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Introduction

While the wave equation (L — 9*/0t?)u = 0 on a Euclidean space has an analog for any
Riemannian manifold X the case when X is a symmetric space offers another natural analog
where the operator L — 9%/0t? is replaced by a system (see (2.7)(2.8)) and the time variable
is now multi-dimensional. This was introduced by Semenov-Tjan-Shansky in [STS] and was
further developed by Shahshahani [S] and Phillips and Shahshahani [PS] .

In the present paper we study the above system by means of Fourier transform methods
described in § 3. In particular we show (Theorem 6.3) that the spectral representations €7
are directly related to the Fourier transform on X. This is the basis of the proof of the
spectral representation theorem (Theorem 6.4).

In §4 we prove a uniqueness theorem for the system and obtain some new formulas for
the solution. In § 5 we prove a characterization of incoming waves in terms of their sources.
This is an analog of results by Lax and Phillips for the flat case. This proof follows ideas
of Phillips and Shahshahani for similar results but because of the available tools is a bit
simpler. I am indebted to Shahshahani for useful discussions and to Schlichtkrull for some
concrete suggestions, specified later.

The following notation will be used. R"™ and S™ denote the Euclidean n-space and n-
sphere, respectively. S(R") denotes the space of rapidly decreasing functions on R™. If X
is a manifold, £(X) and D(X), respectively, constitute the space of smooth functions on X,
resp. smooth functions of compact support. Their duals D’(X) and £ (X) constitute the
space of distributions on X, resp. distributions of compact support. Support is denoted
supp . If o is a diffeomorphism of X, f € £(X) and J an operator on £(X) then we put

fr=foa™, JUf)=(Jf)

for f € E(X). If X is a metric space, B, (z) denotes the open ball of radius r and center = and
Sy(x) denotes the corresponding sphere. If G is a group with Haar measure then * denotes
the convolution on G; if K C (G is a compact subgroup then x denotes the convolution on
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G/ K which is derived from % on G. The translation of gK — hgK on G/K is denoted 7(h).
The adjoint representation of a Lie group is denoted by Ad and *A denotes the transpose of
a linear transformation A.

1 The Wave Equation in R”

Let f be a function on R" integrable over each hyperplane. Let f(g ) denote the integral

~ [ f@)dm(x) (1)
13

of f over the hyperplane &, dm being the Euclidean measure. The map f — J?is called the
Radon transform. We can write the hyperplane ¢ in the form (z,w) = p where (, ) is the
scalar product, w a unit vector and p € R. Deﬁnmg f (w p) f ({ ), f becomes a function on
S"~! x R satisfying the symmetry condition f ( w,—p)=f ( w,p). If ¢ is a smooth function
on S" ! x R which satisfies this symmetry condition ¢(—w, —p) = p(w, p) and in addition
is rapidly decreasing in p we define the operator A by

A o(w,p) nodd
(Ap)(w, p) = )
}Cp%(p((’ﬂp) neven ,

where H is the Hilbert transform

?

(HP) (1) = —/Md

m) p—t1

R

The function Ay also satisfies the above symmetry condition and thus can be viewed as a
function on the space = of hyperplanes.
The Radon transform is then inverted by the formula

wf@ = [ {aDen} o, (1.2

=(w,z)
Sn—1

where ¢y = (2m)" /7.
We consider now the Cauchy problem for the wave equation

0*u
Lu = Tl w(z,0) = fo(x), wx,0)= fi(x) (1.3)

fo and f; being given functions in D(R").
Lemma 1.1. If h € C*(R) and w € S"™! then the function

v(x,t) = h({x,w) + 1) (1.4)
satisfies Lv = 92 | 0t*v.



The proof is obvious. It is now easy on the basis of (1.2) and (1.4) to write down the
solution to the Cauchy problem (1.3). For a different method in the case n odd see Lax-
Phillips, [LP], IV, § 2.

Theorem 1.2. The solution to (1.3) is given by

(1) = / (SF)(w, (2,w) + 1) dw | (1.5)

Snfl
where

c(@”_lﬁ) + 5”_2]?1) ., nodd >1.
Sf= . R (1.6)
c(HO " Lfy+0"2f1), n even.

Here 0 = 0/0p, and the constant ¢ equals

CcC =

(2mi)t .

1
2

Proof: Because of Lemma 1.1 we just have to check the initial conditions in (1.3).

(i) If n > 1is odd then w — (0" 'fo)(w, (x,w)) is an even function on S"* but w —
(8"‘2j?1)(w, (r,w)) is odd. Thus u(z,0)) = fo(z) by (1.2). Applying 9/0t to the right
hand side of (1.5) and putting ¢ = 0 gives w;(x,0) = fi(x), this time because the
function w — (Onﬁ))(w, (r,w)) is odd and w — (a"—lﬁ)(w, (,x,w)) is even.

(ii) n even. Here the proof is the same if one remarks that H interchanges even and odd
functions on R.

Definition For the initial data f = {fo, fi} we shall refer to the function Sf in (1.6) on
S™~! x R as the source.

Note that for n odd, Lax and Phillips refer to —9®+D/2f, + 9n=D/2f, as the translation
representation ([LP], IV, Theorem 2.2). They also call the wave u(z,t) outgoing if u(x,t) =0
in the forward cone |z| <t and incoming if u(z,t) = 0 in the backward cone |x| < —t.

