Unit 7. Infinite Series

7A: Basic Definitions

TA-1 -

1 = (1\" 1 4
a) Sum the geometric series: d Yol ZO: (Z) = m =3

b)1—-1+1—14...4+(=1)"+... diverges, since the partial sums s, are successively
1,0,1,0,..., and therefore do not approach a limit.

¢) Diverges, since the n-th term n;l does not tend to 0 (using the n-th term test for
divergence).

d) The given series =In2+ $In2+1n2+... = In2(1+4+1+...); but Zl/n
1

diverges; therefore the given series diverges.

> & on—1

A 1 1 1 1
e) zl: e = 3 1 prasg geometric series with sum g(m) = §-3 = 1.

(o) _1 n 1 3
f) series = Z(?) = =13 = 1 (sum of a geometric series)
0

TA-2 21111... = 24.014+.001+... = 24+.01(1+ g5+ 5= +- .- = .2+.01((ﬁ) = 5.

7TA-3 Geometric series; converges if |z/2] < 1, i.e., if |z| < 2, or equivalently, —2 < z < 2.
TA-4

a) Partial sum: s, = (%—%)4—(%—%)4—4—(%—%)
1
m+1

1 /2 —1/2 >, 1 1/ (1 1
b) ————— =22+ " theref — = = —— .
) n(n +2) n +n—|—2’ cretore zl:n(n+2) 2(20:(n n+2)

The m-th partial sum of the series is

171 1+1 1+1 1+1 1+ +1 1 ! 1_’_1 1 1
m=o\173727473 54 6T m my2) " 2 2 m+1 m+2)’
since all other terms cancel.

= 1-—

— 1 as m — oo. Therefore the sum is 1.

Therefore s,,, — % as m — 00, so the sum is 3/4.

2 2 2(2 2,2
7A-5 The distance the ball travelsis h + gh + gh + 3 (§h> + 3 (gh +...

the successive terms give the first down, the first up, the second down, and so on. Add h
to the series to make the terms uniform; you get a geometric series to sum:

1
2(h +2h/3+ (2/3)%h +...) = 2h(1 +2/3 + (2/3)* +...) = 2h(1_72/3> = 6h.
Subtracting the h that we added on gives: the total distance traveled = 5h.



S. SOLUTIONS TO 18.01 EXERCISES

7B: Convergence Tests

7B-1
)/OO : bt +a)] divergent
a = —In(z = oo; divergen
o 22+4 2 . 8
o0 1 S
b) /0 poai tan~* x] . = g; convergent
00 1 oo
c = 2(z+1 1/2] = o0; divergent
) | g = e g
<] 1 >
d) / v =(In x)Q} = oo; divergent
1 T 2 1
o0 1 1 1-p7©°
e) / = (Inz) , if p# 1. divergent if p < 1, convergent if p > 1
9 (Inz)P .z 1-p |,
o) d o0
Ifp=1, / l_x = In(ln x)} = 00. Thus series converges if p > 1, diverges if p < 1.
2 0T 2
S| [ e
f) / — = , if p # 1; diverges if p < 1, converges if p > 1.
1 P 1—p]ly
o) d s
Ifp=1, / S B x] = o0; thus series converges if p > 1, diverges if p < 1.
1 T 1
7B-2

o0
1 n? 1
a) Convergent; compare with E — 5 = — lasn— o0
—n n? +3n 14+3/n

n

1 1
b) Divergent; compare with Z —: = — l,asn — o0
n n+n 1+1/yn

n

1 1
¢) Divergent; compare with Z - =
n VnZ+n 1+1/n

— 1l,asn — o0

o0 .
1 1 sinh
d) C t; 'thE—: li Zsin (=) = I =1
) Convergent; compare wi 1 3 Jim n”sin <n2) Jim —
o0
1 n32\/n n? 1
t; ith : = = 1
e) Convergent; compare wi El 37 - EON] ey — 1 as
n — 0o
Inn 1 1
f) Divergent, by comparison test : — > —; E — diverges
n n n

1

. 1 n? . n? nt
g) Convergent; compare with Z — I = — 1 — 1 asn— o0
n n* — n* —

4dn - n? 1

1
h) Divergent; compare with Z e e R 1/an?
n nt+n n




7. INFINITE SERIES

o o

7B-3 By the mean-value theorem, sinz < z, if x > 0; therefore Z sin a,, < Z an; SO the
0 0

series converges by the comparison test.

