Unit 6. Additional Topics

6A. Indeterminate forms; L’Hospital’s rule

6A-1 a) lim sin 3z ~ fim 3 cos 3z _3
z—0 T x—0 1
3(x/2) — 1 —1/2)si 2 —1/4) cos(x/2
byt S5/ 1 (12 sinGe/2) (U cos(e/2) o
z—0 2 z—0 2z z—0 2
| 1
¢) lim 2%~ lim ﬁ:()
r—oo I T—00 1
2
-3z —4
d) lim v dv—d = —4. Can’t use L’'Hospital’s rule.
z—0 x+1
tan™! 1/(1+ 2?
&) lim P_T _ yy, VOAFTD)
r—0 x z—0
r —sinx . l—cosx . sinz cos T
Dlim—5— =l = - = I == = 1/6
o2 —1 . axt!
8) Jimy T = fim gy —a/?
1
im t.an(a:) = te.m . Can’t use L'Hospital’s rule.
z—1sin(3z)  sin3
In si 2 1/2 2
) lim nsin(z/2) — lim (1/2) cot(z/2) _0
T—T €xT—1T T—T ]_
In si 2 1/2 2 —1/4)csc?(x/2
o SO/ (/2 cot(a/) (U esPa2)
T—T (:L'—ﬂ')2 T—T Q(x—’fr) xr—T 2

6A-2 a) 2% =M% 0 =1 as x — 0T because

| 1
lim zlnz = lim 2 im [z = lim -2 =0
z—0t z—0t ]./IE z—0t —1/{E2 z—0t

b) z/* — 0 as  — 01 because z — 0 and 1/z — occ.

Slow way using logs:

Inx
21/ — 5" 5 7 =0 as ¢ — 01 because
. Inz - i
lim = —— = —oo. (Can’t use L'Hospital’s rule.)
=0t X 0+

¢) Can’t use L’Hospital’s rule. Here are two ways:
(1/x)lnw N (Oo)foo =0 or (1/x)lnw _ 6lnacln(l/ac) _ e*(lnx)2 L em® =0

Incosx
d) (cosz)/* =% = e’ =1asz — 07 because

. Incosz . —tanz
lim = lim =0
r—0t x z—0t+
Inzx
e) 2% =5 — ¥ =1 as © — 0o because
Inx 1/x
lim — = lim L =0
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In(1+22)
— =

f) (1+22)Y* =e — e’ =1asx — 0T because

In(1 2 22 /(1 2
i O+ 20/ 0T
rz—0+ x z—0+ 1
g) (14 32)10/% = e 630 a5 1 — 0 because
101n(1 10 - 1
g 0 3e) o 10-3/0%32) g,
z—0t xT z—0t 1
14
h) lim THoosT (?) lim % But the second limit does not exist, so L’Hospital’s
T —00 x T—00
rule is inconclusive. But the first limit does exist after all:
lim T+ cosx — lim 14+ CcoS T _1
because
|cosz| 1
<——=0 asx— o0
T T

Commentary: L’Hospital’s rule does a poor job with oscillatory functions.
i) Fast way: Substitute v =1/x.
sinu COS U

. 1 .
lim zsin — = lim = lim
T—00 x u—0 U u—0

=1

Slower way:

. 1/.2
lim a:sinl lim 7sm(1/x) = lim (=1/a7) cos(1 /)

. x 1/2° In(x/ sin z) 1
j) ( - ) =e 22 — €% because
sinx

=cos0=1

lim In(x/ zlnx)
z—0t x

—1/6

This is a difficult limit. Although it can be done by L’Hospital’s rule the easiest way to
work it out is with quadratic (and even cubic!) approximations:

x T 1
~ = ~1 2/6
sine  x—2a3/6 1—2a2/6 +az7/
Hence,
In(z/sinz) ~ In(1 + 2%/6) ~ /6
Therefore,

1 .
= In(z/sinz) - 1/6 asxz — 0

k) Obvious cases: If the exponents are positive (or one 0 and the other positive) then
the limit is infinite. If the exponents are both negative (or one 0 and the other negative)
then the limit is 0. Also if both exponents are 0 the limit is 1. (continued — )
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The remaining cases are the ones where a and b have opposite sign. In both cases a wins.
In other words, a < 0 implies the limit is 0 and a > 0 implies the limit is co. To show this
requires only one use of L’Hospital’s rule. For a > 0,

o . axt N
lim — = lim = lim az® = o0
z—oo Inx T—00 1/3: Z—00

Ifa>0and b<0,let c=—-b>0. Then

xa/c

C
— 00 asx — o0
Inx

oy = (

using & = a/c > 0. The case a < 0 and b > 0 is the reciprocal so it tends to 0.

