
18.440 — Test 1
Wednesday, March 2, 2005

Last Name: First Name:

Code:

E-mail Address:

Directions: No books, notes, calculators, laptops, PDAs, cellphones, web appliances, or
similar aids are allowed. All work must be your individual efforts. Write your answers and
all accompanying work neatly on this sheet. Please provide all the details of your solutions.
If you do not have enough space, please use the back side of the pages. Before you start,
check whether you have 6 pages of answer sheet including the cover.

1. (15pts)

2. (25pts)

3. (20pts)

4. (20pts)

5. (20pts)

Total (100pts)

Grade

1



1. (15pts) Suppose A = {1, 2, 3, 4, 5} and {1, 2, 3, 4}. How many monotone increasing
(f(j) ≤ f(k), if j < k) functions f from A into B are there?
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2. Suppose {En}∞n=1 is a sequence of independent events. Define a decreasing sequence of
events {Fn}∞n=1: Fn =

⋃∞
k=n Ek. Compute P(limn→∞ Fn), if

(a) (10pts) P(En) = 2−n;

(b) (15pts) P(En) = 1/(n + 1).
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3. (20pts) Suppose 0.5% of the population have cancer. A person suspected of the disease
is given two independent cancer diagnostic tests. Each test is 99% accurate both on
those that do and those that do not have the disease. Use Bayes’ formula to find the
probability that this person really has cancer given that only one of the tests is positive.
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4. Let X be a set of size n(≥ 1) and suppose A,B and C are, independently, equally likely
to be any of the 2n subsets of X.

(a) (10pts) Find the probability P[A ⊂ B ⊂ C].

(b) (10pts) Are the event A ⊂ B and the event B ∩ C = ∅ independent?
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5. (20pts) A 6-digit ternary number is to be selected at random (from {000000, 000001,
000002, 000010, · · · , 222222} in the sense that each ternary number has the same prob-
ability of being selected. Use the inclusion-exclusion principle to find the probability
that at least one of the digits 0, 1, 2 appears exactly twice. (Let E be the event that
at least one of the digits 0, 1, 2 appears exactly twice. Then, for example, 000111 /∈ E
and 001111, 001112, 001122 ∈ E.)
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