH2(M ; Z) to a

linear combination with coe�cients in N of inverse images under � of,

at most n � 2, edges of � whose union is connected.
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� It is enough to observe that for any setS of n � 2 edges whose union is

connected, there is a circle moment map 	, obtained by composing �

with projection in a rational direction along which there is not any edge

of �, such that the vertex vmin is the vertex between the two edges of

� that are not in S. Then the previous proof gives the required.

�

Corollary 3.9. Let (M; !; �) be a symplectic toric 4-manifold with moment

map image� . The moment map preimages of the edges of the polygon� span

H2(M ; Z); the number of edges equalsdim H2(M ; Z) + 2 .

Remark 3.10. The fact that the number n of edges of � equals dimH2(M ; Z)+2

follows from the existence of a Morse function on the compactmanifold M such

that the indices of all its critical points are even, and the critical points are the

n �xed points of the toric action (that is, the preimages of the vertices of �).

Such a function is given by composing � with projection in a ra tional direction

along which there is not any edge of �. (See Remark 3.1.)

Then, By Morse theory, M is homotopic to a CW-complex with a cell of

dimension � for each critical point of index � (see Subsection 2.3). So the

dimension of H2k (M ; Z) is the number of critical points of index 2k. Recall

also that such a function attains a single maximum and a single minimum. The

index of the critical point of maximal value is 4; the index of the critical point

of minimal value is 0; and each of the othern � 2 critical points is of index 2.

Corollary 3.11. The moment map image of an irreducibleJ M
T -holomorphic

curve C of negative self intersection is an edge of� .



54

Proof. Otherwise, C 6= � � 1D i hence [C] � [� � 1D i ] � 0 for each edgeD i 2 E(�).

Therefore, since by Lemma 3.8, [C] =
P

D i 2E(�) ai [� � 1D i ] with non-negative

coe�cients ai , we get

[C] � [C] = [ C] �
X

D i 2E(�)

ai [� � 1D i ] =
X

D i 2E(�)

ai ([C] � [� � 1D i ]) � 0;

to get a contradiction.

�

Lemma 3.12. Let 	 be an S1-moment map obtained by composing� with

projection i� in a rational direction along which there is not any edge of� .

Let vmin and vmax be the vertices of� of minimal and maximal value of that

projection.

Let C be a J M
T -holomorphic sphere. If �( C) avoids a neighbourhood of the

vertex vmin , then pushing C along the gradient 
ow of 	 weakly converges to

the inverse image under� of a connected sequenceL C of edges of� ; none of

the edges in that series touchesvmin . The homology class[� � 1L C ] = [ C].

Proof. The S1-moment map

	 = i� � �

is associated with a Hamiltonian action on (M; ! ) of S1 embedded inT by

i : S1 ,! T:

Let � M be the vector �eld generating the action of S1.

Let � t be the 
ow generated by the gradient of the moment map 	. The 
o w

� t is a one-parameter subgroup of the complex torusC� ; it is generated by the

vector �eld J M
T � M . This 
ow is equivariant with respect to the action, i.e., fo r
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each t, the map � t : M ! M is equivariant to the action of T. Consequently,

it sends a set that is a �-preimage of a vertex or a �-preimage of an edge to

itself. Let f Ci = � i (C)g with discrete i ! 1 . Each Ci is a J M
T -holomorphic

sphere in the homology class [C]. By Gromov's compactness [Gr1], there is a

subsequencef C� g of it that weakly converges to a stableJ M
T -holomorphic map

C0 = f u� g� 2 T (T a �nite tree; u� J M
T -holomorphic spheres) in [C].

Let � (� ) be the lowest point of �( C) on the boundary of � from right (left)

to vmin , (when we think of i� as the height function). We argue that C0 is the

inverse image under � of the chain L C of edges of � that lie above the vertices

following � and � . We will derive that from the behavior of the gradient 
ow

� t .

In complex coordinates near a critical point of 	, a map � t sends (z; w) 7!

(e�t z; e�t w), where �; � are the weights of the action, and the critical point is

(0; 0). Recall that the critical points of 	 are the inverse image under � of the

vertices of �. Near the �-preimage of vmax , the weights are negative. Near

� � 1vmin , the weights are positive. Near the preimage of any other vertex, the

weights are of opposite signs to each other; thus (z; w) is pushed by the 
ow

towards or outwards the preimage (0; 0) of the vertex if and only if z = 0 or

w = 0, i.e., if it is in the preimage of one of the edges that touches the vertex.

Thus a point p is pushed by the 
ow � t along the gradient of 	 to8
>>>>>>>><

>>>>>>>>:

itself if p is the �-preimage of a vertex;

the preimage of the vertex above it if p is in the �-preimage of an edge;

the preimage ofvmax if p is in the preimage of an inner point of � :
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Let U be a neighhbourhood in � of the chain L C of edges that lie above

the vertices following � and � ; let W be a neighbourhood in � of the chain

of edgesAC that lie below the vertices preceding � and � , such that U and

W are disjoint. Then, since � � 1U [ � � 1W contains all the critical points

of 	, the in�mum of the norm of the 
ow � t outside � � 1U [ � � 1W is > 0,

where the norm is with respect to a Riemannian metric onM . This and our

above observation imply that the 
ow pushes away from � � 1W and into � � 1U.

Thus, for any neighbourhood U of L C , there is t big enough such that � t (C)

is contained in � � 1U. Since for any neighbourhoodV of � � 1L C there are

disjoint neighbourhoods U of L C and W of AC such that � � 1U � V , for any

neighbourhoodV of � � 1L C there is t big enough such that � t (C) is contained

in V .

The subsequencef C� = � � (C)g weakly converges to the stableJ M
T -holomorphic

map C0 = f u� g� 2 T . By [MS2, Theorem 5.2.2], if x � 2 C� (CP1) = � � (C) con-

verges to x 2 M then x 2 u� (CP1) for some componentu� of the stable

J M
T -holomorphic map C0. Thus C0 = � � 1L C .

�

Claim 3.13. Let (M; !; �) be a 4-dimensional symplectic toric manifold with

moment-map polygon� and T-invariant complex structure J M
T that is compat-

ible with ! .

Every stable J M
T -holomorphic map C is homologous inH2(M ; Z) to a lin-

ear combination with positive coe�cients of preimages of edges of � whose

union is connected. In particular, C is homologous to aT-invariant stable

J M
T -holomorphic map.
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Notice that by Lemma 3.8 the claim holds for irreducible J M
T -holomorphic

curves. We will use Lemma 3.12 to show it for a stable map.

Proof. By de�nition, C is a �nite tree of irreducible J M
T -holomorphic spheres

(called the components) with multiplicities in N. Let A be the set of components

of C that are �-preimages of edges of �.

Let 	 be a circle-moment map obtained by composing � with proj ection in

a rational direction along which there is not any edge of �. Le t vmin be the

vertex of � of minimal value of that projection. We think of th e projection i�

as the height function.

If for any component S� , that is not in A, the moment map image avoids

a neighbourhood ofvmin , then, by Lemma 3.12, each such component can be

pushed along the gradient of 	 to the inverse image under � of t he chainL S� of

edges of � that lies above the vertices following the lowest points of the image

of �( S� ) on the boundary of �, from right and left to vmin . Thus, since C is

a (connected) tree of components, The union of the edges thatare images of

the components inA and the sequences of edgesL S� obtained as above for the

other components is connected.

Otherwise, there is a componentD , which is not a �-preimage of an edge

of �, such that D intersects the inverse images of both the edges that touch

vmin . By that and positivity of intersections, the intersection number of D with

the inverse image of each of these edges is positive. Thus, byLemma 3.8, each

component S� of C is homologous to a linear combinationFS� of �-preimages

of n � 2 edges of � whose union is connected with non-negative coe�cients,

and [D ] can be represented by such a linear combination with coe�cients all
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positive. Combining such a representative ofD with representatives FS� of the

homology classes of the other components gives the claim.

�

3.4. Symplectic invariants. For (M; ! ) we denote by c1(M ) the �rst Chern

class of a complex bundle (T M; J ) ! M , for J 2 J � (M; ! ). Recall that for

! -tame J1; J2, these complex bundles are isomorphic hence have the samec1.

Claim 3.14. Let (M; !; �) be a 4-dimensional symplectic toric manifold with

moment-map polygon� . The homology class inH2(M ; Z) of the inverse image

of the boundary of� is the Poincare dual to c1(M ).

Proof. It is enough to check that for any element of the setf [� � 1B ]gB 2E(�)

generating H2(M ; Z) (by Lemma 3.8), the pairing of it with
P

A2E(�) [� � 1A]

equalsc1(� � 1B ). Indeed, since forA; B 2 E(�),

[� � 1B ] � [� � 1A] =

8
>>>>>>>><

>>>>>>>>:

[� � 1B ] � [� � 1B ] if A = B

1 if A is adjacent to B

0 otherwise

;

and for an embedded sphereS in M , c1(S) =
R

S c1(M ) = S � S + 2, we have

[� � 1B ] �
X

A2E(�)

[� � 1A] = [� � 1B ] � [� � 1B ] + 2 = c1(� � 1B ):

�

Corollary 3.15. The perimeter of the polygon� (measured in rational length)

is equal to the pairing of ! with the �rst Chern class c1(T M ), divided by 2� .
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Example 3.16. If M is CP2 of size 1 (i.e., normalized such thatCP1 � CP2

is of size 1) blown upk times by sizes� 1; : : : ; � k with the exceptional divisors

obtained by the blow ups in homology classesE1; : : : ; Ek and a CP1 sphere in

homology classL , then the Poincare dual to c1(M ) equals 3L �
P k

i =1 E i . If M

admits a toric action with moment map image �, then, by Coroll ary 3.15, the

perimeter of the polygon � equals 3 �
P k

i =1 � i .

To see that 3L �
P k

i =1 E i is the Poincare dual toc1(M ), it is enough to check

that when we pair it with L and with each E i we get the right answer. (Recall

that L; E 1; : : : ; Ek form a basis to H2(M ; Z).)

Indeed, we have

c1(L ) = 2 + L � L = 3 = (3 L �
kX

i =1

E i ) � L;

and for 1 � i � k,

c1(E i ) = 2 + E i � E i = 1 = (3 L �
kX

i =1

E i ) � E i :

Remark 3.17. The Euclidean area of � is equal to the Liouville volume
1

(2 � ) 2

R
M ! 2

2! .

This follows from the Duistermaat-Heckman theorem, see Remark 5.10 in [GGK].

