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This documert contains a list of all the courseswhich are examinable in Part Il of the Mathematical
Trip os together with an informal description of eat course. A formal syllabus is given in the booklet
Sdchedulesfor the Mathematical Trip os which is obtainable from the Mathematics Faculty O ce. In
somecases,a suggestionfor preliminary reading is given here;if not, you can get a more detailed view
of the coursefrom browsing the books listed in the Schedules.

NB: The information given here is correct at the date given below. Sometimes late changes,
such as swapping “clashing' courses, are unavoidable.
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1

Intro duction

You will nd here an informal description of the structure of Part |l of the Mathematical Trip os, list
of all coursesthat are examinablein Part Il of the Mathematical Trip osincluding the terms they are
lectured in and likely clashes,together with non-technical summariesand suggestionsfor preliminary
reading.

2

Structure of Part |1

The structure of Part Il may be summarisedas follows:

3

There are two types of lecture courses,labelled C and D. C-coursesare all 24 lectures, D-courses
may be 16 or 24 lectures. There are 10 C-coursesand 25 D-courses. There is in addition a
Computational Projects course.

C-coursesare intended to be straightforward, whereasD coursesare intendedto be more challeng-
ing.

There is no restriction on the number or type of coursesyou may preseri for examination.

The examination consistsof four papers, with questionson the coursesspreadasewvenly as possible
over the four papers subject to:
{ ead C-coursehaving four section| (‘short) questionsand two sectionll (‘long’) questions.
{ Each 24-lecture D-course having no section | questions and four section Il questions; eat
16-lecture D-course having no section | questionsand three section Il questions.

Each section| questionis marked out of 10 with onebeta; ead section|l questionis marked out of
20 with one quality mark (alpha or beta) sothat ead coursecarries 80 marks; the Computational
Projects coursecarries 60 marks and 3 quality marks.

Distribution of Courses in the examination

The namesof the courses,the term ead is lectured in and the distribution of “long' questionson the
four examination papers (section 1) is shown in the following tables.

C-courses

Title Term Paperl Paper2 Paper3 Paper4
Number Theory M * *
Topicsin Analysis M * *

The Geometry of Group Actions L * *
Coding and Cryptography L * *

Statistical Modelling L * *
Mathematical Biology M * *
Dynamical Systems L * *

Further Complex Methods M * *
Classical Dynamics M * *
Cosmology L * *




D-courses

Title Term Paperl Paper2 Paper3 Paper4
Represettation Theory L * * * *
Galois Theory M * * * *
Algebraic Topology M * * * *
Linear Analysis M * * * *
Riemann Surfaces L * * * *
Di eren tial Geometry L * * * *
Logic and Set Theory L * * * *
Graph Theory L * * * *
Number Fields M * * *
Probability and Measure M * * * *
Applied Probability M * * * *
Optimization and Control L * * *
Principles of Statistics M * * * *
Stochastic Financial Models L * * * *
Partial D erential Equations M * * * *
Principles of Quantum Mechanics M * * * *
Applications of Quantum Mechanics L * * * *
Statistical Physics L * * *
Electrodynamics M * * *
General Relativity L * * *
Asymptotic Methods L * * *
Fluid Dynamics M * * * *
Waves L * * * *
Integrable Systems M * * *
Numerical Analysis L * * * *




4 Clashes

Each term, there are 8 slots for lecture courses(or 9 if it is possibleto distribute the 16-lecture courses
cunningly, which did not prove to be the casethis year). There are a total of 35 coursesto be tted
into a total of 16 slots, so every courseclasheswith at least one other course. We have done our best to
minimise the e ect of the clashes,but inevitably somestudents will want to attend coursesthat clash.
The provisional lecture timetable for 2004/05 has the following clashes(courseson the samehorizontal

line clash).

Mic haelmas Term

Topicsin Analysis (C)

Number Theory (C)

Classical Dynamics (C)

Galois Theory (D)

Principles of Quantum Mechanics (D)
Further Complex Analysis (C)
Mathematical Biology (C)

Principles of Satistics (D)

Lent Term

Geometry of Group Actions (C)
General Relativity (D)
Stochastic Financial Models (D)
Dynamical Systems(C)
Cosmology(C)

Coding and Cryptography (C)
Statistical Physics (D)
Statistical Modelling (C)

Partial Di erential Egns (D)
Electrodynamics (D)
Algebraic Topology (D)
Integrable Systems(D)
Probability and Measure (D)
Applied Probability (D)
Number Fields (D)

Linear Analysis (D) Fluid Dynamics (D)

Numerical Analysis (D)
Graph Theory (D)
Applications of Q M (D)
Di eren tial Geometry (D)
Logic and Set Theory (D)
Asymptotic Methods (D)
Riemann Surfaces(D)
Waves (D)

Optimisation and Control (D)
Represenation Theory (D)



5 Informal Description of Courses

Computational Pro jects

This courseis similar in nature to the Part IB course. There are a variety of projectsto choosefrom, some
of which are closelyrelated to Part 11 coursesand others are not. As in Part 1B, there is comprehensie
booklet, which is available in hard copy and on the Faculty web site.

The courseis examined by meansof work handedin a weekafter the beginning of the Easter term.