Corollary 1.3. The solution u(x,t) to (1.3) is
(i) outgoing if and only if (Sf)(w,s) =0 for s > 0.
(i1) incoming if and only if (Sf)(w,s) =0 for s <0.

Proof: (adapted from [LP] IV, § 2 for n odd).
For (i) suppose (Sf)(w,s) = 0for s > 0. Then if |z| < t we have (x,w)+t > — |z|+t >0
so by (1.5) u is outgoing. Conversely, suppose u(z,t) = 0 for || < t. Let ty > 0 be arbitrary



and ¢ € D(ty,00). Then if |x| <ty we have

0 = / (x, /dw/Sf (x,w) +t)p(t)dt
-/ dw/Sf w,p)p(p — (3,)) dp = 0.

Sn—1

Taking O /0w, ... 0z;, at x = 0 we deduce

J( [ S0 pe -, o) @)0) dp = 0
R sn-1

for each k and each ¢ € D(ty, 00). Integrating by parts in the R-integral we deduce that the
function

p — /(Sf)(w,p)cuil...u)i,c dw (1.7)
gn—1

has its kth derivative = 0 for p > t,. Having compact support if n is odd and being O(log |p|)
if n is even we deduce that the function (1.7) vanishes identically for p > ty,. Now varying
k we see that (Sf)(w,p) vanishes for p > ty. Since top > 0 was arbitrary this proves (i).
Part (ii) is proved in the same way.

Remark The solution to (1.3) can also be written in the well-known form

u(z,t) = (foxT)(x) + (L*T)(x) 1) =dT,/dt (1.8)

where * denotes convolution on R", T; and 7} in £ (R") are given by their Fourier transforms,

in(|\| ¢ . .
LD [ 0 ana), coshl) = [ 0. (1.9
R” Rn
Since
@ e
LT, = 25T, LT = 5T (1.10)
(T})i=0 = 0, (T})1=0 = do, (1.11)

one refers to the pair {7}, 7} as the fundamental solution to the wave equation.

For n odd, (1.5) implies immediately the classical Huygens’ principle.

Corollary 1.4. Let n > 1 be odd. Assume fo and fi have support in Bg(0). Then u has

support in the conical shell
[t — R<|z|<|t|+ R. (1.12)



In fact, for n odd (1.5) implies
u(0,t) =0 for |t| > R. (1.13)

If y € R™ the translated initial data f;7, f; ¥ give the solution * — u(x + y,t). Thus by
(1.13) since supp (f; ¥) C Bpryjy((0),

u(y,t) =0 fort>R+|y|.

On the other hand, since T} in (1.8) has support in By, (0), (1.8) implies that u has support
in the region |z| < |t| + R. This proves (1.12).

Remark The shell (1.12) is the union

Ua

lyI<R

where C), is the light cone {(z,?) : |x — y| = |¢|}.

For n > 1 odd one has also the following limit theorem of Friedlander.

Theorem 1.5. For n odd the solution u to (1.8) satisfies

m 7 w,((t + pw, t) = (=02 fo 4 9D F ) (w, p) .

|t|—o0

For a proof see Lax-Phillips [LP] p.108.

2 Multitemporal Wave Equations on Symmetric Spaces

Since the Laplacian in (1.3) generalizes to Riemannian manifolds, the analog of the Cauchy
problem (1.3) exists for any Riemannian manifold X. In the case when X is a Riemannian
symmetric space there is another natural analog of (1.3), defined by Semenov-Tjan- Shansky
in [STS]; it is a system of equations and the “time variable” becomes multidimensional.

In order to describe the problem we need to recall some notions from symmetric space
theory. Let X = G/K be a symmetric space of the noncompact type, that is G is a connected
noncompact semi-simple Lie group with finite center and K a maximal compact subgroup.
Let g and ¢ denote the corresponding Lie algebras, # the Cartan involution of g with fixed
point set €. Then g = € + p where p, the —1 eigenspace of 6 is the orthogonal complement
of £ in g, relative to the Killing form B of g. For X, Y € p we put (X,Y) = B(X,Y) and
| X| = (X, X)/2. We fix a maximal abelian subspace a C p, a* its dual, and let ¥ = (g, a)
be the system of roots of g relative to a. Let ¥ denote the set of indivisible roots. The
Weyl group W of ¥ acts on a and a* by

(- N(H)=No"H) = \(H), ceW,\ea" , Hea.

This action extends to automorphisms of the symmetric algebras S(a) and S(a*).



Fix a Weyl chamber a* in a and let a¥ correspond to a* under the map A — H, where
(H,Hy) = AN(H) (H € a). Let X1 be the corresponding set of positive roots, let 2p denote
their sum with multiplicity, and put & = X7 N X,. Let

G =NAK, g=n+a+¢t (2.1)

be the Iwasawa decompositions corresponding to this ordering, n the (nilpotent) Lie algebra
of N. Let M be the centralizer of A in K and put B = K/M,N,= ON. If H € a let
O(H) denote the corresponding directional derivative. The map H — O(H) extends to an
isomorphism of S(a) (respectively S¢(a) = C ® S(a)) onto the algebra of all differential
operators on a with constant real (resp. complex) coefficients. The map A — H) extends to
an isomorphism of S¢(a*) onto S¢(a).