Remark 3.18. The Euclidean area of a Delzant triangle of edge-size� is 1
2 � 2; its

rational perimeter is 3� . Thus a Delzant triangle is determined by each of its

Euclidean area and its rational perimeter. However, non AGL(2; Z)-equivalent

Hirzebruch trapezoids might have the same Euclidean area and perimeter. In

Section 6, we see Hirzebruch surfaces that are not isomorphic as symplectic

toric manifolds but are symplectomorphic, thus their associated trapezoids are

non equivalent but of the same area and perimeter.
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4. No toric action on (M k ; ! � ) for k > 3 and small �

Given a symplectic 4-dimensional manifold (M; ! ), does it admit a toric

action? We know that, if so, (M; ! ) must be symplectomorphic to a manifold

obtained by a sequence of equivariant symplectic blow ups ofCP2, or of a

Hirzebruch surface. (We saw this in Subsection 2.3, as a corollary of Delzant's

theorem and the classi�cation of Delzant polygons.) However, it may be di�cult

to determine whether a given (M; ! ) is symplectomorphic to such a manifold.

For instance, the symplectic manifold (M k ; ! � ) obtained from CP2 of size 1

by k � 4 blow ups of equal sizes� does not admit a toric action that is consistent

with the � -blow ups, i.e., the � -blow ups can not be performed equivariantly.

(See Corollary 2.9.) Does it admit any other toric action? A-priori, ( M k ; ! � )

might be symplectomorphic to a symplectic toric 4-manifold; for instance, to

an equivariant symplectic blow up of CP2 by di�erent sizes� 1 > : : : > � k . In

Section 6 we give an example of a toric action on a symplectic blow up of CP2

that is not consistent with the blow up.

We ask whether (M k ; ! � ) admits a toric action. Through this paper, we

assume that thek symplectic � -blow ups in (M k ; ! � ) are performed simultane-

ously from disjoint embedded balls. We show that (under thisassumption) the

answer is yes if k < 4 (for � such that (M k ; ! � ) exists), and no when k � 4,

given that � is small enough. See Corollary 4.1 and Corollary 4.11.

The \yes" part is easy: when k = 1 and � < 1 or k = 2 ; 3 and � < 1
2 , we

can simultaneously cut out by size� k di�erent corners of a Delzant triangle of

edge-size 1, hence it is possible to performk equivariant symplectic blow ups

of size � , starting from the standard CP2. The condition � < 1 for k = 1 and
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� < 1
2 for k = 2 ; 3 is a necessary condition for existence of the symplectic blow

up manifold (M k ; ! � ) [Gr1].

Two versions of the \no" part are given in Subsections 4.1 and4.2. The

stronger claim asserts that for 0< � � 1
3 and k � 4 the symplectic manifold

(M k ; ! � ) does not admit a toric action.

Notation:

For a vector

v = ( �; � 1; : : : ; � k );

we denote by

(M k ; ! v) = ( M k ; ! (�;� 1 ;:::;� k ))

a symplectic manifold that is obtained from CP2 of size � by k simultaneous

symplectic blow ups of sizes� 1; : : : ; � k , from disjoint embedded symplectic balls.

We assume that all the sizes�; � 1; : : : ; � k are positive.

We denote by E1; : : : ; Ek the homology classes inH2(M k ; Z) of the excep-

tional divisors obtained by the blow ups (of sizes� 1; : : : ; � k ), and by L the

homology class of a lineCP1 � M k of size� .

If v = (1 ; �; : : : ; � ), we denote the manifold by

(M k ; ! � ):

For a convex polygon � in R2, we denote by

(M � ; ! � )

a symplectic toric manifold whose moment map image is �.
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4.1. First approach. Here we apply Gromov's compactness for pseudo-holomorphic

spheres and the results of the last section to reduce the claim to a combinatorial

claim on a moment map polygon (if exists). This yields a proofof the following

result.

Theorem 2. If (M k ; ! � ) is symplectomorphic to(M � ; ! � ) and

(4.1) � <
1

3k22k ;

then (M � ; ! � ) can be obtained from a standardCP2 of size 1 by a sequence of

k equivariant symplectic blow ups of size� .

The theorem becomes false if we drop condition (4.1). In Section 6 we give

a counter example in the casek = 1 and � > 1
2 .

Corollary 4.1. The symplectic manifold(M k ; ! � ) with � < 1
3k22k admits a toric

action if and only if k � 3.

The main ingredient of the proof of Theorem 2 is:

Claim 4.2. If (M k ; ! � ) is symplectomorphic to(M � ; ! � ), and

� <
1

3k22k ;

then one of the classesE1; : : : ; Ek is realized by an embedded T-invariant sym-

plectic exceptional sphere, such that equivariantly blowing down along it yields

(M k� 1; ! � ) with a toric T-action.

Proof of Theorem 2, assuming Claim 4.2 .By Claim 4.2 there is an embedded

T-invariant exceptional symplectic sphere of size� , and blowing down equiv-

ariantly along it yields ( M k� 1; ! � ) with a toric T-action, and a corresponding
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moment map polygon whose number of edges is smaller by 1 and its area is

larger by � 2

2 , comparing to �. Since 1
3k22k < 1

3(k� 1)22( k � 1) , the assumption in

Claim 4.2 holds, and we can re-apply the claim for (M k� 1; ! � ).

After k iterations, we get a symplectic toric manifold (N � ; ! � ) with a cor-

responding moment map polygon of 3 edges, hence a Delzant triangle, and

area 1
2 . Since a Delzant triangle of edge-size 1 is AGL(2; Z)-equivalent to the

standard 1-triangle, N � is CP2 of size 1, and the yielded toricT-action on N �

is equivariantly symplectomorphic to the standard action on CP2 through an

isomorphism of the torus T with ( S1)2.

By reversing our steps we get standardCP2 of size 1 blown up equivariantly

k times by equal sizes� . �

It remains to prove Claim 4.2. The crucial Lemma is

Lemma 4.3. Assume that (M k ; ! v) admits a toric T-action with moment map

polygon � .

Then each of the homology classesE i contains a linear combination with

coe�cients in N of moment map preimages of edges of� . Moreover, in each

homology classE i there is a linear combination with coe�cients in N of inverse

images of edges of� whose union is connected.

First we deduce the following from Gromov's compactness.

Lemma 4.4. Let (M; ! ) be a compact symplectic four-manifold. LetE 2

H2(M ; Z) be a homology class such thatE � E = � 1. Suppose that there exists

an embedded symplectic sphereC � M whose homology class[C] = E. Then for
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any almost complex structureJ 2 J � (M; ! ) there exists a stableJ -holomorphic

map in the classE.

Proof. There is a compatible almost complex structureJ0 such that the ho-

mology classE is realized by an embeddedJ0-spheref : CP1 ! M . Construct

J0 in the following way. First choose a compatible complex structure on the

embedded symplectic sphereC. Then extend it to T M jC . Finally, extend this

structure to a compatible almost complex structure on (M; ! ).

By Lemma A.2, given in the Appendix, sinceE is a homology class realized by

an embeddedJ0-sphere of self intersection� 1, the spaceM � (E; J 0)=PSL(2; C)

consists of a single point, and for a genericJ � 2 J � (M; ! ) the spaceM � (E; J � )=PSL(2; C)

is compactly cobordant to M � (E; J 0)=PSL(2; C), in particular they have the

same number mod2 of points. Hence, for a genericJ � there is aJ � -holomorphic

sphere in E. Therefore, for any J 2 J � (M; ! ) there is a sequence of! -tame

almost complex structures J� that converges to J (in the C1 topology), for

which there exist J� -holomorphic spheres in the classE. Then, by Gromov's

compactness [Gr1], there is a subsequence of it that converges to a stableJ -

holomorphic map in the homology classE. �

We deduce the following from Lemma 4.4.

Lemma 4.5. Let J be an almost complex structure onM = ( M k ; ! v) that

is tamed by ! v . Then each of the homology classesE1; : : : ; Ek in H2(M ; Z)

contains a stableJ -holomorphic map.
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Proof. Since we assume that in (M k ; ! v) the k symplectic blow ups are per-

formed simultaneously from disjoint embedded balls, thereare disjoint embed-

ded symplectic spheresC1; : : : ; Ck that represent the classesE1; : : : ; Ek . We

can construct a compatible almost complex structureJ0 such that the homology

classesE1; : : : ; Ek are realized by disjoint embeddedJ0-spheresf i : CP1 ! M

1 � i � k. First choose a compatible complex structure on each of the dis-

joint embedded symplectic spheresCi , 1 � i � k. Then extend it to T M jCi .

Finally, extend these simultaneously to a compatible almost complex structure

on M . The rest of the proof of Lemma 4.4 holds when we setE = E i for each

1 � i � k. �

Proof of Lemma 4.3. If M = ( M k ; ! v) admits a toric T-action with a moment

map image �, then by Delzant's construction, ( M k ; ! v) admits a ! v-compatible

and T-invariant complex structure JT .

By Lemma 4.5, each of the homology classesE i in H2(M k ; Z) contains of a

stable JT -holomorphic map (that is not necessarily aT-invariant map). How-

ever, by Lemma 3.8, every stableJT -holomorphic map is homologous to a linear

combination of moment map preimages of edges of the polygon �with coe�-

cients in N.

Moreover, by Lemma 3.13, a stableJT -holomorphic map is homologous to a

linear combination with coe�cients in N of moment map preimages of edges of

the polygon � whose union is connected. �

Now, assume that (M k ; ! � ) admits a toric action with moment map polygon

�. By Lemma 4.3, each E i can be represented by a linear combination with
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coe�cients in N of inverse images of edges of �. We call such a linear combina-

tion a � -representative of E i . If it is a linear combination of inverse images of

edges of � whose union is connected, we call it aconnected � -representative.

There might be several such representations.

Claim 4.6. Assume that (M k ; ! � ) admits a toric action with moment map

image � . Choose� -representatives forE1; : : : ; Ek . For m � k, the number of

edges in the union of the� -representatives ofm di�erent E i 's is > m , unless

each of these� -representatives is a single edge with multiplicity one.

The proof is by a simple algebraic argument.

Proof. Assume that the union of the chosen �-representatives of E1; : : : ; Em

(without loss of generality) is a subset of the set of edgesC1; : : : ; Cm , i.e., in

H2(M k ; Z), for 1 � i � m,

(4.2) E i =
mX

j =1

ai
j [�

� 1Cj ]; ai
j 2 0 [ N:

Denote by A the m� m matrix of the coe�cients ai
j . Since the homology classes

E1; : : : ; Em are independent, the matrix A is invertible (over R). We get that

the vector

(4.3) ([� � 1C1]; : : : ; [� � 1Cm ])t = A � 1(E1; : : : ; Em )t :

Since the homology classesL; E 1; : : : ; Ek form a basis ofH2(M k ; Z), each [� � 1Cj ] =

dj L +
P

i bj
i E i , with unique integers as coe�cients. The coe�cients do not

change if we write [� � 1Cj ] as a linear combination ofL; E i in H2(M k ; R). By
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this and (4.3), all the entries of A � 1 are in Z, so in H2(M k ; Z),

(4.4) [� � 1Cj ] =
mX

i =1

bj
i E i ; bj

i 2 Z:

Since the size of eachE i is � we deduce that the length jCj j of each Cj is an

integer multiple of � . Since jCj j > 0, it must be a multiple of � by N j 2 N.