C-COURSES
Num ber Theory Mic haelmas, 24 lectures

Number Theory is one of the oldest subjects in mathematics and cortains some of the most beautiful
results. This courseintro ducessomeof thesebeautiful results, such asa proof of Gauss'sLaw of Quadratic
Reciprocity and Liouville's proof of the existenceof transcendertal numbers. The new RSA public codes
familiar from Part IA Numbers and Sets have created new interest in the subject of factorisation and
primalit y testing. This coursecortains results old and new on the problems.

On the whole, the methods usedare developed from scratch. You can get a better idea of the a vour of
the courseby browsing Hardy and Wright An intr oduction to the theory of numbers (OUP, 1979) or the
excellert Elementary Number Theory by G A and J M Jones. (Springer 1998).

Topics in Analysis Mic haelmas, 24 lectures

Many students nd the basic coursesin Analysis in the rst two yearsdi cult and unattractiv e. This is
a pity becausethere are somedelightful ideasand beautiful results to be found in relatively elemerary
Analysis. This course represeris an opportunity to learn about some of these. There are no formal
prerequisites: conceptsfrom earlier courseswill be explained again in detail when and where they are
needed. Those who have not hitherto enjoyed Analysis should nd this coursean agreeablerevelation.

Theory of Group Actions Lent, 24 lectures

This courseis intended to illustrate someappealing topics in classicaland not so classicalgeometry by
thinking of actions of groups, quotients by groups, and various aspects of symmetry. On the classical
side, we will touch on Platonic solids, tessellationsand crystals; in a more modern vein, we will mertion
fractals, someof their dynamical origins, and resulting ideas of dimension. Concretely, many of these
examplescan be bound together by thinking about the Mobius group, and real and hyperbolic spacesin
two and three dimensions.

The coursehasno IB prerequisitesassud. Someideasfrom IA Algebra and Geometry are essetial, and
topics from IB analysiscoursesand the IB Geometry coursewill make their appearance. Somefamiliarit y
with these B courseswould be helpful; but everything neededwill be reviewed in the course.

Coding and Cryptograph vy Lent, 24 lectures

When we transmit any sort of messagerrors will occur. Coding theory provides mathematical techniques
for ensuringthat the messagecan still be read correctly. SinceWorld War Il it hasbeenrealisedthat the
theory is closely linked to cryptography { that is to techniquesintended to keep messagesecret. This
coursewill be a gertly pacedintroduction to thesetwo commercially important subjects concertrating

mainly on coding theory. Some of the algebra you have met earlier { Euclid's Algorithm, modular
arithmetic and polynomials and soon { crop up again but there are no essetial prerequisites. IB Linear
Algebra would be useful. IB Groups, Rings and Modules is very useful.

The coursewill be an expandedversion of a courseof the samename given in previous years. Skeleton
notes for that courseare available at http://www.dpmms.cam.ac.uk/ twk/ The book by Welsh recom-
mendedin the schedules(Codesand Cryptography, OUP), although it contains much more than is in the
course,is a good read.



Statistical Mo delling Lent, 24 lectures

This courseis complemenary to the 24-hour coursePrinciples of Statistics'. It is essetially an intro-
duction to the statistical computing languageR (which is similar to the commercially available software
S-Plus) in the context of linear, and generalizedlinear modelling. This coursehas beendeveloped from
the 16-hour Part 11A courseof a similar name.

You are advisedthat the software R can be downloaded at zero cost, at any time, and for a variety of
platforms. There are alsofull setsof related

i) lecture notes

i) examplessheets,and

ii) introductory R-notes

available via www.statslab.cam .ac.u k/ pat which also contains a link to R itself, and links to other
useful on-line teaching material from a variety of sources.

Mathematical Biology Mic haelmas, 24 lectures

The aim of the courseis to explain from a mathematical point of view someunderlying principles of
biology, ranging from biochemistry and generegulation to population dynamics and spread of infectious
disease.In particular we examinemedhanismsfor feedbad corntrol, sensitivity ampli cation, oscillations,
developmertal instabilities, pattern-formation, competitive growth, and predator-pray interactions. A
recurrent theme is how the stochastic behaviour of individual elemers relates to the average 'bulk’

properties of populations. We end with a brief introduction to computational biology and analysesof
geneexpressiondata.

The material should be of interest to anyone who is fascinated by the richnessof biological dynamics,
but hasbeendiscouragedby too detail-oriented biological explanations. Mathematical methods include
basic stochastic theory, nonlinear dynamics, di erential equations,and numerical analysis. The concepts
and techniques are not very dicult, and intuitiv e guiding principles and illustrativ e exampleswill be
favoured over rigorous proofs. This is an exciting eld with large unexplored territories for applied
mathematicians.

Dynamical Systems Lent, 24 lectures

Contrary to the impressionthat you may have gained, most di erential equations can not be solved
explicitly. In many cases,however, a lot can still be said about the solutions. For example, for some
systemsof di erential equationsone can show that every solution convergesto an equilibrium, while for
others one can prove that there is a subsetof solutions which are equivalent to in nite sequence®f coin
tosseg("chaos”). In this course,we study di eren tial equationswhich canbewritten in the form x = v(x)
with x in some (mainly two or three-dimensional) "state" space. We take the "dynamical systems"
viewpoint, concerrating on features which are invariant under coordinate change and time rescaling.
We will nd that two-dimensionality imposesseererestrictions though many interesting "bifurcations"

are possible: ways that the behaviour of a systemx = v (X) can change as external parameters are
varied. We shall also study nonlinear maps, which can be thought of either as di erence equations or
as a way of investigating the stability of periodic solutions of di erential equations. We concludewith a
discussionof chaotic behaviour in maps and di erential equations, including a treatment of the famous
logistic map. The treatment is “applied’ in avour, with the emphasison describing phenomena,though
key theoremswill be proved when needed.