Let I(a) denote the algebra of W-invariants in S(a) and 7, (a) the set of ¢ € I(a) without
constant term. A polynomial p € S(a*) is said to be W-harmonic if d(q)p = 0 for all
q € I,(a). Let H(a*) be the space of W-harmonic polynomials and let H(a) C S(a)
correspond to H(a*) under the extension of A — H,. It is well known that

S(a) = S(a)I,(a)® H(a) (2.2)

and
dim H(a) =w (the order of W). (2.3)

For the adjoint action of K on p we have analogous notions, S(p), S(p*), I(p), I+(p),H (p),
and H (p*). The analog to (2.2) is also valid ([H6], III, Theorem 1.2).

Let D(G) denote the algebra of left-invariant differential operators on G and D g (G) the
subalgebra of D € D(G) which are right invariant under K. If X € glet X € D(G) denote
the corresponding left-invariant vector field. The symmetrization ([H6], 11, § 4)

1 - N
YiY})HJ_j ZYU(I)”'YU(P)

0e6,

(&, = the symmetric group) is a linear bijection of S(g) onto D(G). Let H* denote the
image of H(p) under this map.
According to (2.1) we have the direct decomposition

D (G) = D(A) @ (iD(G) + D(G) ). (2.4)

Let D — ¢P denote the corresponding projection of D(G) onto D(A) = S(a). Then the
map
v:D—ePgPoe’

is a homomorphism of Dg(G) onto I(a) with kernel Dg(G) N D(G)e. ([HC] § 3 or
[H6], III, Theorem 5.17). On the other hand, G/K being reductive, the algebra
Dk (G)/Dg(G) N D(G)t is naturally isomorphic to the algebra D(G/K) of G-invariant dif-
ferential operators on G/K, [H1]). This gives a surjective isomorphism

I:D(G/K) — I(a). (2.5)
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We now fix a real homogeneous basis

p1:17p27"'7pw (26>

of H(a). For fixed f; € D(X) (1 < i < w) we consider now the “Cauchy problem” for
ue &(X xa),
Du=0((D))u DeD(G/K) (2.7)
with initial conditions
@Opiu)(z,0) = fi(z), 1<i<w. (2.8)

In (2.7) D operates on the first variable and O(I'(D)) operates on the second variable.
As remarked by Schlichtkrull the system (2.8) is equivalent to

(O(p)u)(z,0) = F(p)  p€ H(a)
where
F € Homr(H(a), D(X)), (F(p;) = f;).

The system (2.7)(2.8) was first considered by Semenov-Tjan-Shansky [STS| and further
studied by Shahshahani and Phillips and Shahshahani ([S] and [PS]). Here we shall present
some additional results, some generalizations of older results and some new and simpler
proofs.

3 The Fourier Transform

To study the system (2.7)(2.8) we use the Fourier transform theory on X developed in [H2]-
[H5] and [H7]. We now indicate the results needed. Let us normalize the invariant measures
onG, N, A, K, M,a,a*, X =G/K, B=K/M asin [H7], II, § 3.1. According to (2.1) each
g € G is decomposed g = nexp A(g)k (A(g) € a) and we can define the “inner product”

A(gK, kM) = A(k™'g), g¢ge€G,keK. (3.1)

Then for each b € B the function x — e +2)(A@b) i5 an eigenfunction of each D € D(G/K)
and
D, (e(i/\+p)(A(x,b))) - F(p)(i)\>e(z’/\+p)(x4(xab)) ) (3.2)

For a function f on X we define the Fourier transform fvby

FOND) = / Fz)emARAED) gy (3.3)
X

for all b € B, and A € a} = C ® a* for which the integral exists. For f € D(X) we have the
inversion formula

fla) == [ FOpe e aup), (3.4

wa*xB
where du(A,b) = ]c()\)|_2~d>\ db,c(\) being Harish-Chandra’s c-function. The Plancherel
theorem asserts that f — f extends to an isometry of L*(X) onto L*(a*. x B, ). The Paley-

Wiener theorem describes the range D(X) as a certain subspace of the space H(a’ x B) of
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smooth functions (A, b) holomorphic in A € af, of exponential type (uniform in b). That
subspace is specified by the identities

/ (X, b)eMAAE@) g s TWeinvariant in \. (3.5)

B
We now relate this theory to representations of K. Let K v be the set of unitary irre-
ducible representations 0 of K with fixed vector under §(M). Let Vs be the representation
space of § and VM the space of fixed vectors under §(M). We choose an orthonormal ba-

sis v1,...,v4) of V5 such that vy,... vys) span V(;M. With H* defined before let Es =
Hom g (Vs, H*) denote the space of linear maps Vs — H* intertwining d(k) and Ad(k) (k €

K). By [KR], dim E5 = ¢(5). Let 5 be the contragredient to ¢ operating on the dual space
Vi = VX' For v € Vs let v' € VJ be determined by v'(u) = (u,v) for u € V5. For A € af

consider the linear map
Q) : By — WM (3.6)

given by
Q@ (N)(e)(w) =¢(p—i))  e€Es,veV;, (3.7)
qP being defined after (3.4). If e, ..., €(s) 1s any basis of Es we define

Q' Ny = (p—iN),  1<i,j<L0).