However, by (4.2), for 1 � i � m,

(4.5) � =
mX

j =1

ai
j jCj j; ai

j 2 0 [ N:

Thus

(4.6) � =
mX

j =1

ai
j N j �; a i

j 2 0 [ N; N j 2 N:

We get that in each line (and each column) of (the invertible matrix) A there is 1

in one entry and 0 in each of the other entries, i.e., each of the �-representatives

is a single edge with multiplicity one.

�

Remark 4.7. Notice that the proof relied on the fact that all the exceptional

divisors are of the same size. The claim does not hold forCP2 blown up by

di�erent sizes. For example, consider a Delzant triangle ofedge-size 1 cut by

k > 1 di�erent sizes � 1 > : : : > � k , starting from a corner of the triangle and

iterating the cuts in clockwise direction, in a descending order. See the right

side of Figure 4 for k = 2. Then each E i in the corresponding equivariantly

k-blown up CP2 is represented by the sequence of edgesf Fj gi � j � k , in which

Fj sits above the edge created in thej th blow up-cut, for j < k , and Fk is the

edge created in thekth blow up-cut (as follows from Corollary 3.6). The union

of these �-representatives of the k classesE1; : : : ; Ek consists of thek edges
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f Fj g1� j � k , while for i 6= k the �-representative of the class E i consists of more

than one edge.

Claim 4.8. Assume that (M k ; ! � ) admits a toric action with moment map

polygon � . If the connected � -representatives ofE i and E j are each a single

edge of� with multiplicity one, and i 6= j , then the intersection number of the

moment map preimages of these edges is0 = E i �E j , thus the edges are di�erent

(otherwise that intersection number equals� 1), and non-adjacent (otherwise

that intersection number equals1).

Corollary 4.9. Assume that (M k ; ! � ) admits a toric action with moment map

image � . Choose connected� -representatives for E1; : : : ; Ek . Denote their

union by U.

� If U is disconnected, then at least one of its connected components

consists of a single edge that is, with multiplicity one, oneof the � -

representatives.

� If none of the chosen connected� -representatives is a single edge of�

with multiplicity one, then U is connected and consists of at leastk + 1

edges.

Proof. � By Claim 4.8, if the connected �-representatives of E i and E j

are each a single edge of � with multiplicity one, and i 6= j , then the

union of these �-representatives is disconnected. Thus if each of the

chosen �-representatives of E1; : : : ; Ek is a single edge of multiplicity

one, thenU hask connected components, each consists of a single edge.
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If at least one of the k connected �-representatives is not a single

edge with multiplicity one, then, by Claim 4.6, U consists of more than

k edges. If, in addition, U is disconnected then it consists of at most

k + 1 edges. (Obviously, a union ofk + 2 edges or more of � is con-

nected.) So,U is disconnected and consists of exactlyk + 1 edges out

of the k + 3 edges of �. If none of its connected components consists of

a single edge, then, by Claim 4.8, each component supports atleast one

connected �-representative that is not a single edge with multiplicity

one, so by Claim 4.6, themj edges of a connected componentj support

at most mj � 1 of the E i 's. Thus the non connectedk +1 edges support

at most
P l

j =1 (mj � 1) = k + 1 � l < k of these classes, wherel > 1

is the number of connected components, and we get a contradiction.

Thus at least one of the connected components of the unionU of the

chosen �-representatives of E1; : : : ; Ek is a single edge; so at least one

of these representatives is a single edge with multiplicityn 2 N, since

E i � E i = � 1, the multiplicity n equals 1.

� This follows directly from the last assertion and Claim 4.6.

�

Proof of Claim 4.2. If k = 0, there is nothing to prove. If k � 1, the moment

map image � is a Delzant polygon of k +3 � 4 edges, so it must be obtained by

(k � 1) cuts of sizes (� 1; : : : ; � k� 1) from a Hirzebruch trapezoid. (A Delzant tri-

angle of edge-size� cut once by size� is considered a trapezoid Hirz1
2 (� + � );� � �; 1.)

We notice that corner-cuts commute with an action on a polygon by an element
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of GL(2; Z) (i.e., reparameterization of the torus action). Hence, wecan assume

that the original trapezoid is a standard Hirzebruch trapezoid � with side edges

F , south edgeS, north edge N , and slope� 1=d (where d 2 N [ f 0g), such that

[� � 1S] = [� � 1N ] + d[� � 1F ], where � is the moment map.

By Corollary 3.6, an edge A of � is given, with multiplicities � 2k , by a

connected sequence of edges of � (thus the rational length ofA is bounded from

above by 2k times the sum of rational lengths of the edges in that sequence),

such that non adjacent edges in � are given by disjoint sequences. In particular,

S and N are given by such disjoint sequences. Hence

(4.7) jSj + jN j � 2kP(�) ;

where P(�) is the perimeter of � in rational length. Since there are t wo side

edgesF in the Hirzebruch trapezoid �, separated by N and S, F is given by

disjoint such sequences (with multiplicities) of edges of � (separated by the

edges in � that sit above N and S).

For each classE i , 1 � i � k, in (M k ; ! � ), we choose a connected �-

representative, that is, a linear combination with coe�cie nts in N of inverse

images of edges of � whose union is connected. (The existenceof such repre-

sentatives is guaranteed by Lemma 4.3.) If none of these �-representatives is

a single edge of � with multiplicity one, Claim 4.9 implies th at the union U of

these �-representatives is connected and consists of at least k + 1 edges of the

k + 3 edges of �. Then, (at least) one of the two series of edges giving F as

above is contained inU: The connected at most two edges that are not inU

can overlap at most one sequence givingF , since the two series givingF are
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separated at each end by an edge. Thus

(4.8) jF j � 2kk�:

By Remark 3.17, the (Euclidean) area1
2(jSj+ jN j)jF j�

P k� 1
i =1

1
2 � i

2 of � equals

the Liouville volume 1
2(1� k� 2) of (M k ; ! � ). The rational perimeter P(�) equals

3 � k� which is 1
2� h!; c 1(M )i (see Example 3.16). Hence, by (4.7) and (4.8),

1
2

(1 � k� 2) �
1
2

2k (3 � k� )2kk� �
k� 1X

i =1

1
2

� i
2:

Then

1 � k� 2 � 22k (3 � k� )(k� )

� 22k (3k� � k� 2):

So, 1 � 3k22k � , in contradiction to the assumption on � . Thus, (at least) one

of the classesE1; : : : ; Ek is represented by the inverse image under the moment

map of a single edge of � with multiplicity one. By Claim 3.3 an d Claim 3.4,

such a representative is an embedded T-invariant symplectic JT -holomorphic

sphere. Without loss of generality,E1 is represented by such aJT sphereCT .

The rest of the claim follows from Lemma A.1, stated below, when we set

(M; ! ) to be (M k ; ! � ), the structure J0 to be the almost complex structure

constructed in Lemma 4.5, for which the exceptional divisors obtained by the

symplectic blow ups are disjoint embeddedJ0-holommorphic spheres that rep-

resent the classesE1; : : : ; Ek , and J1 to be JT . This gives a symplectomorphism

of (M k ; ! � ) that sends the exceptional divisorC1 in E1 that is obtained by the

symplectic blow up to CT , and also sends thek disjoint exceptional divisors ob-

tained by the symplectic blow ups to k disjoint embedded symplectic spheres.
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This symplectomorphism expands to a symplectomorphism between the sym-

plectic blow down along CT and the symplectic blow down along C1. Thus

blowing down along CT gives (M k� 1; ! � ). Performing the blow down equivari-

antly gives a toric T-action on the yielded (M k� 1; ! � ). �

Lemma 4.10. Let (M; ! ) be a compact4-dimensional symplectic manifold. Let

J0; J1 be! -tame almost complex structures onM . Let A be a class inH2(M ; Z)

with self intersection number� 1. Assume thatA is represented by an embedded

J0-holomorphic sphereC0 and by an embeddedJ1-holomorphic sphereC1.

Then there is a symplectomorphism of(M; ! ) that sendsC0 to C1, and in-

duces the identity map onH2(M ; Z).

The proof is in the Appendix

4.2. Second approach. Here we deduce a stronger result than Theorem 2

from Lemma 4.3, by considering not only the symplectic sizesof E1; : : : ; Ek

and L but also their pairings with the �rst Chern class c1(M ). This does not

involve a combinatorial analysis of the moment map polygon.This approach is

a part of a joint work with Martin Pinsonnault.

We say that a vector v = ( �; � 1; : : : ; � k ) is small, or that ( M k ; ! v) is obtained

from CP2 by small blow upsif:

(4.9) � i �
�
3

for all i = 1 ; : : : ; k:

Theorem 3. If (M k ; ! v) is symplectomorphic to(M � ; ! � ) and v = ( �; � 1; : : : ; � k )

satis�es (4.9), then (M � ; ! � ) can be obtained from a standardCP2 of size � by

a sequence of equivariant symplectic blow ups of sizes� 1; : : : ; � k , performed in

a descending order.
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Again, the theorem becomes false if we drop condition (4.9).See Section 6.

Corollary 4.11. For 0 < � � 1
3 , the symplectic manifold (M k ; ! � ) admits a

toric action if and only if k � 3.

Corollary 4.12. For small v = ( �; � 1; : : : ; � k ), such that � 1 � : : : � � k , if

� i = : : : = � i + j and j � 3 + i � 1, then there is no toric action on (M k ; ! v).

The number of Delzant polygons obtained by a sequence ofk cuts of sizes

� 1; : : : ; � k , in a descending order, starting from the standard � -triangle, is

bounded from above by � k� 1
i =0 (3 + i ). (After the i th cut, there are at most

3 + i corners at which the i + 1st cut can be done, depending on the size of

the edges of the polygon obtained so far and the size of thei + 1st cut.) Thus

Theorem 3 implies the following result.

Corollary 4.13. For small v = ( �; � 1; : : : ; � k ), the number of toric actions on

(M k ; ! v) is �nite, and bounded from above by� k� 1
i =0 3 + i .

In the next section we deduce from Theorem 3 a complete list ofthe toric

actions on (M k ; ! v), if v satis�es some restrictions.

