
18.440 — Test 1
Friday, October 6, 2006

Last Name:

First Name:

E-mail Address:

MIT ID Number:

Directions: No books, notes, calculators, laptops, personal digital assistants, cell phones,
web appliances, or similar aids are allowed. All work must be your individual efforts. Write
your answers and all accompanying work neatly on this sheet. Please provide all the details
of your solutions. If you do not have enough space, please check the box in the bottom of the
page and use the back side of the page. Before you start, check whether you have 6 pages of
answer sheet including the cover.

1. (25pts)

2. (25pts)

3. (25pts)

4. (25pts)

Total (100pts)
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Present a combinatorial argument or justify your answer analytically.
(Hint: Consider possible selections of a committee and its co-chairpersons or the second
derivative of (1 + x)n.)

� If you use the back side of this page, check the box.
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2. (a) State (without proof) Bayes’ formula.
Suppose Fi, i = 1, · · · , n are mutually exclusive events whose union is the entire sample
space and P(Fi) > 0, i = 1 · · · , n. Then for any event E such that P(E) > 0,

P(Fj |E) = .

(b) At a certain airport, each passenger must pass through a special fire arms detector.
The detector is 100% accurate in the detection of fire arms, but it results in a false
alarm with conditional probability 1/111, 111 given that the passenger is not carrying a
fire arm. An average of 1 out of every 1,000,000 passengers is carrying a fire arm. Given
the alarm goes off, what is the probability that the passenger in question is carrying a
fire arm? Express your answer as an irreducible fraction.

� If you use the back side of this page, check the box.
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3. A stock market investor owns shares in a stock whose present value is $30. He must
sell his stock if it either goes up to $40 or down to $10. If each change of price is either
up or down $1 equally likely and the successive changes are independent, what is the
probability that he retires a winner? Let E denote the event that he retires a winner
and Pn = P(E) if the present value of the stock is $n.

(a) State (without proof) the total probability theorem to find an expression of P(E)
by conditioning on whether the first change of price is up: Let U denote the event
that the first change of price is up.

(b) Express P(E|U) and P(E|UC) in terms of a sequence {Pn}. Explain your answer
briefly.

(c) Find P10 and P40.

(d) Use (a) and (b) to derive a recursive formula for Pn.

(e) Find P30. Express your answer as an irreducible fraction.
(Hint: You may use the following theory of the homogeneous difference equation
of the second order. Suppose {an} satisfies the recursive formula

an+1 − (α + β)an + αβan−1 = 0.

If α = β, then an = (A+Bn)αn for some A and B. Otherwise, an = Aαn +Bβn.)

� If you use the back side of this page, check the box.
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4. This problem consists of three parts. See the next page for (c).

(a) State (without proof) the inclusion-exclusion identity for P(E1 ∪ E2 ∪ E3 ∪ E4) if
P(E1) = P(Ei), P(E1E2) = P(EiEj), and P(E1E2E3) = P(EiEjEk) for any different
i, j, k.

P(E1 ∪ E2 ∪ E3 ∪ E4) =

(b) Suppose 4 married couples are invited to a dance party. What is the probability that
no one will be paired with his or her spouse if dance partners are chosen at random, but
with different genders? The host will not dance. Express your answer as an irreducible
fraction.

Solution) We calculate the complementary probability of at least one man’s selecting
his own wife. Let us denote by Ei, i = 1, 2, 3, 4 the event that ith man select his own
wife. If we regard the outcome of this experiment as a vector of 4 numbers, where
the ith element is the number of the wife selected by the ith man, there are 4!(= 24)
possible outcomes. Complete the remaining part of the solution.

� If you use the back side of this page, check the box. Go to the next page for (c).
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(c) Suppose 3 married couples are invited to a dance party. What is the probability
that no one will be paired with his or her spouse if dance partners are chosen at
random, without regard to gender? The host will not dance. Express your answer as
an irreducible fraction.

� If you use the back side of this page, check the box.
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