The matrix Q°());; whose entries are polynomials in A are related to the P} in [K] § 4

by a simple variable shift. If Cy : V\gM — FEjy is the linear transformation determined by
C'(;v;- = ¢; then
SNCsv = Q° (N} (3.8)
i=1
If (3.3) is specialized to f € @g(X), the space of K-finite f of type g, then ([H5], § 7)
FOLEM) =Try, (f(\)§(k)),  Tr = Trace, (3.9)

where f()) is the é-spherical transform

/ fla / ’””(A(JC”“M))cS(k‘l)dk) dz | (3.10)

Then f()\) maps Vj into V¥ and has the invariance property:

Qg()\)‘lf()\) is W-invariant in A . (3.11)

Also as f runs through ®\§ (X), the functions (3.11) fill up the space J°(a*) of W-invariants in
the space H(a?, Hom (Vs, V™)) of Hom (Vj, Eg)-valued holomorphic functions of exponential
type on af. ([H5] § 7).



4 Properties of Solutions of the Multitemporal Wave
Equations

It is known from [STS] and [S] that the system (2.7)(2.8) has a solution which for each H € a
has compact support in the first variable. We now prove a uniqueness statement for such
solutions.

Proposition 4.1. Suppose v’ and u” are two solutions to (2.7)(2.8) and that for each H € a,
the functions © — u/'(z, H) and x — u”"(x, H) have compact support. Then v’ = u".

Proof:  Let u = v’ — «”. Then wu satisfies (2.7)(2.8) with f; = 0 for all j. Consider the
Fourier transform u(\, b; H) of w in the z-variable. Then by (3.2)(3.3) if D € D(G/K) and
D~ its adjoint,

(T(D)), (A, b; H)) = T(D*)(=iA)i(A, bs H) = D(D)(iA)i(A, b H) (4.1)

by [H6], 11, Cor.5.3 and Lemma 5.21. Also

{8(pi)H(u(x, H))} =0. (4.2)

H=0
Because of (2.2)(2.3) each p € S(a) can be written p = >°%"  ¢;p; (g¢; € I(a)). Then using
(2.7) (4.1) we get

(p) (WA, 0; H)) Zap] U\, b; H)) Zapy (q;(iN)a(X, b; H))

Using the inversion formula for u(z, H) and (4.2) we deduce

{0) (u(e, 1)} =0, pes(a). (43)

H=0

On the other hand, if A € a* is regular (4.1) implies by a result of Steinberg and Harish-
Chandra ([H6], III, Theorem 3.13) that for constants Cj

U b H) = Cy(A, b))

seWw

Thus the equation {8(p)H(ﬂ(>\, b; H)} = 0 for all p implies

H=0
D pisA)Ci(Ab) =0,  pe S(a).
Choosing p such that p(isA) = 0 for all s # s in W and p(isgA) = 1 we get Cs,(A\) = 0. Thus

w(A,b; H) = 0 for all A € a* regular and b € B so by the inversion formula, u(z, H) = 0, as
desired.



Consider now the quotient fields C(S(a)) and C(I(a)), and the bilinear form (,) on
C(S(a)) x C(S(a)) with values in C'(I(a)) given by

(a,b) = > ab". (4.4)

TEW
This form being nondegenerate we can determine ¢/ € C'(S(a)) such that
(@, pi) = bij - (4.5)
Theorem 4.2. Given fi,..., fu € E(X) the system
Du=0(I'(D))u D e D(G/K) (4.6)

with initial data
(O(p)u)(z,0) = fi(z) (1<) <w) (4.7)

has a solution given by the convolution
= (f; x S§) (4.8)
j=1
where for each j, H € a, S}'{ is in E'(X) and is for all b given by
S i (ioA)eTI D — / AEAED) G5 (). (4.9)
oceW X

Remark Because of Prop. 4.1 we shall refer to (4.8) as the solution to (2.7)(2.8).

We need some known results about p;, ¢/ from [HC] § 3 for which simplified proofs (due
to Steinberg) can be found in [GV] § 5.5. Let m € S(a) be given by 7 € Haezg H,.

Lemma 4.3. We have
(i) S(a) = @i, [(a)pi
(ii) m¢’ € S(a)
(iti) 1S(a) = {z € C(S(a)) : (z,y) € I(a) for all y € S(a)}.
If s1,..., 8, runs through W (4.5) implies that the matrices
ei; =pi(siA) and  fre = ¢"(se))

are inverses. The determinant of e;; being homogeneous in A it follows from Cramer’s rule
that each ¢/ is homogeneous in A. Because of (ii) above, ¢/ = h? /7 where h? € S(a) so the
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left hand side of (4.9) equals
1 . .
il ioA(H) 4.1
=Y EU R (ic\)e(o)e (4.10)

where m(o\) = €(o)m(A) and €(0) = £1. The sum in (4.10) is skew and is thus divisible by
7(i\) so (4.10) is holomorphic in A. Also if A =& +in  (&,n € a*) we have

M) | < el

so (4.10) is an entire function of exponential type of polynomial growth for A real. By the
Paley-Wiener theorem extended to €'(X) ([H4], Theorem 8.5, or [EHO] or [H7], IIL, Cor. 5.9)
there exist unique S7; € &'(X) satisfying (4.9) and

supp (S3;) C B‘H| (0). (4.11)
Next we prove that S}; depends smoothly on H € a, that is, for each f € D(X), S};(f)

is smooth in H. Since S, is K-invariant, (f x S%) = f(S%) ([H7], I1I) so (3.4) and (4.9)
imply

[ @ asi = [ Fon Sl -ione A auioy)
X a*x B 7
so the smoothness in H follows.
Defining u(x, H) by (4.8) we shall now verify (4.6)-(4.7). Since D(f x S) = f x DS for
fe&(X),S e &' (X) we consider DS, and shall prove

DS}, = o(U(D)), (Sh). (4.12)
For this we observe that by (4.9) and (2.3)
(DSH)(Ab) = T(D*)(=iN)(S) (A, b) = T(D)(iA)(S3) (A, ) .
On the other hand, applying O(I'(D)) to (4.9) we see by the W-invariance of I'(D) that
(O(0(D)), (SH))(A,b) = T(D) (i) (SE) (A, b).