If you browseP Glendinning Stability, instability and chaos CUP, 1994you will be well prepared.

The material cortained in this courseis relevant to any subject involving a modern treatment of di er-

ertial equations. This includes most areasof Theoretical Physics, but usually not at the undergraduate
level.



Further Complex Metho ds Mic haelmas, 24 lectures

This courseis a cortinuation in both style and content of Part IB Complex Methods. It will appeal
to anyone who enjoyed that course. The material is classical| much of it can be found in Whittak er
and Watson's "Modern Analysis', written in 1912. The passageof time has not diminished the beauty
of material, though the Faculty decided against naming the course " Modern Analysis'.

The coursestarts with revision of Complex Methods and cortin ueswith a discussionof of the processof
analytic continuation, which is at the heart of all modern treatments of complex variable theory. There
follows a section on special functions, including Riemann zeta and its connection with number theory.
To complete the picture, the treatment of seriessolutions of di erential questionsgiven in Part IA is
extended to the complex plane, where suddenly it makes sense. The theory of Laplace Transforms is
deweloped, and usedto solve ordinary and partial di erential equations. Finally there is a brief discussion
of certain elliptic functions.

There are no prerequisitesbesidesa working knowledge of IB Complex Methods.

Classical Dynamics Mic haelmas, 24 lectures

This coursefollows on from Part IA Dynamics but also useselemerts of the Part 1B Methods course|
in particular, tensorsand the Euler-Lagrangeequations. The laws of motion for systemsof particles and
for rigid bodies are derived from a Lagrangian (giving Lagrange's equations) and from a Hamiltonian
(giving Hamilton's equations) and are applied, for example,to the axisymmetric top.

One advantage of the formalism is the useof generalisedcoordinates; it is much easierto nd the kinetic
and potential energyin coordinates adapted to the problem and then use Lagrange'sequationsthan to
work out the equationsof motion directly in the new coordinates. At a deeper level, the formalism gives
rise to consened quartities (generalisationsof energy and angular momertum), and leads (via Poisson
brackets) to a systemwhich can be usedas a basisfor quantization.

The material in this coursewill be of interestto anyoneplanning to specialisein the applied courses.lt is
not useddirectly in any of the coursesbut an understanding of the subject is fundamertal to Theoretical
Physics.

Cosmology Lent, 24 lectures

The principal aim of this courseis to provide the outlines of our current understanding of the ewvolution of
the universe,from the Big Bang to the presert day. An understanding of the early universerequiresprior
knowledge of statistical medanics, which is therefore taught as part of the course. Although modern
cosmologyis basedon Einstein's theory of gravity, General Relativit y, the basicequationsactually follow
from Newtonian gravity, given the equivalenceof massand energyvia E = mc?. The coursewill begin
with a derivation of these equationsand an investigation of their cosmologicalconsequencesStatistical
Mechanicswill then be intro ducedand applied, rstly , to the study of the gravitational collapseof stars,
and, then, to the early universe. The courseprerequisitesare a knowledge of Newtonian dynamics and
the rudiments of Quantum Mechanics and Special Relativit y.



D-COURSES

Representation theory Lent, 24 lectures

This course,suitable for pure and applied mathematicians, is an intro duction to the basictheory of linear
(matrix) actions of nite groups on vector spaces.The key notion we de ne is the character of a linear
represenation: this is a function on conjugacy classesof the group which determinesthe represenation

uniquely. Orthogonality relations between characters lead to a conveniert and e cien t calculus with

represenatios, once the basic character table of the group has been computed. Later in the course
"nite' is replacedby 'compact’ generalisingthe results with little extra e ort.

The Linear Algebra courseis essetial and Groups, Rings and Modules and Functional Analysis are
helpful.

Galois Theory Mic haelmas, 24 lectures

The most famous application of Galois theory { discussedat the end of this course{ is the proof that
the general quintic equation with rational coe cien ts cannot be solved by radicals. Apart from this,
Galois theory plays an indispensablerole in algebraic number theory and seweral other areas of pure
mathematics. It is a subject which (in favourable circumstances)allows oneto handle given polynomials
elegarily and with a minimum of algebraic manipulation.

Familiarit y with the material concerning eld extensionsand the polynomial ring K [t] from Groups,
Rings and Modulesis essetial, while Linear Mathematics is useful. The most closelyrelated Part 11(B)
coursesare Groups and Represetation Theory, and Number Fields. The book Galois Theory by I.
Stewart (Chapman and Hall, 1989) givesa very readableintro duction to the subject.

Algebraic Topology Mic haelmas, 24 lectures

Topology is the abstract study of continuity: the basicobjects of study are metric and topological spaces,
and the cortinuous maps betweenthem. (This coursewill be concernedexclusively with metric spaces,
which were encourtered in IB Analysis 11.) One important di erence betweentopology and algebra is

that in constructing contin uous maps one hasvastly more freedomthan in constructing algebraic homo-
morphisms; thus problems which involve proving the non-existenceof contin uous maps with particular

properties (e.g. the problem of shoving that R™ and R" are not homeomorphicunlessm = n) are hard

to solve using purely topological methods. The technique that has proved most successfulin tackling

such problemsis that of developing algebaic invariants, which assignto every topological space(in a
suitable class) an algebraic structure such as a group or vector space,and to every cortinuous map a
homomorphism of the appropriate kind. Thus questions of the non-existenceof continuous maps are
reducedto questionsof non-existenceof homomorphisms,which are easierto solve.