Theorem 3 follows from

Claim 4.14. Assume that (M k ; ! (�;� 1 ;:::;� k ) ) admits a toric T-action, and that

� i �
�
3

for all i = 1 ; : : : ; k:

Then one of the classesE1; : : : ; Ek that is of minimal symplectic area � i is

realized by an embeddedT-invariant symplectic sphere, such that equivariantly

blowing down along it yields(M k� 1; ! (�;� 1 ;:::; �� i ;:::;� k )) with a toric T-action.
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Proof of Theorem 3, assuming Claim 4.14 .By Claim 4.14, we get an embed-

ded T-invariant exceptional symplectic sphere of size� i that satis�es � i � � j for

all 1 � j � k, and blowing down equivariantly along it gives (M k� 1; ! (�;� 1 ;:::; �� i ;:::;� k ))

with a toric T-action. The vector we get after omitting the entry of � i still sat-

is�es (4.9). After k iterations, we get a symplectic toric manifold (N � ; ! � ) with

a corresponding moment map polygon of 3 edges, hence a Delzant triangle, and

area 1
2 � 2. Since any Delzant triangle of edge-size� is AGL(2; Z)-equivalent to

the standard � -triangle, N � is CP2 of size� , and the yielded toric T-action on

N � is equivariantly symplectomorphic to the standard action on CP2 through

an isomorphism of the torusT with ( S1)2.

By reversing our steps we get the standardCP2 of size� blown up equivari-

antly by the sizes � 1; : : : ; � k in a descending order. �

Proof of Claim 4.14. Let Emin be a classE i that satis�es

! v(Emin ) � ! v(E j ); for all 1 � j � k:

By Lemma 4.3, Claim 3.4 and Claim 3.3, in homology,

Emin =
nX

l=1

ml [Cl ];

where ml 2 N, and each Cl is a T-invariant embedded symplectic JT -sphere.

Since c1(Emin ) = 1, there must be 1 � l � n such that c1(Cl ) � 1. Let C be

such aCl . If Emin 6= [ C], then the symplectic area

0 < ! v(C) < ! v(Emin ):

In particular, [ C] 6= E i for all i .
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SinceC is an embeddedJT -sphere and

c1(C) � 1;

the almost complex structure JT is regular for the class [C] at the sphere C

[MS2, Corollary 3.3.4],[HLS]. Hence there is an open neighborhood U of JT

in J � (M k ; ! v), such that for each almost complex structure J 0 in U, there

is a (simple) J 0-sphere representing [C] [MS2, Remark 3.2.8]. For a generic

J � 2 J � (M k ; ! v) there is a J � -holomorphic sphere inE i (as argued in the proof

of Lemma 4.4). We deduce that for someJ 002 J � (M k ; ! v), the classes [C] and

all the E i 's are represented by (simple)J 00-spheres. By positivity of intersections

of J 00-spheres in an almost complex 4-manifold [MS2, Theorem 2.6.3], we get

that

(4.10) for all i; [C] � E i � 0:

Present [C] in H2(M ; Z) as

[C] = a0L �
kX

j =1

aj E j :
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(4.10) shows that for all j , the coe�cient aj � 0. (Since 0< ! v(C) = ao� �

P k
j =1 aj � j , also a0 � 0.) So,

�
3

� ! v(Emin ) > ! v(C)

= ao� �
kX

j =1

aj � j

=
� (3a0 �

P k
j =1 aj )

3
+

P k
j =1 aj �

3
�

kX

j =1

aj � j

=
�c 1(C)

3
�

X k

j =1
aj (� j �

�
3

)

�
�c 1(C)

3
�

�
3

;

where we applied the assumption

� j �
�
3

for all j = 1 ; : : : ; k

to get a contradiction.

HenceEmin = [ C], i.e., the homology classEmin contains a T-invariant em-

bedded symplecticJT -sphereC.

The rest of the claim follows from Lemma A.1, when we set (M; ! ) to be

(M k ; ! v), the structure J0 to be the almost complex structure constructed in

Lemma 4.5, for which the exceptional divisors obtained by the symplectic blow

ups are disjoint embeddedJ0-holommorphic spheres that represent the classes

E1; : : : ; Ek , and J1 to be JT . This gives a symplectomorphism of (M k ; ! v)

that sends the exceptional divisor in Emin that is obtained by the symplectic

blow up to C, and also sends thek disjoint exceptional divisors obtained by

the symplectic blow ups to k disjoint symplectic spheres. This symplectomor-

phism expands to a symplectomorphism between the symplectic blow down
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along C and the symplectic blow down along the exceptional divisor in Emin

that was obtained by the symplectic blow up. Thus blowing down along C gives

(M k� 1; ! (�;� 1 ;:::; �� i ;:::;� k ) ), where i is such that E i = Emin . Performing the blow

down equivariantly gives a toric T-action on the yielded (M k� 1; ! (�;� 1 ;:::; �� i ;:::;� k ) ).

�

We give here an alternative proof for Claim 4.14 that does notrely on any

toric results (except from the existence of aT-invariant ! v-compatible complex

structure).

First, we notice that a small modi�cation of the above proof y ields the fol-

lowing claim.

Claim 4.15. Consider (M k ; ! v). Assume that v satis�es (4.9).

Then for any ! v-tame almost complex structureJ , one of the classesE1; : : : ; Ek

that is of minimal symplectic area is realized by an embeddedirreducible J -

holomorphic sphere.

Proof. Let Emin be a classE i that satis�es

! v(Emin ) � ! v(E j ); for all 1 � j � k:

By Lemma 4.5, for any ! v-tame J ,

(4.11) Emin =
nX

l=1

ml [Cl ]; where ml 2 N; and eachCl is a simpleJ -sphere:

(Here the Cl 's are not necessarilyT-invariant nor immersed spheres). Then, as

in the proof of Claim 4.14, there must be 1� l � n such that c1(Cl ) � 1. Let

C be such aCl . We replace C by an immersed J � -holomorphic sphereC0 in

the same homology class, whereJ � is in J � (M; ! ). This is possible since, by
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[McD3, Corollary 4.2.1], immersed spheres are dense in the universal moduli

spaceM ([C]; ! v) of all spheres that areJ -holomorphic for some! v-tame J , with

respect to the C2 topology on the spheres and theC1-topology on J � (M k ; ! v).

Replacing JT in J � , and C in C0 in the rest of the proof of Claim 4.14,

and applying the regularity criterion of [HLS] for immersed spheres, yields then

that the homology class Emin = [ C0] = [ C]. Also, by the same argument,

c1(C) = c1(C0) = 1 (recall that c1 is independent in the! v-tame almost complex

structure), and we get the adjunction equality

2 + [C] � [C] � c1(C) = 2 � 1 � 1 = 0:

Hence, by Corollary 2.3, C is an embeddedJ -sphere, so it is irreducible as a

complex subvariety (see Corollary 2.2). �

Now apply Claim 4.15 to J = JT , and the next claim.

Claim 4.16. Let (M; !; �) be a symplectic toric4-manifold with a T-invariant

! -tame complex structureJT . Then, an embedded irreducibleJT -holomorphic

sphereC with negative self intersection is alsoT-invariant and symplectic.

Proof. Since JT is tamed by ! , the JT -sphere C is symplectic. C is also T-

invariant. To see that, act on C by any element of T, this gives a JT -sphere

in the same homology class (since the action is smooth). If the two JT -spheres

were di�erent, we get a contradiction to positivity of inter sections of di�erent

irreducible subvarieties (of complementary dimensions) in a complex manifold.

�

The rest of Claim 4.14 follows, as before, from Lemma A.1.
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4.3. Applications. Corollary 4.11 (and Corollary 4.1) can be stated in terms of

2-subtori of the group of Hamiltonian symplectomorphisms of (M k ; ! � ). Recall

that the group Ham(M; ! ) of Hamiltonian symplectomorphisms is the group

of symplectomorphisms which can be connected to the identity by a path  t

such that d
dt  t = X t �  t , where �(X t )! = dH t for some smoothH t : M ! R.

If M is simply connected, Ham(M; ! ) is the identity component of the group

Symp(M; ! ) of all symplectomorphisms. The image of an e�ective Hamiltonian

T-action is an n-dimensional subtorus of Ham(M; ! ). Conversely, every n-

dimensional subtorus of Ham(M; ! ) is the image of an e�ective Hamiltonian

T-action, determined uniquely up to automorphisms ofT.

Corollary 4.17. For (M k ; ! � ) with � � 1
3 , there is a 2-subtorus in Ham(M k ; ! � )

if and only if k � 3.

We denote by

V�

the set of vectors (�; � 1; : : : ; � k ) such that (M � ; ! � ) can be obtained from a

standard CP2 of size � by a sequence of equivariant symplectic blow ups of

sizes� 1; : : : ; � k in a descending order.

Theorem 3 allows us to determine, in many cases, for which Delzant polygons

� the symplectic manifolds ( M � ; ! � ) are symplectomorphic. If v satis�es (4.9)

and (M k ; ! v0) is symplectomorphic to (M k ; ! v), then, for each �, if v0 2 V �

then v 2 V � too, by the theorem. Let

V1=3
�

denote the set ofv 2 V � that satisfy (4.9).
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Corollary 4.18. For any Delzant polygons� and � 0, the setsV1=3
� and V1=3

� 0

either coincide or are disjoint. If these sets do not coincide, then (M � ; ! � ) and

(M � 0; ! � 0) are not symplectomorphic. If these sets coincide and are non-empty,

then (M � ; ! � ) and (M � 0; ! � 0) are symplectomorphic.

Another application of Theorem 3 is to determine, in some cases, which

di�erent blow ups of CP2 are symplectomorphic. Let

VT

denote the set of vectors (�; � 1; : : : ; � k ) such that there exists a sequence of

equivariant symplectic blow ups of sizes� 1; : : : ; � k in a descending order, starting

with a CP2 of size� .

Corollary 4.19. Consider the symplectic manifolds(M k ; ! v) and (M k ; ! v0).

Suppose thatv satis�es (4.9) and v0 is in VT ; let � be such thatv0 2 V � .

Then (M k ; ! v) and (M k ; ! v0) are symplectomorphic if and only if v 2 V � .

Remark 4.20. Let

N = ( Nk ; ! (a;b;d;� 1 ;:::;� k ) )

denote the symplectic manifold that is obtained by k simultaneous symplectic

blow ups of sizes� 1; : : : ; � k from a Hirzebruch surface with an associated trape-

zoid Hirza;b;d, of average width a, height b, and slope � 1
d . We assume that

the blow ups are obtained from disjoint embedded symplecticballs. Can we

generalize Theorem 2 (or Theorem 3) toN ? This does not follow neither from

the �rst approach nor from the second.
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In details: Denote by E1; : : : ; Ek the homology classes inH2(Nk ; Z) of the

exceptional divisors obtained by the blow ups, byA; B the homology classes

of the \north pole section" and the \south pole section", respectively, and by

F the homology class of the �ber. Then A; F; E 1; : : : ; Ek (or B; F; E 1; : : : ; Ek )

form a basis to H2(Nk ; Z). Assume that N = ( Nk ; ! (a;b;d;� 1 ;:::;� k )) admits a

toric T-action with moment map image �. Then there is a compatible T-

invariant complex structure JT on N ; by Lemma 4.4, in each of the classesE i

there is a stable JT -holomorphic map. So, by Lemma 3.13, eachE i can be

represented by a linear combination with coe�cients in N of inverse images of

edges of �, whose union is connected. We choose one for eachE i , and call

it the connected � -representative of E i . The proof of Claim 4.6 shows that if

� 1 = : : : = � k = � , then for m � k, the number of edges in the union of the

connected �-representatives of m di�erent E i 's is greater than m, unless each

of these �-representatives is a single edge with multiplicity one. In particular,

unless there is an edge representing someE i , the union of the connected �-

representatives of thek classes consists of at leastk + 1 edges of thek + 4 edges

of �. The proof of Corollary 4.9 shows that if the union of the c onnected �-

representatives ofE1; : : : ; Ek consists ofk + 1 or k + 3 or more edges of �, then

the union of these edges is connected. However, we can not derive from it that

a union of the �-representatives that consists of k + 2 edges of � is connected.