These formulas imply (4.12), so (4.6) follows. Secondly, applying 5(pk)H to (4.9) we get
Y P lioNpilioN)e ™M = (A(pe) , (S))(A D).

Putting here H = 0 and using (4.5) we obtain
{Om), (ST} = (4.13)

H=0

for all A\, b. By the injectivity of the Fourier transform this means
{a(pk)SJH}HZO = 5j]€60 ) (414)
where J, the delta distribution of X at o. Now (4.7) follows immediately.
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Remark Relations (4.12)-(4.14) are the analogs to (1.10)-(1.11) and one can thus consider

the family
1 w
{SH, L SH}
as the fundamental solution to (4.6)-(4.7).

Example G/K of rank one. Let Hy be the vector in a® of length 1. Then with p; =
1,ps = Hy we have ¢! = 1/2,¢> = 1/2H,. Also I'(L) = H2 —|p|*. Writing v(z, t) = u(x, tHy)
equations (4.6) and (4.7) become

(L + |p[*)v v(2,0) = folx), vi(2,0) = fi(2)

= ﬁv ,
Writing S/ instead of SgHO equation (4.9) becomes (since A(Hy) = £ |)|)

cos [\t = /e(_i’\Jr'”)(A(r’b)) dS}(x),

X

SlTl\)ﬂt _ /e(—iA—FP)(A(I,b)) dsf(x>

b
in exact analogy with (1.9).

From Theorem 4.2 we can now deduce the following result stating informally that the
speed of propagation is < 1. The result is established in [PS], Theorem 3.4, in a rather
complicated fashion (see also [STS|, Lemma 2).

Corollary 4.4. If supp (f;) C Br(xg) for 1 < j <w then for each H € a,
uw(x, H) =0 for x & Bryu (o). (4.15)

By the group invariance we can take o = 0. Then the result is an immediate consequence
of (4.8), (4.11) and the following simple lemma.

Lemma 4.5. Let f € £(X),S € €(X). Then

supp (f) C B, (o), supp (5) C Bs(o) = supp (f x §) C Br45(0). (4.16)

Proof: By approximation we may assume S is a continuous function. If S denotes the lift
of Sto G (S(g9) = S(g-0)) then

(f x S)(g-0) = / F(gh™ - 0)8(h) dh.

If this is # 0 then for some h d(gh™' - 0,0) < r and d(h - 0,0) < s whence,
d(o,g-0)=d(g7"-0,0) <d(g™*-0o,h7 - 0)+dh™"-0,0) <71 +s,

proving (4.16).
We can now reformulate the property in Cor.4.4 as follows.
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Proposition 4.6. Let f; € D(X)(1 < j < w) and u(x, H) the corresponding solution to
(4.6), (4.7). Then if

B, (o) MU, supp (f;) = O (4.17)

we have for each H € a,
uw(x, H) =0 for x € B, u|(w0) . (4.18)

Proof: The compact set C = Ule supp (fj) can be covered by finitely many balls B.(z;)
(€ fixed) such that

B,(x9) N Be(z;) = © for each i. (4.19)

Choose a corresponding partition of unity i.e., ¢; € D(B(z;)), i > 0,>,¢; < 1 with
equality in a neighborhood of C. Then f; = >~ f; (1 < j < w) where f! = ¢, f; has support
in B.(z;). Let u’(z, H) be the solution to (4.6)(4.7) corresponding to f}(l <j < w. By
Cor. 4.4,

u'(z,H)=0 forx & Beyjm(zi). (4.20)

However, B, g|(x;) is disjoint from B,_||(x0); in fact a common point y would satisfy
d(zi,y) < e+ |H| ,d(xo,y) < p— |H| whence d(x;,z0) < €+ p, contradicting (4.19). Thus
by (4.20), u'(z, H) = 0 for z € B,_g|(zo) so (4.18) follows since u =, u’.

We shall now derive some other formulas for the solution. If S € £(X) is K-invariant
and f € D(X) we have

(fx8)=f5
so by (4.8) and the inversion formula for the Fourier transform,
/ > @ (io M) (c(M)e(—N) ! / Fi (A, D)@ gp g\
B

a* J,o

Since (c(A)c(—M))~! as well as the integral over B are W-invariant in A (cf.(5 ) §3) the
terms in ) all have the same integral over a*. Thus we can replace the average — Z by
a single term. For each o € W we thus obtain (as in [S], Lemma 8),

/ Z FTO) Fr(A, b)eM At plA@) g\ qp (4.21)
a*X B

where
Je(A) = ¢"(i0) fe(N)e(=A) (4.22)

and as usual, j7(A\) = jr(c7'\). Consider now the Euclidean Fourier transform

F*(\) = /e‘i’\(IOg“)F(a) da

A

and let J; denote the operator on 8(A) determined by

(JeE)*(A) = Je(A) E™(A) - (4.23)
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Since ¢*(A\)w()) is a polynomial and (7(\)c(A)e(—A))~! has all its derivatives bounded by a
polynomial, J; does indeed map 8(A) into itself. Also, by a simple computation,

(JEE)(A) = R (N EF(A) -

Consider now the Radon transform

where ¢ is a horocycle gNg~!

if&]:N'O,

-z and dm the measure on £ derived from dn. More explicitly,

7o &) =/f<gn-o>dn.