Two particular algebraicinvariants are studied in this course: the fundamertal group, and the simplicial

homology groups. Of these,the former is easierto de ne, but hard to calculate exceptin a few particular

cases;the latter requires the erection of a considerable amount of machinery before it can even be
de ned, but onethis is doneit becomesrelatively easyto calculate. The courseconcludeswith a classic
example of the application of simplicial homology: the classi cation of all compact 2-manifolds up to

homeomorphism.

Apart from the IB analysis courses,the only prerequisite is a modicum of geometrical intuition. Tecdh-

nigues of algebraictopology are usedalmost everywherein mathematics where topological spacesoccur,

in particular in generalrelativit y as well as many pure mathematical researt areas.

For intro ductory reading, browse Basic Topology by M.A. Armstrong (Springer-Verlag).



Linear Analysis Mic haelmas, 24 lectures

Functional Analysis providesthe framework, and a great deal of machinery, for much of modern mathe-
matics: not only for pure mathematics (such as harmonic analysisand complex analysis) but alsofor the
applications of mathematics, sudch as probability theory, the ordinary and partial di erential equations
met in applied mathematics, and the mathematical formulation of quantum medanics.

The basicidea of Functional Analysis is to represen functions aspoints in an in nite-dimensional vector
space. Since the spaceis in nite-dimensional, algebraic argumerts are not enough, and it is necessary
and appropriate to introduce the idea of convergenceby a norm, which in turn de nes a metric on the
space.

In this course, most attention is paid to two sorts of spaces. The rst consistsof spacesof cortinuous
functions: herethe appropriate convergenceis uniform corvergence.The secondis Hilb ert space(partic-
ularly important in Quantum Mechanics) which provides an in nite-dimensional analogueof Euclidean
space,and in which geometrical ideasand intuitions are used.

Riemann Surfaces Lent, 24 lectures

A Riemann surfaceis the most generalabstract surfaceon which one can de ne the notion of an analytic
function, and hencestudy complexanalysis. Roughly speaking, a surfaceis madeinto a Riemann surface
when the changefrom one local coordinate systemto another systemis given by an analytic function.
Obviously, a plane domain can be given a complex coordinate (for it is a subsetof the complex plane)
but not every Riemann surface has a global coordinate system; this accourts for both the interesting
and the dicult parts of the theory.

The coursebeginswith a study of the Riemann sphere (which is just the complex plane with in nit y
attached) and of elliptic functions (that is to say, doubly periodic analytic functions) which are the ana-
Iytic functions de ned on atorus. Abstract Riemann surfacesand holomorphic mapsare then intro duced
and someof the results already studied in earlier courseson complex analysis are extendedto this more
general context.

Riemann surfacesarise in many ways. An algebraic curve is given, essetially, by a polynomial in two
complexvariables. A smooth algebraiccurve is a Riemann surfaceand, conversely any compactRiemann
Surfaceis a smooth algebraic curve. Another view on Riemann surfacescomesfrom Riemann's original
ideathat the so-called multiv alued functions' are just consideredon a wrong domain: the natural domain
is a surface covering the complex plane seeral (possibly in nitely many) times. This surfaceis called
the Riemann surface of an analytic function and is obtained by the processof analytic cortinuation,
extending the function (while keepingit analytic) in a maximal way from a domain in C.

The dierent views on Riemann surfacesare illuminated by the beautiful example of elliptic curves,
which are algebraically given by cubic polynomials, topologically by the tori, and analytically by the
Riemann surfacesof doubly-periodic functions. The last part of the course shaws that most Riemann
surfacescarry their own intrinsic non-Euclidean geometry; thus complex analysis is much more closely
connectedto non-Euclideangeometrythan to Euclidean geometry (despite the fact that it is rst studied
in the Euclidean plane).

Esserial prerequisite for this courseis IB Further Analysis (some knowledge of Analysis Il will alsobe
useful, especially for elliptic functions). Related Part 11 coursesinclude those on Algebraic Topology
and Di erential Geometry. As a preliminary reading, consider the early parts of G.A. Jonesand D.
Singerman, Complex functions CUP, 1987, and of A.F. Beardon, A primer on Riemann surfaces CUP,
1984,



Dieren tial Geometry Lent, 24 lectures

A manifold is a spacethat looks locally like euclidean space. The surface of a sphereor the surface of
a torus are natural examples,but manifolds often arise indirectly, for example, as the spaceof solutions
of someset of conditions, the parameter spaceof a family of mathematical objects, con guration spaces
in mechanical systemsand so on. Manifolds provide the appropriate arena on which one can explore
interactions betweenvarious branches of Mathematics and Theoretical Physics.