Thus the proof of Claim 4.2 in the �rst approach does not generalize to a proof

of a similar claim for a Hirzebruch surface blown up symplectically by k blow

ups of equal small size. Also, in the second approach the proof of Claim 4.14

applies only to blow ups ofCP2.
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Moreover, the assertion of Theorem 2 (or Theorem 3) does not hold for

symplectic blow ups of a Hirzebruch surface. We see this evenwhen the number

k of blow ups is 0. In Section 6, we see Hirzebruch surfaces thatare not

isomorphic as symplectic toric manifolds but are symplectomorphic. This gives

examples of non standard toric action on each of them, i.e., counter examples

to such a theorem.

However, the �niteness of the number of toric actions (as we deduced from

Theorem 3 in Corollary 4.13) still holds. We claim that the number of toric

actions on (Nk ; ! (a;b;d;� 1 ;:::;� k )) in particular, and on any four dimensional com-

pact symplectic manifold in general, is �nite. (We count tor ic actions up to

equivariant symplectomorphisms and automorphisms ofT �= (S1)2.) This will

not be proven here. See [KKP]. In contrast, Eugene Lerman hasconstructed

in [L] a compact contact manifold that admits in�nitely many non-conjugate

toric actions.

5. Counting toric actions on small non-equal blow ups of CP2

Notation: For v = ( �; � 1; : : : ; � k ), a toric action on (M k ; ! v) that can be

obtained by starting from a standard action on CP2 of size � and performing

the � 1; : : : ; � k blow ups equivariantly is calledconsistent with v or just consistent.

If the blow ups are performed in a descending order we say thatthe action is

d-consistent with v or just d-consistent.

Remark 5.1. Notice that if a toric action on ( M k ; ! v) is consistent with v, and

v is small, then, by Theorem 3, it is also d-consistent withv.
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For k 2 N, a necessary condition for the existence of the symplectic manifold

(M k ; ! (�;� 1 ;:::;� k ) ) is that

(5.1) � i + � j < �; for i 6= j:

When k = 1 ; 2; 3, this condition is also su�cient for the existence of a d-

consistent toric action on (M k ; ! (�;� 1 ;:::;� k ) ); we can then simultaneously cut

out di�erent corners of a triangle of edge-size� by these sizes. Notice that the

small condition � i � �
3 implies condition (5.1).

When k � 4, the condition (5.1) is not su�cient for the existence of a d-

consistent toric action on (M k ; ! (�;� 1 ;:::;� k )). For example, when � = 1 and

� 1 = : : : = � 4 = � with � small enough, the condition is satis�ed and the

symplectic manifold exists, but there is no toric action on (M k ; ! � ).

A su�cient condition is that � > � 1 > : : : > � k and
P k

i =1 � i < � . Then,

a Delzant triangle of edge-size� can be cut by sizes� 1; : : : ; � k , starting from

a corner of the triangle and iterating the cuts in clockwise direction, in a de-

scending order. However, there are other possibilities to cut a Delzant triangle

of edge-size� by sizes� 1; : : : ; � k in a descending order.

Let v = ( �; � 1; : : : ; � k ). Assume that � � � 1 � : : : � � k , and that the sym-

plectic manifold (M k ; ! v) exists. Given a sequence of cuts of sizes� 1; : : : ; � k

that are performed in the order of appearance inv (a descending order), and

start from a Delzant triangle of edge-size � , we construct distinct subsets

I 1
0 ,I 2

0 ,I 3
0 ,I 1; : : : ; I k� 1 of the set of pairsD = f (� 1; 1); : : : ; (� k ; k)g. For each edge

A j (j = 1 ; 2; 3) of the Delzant triangle, we set I j
0 to be the set of pairs (� i ; i ),

such that A j , or an edge that sits avove it, was cut by size� i at the i th cut.
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For the edge of size� j created at the j th cut (1 � j � k � 1), we set I j to be

the set of pairs (� i ; i ), such that this edge, or an edge that sits above it, was cut

by size � i at the i th cut. Then these subsets satisfy the following conditions

� their union is D ;

� for 1 � i � k, the pair ( � i ; i ) is in exactly two of these subsets;

� the intersection of each di�erent two of these subsets consists of at most

one element;

� (� j ; j ) 2 I i ) i < j , where I 0 = I 1
0 [ I 2

0 [ I 3
0 ;

� for i > j > 0, if I i \ I j 6= ; then (� i ; i ) 2 I j ;

for 1 � n � 3, if I j \ I n
0 6= ; then (� j ; j ) 2 I n

0 ;

� for j > 0, the sum
P

(� i ;i )2 I j
� i < � j ; for 1 � n � 3, the sum

P
(� i ;i )2 I n

0
� i <

� .

On the other hand, given k � 1 + 3 subsets that satisfy the above conditions,

we can construct a sequence of cuts of the sizes� 1; : : : ; � k , performed in a

descending order, starting from a standard� -triangle. This gives a neces-

sary and su�cient condition for the existence of a d-consistent toric action

on (M k ; ! (�;� 1 ;:::;� k ) ).

For v = ( �; � 1; : : : ; � k ), we denote by nv the number of d-consistent toric

actions on (M k ; ! v). It equals the number of AGL(2; Z)-equivalence classes

of Delzant polygons obtained by a sequence of cuts of sizes� 1; : : : ; � k in a
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descending order, starting from the triangle of vertices (0; 0); (0; � ); (�; 0) (the

standard � -triangle). By Theorem 3, when v is small, the numbernv equals the

number of toric actions on (M k ; ! v) up to equivariant symplectomorphism and

reparameterization of the 2-torus T. We noticed in Corollary 4.13 that nv is

bounded from above by � k� 1
i =0 (3 + i ). Yet we need to determine which of these

Delzant polygons are equivalent.

For example, whenk = 1 and � 1 < � , there is exactly one toric action that

is d-consistent with v. The number of polygons obtained by a� 1-cut from the

standard � -triangle is the number of ways to choose one corner out of three,

i.e., 3; all these polygons are identi�ed under the equivalence relation: one can

get from one to another by a rotation; by rotation we mean a transformation

in GL(2 ; Z) that cyclically permutes the vertices of the polygon.

When k = 2, for v = ( �; � 1; � 2), such that � 1 + � 2 < � ,

� If � 1 = � 2 then there is exactly one toric action that is d-consistent with

v. The number of polygons obtained by� 1; � 2 cuts from the standard

� -triangle is the number of ways to choose two corners out of three, i.e.,

3 polygons; all these are identi�ed under the equivalence relation (one

can get from one to another by a rotation).

� If � 1 6= � 2 then there are exactly two toric actions that are d-consistent

with v. Assume � 1 > � 2. We choose 1 corner from 3, and then 1

corner from the resulting 4; this gives 12 polygons, and 2 equivalence

classes. Because of equivalence under rotations, it does not matter what

corner we choose for the �rst cut; because of equivalence under re
ection
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� 2

� 1

� 2

� 1

Figure 4. cutting a Delzant triangle of edge-size� by � 1; � 2

through a rational symmetry axis, it does not matter if the second cut is

done in clockwise direction or in anticlockwise direction from the �rst.

The nonequivalent possibilities are: one cut is leaning on the other, or

not.

Corollary 5.2. For small v = ( �; � 1; : : : ; � k ),

� if k = 1 , there is exactly one toric action on(M 1; ! v);

� if k = 2 and � 1 = � 2, there is exactly one toric action on(M 2; ! v);

� if k = 2 and � 1 > � 2, there are exactly two toric actions on(M 2; ! v).

Notice that when k = 3 and � 1 = � 2 = � 3 = � such that 2� < � , there is

exactly one way to cut � 1; � 2; � 3 cuts from the standard � -triangle.

Recall that an n-dimensional subtorus of Ham(M; ! ) corresponds to a Hamil-

tonian action of T �= (S1)n , determined uniquely up to automorphisms of T.

Two subtori are conjugate in Symp(M; ! ) if and only if the corresponding T-

actions are equivariantly symplectomorphic (up to an automorphism of T). We

deduce the following from Theorem 3 and the above observations.

Corollary 5.3. Assume k = 1 ; 2; 3. For (M k ; ! (�;�;:::;� )) with � � 1
3 � , there is

exactly one conjugacy class of2-subtori in Symp(M k ; ! (�;�;:::;� )).
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We show now that for generalk 2 N and small v = ( �; � 1; : : : ; � k ), such that

� 1 > : : : > � k , there are no AGL(2; Z) equivalences other than the rotation and

re
ection through a rational symmetry axis described abovefor k = 1 ; 2.

Proposition 5.4. For small v = ( �; � 1; : : : ; � k ), such that

� 1 > : : : > � k ;

the number of toric actions on (M k ; ! v) is one if k = 1 , two if k = 2 and at

most 2� 5 � : : : � (k + 2) if k � 3.

If in addition v satis�es
kX

j =1

� j < �

and

for all 1 � i � k;
kX

j = i +1

� j < � i ;

then the number of toric actions on(M k ; ! v) is one if k = 1 , two if k = 2 and

exactly 2 � 5 � : : : � (k + 2) if k � 3.

An example of a small v that satis�es the above conditions is given by v =

(1; 1
4 ; : : : ; 1

4k ).

Corollary 5.5. For small v = ( �; � 1; : : : ; � k ), such that

� 1 > : : : > � k ;

the number of conjugacy classes of2-subtori in Symp(M k ; ! v) is one if k = 1 ,

two if k = 2 and at most 2 � 5 � : : : � k + 2 if k � 3.

If in addition v satis�es
kX

j =1

� j < �
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and

for all 1 � i � k;
kX

j = i +1

� j < � i ;

then the number of conjugacy classes of2-subtori in Symp(M k ; ! v) is one if

k = 1 , two if k = 2 and exactly 2 � 5 � : : : � (k + 2) if k � 3.