~

Since each £ equals ka - §y where kM € K/M and a € A are unique we can write f(£) in

the form f(kM,a). Then J, operates on functions on the horocycle space Z. Also by [H7]
p. 276,

~ ~

fOb) = / Fb, a)e=Mn08a) gy — (P F)*(A,b) . (4.24)
A
Thus by (4.21)

u(z, H) = / > (T (€ )" (A, b)er Aot cplAl=b) g\ g

a*xB k

so by the inversion formula for the Euclidean Fourier transform,

u(x, H) = /Z J,‘j(epj?k)(b, exp(A(z,b) + o H))e! @) dp. (4.25)
n ok

Here e is the function on = given by e?(kM,a) = e*1°8%) . As in [H7], II, §3 we introduce
the operators
Apo=e"J] o€l (1<k<w)

on the space §,(Z) = {¢ € E(Z) : e’ € 8(=)}, where §(=) = §(K /M x A). Then the space
8,(Z) and the operators Ay, are G-invariant ([H7], III, Lemma 3.7.)

Theorem 4.7. Fiz o € W. The solution to (4.16)-(4.17) can be written

u(g- o, H) = e’ / > (Njofi)(gkexp o H - &) dkyy . (4.26)
K/M Y
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Proof: If g = e the right hand side becomes
ep(”H)/Z(e_pJ;-’(e”fj))(b, expoH)db= /Z(J;-’(e”fj))(b, expoH)db,
B 7 B 7

which agrees with the right hand side of (4 25) for © = o. By the G invariance of (4.6)-

(4.7) in the x-variable the initial data f ) generate the solution @ "), Since the Radon
transform as well as the operators A; , commute with the G-action we deduce from the above

ulg-o,H)=u"9 (o, H) = e /Z jo T(g ) (kexpaH - &) dk
K/M 7

= erloH) / Z(Ajﬁfj)(gk expoH - &) dky
K/M Y
as claimed.
Definition Given o € W the function
(S)€) =Y (Ajof)€), €€E
J
will be called the o-source of the solution w.

From (4.25) it is easy to see that

u(z, H) = e?o) /(S £)(b,exp(A(x,b) + o H))e*A@) qp (4.27)

and this formula is the symmetric space analog to (1.5).
From (4.27) it is easy to deduce the analog of Huygens’ principle in Cor. 1.4. This is
done in the same way in [S], §4, Cor. 2. See also Prop. 18 in [STS].

Corollary 4.8. Assume G has all its Cartan subgroups conjugate. Then if supp (f;) C
Br(0)(1 < j < w) the solution u(x, H) has support in the region

\H| - R < d(z,0) < |H| +R. (4.28)

In fact, the assumption on G is equivalent to all & € (g, a) having even multiplicity ([H3],
I1, §3). This in turn implies by the Gindikin-Karpelevic formula for c(\) that c(\)™! and
even (m(\)c()\))! is a polynomial. In addition, w(A\)g’(i)) is a polynomial so the operators
A; , are differential operators. Since

d(o,a-0) <d(o,na-o), a€e A, neN, (4.29)

we thus deduce from (4.27) that w(z, H) = 0 if |H + A(z,b)] > R for b € B. But if
r=gK,b=kM kg =naky, (4.29) implies

|A(z,b)| = ‘A(k‘lg)‘ = |loga| < d(o,na-0) < d(o,z). (4.30)
Thus if |H| > R + d(o,z) we have for b € B, |H + A(x,b)| > |H| — |A(z,b)] > R so
u(z, H) = 0 for d(o,z) < |H| — R. This, together with (4.15) implies the corollary.
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5 Incoming Waves and Supports

In this section we shall prove the symmetric space analog of Cor. 1.3, relating incoming
waves to support properties of the sources S,. Results of this type are given in §§ 4.1-4.2
in [STS] and §§4-5 in [PS] but we have not understood these papers well enough to make a
detailed comparison. However, the proof of Theorem 5.1 below is mostly a variation, with
some details added, of the proof of Theorem 4.10 in [PS].
As usual, we put
ta={H€a:(H H)>0 for H €a"}

and a- = —a™. Note that Ta U {0} is closed ([H6], p. 438) and a™ C *a.
Definition Fix 0 € W. The wave u(z, H) in (2.5) is said to be o-incoming if

u(x,H) =0 ford(o,z) <|H|, oH€a . (5.1)

To distinguish from balls in X, an open ball in a of radius r and center H is denoted
V.(H).

We shall now, in analogy with Cor. 1.3, characterize o-incoming waves in terms of their
g-sources.