Manifolds often comeendonvedwith geometricstructures, for example,with away of measuringthe length
of a curve (Riemannian metrics) asin the caseof a surfacein 3-space. One can then de ne geadesics
and curvature and study how these objects in uence one another and interact with the topology of the
manifold. A key illustration of this interplay, and a certral result in this course,is the Gauss-Bonnet
theorem, which shaows that the averagecurvature determinesthe topological type of the surface.
Rather than worrying about how to de ne abstract manifolds (which you will seein Part 111), we will
study manifolds as objects already embeddedin euclideanspace. This will allow usto have a very short
working de nition of manifold and get fairly quickly into examplesand the basic notions in Di eren tial
Topology (such as regular values, degreeand transversality, giving a measureof how much one space
folds onto another). Once we have set up the framework we will study the (Riemannian) geometry of
curvesand surfacesin euclideanspaceand we will prove at end of the coursethat curvature can detect
knottedness.

IB Geometry provides useful examplesand an intro duction to someof the ideasthat we will develop and
Analysis Il will be very useful when we set up the manifold framework in the rst few lectures.

Logic and Set Theory Lent, 24 lectures

The aim of this courseis twofold: to provide you with an understanding of the logical underpinnings
of the pure mathematics you have studied in the last two years, and to investigate to what extent, if
any, the “universeof sets' can be consideredas a structure in its own right. As sud, it has few formal
prerequisites: somefamiliarit y with naive set theory, as provided by the 1A Numbers and Sets course,
is helpful, but no previous knowledge of logic is assumed. On the other hand, the course has links to
almost all of pure mathematics, and exampleswill be drawn from a wide range of subjects to illustrate
the basicideas.

The coursefalls into three main parts. One part developsthe notions of validity and provability in formal
logic, culminating in the CompletenessTheorem, which assertsthat thesetwo notions coincide. Another
part is concernedwith ordinals and cardinals: these are notions that generalisethe ideas of size and
courting to the in nite. The nal part is an introduction to formal set theory, where one makesprecise
the idea of a "universeof sets', and studiesits structure.

The book "Noteson Logic and Set Theory' by P.T.Johnstone (C.U.P., 1987) covers most of the material
of the course,and is suitable for preliminary reading.

Graph Theory Lent, 24 lectures

Discrete mathematics is commonplacein modern mathematics, both in theory and in practice. This
course provides an introduction to working with discrete structures by concerirating on the most ac-
cessibleexamples, namely graphs. After a discussionof basic notions such as connectivity (Menger's
theorem) and matchings (Hall's marriage theorem), the course developsin more detail the theory of
extremal graphs, ideasof graph colouring, and the beautiful theorem of Ramsey A signi cant feature is
the introduction of probabilistic methods for tackling discrete problems, an approac which is of great
importance in the modern theory.

There are no formal prerequisitesbut it will be helpful to recall someof the elemenary de nitions from
the Part 1A Probability course. The attractions and drawbadks of Graph Theory are similar to those
of that courseand of the Part IA Numbers and Sets course; whilst the notions are not conceptually
dicult, the problems might on occasionrequire you to think a little.

The text Modern Graph Theory by Bollobasis an excellert sourceand contains more than is neededfor
the course. For a lighter introduction try Wilson's Intr oduction to Graph Theory, or for a little more
look at Bondy and Murty's old but now online Graph Theory with Applications.



Num ber Fields Mic haelmas, 16 lectures

Number theory studies properties of the integersand the rationals. The questionsthat arise are usually
very simple to state but their solutions are often very deepand involve techniques from many branches
of mathematics. It is also a subject where numerical experiments have proved useful as a guide to the
sort of result one might seekto establish. Diophantine equations constitute a certral theme; they are
basically polynomial in form and lead to the study of integer or rational points on algebraic varieties.
Two particularly famous problems here, Fermat's Last Theorem and the Catalan Conjecture, have only
recertly proved amenableto solution.

The courseprovidesan intro duction to algebraicnumber theory { it arosehistorically from investigations
of reciprocity laws and attempts to solve the Fermat problem and it now forms one of the nicest and
most fundamental topics in mathematics. Knowledge of the courseon Groups, Rings and Modules is
desirable.

The book "Problems in algebraic number theory" by J. Esmondeand R. Murty contains most of the
material coveredin the course. For a historical introduction to the subject, seealso Chapter 1 of D.
Cox's "Primes of the form x2 + ny?".

Probabilit y and Measure Mic haelmas, 24 lectures

Measuretheory is basicto somediversebranchesof mathematics, from probability to partial di eren tial
equations. This coursecombinesa systematic intro duction to measuretheory with an accourt of someof
the main ideasin probability. You will be familiar with the Riemann integral from Parts IA and IB and
have donesomeelemenary probability in IA. The expectation operator of probability behavessomewhat
like the integral, and in this coursewe seethat they are both examplesof somemore generalintegral.
Thesegeneralintegrals and the measureswvhich underlie them have advantagesover the Riemannintegral,
even for functions de ned on the reals. In Part IA the de nition and properties of expectation were only
partially explored and here we do it more fully.

If you like to seehow a substartial and coherent mathematical theory is put together, you will enjoy the
measuretheory part of this course,and this will be essetial to any further work you do in analysis. It
also underpins the probability which provides motivation and application throughout the course. The
courseendswith the Strong Law of Large Numbers and Central Limit Theorem, both of which are of
real practical importance, being the mathematical basisfor the whole of statistics.

A good book to read for the early part of the courseis Probability with Martingales, by D. Williams
(CUP, 1991).

