
18.440, Spring 2006. Exam 3

Instructions. Solve all five problems one by one. Work on these sheets only. Do not use
any books, prepared notes, or calculators. Do not consult your classmates. Hand in your
solutions before 4pm. Each problem is worth 10 points, the maximum total score is 50.

Name:

1. 2. 3. 4. 5. Σ :



1. Let X1, X2, . . . be identically distributed random variables. Assume that the correlation
of any two distinct random variables is ρ, that is, Cor(Xi, Xj) = ρ if i 6= j. Show that ρ ≥ 0.
(Hint: Compute Var(

∑n

i=1
Xi) for every integer n.)



2. You are given a coin that lands on heads with probability p and on tails with probability
1 − p. The value of p is a random variable uniformly distributed over the interval [0, 1].
Flip this coin twice. Let X be the indicator variable that the first flip is a head; and let Y
be the indicator variable that both flips are heads. Use conditional probabilities to find
(a) E[X];
(b) E[Y ].



3. Consider a random walk in the infinite integer grid Z×Z in the plane. The initial position
of the walk is the origin (X0, Y0) = (0, 0). Given the position (Xn, Yn) at time n ≥ 0, the next
position (Xn+1, Yn+1) at time n + 1 is equally likely to be any one of the eight neighboring
positions. (The neighbors of (Xn, Yn) = (2, 2) are depicted below.)

(a) Find E[Xn] and E[Yn].
(b) Find Var(Xn) and Var(Yn).
(c) Approximate the probability that X100 ≥ 10.
(d) Are X1 and Y1 independent?
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4. The servicing of a machine requires two separate steps, with the time needed for the first
step being an exponential random variable with mean .2 hour and the time for the second
step being an independent exponential random variable with mean .4 hour. A repair person
has 20 machines to service.
(a) Approximate the probability that all the work can be done in 10 hours.
(b) Determine t so that the probability that the repair person finishes the 20 jobs in time t
is equal to .95.



5. Buffy buys a candy every day. He likes four types of candies that cost
�
70,

�
80,

�
90, and

�
1, respectively. If he buys a candy for i = 70, 80, 90 cents today, then tomorrow he chooses

the same type of candy with probability i/100 and switches to a 10 cents more expensive
one with probability 1 − i/100. If he buys a candy for a dollar today, then tomorrow he is
equally likely to choose the same type of candy or one for

�
70. Model Buffy’s behavior with

a Markov chain.
(a) Compute the transition probabilities.
(b) Argue that this Markov chain is ergodic.
(c) Find the limiting probabilities.
(d) What is the expected amount of money Buffy spends on candy in 100 consecutive days?


