
18.440, Spring 2006. Exam 2

Instructions. Solve all five problems one by one. Work on these sheets only. Do not use
any books, prepared notes, or calculators. Do not consult your classmates. Hand in your
solutions before 4pm. Each problem is worth 10 points, the maximum total score is 50.

Name:

1.

2.

3.

4.

5.

Σ :



1. The amount of soft drink in a bottle is a normal random variable. Suppose that in 7% of
the bottles containing this drink there are less than 15.6 ounces, and in 10% of them there
are more than 16.3 ounces. What are the mean and the standard deviation of the amount
of soft drink in a randomly chosen bottle?



2. Assume that X1, X2, . . ., Xn are independent standard normal random variables.
Compute the density functions of

Y1 = X2
1 ; (1)

Y2 = X2
1 + X2

2 ; (2)

Yn =
n∑

i=1

X2
i . (3)

(Hint: Use the methods covered at class about functions of random variables, and sums of
independent random variables.) (Remark: The variable Yn is said to have χ2 (chi-squared)
distribution with n degrees of freedom.)



3. n people attend a birthday party. Each of them arrives to the venue independently at
random with uniform distribution between 7pm and 8pm. If someone rings the bell, it takes
α time for the host to open the door (where 0 < α < 1 is a fixed period in hours). If other
people arrive in this time period, they can enter together with the one who rang the bell.
What is the probability that all n people can enter together?
(Hint: Calculate the probability first for n = 2.)



4. A machine breaks if any one of its n components breaks. All failures are unrepairable. The
lifetimes of the components are independent random variables. The lifetime of component i
has exponential distribution with parameter λi for i = 1, 2, . . . , n.
(a) What is the probability that the machine breaks due to the failure of component i in t
units of time?
(b) Given that the machine breaks in t units of time, what is the probability that it is due
to the failure of component i?
(c) Compute the failure (hazard) rate of the machine.



5. Consider a random permutation (a1, a2, . . . , an) of the numbers 1, 2, . . . n, (all n! permu-
tations are equally likely). Element ai is a left-to-right minimum if aj > ai for every j < i.
Similarly, element ai is a right-to-left minimum if ai < aj for every i < j.
(a) Determine the expected number of left-to-right minima.
(b) What is the expected number of elements that are both left-to-right and right-to-left
minima?
(c) Determine the expected number of elements that are neither left-to-right nor right-to-left
minima?