Applied Probabilit y Mic haelmas, 24 lectures

This course provides an introduction to some of the probabilistic models used to study phenomena
as diverse as queueing, insurance ruin, and epidemics. The emphasisis on both the mathematical

dewvelopmert of the models, and their application to practical problems. For example, the queueing
models studied will be usedto addressissuesthat arisein the designand analysis of telecomnunication

networks.

The material is likely to appeal to those who enjoyed Part IA Probability; Markov Chains is useful, but

the style of the course,involving a mix of theory and applications, will more closelyresenble the earlier
course. Looselyrelated Part |l coursesinclude Optimisation and Control, and Probability and Measure.
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Optimisation and Control Lent, 16 lectures

“Control' concernsthe running of any dynamic system,which may be, for example, medanical, electrical,
biological, industrial, or nancial. The designof a control system may be regarded as an optimisation
problem, in which the aim is to choosea control rule to minimise somecost function. The optimisation
problems that we addressin the course concern systemswhich ewolve in time, possibly stochastically,
and for which we have changing obsenations.

The coursebegins by setting up the optimality equation for a problem of Markov structure; dynamic
programming is usedto solve problemsof optimal resourceallocation, searding, scheduling and stopping.
The special caseof LQG structure (linear dynamic, quadratic costsand Gaussiannoise) can be analysed
in considerabledetail, leading to the deduction of the certainly equivalence principle and the Kalman
Iter. Concepts sud as cortrollabilit y and obsenability are illustrated in this context. Finally, what
are essetially Lagrangian techniques lead us in the cortinuous time caseto the Pontry agin maximum
principle.

There is no other coursethat is an absolute prerequisite, although acquaintance with Markov chains and
Lagrangian multipliers is helpful. An important part of the courseis to show you a range of applications
and it is likely to be enjoyed by those who liked the type of problems found in IB Optimization and
Markov Chains.

You will get a good feel for the courseby looking at the previous year's course notes, examplessheets,
trip os questions and solutions, all at http://www.statslab.cam.ac.uk/ frwl/o c/. You could also read
chapters I{I | of Introduction to Stochastic Dynamic Programming, by Ross.

Principles of Statistics Mic haelmas, 24 lectures

In IB Statistics, we studied classical(or frequertist) statistics, covering a range of hypothesistesting and
estimation examples. In practice, however, problems are seldom standard, and we needto be able to
devise statistical proceduresfor problems of typeswe have never seenbefore. In this course, we shall
study the basic principles of classicalstatistics, and seeto what extent they enable us to analyse new
types of problem. We shall also considerthe alternativ e Bayesianapproad to statistics, and compare
the two. While there may be no clear winner, there is a clear favourite! A good grasp of IB Statistics
and of 1A Probability will be very important.

Sto chastic Financial Mo dels Lent, 24 lectures

This is concernedwith the pricing of nancial assetsunder uncertainty. It builds towards a presenation
of the celebrated Black-Sdholes formula for the price of an option on stocks. The holder of a call
option on a stock has the right to purchaseone unit of that stock at a speci ed “strike' price within a
designatedtime period. The holder hopesthat within the period the stock price will go above the strike
price whereupon the option may be exercisedwith the stock being bought at the strike price and sold
immediately at the higher current price to yield a prot. What is the fair price to charge for such an
option? In seekingan answer to this question, the courseintro ducessomeimportant ideasof probability
theory including martingales and Brownian motion. Deciding when the holder should exercisethe option
leadsto the techniques of dynamic programming and optimal stopping which are applicable throughout
applied probability and statistics.

The main prerequisite for this material is Part 1A Probability { if you liked that coursethen you should
enjoy this one. No previous knowledge of economicsor nance is necessary It complemerts, but does
not rely on, Markov Chains (O1). To get a better idea of the sort of problems the courseis seeking
to tackle it is worth browsing in the book Option, Futures and Other Derivative Securities by J. Hull
(Prentice-Hall, 2nd Ed. 1993).
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Partial Dieren tial Equations Mic haelmas, 24 lectures

The theory of partial dierential equations, whilst venerable,is still a very active area of researt in
both pure and applied mathematics with many basic questions still unresolved. It is fundamenal in
mathematical physics and its importance in the rest of applied mathematics is clear. It is alsoa major
areaof pure mathematics, and hasfar reaching connectionsin topology and geometry. In this course,the
three basic constart-coe cien t partial di erential equations (i.e. the heat equation, the wave equation
and Laplace's equation) are studied from a theoretical viewpoint. Various techniques are surveyed but
emphasisis placed upon the Fourier transform and the theory of distributions astools for constructing
fundamental solutions (= Green'sfunctions.)

Principles of Quantum Mec hanics Mic haelmas, 24 lectures

This course dewvelops the principles and ideas of quantum medanics in a way which emphasizesthe
essetial mathematical structure, while alsolaying the foundations for a proper understanding of atomic
and sub-atomic phenomena.In contrast to the introductory treatment givenin Part IB, which is based
ertirely on wavefunctions and the Sdredinger equation, obsenables are preseried as linear operators
acting on vector spacesof states. This new approac has practical as well as aesthetic advantages,
leading to elegart and concisealgebraic solutions of problems such as the harmonic oscillator and the
guantum theory of angular momertum. Someof the other key aspects of quantum behaviour that are
treated include: intrinsic spin, multi-particle systems,symmetries, and their implications. Perturbation
theory techniques, which are indispensablefor realistic applications, are also discussed.The courseends
by examining in more detail the inherently probabilistic nature of quantum medanics, asillustrated by
Bell's inequality and related ideas.