To prove the proposition, we characterize a Delzant polygonby a labeled

graph. A coloring of a Delzant polygon � is a labeled graph

G� = ( V; E; l);

in which

� there is a vertex in V for every vertex of �;

� two vertices of the graph are connected by an edge inE if and only if

there is an edge between the corresponding vertices in �;

� each edgee 2 E is labeled by the pair

l (e) = ( r (e); s(e)) ;

where

r (e) = rational length of the corresponding edge in � ;

s(e) = self intersection of the corresponding edge in �;

by self intersection of an edge in � we mean the self intersection number

of its moment map preimage.
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For a vertex v in a Delzant polygon, we denote by ~v the corresponding vertex

in G� . For an edgeA in a Delzant polygon, we denote by ~A the corresponding

edge inG� . We say that edgese; f in G� are adjacent if they have a common

vertex. If a vector v appears in an edgee, we say that e emergesfrom v. Since

� is a Delzant polygon, for each vertex there are exactly two edges that emerge

from it, so to each edge there are exactly two edges that are adjacent to it.

Two labeled graphsG = ( V; E; l) and G0 = ( V 0; E 0; l0) are called isomorphic

if there is a bijective mapping f from V onto V 0 such that

for all v; w 2 V; f v; wg 2 E , f f (v); f (w)g 2 E 0;

and

for all f v; wg 2 E; l (f v; wg) = l0(f f (v); f (w)g):

An isomorphism of G with itself is called an automorphism of G. We call two

vertices v1 and v2 of a labeled graphG the sameif there is an automorphism

of G that sends v1 to v2.

Cutting a corner emerging from a vertex v in a Delzant polygon � by size

� to get � 0 results in changes in the vertices set, edges set and labeling of the

coloring G� , to get a coloring G� 0 of � 0. We call that change in the coloring

graph also cutting by size � at ~v. Such a cutting omits the vertex ~v and adds

two others �; � to the vertices set. It replaces the edgesf ~v; wg and f ~v; ug of

colors (a; c) and (b; d) in edges f �; w g and f �; u g of colors (a � �; c � 1) and

(b� �; d � 1); we say that the edgef �; w g in G� 0 is obtained from the edgef ~v; wg

in G� by the cut. The cutting also adds to the edges set an edgef �; � g of color

(�; � 1), that we call the edge createdby the cutting. A necessary condition for
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cutting a coloring at a vertex v by size � is that the �rst coordinate of each of

the two edges emerging fromv is greater than � .

Claim 5.6. Two Delzant polygons areAGL(2 ; Z)-equivalent if and only if their

colorings are isomorphic as labeled graphs.

Proof. For a map  2 AGL(2 ; Z), two vertices v and w are connected by an

edge in a Delzant polygon � if and only if  (v) and  (w) are connected by

an edge in (�); the map  preserves the rational length, (as follows from the

de�nition), and the self intersection number of the moment map preimage of

an edge, (since corresponds to reparameterizing the torus action). Hence 

induces an isomorphism of colorings betweenG� and G (�) .

On the other hand, let � 1 and � 2 be Delzant polygons whose coloringsG� 1

and G� 2 are isomorphic as labeled graphs via a mappingf . In particular, � 1

and � 2 have the same numbern of edges. LetA1; B1 be adjacent edges in �1

with a common vertex p1. The vertex ~p1 is sent by f to a vertex ~p2 in G� 2 ; the

edges ~A1 and ~B1 are sent by f to edges ~A2; ~B2 in G� 2 with ~p2 as a common

vertex. The edgesA2 and B2 are then adjacent in � 2 with a common vertex

p2.

For i = 1 ; 2, as � i is a Delzant polygon in R2, the edgesA i and B i that

meet at pi are of the form pi + tuA i , and pi + tuB i , for 0 � t � 1 , where

uA i ; uB i 2 (Z2), and we can assume that (uA i ; uB i ) is a basis for (Z2). De�ne

M 2 GL(2; Z) by

M (uA 1 ) = uA 2 ; M (uB 1 ) = uB 2 :
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M is well de�ned since for i = 1 ; 2, (uA i ; uB i ) is a basis for Z2. De�ne  2

AGL(2 ; Z) by

 (v) = M (v) + ( p2 � M (p1)) :

For an edgeE denote by vE the primitive Z2-vector that is outward normal

to E. Then,

 (p1) = p2; v (A 1 ) = vA 2 ; v (B 1 ) = vB 2 :

The rational length of  (A1) equals the rational length of A1 which equals the

rational length of A2 since ~A1 and ~A2 have the same color; similarly, the rational

length of  (B1) equals the rational length of B2. Thus, as edges that emerge

from the same point, on the same direction, with the same rational length,

 (A1) = A2;  (B1) = B2:

In particular, the other vertex q1 of B1 is sent by  to the other vertex q2 of

B2.

Since f sends ~B1 = f ~p1; ~q1g to ~B2 = f ~p2; ~q2g and ~p1 to ~p2, it sends ~q1 to

~q2. Let ~C1 be the edge ofG� 1 that has ~q1 as a common vertex with ~B1. The

edge ~C1 is sent by f to an edge ~C2 in G� 2 that has ~q2 as a common vertex

with ~B2. For i = 1 ; 2, the edgeCi is adjacent to B i and di�erent from A i in

� i . By Claim 3.7, for edgesA; B; C of a Delzant polygon such thatA; B; C are

successive in some order (clockwise or anticlockwise),

(5.2) � sB vB = vA + vC ;

where sB denotes the self intersection ofB . For  2 AGL(2 ; Z),

s (B 1 ) = sB 1 :
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SinceB1 and B2 have the same color,

sB 1 = sB 2 :

Combining the above,

(5.3) v (C1 ) = � v (A 1 ) � s (B 1 )v (B 1 ) = � vA 2 � sB 2 vB 2 = vC2 :

Also, the rational length of  (C1) equals the rational length of C1 which equals

the rational length of C2, since ~C1 and ~C2 have the same color. Thus as edges

that emerge both from q2, on the same direction, with the same rational length,

 (C1) = C2:

We go on and apply the same argument to the following edges in the colorings

to get

(5.4)  (� 1) = � 2:

�

By Theorem 3, Proposition 5.4 translates to a claim on equivalence classes

of Delzant polygons that are obtained by cutting a standard � -triangle by sizes

(� 1; : : : ; � k ) in a descending order; by Claim 5.6, the proposition assumes the

form of the following combinatorial claim. Its proof is by combinatorial argu-

ments.

Proposition 5.7. For small v = ( �; � 1; : : : ; � k ), such that

� 1 > : : : > � k ;
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the number of non-isomorphic colorings ofk + 3 -polygons that are obtained by

cutting a standard � -triangle by sizes� 1; : : : ; � k in a descending order is one if

k = 1 , two if k = 2 and at most 2 � 5 � : : : � (k + 2) if k � 3.

If in addition v satis�es

kX

j =1

� j < �

and

for all 1 � i � k;
kX

j = i +1

� j < � i ;

then the number of the non-isomorphic colorings is one ifk = 1 , two if k = 2

and exactly 2 � 5 � : : : � (k + 2) if k � 3.

We will deduce Proposition 5.7 from the following observations.

Notation: Consider v = ( �; � 1; : : : ; � k ), such that � � � 1 � : : : � � k . A

cutting by the i sizes� 1; : : : ; � i in a descending order from the coloring of the

standard � -triangle is called a (i; v )-cutting ; a labeled graph that is obtained

by a (i; v )-cutting is called a (i; v )-coloring. Notice that there might be several

di�erent ( i; v )-cuttings and several di�erent ( i; v )-colorings.

Lemma 5.8. Assumev = ( �; � 1; : : : ; � k ) is small, and � 1 > : : : > � k . Then, for

a (i; v )-cutting, the edge created at thei th stage of the cutting is the only edge

in color (� i ; � 1) in the (i; v )-coloring obtained by the cutting.

This edge serves as a handle to hold and compare di�erent (i; v )-colorings.

Proof. Another edge for which the second coordinate of its color is� 1 can be

either
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� the edge created at thej th stage for j < i , and hence the �rst coordi-

nate of its color is � j that is strictly greater than � i ,

� or an edge obtained by two cuts from an edge of the coloring of the

standard � -triangle (in that case i � 2); by assumption �
3 � � 1 > : : : >

� k , hence the second coordinate of the color of such an edge is strictly

greater than � � 2�
3 = �

3 , which is greater than � i .

�

Hence for v as in the lemma, given a coloring of a Delzant polygon that is

obtained by a cutting of � 1; : : : ; � k in a descending order from the standard� -

triangle, the cutting steps are determined uniquely by the coloring. Still, there

might be two colorings obtained by di�erent ( k; v)-cuttings that are isomorphic.

(For example, the colorings of the three polygons obtained by cutting � 1, each

at a di�erent corner of the standard � -triangle.)

Claim 5.9. Assumev = ( �; � 1; : : : ; � k ) is small, and � 1 > : : : > � k .

� If the colorings G(i;v )
1 and G(i;v )

2 we get by two(i; v )-cuttings are iso-

morphic, then in these cuttings up to (including) the i � 1st stage, we

get isomorphic colorings.

� If there are two di�erent vertices �; � of a (i � 1; v)-coloring G(i � 1;v)

such that the coloring G(i;v )
1 obtained by cutting � i at � is isomorphic

to the coloring G(i;v )
2 obtained by cutting� i at � , then these vertices are

the same inG(i � 1;v) .
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Proof. By Lemma 5.8, in both (i; v )-colorings there is exactly one edge in color

(� i ; � 1) (the edge created at thei th stage). Let d1 be that edge in G(i;v )
1 and

d2 be that edge in G(i;v )
2 . For j = 1 ; 2, let aj ; bj be the edges adjacent todj in

G(i;v )
j . Denote by G(i � 1;v)

j the coloring obtained by the i � 1 �rst stages of the

j th ( i; v )-cutting. Let �aj be the edge inG(i � 1;v)
j from which aj is obtained by

the i th cut. Similarly de�ne �bj . The edges �aj and �bj are adjacent in G(i � 1;v)
j .

Then the color of �aj is (rational length of aj + � i , intersection number of aj +1);

the color of �bj is determined similarly. Thus if the color of a1 is the same as the

color of a2, then the colors of �a1 and �a2 are the same. The rest of the edges in

G(i � 1;v)
j are not a�ected by the i th cut.

If the colored polygonsG(i;v )
1 and G(i;v )

2 are isomorphic via a mapf , then f

must map d1 to d2, hence it sends the edgesa1; b1 to the edgesa2; b2. Assume,

without loss of generality, that f (a1) = a2 and f (b1) = b2. For j = 1 ; 2, let

uj ; vj ; wj be the vertices ofG(i � 1;v)
j such that �aj = f uj ; vj g and �bj = f vj ; wj g.

Then the mapping from G(i � 1;v)
1 to G(i � 1;v)

2 that sends u1; v1; w1 to u2; v2; w2,

respectively, (and the edges �a1; �b1 to the edges �a2; �b2), and maps the other ver-

tices as (the restriction of) f is an isomorphism. This proves the �rst assertion.

