
18.440 — Test 3
Friday, December 8, 2006

Last Name:

First Name:

E-mail Address:

MIT ID Number:

Directions: No books, notes, calculators, laptops, personal digital assistants, cell phones,
web appliances, or similar aids are allowed. All work must be your individual efforts. Write
your answers and all accompanying work neatly on this sheet. Please provide all the details
of your solutions. If you do not have enough space, please check the box in the bottom of the
page and use the back side of the page. Before you start, check whether you have 6 pages of
answer sheet including the cover.

1. (25pts)

2. (25pts)

3. (25pts)

4. (25pts)

5. (Extra Credits: 10pts)

Total (100pts)
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1. An insurance company supposes that each person has an accident parameter Λ and
that the yearly number of accidents of someone whose Λ is λ is Poisson distributed
with mean λ. They also suppose that Λ of a newly insured person can be assumed to
be the value of a gamma random variable with parameter (s, α). Find E[N ],Var[N ] and
E[etN ], where N is the yearly number of accidents that a newly insured person has in
his or her 1st year.

� If you use the back side of this page, check the box.
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2. Suppose X and Y are two independent standard normal random variables. Let

U =
X − Y√

2
, V =

X + Y√
2

.

Describe U and V in terms of a well-known random variable. Are they independent?

(Hint: You may use one of the followings:

(a) Joint probability density of functions of random variables.

(b) Multivariate normal distribution.

(c) Polar coordinate representation (R,Θ) of the random vector (X, Y ).

(d) Joint moment generating function of U and V.)

� If you use the back side of this page, check the box.
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3. (a) Let X and Y be independent exponential random variables with common parameter
λ. Find the conditional density of X given that X + Y = 1.

(b) Let Y denote a gamma random variable with parameters (2, λ), and suppose that
conditional on Y = y, the random variable X has a uniform distribution over (0, y).
Describe X in terms of a well-known random variable.

(Hint: Use E[etX |Y = y] to compute the moment generating function E[etX ].)

� If you use the back side of this page, check the box.
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4. Suppose Sn is a gamma random variable with parameters (n, 1).

(a) Find the limit:

lim
n→∞

P
{Sn

n
≤ 1

}
.

(b) Find the probability:

P
{

lim
n→∞

Sn

n
≤ 1

}
.

� If you use the back side of this page, check the box.
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5. (Extra Credits: 10pts) Let X1, X2, · · · be a sequence of independent and identically
distributed random variables with

Xi =


+1 with probability 1

2 ,

−1 with probability 1
2 .

Compute directly

lim
n→∞

E[exp(t
X1 + · · ·+ Xn√

n
)]

without using the central limit theorem.

� If you use the back side of this page, check the box.
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