Appications of Quantum Mec hanics Lent, 24 lectures

This course develops the ideas and methods introduced in Part IB Quantum Mechanics and Part 11
Principles of Quantum Mechanics and usesthem to explain how we probe and understand the structure
of atoms and solids. The various material objects that surround us in the everyday world exist as
vast collections of particles (electrons and nuclei) making up atoms, moleculesand various crystalline
substances.Quantum mecanicsis essetial for an understanding of how this happens.

An important tool for probing the structure of matter (nding out where the particles are, how the
electric chargeis distributed) is the scattering of a beam of particles of appropriate energy on targets of
interest. The coursedevelopsthe theory of scattering in a form applicable to both atomic and crystalline
targets.

There are two particularly important aspects of crystalline materials: the elastic vibrations of the atoms
in the crystal matrix and the dynamics of electronsmoving through the crystal. In quantum theory the
elastic vibrations are understood as particle-lik e excitations known as phonons. In travelling through
a crystal both phononsand electrons exhibit a band structure in their permitted energies. The role of
phononsand electronsin condensedmatter physicsand the signi cance of this energy band structure is
explained by meansof simple but physically signi cant quantum medanical models.

Someidea of the material of the coursecan be gained by consulting a book such as Principles of the
Theory of Solidsby J. M. Ziman, (CUP, 1972).
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Statistical Physics Lent, 16 lectures

Thermodynamics and statistical physicsconstitute a very important part of physics,with applications to
almost all branchesof science.Einstein consideredthat, of all the laws of physics,those of thermodynam-
ics were the least likely to be proved wrong. The coursebeginsby deriving the laws of thermodynamics
from the underlying classicalor quantum mechanics of the molecules,together with certain assumptions
of a probabilistic nature. The de nition of the quartity called entropy is an important ingredient of
this derivation. The someparticular systemsare discussed,mostly gasesof non-interacting classicalor
guantum molecules. At low temperature, quantum e ects are particularly important, and bosonsbehave
very di erently from fermions.

Ideas from Part IB Quantum Mechanics are used and Classical Dynamics might be helpful but by no
meansessetial. Part Il Principles of Quantum Mechanics would support this courseand some of the
material in Part 11 Applications of Quantum Mechanicsis related. You can get someidea of the nature
of the subject from Mandl| Statistical Physics (2nd edition) Chapters 1,2 and 3.

Electro dynamics Mic haelmas, 16 lectures

Electrodynamics is the most successfuleld theory in theoretical physics and it has provided a model
for all later developmerts. This course dewelops from Part IB Electromagnetism (O5). It shows how
Maxwell's equationsdescribe realistic phenomena,in particular the production of electromagneticwaves.
Maxwell's equations are expressedn relativistic form and alsoderived from a Lagrangian; these provide
the most elegan formulation of electrodynamics and are essetial for later usein quantum eld theory.
At the end of the coursethere is a brief introduction to the theory of superconductors, which requires
the useof someelemenary quantum medanics.

The main prerequisite is familiarit y with the basicideas(especially those involving Maxwell's equations),
though not all the details the of, the Part IB Electromagnetism. Additionally , knowledge of Special
Relativity is very useful.

As often for a theoretical physics course,the Feynman Lectures provide good intro ductory reading.

General Relativit y Lent, 16 lectures

General Relativity is a relativistic theory of gravitation which supersedesthe Newtonian Theory. This
courseshows how the theory can be built up on the foundations of Part IB Newtonian Dynamics and
Special Relativity. The necessaryideas from di erential geometry will be taught ab initio, relying on
the methods coursesin Parts IA and IB. As an extended example, the courseconcludeswith a careful
treatment of the Schwarzsdild spacetimeand its interpretation asa black hole.

An elegart informal treatment of much of the material is contained in chapters 1,2,7and 8 of W. Rindler
Essential Relativity (Springer, 1977). A slightly more formal intro duction is chapters 5,6,8,9,10,14-16of
R. d'Inverno Intr oducing Einstein's Relativity (Oxford, 1992).

Asymptotic Metho ds Lent, 16 lectures

There are many instances, arising not only in mathematical physics, but also in analysis and number
theory, where one needsan approximation to a function for which no usable cornvergert seriesexpan-
sion is available. Typically, the function is given as an integral or elseas the solution of a di erential
equation. It turns out that excellert approximations can be obtained using certain series,called asymp-
totic expansions,which are normally non-corvergert. Such an expansion might describe, for example,
the behaviour of an integral depending on a parameter, as the parameter becomeslarge; alternativ ely,
it might describe the behaviour of a solution of an ordinary dierential equation, as the independert
variable becomeslarge.

A certain amount of familiarit y with the basicsof complex-variable theory is essetial, either through
Part IB Complex Methods or Part IB Complex Analysis. This would be reinforced by the Part 11C
Applied Complex Methods course, which is desirable but not essetial. An introduction to the course
material is givenin A. Erdelyi "Asymptotic Expansions" (Dover 1956).
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Fluid Dynamics Mic haelmas, 24 lectures

How doesa humming bird hover? How doesa bumble bee y? How, for that matter, doesa Boeing 747
defy the pull of gravity? Doesthe bath-tub vortex really rotate anti-clockwise { or is it clockwise { in

the Northern Hemisphere? How can a ow which exhibits an in nite sequenceof eddiesin a con ned

spacesatisfy a ‘'minimum dissipation' theorem? How cana o w that is strictly reversiblehaveirreversible
consequences?