This proof also yields the second assertion; we notice that in this case

G(i � 1;v)
1 = G(i � 1;v)

2 = G(i � 1;v) , the edges �a1; �b1 are the edges that emerge from

the vertex � , and the edges �a2; �b2 are the edges that emerge from the vertex

� . The automorphism of G(i � 1;v) that we get maps � to � , thus indicates that

these vertices are the same.

�
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In other words, cutting � i +1 from non-isomorphic (i; v )-colorings results in

non-isomorphic (i + 1 ; v)-colorings.

Claim 5.10. Assume v = ( �; � 1; : : : ; � k ) is small, and � 1 > : : : > � k . For

i > 2, given a (i � 1; v)-coloring G(i � 1;v) , colorings that are obtained by di�erent

cuttings of size� i from G(i � 1;v) (i.e., that are performed at di�erent vertices of

the coloring G(i � 1;v) ) are not isomorphic.

Proof. We show by induction that for j � 2 there are not two di�erent vertices

that are the same in a (j; v )-coloring. Then, by Claim 5.9, cutting by size � i

at di�erent vertices of a ( i � 1; v)-coloring, for i > 2, yields non-isomorphic

colorings.

For j = 2, there are two non-isomorphic (2; (�; � 1; � 2))-colorings. The vectors

of edge-colors in these colorings are

� (( � � � 2; 0); (� 2; � 1); (� � � 2 � � 1; � 1); (� 1; � 1); (� � � 1; 0)) in one,

� and ((� � � 2 � � 1; � 1); (� 2; � 1); (� 1; � 2); (� � � 1; 0); (�; 1)) in the other.

The �rst coloring corresponds to the polygon in the left of Figure 4 ; the second

coloring corresponds to the polygon in the right of Figure 4. Sincev is small,

and � 1 > : : : > � k , in both cases each edge is colored in a di�erent color; in

particular no two di�erent vertices are the same.

For the induction step, assume true forj (� 2). Consider a (j +1 ; v)-coloring

G(j +1 ;v) . As before, there is only one (the new) edged with color ( � j +1 ; � 1).

We denote the vertices ofd by �; � . We denote the adjacent edges tod by a; b,

wherea = f �; � g and b = f �; � g. Sinced is the only edge with color (� j +1 ; � 1),



97

an automorphism f of G(j +1 ;v) sendsd = f �; � g to itself. Thus f might not

sendv that is not in f �; � g to w 2 f �; � g nor sendv 2 f �; � g to w that is not

in f �; � g.

If f sends� to � and � to � , then it must send the adjacent edgea to the

other adjacent edgeb and sendb to a. So f (� ) = � , and f (� ) = � , thus f sends

the other edge that is adjacent toa to the other edge that is adjacent to b, and

so on. This induces an automorphism of theG(j;v ) coloring obtained by the

�rst j cuts of the given (j + 1 ; v)-cutting that sends the vertex v at which the

j + 1st cut is done to itself and maps the other vertices as (the restriction of)

f (as described in the proof of Claim 5.9). This isomorphism indicates there

are at least b3+ j +1
2 c � 1 di�erent \the same" vertices at that G(j;v ) coloring, in

contradiction to the induction assumption.

So f must send each of the vertices� and � to itself, but then it must send

any other vertex of the coloring to itself. (It must send � to itself, � to itself,

and so on.) Thus there are not two di�erent vertices in G(j +1 ;v) that are the

same.

�

Proof of Proposition 5.7. For k = 1 ; 2, the proposition follows from Corollary

5.2. Assumek � 3. From a (k � 1; v)-coloring, we get one coloring for each

di�erent vertex of the coloring at which a � k -cut can be performed; by Claim

5.10, (k; v)-colorings that are obtained by cutting at di�erent vertic es of a (k �

1; v)-coloring are non isomorphic. Thus, when we make thekth cut we get at

most 3 + k � 1 non-isomorphic colorings from each coloring obtained at the

k � 1st stage. The proposition follows by induction, applying the fact that
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colorings that are obtained by a � i cut from non-isomorphic (i � 1; v)-colorings

are non-isomorphic (Claim 5.9). For the second assertion wenotice that if these

conditions are satis�ed, then at each stage it is possible tocut at any vertex. �

6. Non consistent toric actions on non-small blow ups of CP2

We describe below an example of a toric action on a non-small blow up of

CP2 that is not consistent with the blow up.

Example 6.1. For � > 1
2 , let (M 1; ! � ; � 1) be CP2 of size 1 blown up equivariantly

by size� . The moment map image is obtained by cutting a corner of size� from

a Delzant triangle of edge-size 1, to get a trapezoid Hirz(1+ � )=2;1� �; 1, say, the

trapezoid with vertices

(0; 0); (1; 0); (�; 1 � � ); (0; 1 � � ):

Let (N; ! 2; � 2) be a Hirzebruch surface whose image is a trapezoid Hirz(1+ � )=2;1� �; 3,

say, the trapezoid with vertices

(0; 0); (2 � �; 0); (2� � 1; 1 � � ); (0; 1 � � ):

See Figure 5. (Notice that the north edge is then of size 2� � 1, which is > 0

if and only if � > 1
2 .) Since these Hirzebruch trapezoids have the same average

width a and height band the inverse of their slopes di�er by 2, the corresponding

manifolds are isomorphic as symplectic manifolds with Hamiltonian S1 action

(by [Ka2, Lemma 3]), however they are not isomorphic as symplectic toric

manifolds (their moment map polygons are not AGL(2; Z)-equivalent).

The homology classE 2 H2(M 1; Z) = H2(N ; Z) of the exceptional divisor

obtained by the blow up (of size � ) is represented by the � 2-preimage of a



99

Figure 5. symplectomorphic but not equivariantly symplec-

tomrophic symplectic toric manifolds

connected union of edges, (e.g.,the north and the left), of the moment map

polygon � 2(N ), but not by a � 2-preimage of a single edge of �2(N ). We

denote by SE the � 2-preimage of the union of the north and the left edge. The

same is true forL (that is represented by the � 2-preimage of the union of the

left, the north, and the right edges of � 2(N ), but not by a � 2-preimage of a

single edge). LetJ N
T be a T-invariant ! 2-tame complex structure on (N; ! 2).

(We may think of J N
T as a! � -tame complex structure on the symplectomorphic

(M 1; ! � ).) Then

(6.1) there is no J N
T � holomorphic sphere inN that represents the classE:

For such a J N
T -sphere must be simple (sinceE � E = � 1 is not a multiply of

any 1 6= n 2 N), hence embedded (by the adjunction equality satis�ed since

E is represented by an embeddedJ M 1
T sphere), and irreducible (by Corollary

2.2); thus, by Claim 4.16, it is an embedded symplecticT-invariant exceptional

sphere of size� in N . Blowing down equivariantly along it we get CP2 of size 1

with the standard toric action; by reversing our step we get that (N; ! 2; � 2) is

isomorphic to (M 1; ! � ; � 1) as symplectic toric manifolds, to get a contradiction.
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We deduce that there is noJ N
T -holomorphic sphere that represents the ho-

mology classL of CP1 of size 1. Otherwise, by Claim 6.2 below, the stable

J N
T -holomorphic map SE representing the classE is a J -holomorphic sphere,

in contradiction to (6.1).

Claim 6.2. Let J be an almost complex structure onM = ( M k ; ! � ) that is

tamed by ! � . If there is a J -holomorphic spherel in M in the homology class

L , then, for each of the homology classesE1; : : : ; Ek in H2(M k ; Z), any stable

J -holomorphic map representing the class is aJ -holomorphic sphere.

Proof. First, since L � L = 1, such a J -spherel is simple. Assume that C is a

stable J -holomorphic map in E i , with smooth componentsCj , i.e.,

C =
NX

j =1

mj Cj ; mj 2 N for all j ; Cj are J -spheres:

Since L; E 1; : : : ; Ek form a basis to H2(M k ; Z), for each j there is a unique

representation

(6.2) [Cj ] = aj L +
kX

i =1

bj
i E i ; aj ; bj

i 2 Z:

If for each j the coe�cient aj of L is zero, we get

for all 1 � j � N; ! � (Cj ) =
kX

i =1

bj
i � = � j �:

Then all the � j are in Z; moreover, sinceCj is a J -holomorphic sphere and

J is tamed by ! � , we have ! � (Cj ) > 0, so 0< � j 2 N. Since C is in E i , we

get
P N

j =1 mj � j = 1; since all mj ; � j are non-negative integers we conclude that

N = 1 = m1 = � 1, i.e., C is a J -holomorphic sphere.
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Otherwise, there must be a simple smooth componentCj of C, such that the

coe�cient aj of L in the representation (6.2) is negative (in particular, Cj 6= l).

Thus

[Cj ] � L = aj < 0;

and we get contradiction to positivity of intersections of the di�erent simple

J -holomorphic spheresCj and l.

�

Remark 6.3. Claim 6.2 might motivate an attempt to prove that when � is

small a stable J -holomorphic map in E i 2 H2(M k ; ; Z) must be a J -sphere by

arguing the existence of aJ -sphere in L for any ! � -tame J . This approach is

not fruitful, since (as we saw here) it is not true that there is a J -sphere in L

for any ! � -tame J . Notice that arguing that the Gromov-Witten invariant

(6.3) GW( L; p1; p2) 6= 0

implies for a non generic! � -tame almost complex structureJ only the existence

of a stable J -holomorphic map in L (as seen in Example 6.1).

The manifold (N; ! 1; � 1) = ( M 1; ! � ; � 1) in Example 6.1 is an ancestor to a

family of manifolds (N; ! a; � a) (a 2 N): As long as � > a= (a + 1), a one-sided

shear translation of the trapezoid corresponding to (N; ! a; � a) yields a new

trapezoid with the same average width and height and slope� 1
(2(a+1) � 1) . This

trapezoid is the moment map image of a Hirzebruch surface, that we de�ne

as (N; ! a+1 ; � a+1 ). By the same argument as above, forb � a, (N; ! b; � b)

and (N; ! a+1 ; � a+1 ) are isomorphic as symplectic manifolds with Hamiltonian
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S1 action but not as symplectic toric manifolds. Notice that th e associated

trapezoids are of the same area and perimeter. Given� , there is a �nite num-

ber of a's that satisfy � > a= (a + 1), hence a �nite number of a's such that

(N; ! a+1 ; � a+1 ) exists; thus we get a �nite number of non-isomorphic but sym-

plectomorphic symplectic toric manifolds.

We also derive from Example 6.1 an example of a toric action on(M k ; ! v),

with k > 1 and non-small v, that is not consistent with the symplectic blow

ups given by v.

Example 6.4. Assume� > 1
2 , and � 1 > : : : > � k� 1 are positive numbers, such

that
P k� 1

i =1 � i < minf 1 � �; 2� � 1g. Let (M k ; ! (1;�;� 1 ;:::;� k � 1 ) ; � 0
1) be CP2 of size

1 blown up equivariantly by sizes (�; � 1; : : : ; � k� 1), such that the moment map

image is obtained from the trapezoid with vertices

(0; 0); (1; 0); (�; 1 � � ); (0; 1 � � )

(as in the left of Figure 5) by iterations of corner-cuts, starting from the upper

left and continuing anticlockwise, by sizes� 1; : : : ; � k� 1 in a descending order.