d
6A-3 Using L’Hospital’s rule and d—x“+1 =z ng,

a
a+1 1 a+1l 1 a+11
lim (x___): lim =~ = lim — "% —Ing
a——1"aq+1 a+1 a——1 a+1 a——1 1
6A-4
/w T L
ntdt = -
1 a+1 (a+1)2 " (a+1)2
d
Therefore, using L’Hospital’s rule and d—x“+1 =z ng,
a
T 1 a+11 _ pea+1 1
im [ it — i GHDET e -2t
a—-—1 Jq a——1 ((L + ]_)2
— lim (a+ 1)z (Inx)?

a—=1 2(a+1)
= (nz)?/2 = /“t_llntdt
1

6 —4
6A-5 You can’t use L’Hospital’s rule for lirr%) ;—2 because the nominator and denom-
xr— x

inator are not going to zero as * — 0. The first equality is true, but the second one is
false.

6A-6 a)y = xe " is defined on —oco < z < 0.
vy =(0—-2)e " and y’ = (-2+2z)e "

Therefore, ¢y’ > 0 for z <1 and ¢/ <0 for x > 1;4” > 0 for > 2 and y” < 0 for z < 2.

Endpoint values: y — —oc0 as x — —o0, because e™*

rule,

— o0 as * — —oo. By L’Hospital’s

lim y= lim — = lim — =0
T—00 r—oo el rx—o0 et

Critical value: y(1) = 1/e.
Graph: (—OO, _OO) / (17 1/6) \« (OO,O)
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Concave up on: 2 < x < 00, concave down on: —oo < < 2.
b) y =z Inz is defined on 0 < z < co.
y=Inz+1, y'=1/x

Therefore, y’' > 0 for z > 1/e and ¢y < 0 for x < 1/e; y"” > 0 for all z > 0.

Endpoint values: As © — oo, both z and In z tend to infinity, so y — oo. By L’Hospital’s
rule,

1 1
lim zlnz = lim g lim ﬁ:o Ve
z—0t rz—0t X z—0t 1
le
Critical value: y(1/e) = —1/e. y=xInx

Graph: (0,0) N\, (1/e,—1/e) / (00, x0), crossing zero at © = e. Concave up for all x > 0.

¢) y=a/Inz is defined on 0 < z < oo, except for x = 1.

;  Inz—1
- (lnz)?

Thus, 3’ <0for0 <z <1landforl <z <eandy >0forz>e;

Endpoint values: y — 0 as * — 0% because z — 0 and 1/Ilnz — 0. L’Hopital’s rule
implies

Singular values: y(17) = co and y(17) = —cc.
Critical value: y(e) = e.
Graph: (070) \« (17 _OO) T (1700) \« (676) / (O0,00)

To determine where it is convex and concave:

y _ 2—Inx
z(lnx)3
We have " = 0 when Inx = 2, i.e., when = = e2. From this, 3 \Q/
y" <0for0 <z <1andforz>e?andy” >0forl<ax<el © i
Concave (down) on: 0 < x < 1 and z > €? 3
Convex (concave up) on: 1 < x < e? T e
Inflection point: (e2,e%/2) (too far to the right to show on the \ y= %X

graph)
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6B. Improper integrals

d 1
x —— forz >0

6B-1 — <
Va3 +5 Va3

*© dx * dx
— < —— which converges, by INT (4
| =</ 5 ges, by INT (4)

Answer: converges

r2dx
6B-2 ——— ~ — if x >> 1, so we guess divergence.
»»4+2
2d 1 . . . .
;;—_;2>%if2x3>x3+2ora:3>20ra:>21/3
< 22d 1 [>d
/2 ;—é > 5/2 %, which diverges by INT (4).
/DO vdo g, b test, and so d /DO xdebINT(?))
——— diverges comp.test, and so does —_ .
2 xg + 2 805, by P ' 0 333 + 2 Y

1
d
6B-3 / % integrand blows up at z =0
o T X

1 1 1 h 0
= ~ — when x ~
v+ 22 (x+1) 22

So we guess divergence.
1

— > ——if2? >t + 22 or 2% > 2% trueif 0 < z < 1.