Sud questionslie within the domain of Fluid Dynamics, a subject that cortains the seedsof chaos(and
indeed provides the main stimulus for much of the current intense interest in chaos). The coursewill

addressthe above questions,among others, in a progressionfrom phenomenaon very small scales('low
Reynolds number problems') to phenomenaon very large scales(‘large Reynolds number problems").
The coursethus encompassesat one extreme, o ws that arise at the biological level (e.g. the swimming
of microscopic organisms) and, at the other, ows on the scaleof the Earth's atmosphereand oceans,
or even larger. And, in between of course, it encompasseghe bath-tub! Mathematical techniques,
further to those developed in IB, will be usedto determine solutions to the nonlinear, time-dependert

Navier-Stokesequations.

Part Il Asymptotic Methods covers somematerial which would be useful for this course. The coursehas
natural links with Part || Wavesin Fluid and Solid Media and lessobvious links with Dynamical Systems.
A number of the Computational Projects are directly relevant. Introductory reading: Elementary Fluid

Dynamics by D.J. Acheson,chapters 1-4.

W aves Lent, 24 lectures

Wavesoccur in almost all physical systemsincluding continuum mechanics, electromagnetictheory and
guantum medanics. In this course exampleswill be drawn from uid and solid mecdanics, although
much of the theory hasapplication in other contexts. In the rst part of the coursesoundwavesin a gas
are studied (after which you will understand why you can hear the lecturer). Small amplitude acoustic
waves are described by the wave equation (see|B Methods); however at larger amplitudes nonlinear
e ects must be included. The changein the governing equations causedby nonlinearity leadsto the
formation of shocks, i.e. sonic booms. Applications of the underlying theory to both trac ow and
blood ow are merntioned.

Linear elastic waves, e.g. seismicwaves, split into two types: the faster-travelling compressionalwaves
(cf. sound waves) and the slower-travelling shearwaves. The surfacewavesthat causemost destruction
in an earthquake are also studied.

Not all linear waveshave a wavespeedthat is independert of wavelength. In such systemsit is important
to distinguish the speedof wavecrestsfrom the speedat which energypropagates;indeed, the wavecrests
and energy can propagate in opposite directions. As a consequence(a) if you throw a stone into a
pond to generatea circular wave padket, you will seethat the wavecrestspropagate outward through the
wave padket and disappear, and (b) atmospheric waves generated near ground level can appear to the
eye asif they are propagating down from the heavens! Finally, the ray tracing equations are derived.
Theseare usedto describe, inter alia, why you can go sur ng (i.e. why wavestend to approac a beach
perpendicularly), why the wave pattern behind a ship (or a duck) subtends a half-angle of 19% | and
why sound can travel long distancesat night.

The mathematical techniques assumedare those coveredin the 1A and IB Methods courses. While the
courseis self-cortained at the 11(B) level, there is a small amount of complemenary material in Methods
of Mathematical Physics, Electrodynamics, and Partial Di eren tial Equations.

A good book to look at is Wind waves: their geneation and propagation on the ocean surface by B.
Kinsman (Prentice-Hall).
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Integrable Systems Mic haelmas, 16 lectures

A soliton was rst obsenedin 1834by a British experimentalist, J. Scott Russell. It was mathematically
discovered in 1965 by Kruksal and Zabusky, who also introduced this name in order to emphasisethe
analogy with particles ("soli" for solitary and "tons" for particles).

Solitons appear in a large number of physical circumstances,including uid medanics, nonlinear optics,
plasma physics, elasticity, quantum eld theory, relativit y, biological models and nonlinear networks.
This is a consequencef the fact that a soliton is the realisation of a certain physical coherancewhich
is natural, at least asymptotically, to a variety of nonlinear phenomena. The mathematical equations
modelling such phenomenaare calledintegrable. There exist many typesof integrable equationsincluding
ODEs, PDEs, singular integrodi erential equations, di erence equationsand cellular automata.

The mathematical structure of integrable equationsis incredibly rich. Indeed soliton theory impacts on
many areas of mathematics including analysis, algebraic geometry, di erential geometry, group theory
and topology. However, it must be emphasisedthat the basic conceptsof the integrable theory can be
intro ducedwith only minimal mathematical tools. This coursewill give an intro duction to soliton theory
with emphasison the occurenceof solitons in nonlinear dispersive PDEs.

Numerical Analysis Lent, 24 lectures

Many mathematical problems, e.g. di erential equations, can be solved generally only by computation,
using discretisation methods. In other cases.e.g. large systemsof linear equations, naive calculation of
the exact solution is impractical and, again, we needto resort to numerical methods. Numerical analysis
concernsitself with the design,implemertation and mathematical understanding of computational algo-
rithms. The coursewill addressiterativ e techniques for linear equations, the calculation of eigervalues
and eigervectors, and the solution of ordinary and partial di erential equationsby nite dierences.
Part IB Numerical Analysis is an obvious prerequisite but Part IB Analysis courses,Complex Methods
and Linear Mathematics are also highly relevant. Mathematical ability is su cien t for understanding
the course,while computational experienceprovidesonly a useful advantage.
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