7B-4
1 27 1 1 1
a) By ratio test, ;Ln% T = (n:; > 5 — 5 as n — 00; convergent
ntl ) 2
b) By ratio test, m ‘on = o 1 — 0 asn — oo; convergent
antl 1-3----- 2n—1 2
¢) By ratio test, 13 ol o = 3 1 — 0 asn — oo
e ) e e e n v n
convergent
) (n+1)12 (2n)! (n+1)? 1 .
d) By ratio test, @n T2 R = Gt DEn 1) ~ 7 as n — 0o0; convergent

1
— . @ — 1 asn — oo; but Z % diverges; therefore the

series is not absolutely convergent.

e) Ratio test fails:

. (n+1)! n" n" 1 1
f) By ratio test, ————2— . — = = - <1 :
) By ratio tes D" CEED T i) - as n — 0o
convergent
n2

1
g) Ratio test fails: — 1 asn — oo; but Z —; converges; therefore the
n

(n+1)2 1
series is absolutely convergent.

1
h) Ratio test fails: diverges, by limit comparison with Z —; therefore the
n

1
Z /n2 + 1
series is not absolutely convergent.
n
i) Ratio test fails: Z ] diverges by the n-th term test; therefore the series is not
n

absolutely convergent

7B-5

e) conditionally convergent: terms alternate in sign, — 0, decreasing;

1
n

h) conditionally convergent: terms alternate in sign, — 0, decreasing;

1
V2 1
£0

—1)™n
i) divergent, by the n-th term test: lim )
n—oo n+1

7B-6 In all of these, we are using the ratio test.

lz|"t n

a) — = |z|- | ——= ) — |z| as n — oo; converges for |z| <1; R=1
n+1 |z* n+1
2n+1|x|n+1 n?

2

n
b . = gl [ —=— 92 . .
) CES AR TIE || <n+1) — 2|z| asn — oc;

converges for 2|z| < lor |z| <1/2; R=1/2



S. SOLUTIONS TO 18.01 EXERCISES

1 [ n+1
c) % = (n+1)Jz] — oo as n — oo; converges only for |z| =0; R=0
n!|x
|x|2(n+1) 3n |a?|2 |x|2 ; | 2 <1
= = — — —— asn — oo; converges for ——
gl P 3 3 ’ & 3 -7

that is, for |z| < v3; R=+/3

AV (R A a2 | §
e) o+ l/pr 1 et 2\ n+t1 — 5~ asn — o0; converges for
2
%<1or|x|<\/§; R=2

(2n + 2)!|z|?"+2 n!? s 2n+2)2n+1) 9
f ) — S A St R ) 4 . .
) a1 manz Al asn— oo
converges for 4|z|?> < 1, or |z| < 1/2; R=1/2
n+1 1 1
g) hjzli—i—l)% = |x|ﬁ — |z| as n — oo; converges for |z| < 1; R=1
(By L'Hospital’s rule, li Iz li 1z 1)
ospital’s rule, lim ————— = lim ——— = 1.
Yo Yamoo In(z+1) | amoo 1/(z +1)
22n+2 n+1 | 22
h) m —’|_x1|)' . 22’:x|" == —!_x|1 — 0 as n — oo; converges for all z; R = o0
7C: Taylor Approximations and Series
7C-1
(a) y=cosx y = —sinz y' = —cosx y® =sinz y® =cosz, ...
y0)=1  yO=0  Y0O=-1  yP0)=0 HyYO)=1 ...
a():l a1:0 a2:—1/2! a3:O a4:1/4!...