3+ 227 222 '

1 1
dx 1 dx . .
:>/0 e > 5/0 = which diverges by INT (6)

6B-4 blows up at x =1

/1 dx
0 \/1—333
1 1 1

= ~ forx~1

Vi—23 -2l +z+22) V3/I-x
So we guess convergence.

1 1
V1—23 < V-2

ifaed <z OKif0<z<1

1 1
converges by INT (6), so ——— also converges by comp.test.
Vi ges by (6) Vi ges by comp

o0 —,ch
6B-5 / € is improper at both ends.
0 X

At the oo end it converges, since

e *dx

X

o0
<e %ifx>1and / e~ Tconverges.
0
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—2g
At the 0 end: trouble! € x

1 .
~ —. So we guess divergence.
x

e *dx

:*/

1
6B-6 / nxdx
1

1 e dr 1 [®dx |
>—onl<zr<l= > — — divergent.
4o 4 )y =z

(the 0 end!)

2

Here In x grows so slowly, that we suspect convergence.

Inx x .
—— < — 1s not convergent.
x? x?

In
? if x >> 1. This says < 1if x >> 1 and this is true, since

Inx 1
How about e < ey \/_

lim ln_x lim 1/x

2
= lim —
x—00 \/_ T—00 ]_/2\/_ T—00 \/E

* lnad
:>/ e converges, by INT (4).
1

=0

72 23/2

> Inzdx
So 5 converges by comp.test.
T

These have been written out in detail, to review the reasoning. Your own solutions don’t
have to be so detailed.

=1/8 convergent

6B-7 a)/ e ¥dy = —(1/8) _8T|0
0

[e’e] —n+1
b) / e dr = 2
1 —n+1

c¢) divergent

o0

! t(n>1)
= convergen n
n—1 &

1

2
= —(4- xQ)l/Q} =2 convergent
0

V[ A

= -2(2- )1/2‘ =2v2  convergent

) ) =

< d oo
f)/e x(lnxx)Q = —(lnx)_1|e =1 convergent

1
d 13
g) /0 :rla/j (3/2)x 2/3’0 =3 convergent
h) divergent (at x = 0)
i) divergent (at x = 0)

j) Convergent because Inz tends to —oo more slowly than any power as z — 07.
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Integrate by parts

1
/ Inzdr = zlnz —x|(1) =-1
0

(Need L’Hospital’s rule to check that zlnz — 0 as z — 07.)

k) Convergent because |e~2% cos x| < e~2*. Evaluate by integrating by parts twice (as
in E30/4).

e 1 2 >
/ e 2 cosxdr = —e *sine — —e *Tcosx| =2/5
0 5 5 .
o g -
1) divergent (/e xlral:x = Inlnz[” = o0)
m) /Oo _dr (—1/2)(z + 2)72|DO =1/8 convergent
o (z+2)3 o &
n) divergent (at z = 2)
0) divergent (at x = 0)
p) divergent (at x = w/2)
” et dt a? 1
6B-8 a) lim o dt i L (L’Hospital and FT2)
T—00 er z—o0 2re’ z—o00 21
x 42 2
et dt e’ 1 1
b) li 0 =1 — =1 - 17 o\ — &
) e e*® Jx s 2227 — er? /2 el 2—(1/2%) 2
c) lim ' e dt = A a finite number > 0 because the integral is convergent. But
e’ — 00, so the whole limit tends to infinity.
Lam 12 1
d) = lim Jor e VNG e (L'Hospital and FT2)
am0t  1/\/a a—0t (=1/2)a=3/2  asot
o L Hospital and FT2
e) = Mim S = m gy — 2 (LHospital and FT2)
b b dx
. dx . 0 1l—sinx
f 1 b—m/2 — = 1 —
( ) bﬂ(g}lzﬁ( m/ )/0 1—sinz b—>(£512)+ 1/(b—7/2)
—  lim 1/(1 — sinb)
b—(rx/2)+ —1/(b—m/2)?
_ (b—m/2)?
T b(r/2)t sinb—1
2(b—m/2)

b—(n/2)*  cosb

lim — =
b—(n/2)* —sinb
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6C. Infinite Series