Let (Nk� 1; ! (� 1 ;:::;� k � 1 ) ; � 0
2) be the symplectic toric manifold that is obtained

from (N; ! 2; � 2) by k � 1 equivariant blow ups of sizes (� 1; : : : ; � k� 1), such that

the moment map image is obtained from the trapezoid with vertices

(0; 0); (2 � �; 0); (2� � 1; 1 � � ); (0; 1 � � )

(as in the right of Figure 5) by iterations of corner-cuts, starting from the upper

left and continuing anticlockwise by sizes� 1; : : : ; � k� 1 in a descending order.

Then these manifolds are symplectomorphic but not isomorphic as symplectic
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toric manifolds. Thus (M k ; ! (1;�;� 1 ;:::;� k � 1 )) admits a toric action that is not

consistent with the blow ups.

Appendix A

Notation: Denote by J the space

J = J � (M; ! );

and by

J (J0; J1)

the space of all smooth homotopies [0; 1] ! J : � 7! J� from J0 to J1.

Lemma A.1. Let (M; ! ) be a compact4-dimensional symplectic manifold. Let

J0; J1 be! -tame almost complex structures onM . Let A be a class inH2(M ; Z)

with self intersection number� 1. Assume thatA is represented by an embedded

J0-holomorphic sphereC0 and by an embeddedJ1-holomorphic sphereC1.

Then there is a symplectomorphism of(M; ! ) that sendsC0 to C1, and in-

duces the identity map onH2(M ; Z).

Proof. By Lemma A.2, given below,M � (A; J 0)=PSL(2; C) and M � (A; J 1)=PSL(2; C)

consist each of a single point, and are compactly cobordant via a compact one-

dimensional

W � (A; f Jt g) = f (Jt ; u) j u 2 M � (A; J t )g=PSL(2; C)

for somef Jt g 2 J (J0; J1).

This gives a family (with parameter 0 � t � 1) of Jt -holomorphic embeddings

� t from CP1 to the manifold. Their images are embedded symplectic spheres
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in M , denoted by Ct , all in the homology classA. Notice that the pullbacks

of ! to CP1 by homotopic maps are all in the same cohomology class. Hence,

by Moser, there is a family of di�eomorphisms � t : CP1 ! CP1, starting at the

identity map, that satisfy � �
t (� �

0(! )) = � �
t (! ). Hence we may assume that� 0

is a symplectic embedding of the standardCP1 and compose the embeddings

f � t g on the family f � t g to get a one-parameter family of symplectic embeddings

f � t � � t g of the standard CP1 into M . This is a \partial 
ow" f � t g0� t � 1 that

moves along the symplectic spheresCt . Di�erentiating it by t gives vector �elds

X t , whereX t is de�ned at the points of the t-th sphereCt and attaches top 2 Ct

a tangent vector in TpM .

We claim that X t can be expanded to a vector �eld ~X t on the manifold that

is Hamiltonian, i.e.,

(A.1) � ~X t
! = d ~H t ;

where ~H t : M ! R depends smoothly ont.

We can expandX t in some way (e.g., by a partition of unity) to get a time

dependant vector �eld (not necessarily Hamiltonian) on M . This generates a

one-parameter family of di�eomorphisms f  t g

d
dt

 t = X t �  t ;

such that  t � � 0 = � t � � t . For vectors u; v in tangent directions to Ct at points

of the t-th sphere,

0 =
d
dt

! ( t � v;  t � w);
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since the 
ow on the spheres preserves! . By de�nition, the right term equals

the Lie derivative of ! in direction of the vector �eld evaluated on tangent

vectors to Ct . By Cartan's formula,

L X t ! = d(�X t ! ) + ( �X t )d! = d�X t !;

where the last equality is since! is closed. Thus the pullback of the one form

�X t ! to Ct through � t � � t is closed, hence (in this case) exact; we get that there

is a function ht de�ned on Ct , such that the pullback of �X t ! to Ct equalsdht .

For a point of the embedded sphereCt , there is a coordinates neighbourhood

(x t
1; x t

2; yt
1; yt

2), whose intersection with Ct is given by yt
1 = yt

2 = 0, and the

coordinates depend smoothly ont. ((x t
1; x t

2) is a coordinates neighbourhood in

Ct and yt
1; yt

2 are in complement directions). Then we can write

� ~X t
! = at

1dxt
1 + at

2dxt
2 + bt

1dyt
1 + bt

2dyt
2;

where at
1(x t

1; x t
2; 0; 0) = @ht

@xt1
and at

2(x t
1; x t

2; 0; 0) = @ht
@xt2

. The pullback of this

1-form to Ct equalsdht .

De�ne

H t = ht + bt
1(x t

1; x t
2; 0; 0)yt

1 + bt
2(x t

1; x t
2; 0; 0)yt

2:

Thus we expand the de�nition of ht to a neighbourhood of the t-th sphere in

M ; this expansion is smooth in t. We expand these functions to a family of

functions ~H t : M ! R by partition of unity in M � [0; 1], (we may apply this

here since (A.1) is linear under multiplication by smooth functions).
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This gives a Hamiltonian 
ow on M , thus a family of symplectomorphisms

f � t g0� t � 1, starting from the identity map. The symplectomorphism � 1 sends

C0 to C1 and induces the identity map on H2(M ; Z).

�

Lemma A.2. Let (M; ! ) be a compact4-dimensional symplectic manifold. Let

A be a class inH2(M ; Z) with self intersection number � 1.

Then

� For J 2 J , if there is an embeddedJ -sphereC that representsA, then

(1) M � (A; J )=PSL(2; C) consists of a single point, andJ is in J reg(A).

(2) there is no non-smooth stableJ -holomorphic map in A, cnsequently

J is regular for any tree T and a decompositionA =
P

� 2 T A � .

� Let J0 be an ! -tame almost complex structure onM such that A is

represented by an embeddedJ0-holomorphic sphereC0.

Then, for J1 2 J such that A is represented by an embeddedJ1-

holomorphic sphereC1, there is a compact cobordism betweenM � (A; J 0)=PSL(2; C)

and M � (A; J 1)=PSL(2; C) via

W � (A; f J� g) = f (J� ; u) j u 2 M � (A; J � )g=PSL(2; C)

for some f J� g 2 J (J0; J1).

Moreover, for a generic J in J there is such a compact cobordism

betweenM � (A; J 0)=PSL(2; C) and M � (A; J )=PSL(2; C).
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Proof. � (1) Since A is realized by an embeddedJ -sphere C, the ad-

junction equality 0 = 2 + A � A � c1(A) holds; since A � A = � 1

this implies c1(A) = 1. Thus J is regular for the classA at C

[HLS], [MS2, Corollary 3.3.4]. Any element in the moduli space

M � (A; J ) di�ers from C by reparameterization of CP1, otherwise,

since A � A = � 1, we get a contradiction to positivity of intersec-

tions of simple J -holomorphic spheres in the symplectic 4-manifold

(M; ! ) [MS2, Theorem 2.6.3]. In particular, M � (A; J )=PSL(2; C)

consists of a single point. It follows that J 2 J reg(A).

(2) Assume that A is realized by a non smooth stableJ -holomorphic

map, i.e., A =
P n

i =1 mi [ui ], where for 1 � i � n the component

ui is a simpleJ -holomorphic sphere andmi 2 N, such that n > 1.

Then A � A =
P n

i =1 mi ([ui ] � [C]). Since n > 1, for 1 � i � n,

! (C) > ! (ui ) so C 6= ui , hence by positivity of intersections,

[ui ] � [C] � 0. Thus 0 �
P n

i =1 mi ([ui ] � [C]) = A � A, in contra-

diction to A � A = � 1.

� By the previous assertions of the lemma, bothJ0 and J1 are regular for

A and for any �nite decomposition A =
P

A � .

Hence, by [MS2, Theorem 3.1.7], for the homology classA, for a A-

regular homotopy f J� g0� � � 1, there is a cobordism betweenM � (A; J 0)

and M � (A; J 1) via

W � (A; f J� g) = f (J� ; u) j u 2 M � (A; J � )g;
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and the set of such homotopies is of the second category inJ (J0; J1).

Adding marked points to the sphere guarantees that PSL(2; C) acts

freely on the moduli space. So we get a cobordism equipped with an ac-

tion of this group which is free and proper. The quotient is a cobordism

betweenM � (A; J 0)=PSL(2; C) and M � (A; J 1)=PSL(2; C).

Moreover, the above holds not just for a homology classA but also

when we �x a tree T and a map T ! H2(M ; Z) : � 7! A � such that

A =
P

� 2 T A � (with corresponding notions of moduli spaces of simple

stable maps and regularity) [MS2, Theorem 6.2.11].

By [MS2, De�nition 6.2.10], a homotopy f J� g from J0 to J1 that is

regular for T and f A � g satis�es that for all � 2 T, the map

� � : M � (A � ; J ) ! J : (u� ; J ) 7! J

is transversal to f J� g. By [MS2, Theorem 6.2.11] the set of such homo-

topies is of the second category inJ (J0; J1).

Assume that for someJ 0 in such f J� g there is a a simple stableJ 0-

holomorphic map u = f u� g modeled onT that represents the decom-

position A =
P

� 2 T A � . Then for all � 2 T, in a neighbourhood ofu�

the spaceM � (A � ; J ) is a nonempty manifold of dimension 4+ 2c1(A � ).

Since A is a homology class of self intersection� 1 that is realized by

an embeddedJ0-sphere,c1(A) = 1. So, if the number of vertices � 2 T

is > 1 there must be A � such that c1(A � ) < 1, hence the dimension

4 + 2c1(A � ) of M � (A � ; J ) near u� is smaller than 6. However, mark-

ing points on the sphere guarantees that the 6-dimensional Lie group
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PSL(2; C) acts freely on this nonempty manifold of dimension< 6, to

get a contradiction. Thus, for a decompositionA =
P

� 2 T A � modeled

on T of more than 1 vertices, for f J� g in a set of the second category

in J (J0; J1), there are no stable J� -holomorphic maps in A that are

modeled onT and represent the the decompositionA =
P

� 2 T A � .

By taking intersections of these sets over the enumerable set of pos-

sible �nite decompositions of A, we get a set of the second category in

J (J0; J1), such that for f J� g0� � � 1 in this set there are no non-smooth

stable J� -holomorphic maps in A. Hence, by Gromov's compactness,

the cobordism W � (A; f J� g) is compact.

The same proof shows that forJ in J that is regular for A and for any

�nite decomposition A =
P

A � there is a compact cobordism between

M � (A; J 0)=PSL(2; C) and M � (A; J )=PSL(2; C).

�
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