Theorem 5.1. Fizxo € W and f; € D(X), (1 <j <w). Then u is o-incoming if and only
of
supp (S, f)(b,-) C exp(ta) for allb € B. (5.2)

Naturally, formula (4.27) is basic to the proof. First we prove (5.2) = (5.1). Suppose
H € a, 0H € a” and d(o,z) < |H|. Then by (4.30), A(x,b) € Vig(0). Now let Hy €
ta+ (—oH). Then (Hy+ocH,—cH) >0 so

—|Ho| |H| < (Ho,0H) < — |H|’
so Hy ¢ Viu(0). Hence A(z,b) ¢ Ta+ (—oH) so by (5.2) and (4.27), u(z, H) = 0. This

proves (5.2) = (5.1).
For the converse we assume (5.1). For ¢ € D(a) we consider the integral

v(z) = /u(:z:,H)go(H) dH . (5.3)
Then by (4.21) we obtain
v(z) = / FZ (D) (\)eHPA@D) gy qp | (5.4)
a*x B

where Y(H) = o(—o ' H) andFy (b Z]k ) (A, D).

Note that



the Fourier transform (in A) of the function
ho(ba) =" Jg(e fi)(ba), bEB.acA. (5.5)
k
Let 0* € W be the element interchanging a* and a~ and put 7 = o~ 'o*. Then
oH €a” <= H € rat so by (5.1)
u(z,H)=0 ford(o,z) <|H|,H € Ta*. (5.6)

Now fix Hy € Ta™ and consider the solution (z, H) — u(z, H + Hy) to (2.7) whose
initial data are

{0) (. H + H) } = (9(pi)u) (s, Ho).

We denote these by F;(z) (1 < i < w). Then (5.6) implies F;(x) = 0 for d(o,z) < |Hy|, i.e.,
supp (F;) N B|H |(0) = (). Hence by Prop. 4.6,
0

u(x, H+ Hy) =0 for x € Bjgy|—m|(0) - (5.7)
Of course, H + Hy € Vig,|- e(Ho) <= |H| < |Hy| — € which in turn implies
B\H@\—\H|(O) D) BE(O) .
Thus (5.7) implies the following result.

Lemma 5.2. Let 7 = o 'o*, fixr Hy € Ta™ and let € < |Hy|. Then
uw(x, H+ Hy) =0 ford(o,x) <e if H+ Hy € Vigy- e(Ho).
Now following [PS], Lemma 4.8 let
ae(7)={H €a:(H,H') > e|H'| for some H' € Ta*} . (5.8)

Then a.(7) = 7 - a.(e). Let Hyp in Lemma 5.2 run along a fixed ray {tep: t > 0, |eg| = 1} in
Tat. The balls Vig,|—e(Ho) will then fill up the half space (H,eg) > €. As H varies in Ta™
(and |Hy| > €) these half spaces have union a.(7). Thus Lemma 5.2 implies the following
result (Lemma 4.8 in [PS]).

Lemma 5.3. Let 7 =0 '0*, ¢ >0 and H € a.(7). Then
u(z,H) =0 ford(o,z) <e.
Now let ¢ in (5.3) satisfy ¢ € D(a.(7)). Then
v(z) =0 ford(o,x) <e, (5.9)

which by (5.4) amounts to

o(z) = / B ONPA(ED) () dA = 0. (5.10)
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where P, is the Poisson transform defined by

(PrF)(x) = / eATPAE@D) B (b) db . (5.11)

B

As in the proof in [H5] of the injectivity criterion for the Poisson transform we exploit
(5.10) by means of the equation

{Dy(v(g-0))},_. =0 (5.12)

for all D € D(G), the algebra of left-invariant differential operators on G. The kernel in
(5.11) is given by '
(AP (A(gK kM) _ C_A(k_lg) ’

where (y(g) = ePAW) | Fix § € K (as in §3) and consider the operators €;(v;) in §3.
By [H7], p. 239 they satisfy

£(9)

(e5(0)E) (k71 = Y (0 6(K)u,) Q7 (=), (5.13)

p=1

Writing (5.4) and (5.10) in the form (with dky; = db)

w(g-0)= [ d\ [ Ca(k"Lg)F(\ kM) dka (5.14)
I
where F'(\,b) = hy (b, -)*(A\)*(\), we thus have

£(9)

0 = {e(t)g(v(g - 0))},_, = / S QU (=N (V) dA.

a* p:1

Here
Fi(\) = / (05, 5(K)uy) F(N, KM) iy
K/M
Now F'(A,b) = (hy(b,-) x 10)*(\), X denoting convolution on A (and a). Thus, defining

Cou(H) = / ho kM, exp H) (vs, 6(K),) dknr  (H € a)
K/M
we have for 1 <, 5 < ¢(0),

o5

)
/ @ (~ Ny (Gt X )" (\) dA = 0. (5.15)

=14
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Define QJ; € S(a) by Q%;(A\) = Q°(\),; and P}, € S(a) by PY;(A) = Q);(iA). Then, since
P2(iX) = Q°(—A), (5.15) implies by the Fourier inversion formula,

4(5)
sz x 1] (0) =
p:l
if o (H) = p(—H
so, if Y (H) = ¢(—H), o v
/ 5 )Goi) (H)O) (H) dH = 0. (5.16)
p=1

This holds whenever ¢ € D(a.(7)), and € > 0.
Let ap(7) = limepac (7). Then ag(t) = 7ag(e) so the complement of ag(7) is

—7(Ta) U{0} =071 (Ta) U {0}. Since 1\D/(H) = p(c71H), (5.16) implies

0(6)

Z@ )i =0 ona\*a. (5.17)

The matrix P° with entries P, € S(a) satisfies
det(P°) = P.P?, (5.18)

where P, is a matrix whose entries P5; € S(a) are the cofactors of P°. Applying d(Py;) to
(5.17) and summing on j we get by (5.18),

(0(det P°)¢i)(H) =0 for H € a\*a.