6C-1 )1+1+1+ I+-+5+ ! >
- a — R e — — J— cee — —_ —
5 25 5 52 1-4 4
1 11 1 68
b)8+2+§+---—8(1+1+E+---)—8(1_i)—?
11 1 4 4 1,1 5
4= (14 = i P - =
dptzt st GETH) 4(1—3) 4
d) 0.4444 - = 0.4(1 + 0.1+ 0.1+ 0.13 + - - ) = 0.4( ! ):0.4(i)=é
1-0.1 09" 9

€)0.0602602602 - -+ = 0.0602(L + 0.001 + 0.000001 + ) = 0.0602(;—; 557

~0.0602 301
T0.999 4995

6C-2 a) 1+1/2+1/3+1/4+---

21 1 31
clearly, we have1>/ —dx,—>/ —dx,- -
1 X 2 2 X
1 1 1 21 31 11 1
sowewillhave1+—+—+—+--->/ —dx+/ —dx+/ —dm—i—/ —dr + - =
2 3 4 1 T 2 X 3 X 4 T

o0
1
/ —dx, which is divergent, so the infinite series is divergent.

1 a:‘

= 1

b)Y —
n=1
n+1 dx

1
Casel:pgl.—>/ —
np xP

n

o0
1 Fdr o e o
= g — > / —, which is divergent, so the infinite series is divergent.
ot npb 1 xP

Case 2: p>1
1 "od — 1 >*d
< / @ Z — <1+ / —x,which is convergent. So the infinite series is
n np 1 xP

np xP
-1 n=1

convergent.
c)1/2+1/44+1/64+1/8+---=(1/2)(1+1/2+1/34+1/4+---). So from a), the

series is divergent.
d)1+1/34+1/54+1/7+---
1>1/2,1/3>1/4,1/5>1/6,1/7>1/8,---
Sol+1/3+1/54+1/7+--->1/2+1/441/6+1/8+---which is divergent from ¢) Thus

the series diverges.
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< Sttt
1 1 1 1 1
<ﬁ+§+§+ﬁ+?+-”
which is convergent by b). So the infinite series is convergent.

f) n/n! = 1/(n — 1)! < 1/(n — 1)(n — 2) =~ 1/n? for n >> 1. So convergent by
comparison with b).

g) Geometric series with ratio (v/5 —1)/2 < 1, so the series is convergent.
h) Geometric series with ratio (v/5 + 1)(2v/5) < 1, so the series is convergent.
i) Larger than Y 1/n for n > 3, so divergent by part b).

j) Inn grows more slowly than any power. For instance,

Inn
2 =< n—3/2
n

Inn < n'/ forn >>1
The series > n~3/2 converges by part b), so this series also converges.
n—+2 1 _3
k) Converges because P —— ~ —, and >~ n~? converges by part b).
nt — n
(n T 2)1/3 n1/3
(n1 1 5)1/3 — nils

m) Quadratic approximation implies cos(1/n) ~ 1 — 1/2n? and hence

D)

1
~ —. Therefore this series diverges by comparison with > 1/n.
n

1
In(cos —) ~ —1/2n? asn — oo
n
Hence the series converges by comparison with Y 1/n? from part b).
n) e~ beats n? by a large margin. For example, L’Hospital’s rule implies
e 2?2 50 asn— oo

Therefore for large n, n?e~" = n?e~"/2¢="/2 < ¢="/2 and E e~™/? is a convergent geo-
metric series. Therefore the original series converges by comparison.

0) Just as in part (n), e~ V" beats n? by a large margin. L’Hospital’s rule implies
e ™m0 asm — oo

Put m = y/n to get
e Vi/2p2 L0 asn — oo
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Therefore for large n, n2e VvVt =nle V2= VR/2 £ o=VT/2, Moreover, we also have
e V" <1/n®  nlarge

Thus the sum is dominated by Z e V2 < Z 1/n? and is convergent by comparison with
part b).

6C-3 a)

" dx 1 1 1 1
Inn = — < Uppersum =1+ -+ —— <14+ -4+ —
1T 2 n—1 2 n

In other words,

1 1
nhn<l4+—-+---—
2 n

On the other hand,

S|

" dx 1
Inn = — > Lower sum = — +---
1 X 2

Adding 1 to both sides,

1 1
l+lnn>14-+---—
2 n

b) Need at least Inn = 999
Time > 10719 ~ 7 x 10*?3 seconds

This is far, far longer than the estimated time from the “big bang.”