The pattern then repeats with the higher coefficients, so we get finally

) £E2 N £E4 £E6 N N (_1)nx2n N
COST = 1 — — —_— = = —_—
ol "4l 6l (2n)!

y(0) =0 y'(0) =1 "(0) = —1 y(3)(0) — 9l y(4)(0) — _3I
ap =0 a; =1 ag =—1/2 az=1/3 as=—1/4 ...
2 3 4 1n71 n
m(lta)=c— o422 4 L DTt

2 3 4 n



7. INFINITE SERIES

(¢) Typical terms in the calculation are given.

y=(1+2)2 o= <1> <_—1>(1 royr = EUEIED) Gy

2 2 24
y(0) =1 y'(0) = ;_21 y@(0) = (—1)3(214- 3-5)
a0 =1 az = —1/8 a4:_%
\/H-—le—kg—%24—...4-(_1)"—11'3'55;1"'75!2n—3)xn,+..

One gets the same answer by using the binomial formula; this is the way to remember the
series:

IRPTENITY (AT S NCE C I

3 £E5

_ x
7C-2 sinz = x—g—l—a—i—Rg(x).

(We could use either R5(z) or Rg(z), since the above polynomial is both T5(x) and Tg(x),
but Rg(x) gives a smaller error estimation if |x| < 1, since it contains a higher power of z.)

in( oS
Re(1) = 51n7' CT = %, for some 0 < ¢ < 1. Therefore
Be(1) <~ = 1 < 0002
O =T T R040
1 1

Thus sinl ~ 1— 30 + = ~ .84166; the true value is sin1 = .84147, which is within the
error predicted by the Taylor remainder.

7C-3 Since f(x) = e*, the n-th remainder term is given by

_ f(n+1)(c) n+l __ ec 3 5 3 _
Ba) = 0 Y T G S o S dntlss

Therefore we want n = 7, i.e., we should use the Taylor polynomial of degree 7; calculation
givese~14+1+1/24+1/6+1/2441/120+1/720+ 1/5040 = 2.71825.. ., which is indeed
correct to 3 decimal places.

7C-4 Using as in 7C-2 the remainder R3(z), rather than Rg(x), we have

cos®(c) ,

. e
4!

CoSC 4
< — < = .0026.
- - 24

T

Ry(a)| = i

So the answer is no, if |z| < .5. (If the interval is shrunk to |z| < .3, the answer will be yes,
since (.3)*/24 < .001.)



S. SOLUTIONS TO 18.01 EXERCISES

7C-5 By Taylor’s formula for e, substituting —22 for z,

4 c 2\3
e o at ef(=a?)
e IR ST

6
Since 0 < e < 2, the remainder term is < ?; integrating,

5 3 575
2 X x
/ e Vdr = [m———i——} + error = .461 + error;
0

3 104,

5 6 27 -5
where |error| < / 3 = ﬁ] = .00028 < .0003; thus the answer .461 is good to 3

0 0
decimal places.

7D: Power Series
7D-1
—2x 22 2 n 2" n

(a) e :1—2x—|—§x +...4+(-1) i + .o,

by substituting —2z for x in the series for e”.

2 .133 (—1)".13"
(b) cosvE = l-gt oGt (2n)!
, 1 (2z)2  (22)*
s2 L - (1_-11- _
(c) sin“z = (1 —cos2z) = 5 (1 {1 51 + 1 .
B N L oo
o2\ 2 4! o (2n)! o
(d) Write the series for 1/(1 4 x), differentiate and multiply both sides by —1:
1 2 3 n+1l, n+1
o7 = l—z+z -+ .+ (=) 2™ +...
1
1
(e) Dtan 'z = T -2 42 =2+ (D)2 4.

by substituting x? for z in the series for 1/(1+x); (cf. (d) above). Now integrate both sides
of the above equation:

- .133 N .135 N (_1)n,x2n+1 N N o
e o+ 1 ’



7. INFINITE SERIES

Evaluate the constant of integration by putting x = 0, one gets 0 =04 C, so C' = 0.

1
(f) DIn(1+x) = 5z l—z4a? =2+ (=)t 4
2 3 (_l)nxn-l—l
In(1 —z-F5+5—...+t———+...+C,
n(l+z) = o- 5 +3 Al TR

by integrating both sides. Find C' by putting « = 0, one gets C = 0.

2 3 4

e _ 1 x x x
(g) e’ = +$+5+§+Z+...
e 22 3 gt
e = —x—l—g—g‘f'z—l—...
22 gt 220
Adding and dividing by 2 gives: coshx = 1+ — 4+ — + ...+ +...
21 4l (2n)!
7D-2
) 1 1/9 1 1 x+a:2 a:3+ 1 x+x2
a = = (1-S4S -4 ) = - S+~
z+9 1+2/9 9 9 92 93 9 92 93
2 £E3 "
b) e = 1—|—x+§+§+...+—'+... : substituting —2 for x gives
4 —1)" 2n
e = 1—x2+x——...+u+...
2! n!
z?2 28 z? x> 28
c) e“cosx = (1+x+?+€+...><1—7+...) = 1+x+(€_7+"')
23
= 1—|—x—?—|—... : the terms in z2 cancel.
sint 2 ¢t (—1)2n
d — =1l =4 =+ = F...
)= TR IR o y
/I sintdt x3 N x® N (—1)ng?ntt N
—dt = 2 — —— + — — ...
o 1 3-31 5.5 2n+1)-((2n+1)!
t2 t t6

-t?2 _ oq_ -, v
e) e 1 2—1-22'2! 23.3!4—...

/me‘tz/zdt—x—x—3+ LA I ) I i
0 N 3-2  5.22.20 7.23.30 777 (2pn41)-2n.nl T

1 —1 3 6 3
f) po e il = —1—a°—2°—...—z°" — ...
g) y=cos’r = y' = —2coswsinz = — sin2x; substituting 2 into the series for sin z,
= 2x+ ﬁ i +...; integratin
y = 30 50 S g g,
23£E4 25(E6 (_1)n22n71x2n
2 2 _ :
y=cos‘x = —x‘+ 1 ol et ) +...+C;

4

Since y(0) = 1, we see that C' = 1, so cos’z = 1—x2—|—%—...



S. SOLUTIONS TO 18.01 EXERCISES

— T

53 1 3
h) Method 1: ;mx = (sinx)(l ) (x—%+...)(1+x—|—x2—|—a:3—|—...)

3
= x—i—x?—l—(x?’—%—i—...) = x—l—x?—i—gx?’—i—...

Method 2: divide 1 —z into x —23/6+..., as done on the left below:

x+ 22+ 5236 +... r+23/3 +...
l—z =z — 236 ... 1—-2%/2 2 —2%/6 +...
r — a2 x—2%/2
o —23/6 ... /3 + ...
z? — o’
52%/6 + ...

i)  Method 1: Calculating successive derivatives gives:

y=tanz, y =sec’z, 3’ =2sec®ztanz, y® =2(2sec®ztanx -tanz + sec® x - sec® )

y(0)=0, Yy (0)=1, "0 =0 yI0) =2

so the Taylor series starts

t L T
anr = & - .. = -
3! 3

sinx
Method 2: tanz = ;  divide the cosz series into the sinx series (done on the
5 T

cos
right above) — this turns out to be easier here than taking derivatives!

7D-3
1—cosz 1—(1—-22/2+...) z2/2+ ... 1
a) = = o = = -5 asx — 0
T —sinz r—(z—2%/64...) 23/6+ ... 1
b) = = 3 = 3 = 3 asx — 0
o) A+a)? = 1+4+z/2—-2%/8+... = (Q+)/2-1-x/2 = —2?/8+...
sine = x—23/6+... = sin®z = 22 +...
12 1 .2 _
Therefore, (1+2) 5 1—z/2 = z°/8+ ... — -1 as x — 0.
sin” x 2+ ... 8
d) cosu—1 = —u?/2+...; In(l+u)—u = —u?/2+...;
-1 —u?/24 ...
Therefore, cos = w2 — 1 asu—0.

In(l14+u)—u —u?/2+...