Now det P°()\) = det Q°(i)\) which by [H7], III, Theorem 4.2 and Cor. 11.3 is a product of
factors (A, a) + ¢;, where ¢;, > 0. Here a € > 7 and j runs through a certain finite set.
(Apart from variable shifts this is contained in [K], Theorems 5 and 7.) With H, € a given
by (H., H) = a(H) we thus have for F' = (,;, which belongs to 8(a),

H(a(Ha) +¢jo)F =0 ona\ta. (5.19)
a7j
We pull out a single factor d(H,) + ¢ (¢ > 0) and consider the equation
(O(Hy) +c)f =0 ina\Ta, fe8(a).

Then the function
g(H) = e f(H) ¢ =c/{a,a) (5.20)

satisfies
O(Hy)g =0 ina\*a. (5.21)

Fix Hy € a\*a. Since —H, € a\"a and since a\"a is star-shaped with respect to 0 we see
that Ho—tH, = t(Z2 — H,) belongs to a\"a for ¢ > 0 sufficiently large. Then (5.21) implies
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that the function ¢t — g(Hy — tH,) is a constant C for large ¢ > 0 so by (5.20)
f(Hy — tH,) = Ce~CoatHo) oCoalHa)t (5.22)

This contradicts f € 8(a) unless f = 0 on a\*a. Iterating this argument for the factors in
(5.19) we deduce
Gi=0 ona\ta, 1<i,p<Ld). (5.23)

Observe now that for each ko € K assumption (5.1) is valid for the function wuy, : (x, H) —
u(ko -, H). Since A(kq - x,b) = A(z,ky" - b) it is clear from (4.25) that replacing u by g,
amounts to replacing h, by the function (b,a) — h,(kq - b,a). Thus (5.23) implies

/ ho(kok M, exp H){v;, 6(k)v,) dkpyr =0, H € a\"a, (5.24)

K/M

and here we put u = kok ,k = ky'u. Since the vectors d(ko)v; (ko € K,1 <14 < £(5)) span
Vs, (5.24) shows that the function uM — h,(ulM,exp H) is orthogonal to all (v,d(k)v,
(1 <p<¥0),veVs). Since 6 € Kj; is arbitrary this proves

he(byexpH) =0 forbe B,H €a\"a

so (5.2) is proved.

6 Energy and Spectral Representation

In [S] §2, Shahshahani transfers the Cauchy problem (2.7)(2.8) to a vector formulation and
uses this to generalize the classical energy for the wave equation to the present context. We
recall the definition.

Let p € S(a). By Lemma 4.3 (i) we have a matrix L, = (L,);; with entries in I(a) such
that

Let D, = (D,);; denote the corresponding matrix with entries in D(G/K), i.e., I'((D,):;) =
(Ly)ij (cf. (2.5)). Let *D,, denote the transpose of D,,.

Lemma 6.1. The Cauchy problem (2.7)-(2.8) is equivalent to the problem

'Dpp=p), peS(a), (6.1)
where the column vector p is a smooth map from X x a to C¥ and
t/J/(x70) = (fl(x>77fw(x>> (62>
More precisely, if u satisfies (2.7)-(2.8) then
‘u(e, H) = ((0(p1)u) (@, H), ..., (0(pu)u)(z, H)) (6.3)

satisfies (6.1)(6.2) above and if u satisfies (6.1)(6.2) then u = py (first component) satisfies
(2.7)(2.8).

20



Proof:  Since py = prp1 = >_;(Lp, )ap; we have (L, )a = 0. Thus, if p satisfies (6.1)(6.2)
then
O(pi) = Q) = (‘Dypi)r = Y (D )it = e

so (2.8) holds. Also, if D € D(G/K), Lrp) is a diagonal matrix, *Drpy = DI, so (6.1)
implies Dyy = O(I'(D))py. Thus u = py satisfies (2.7).
On the other hand, assume u satisfies (2.7)(2.8). Define p by (6.3). Then if p € S(a),

(O@)u); = 2p); = Op)os e = Olpmy)u = (3 (Ly)sw:) (w) = D 9pIAT (D))

)

- Z A(pi)(Dyp)iju = Z(Dp)ijﬁ(pi)u - (tDP'u)j

so (6.1) holds; also (6.2) is obvious.

Remark If (6.1) holds for p € a it holds for all p € S(a).
In fact, the map p — L, is an isomorphism of S(a) onto an algebra of w x w matrices
with entries in I(a). Thus 9(pq)p = *Dpgp, justifying the remark.

Consider now the matrix A = (A;;) with entries in /(a) given by
Ay = (g’ ,0(rq")) , (6.4)
where (,) is defined in (4.4). Let A = (A;;) be the matrix with entries in D(G/K) given by
Definition Given u,v € £(X x a) the energy form is defined by

Bu.viH) = [ (wAv)(a 1) do. (65
b's
the integral assumed convergent. Here 'y, v are given by (6.3) from u and v, respectively.

It is a routine matter to verify that the function 'uA7 is independent of the choice of
basis of H(a). However, the homogeneity of each p; plays a role in the proof of Theorem 6.2
and in Theorem 6.3.

In the rank-one example discussed before this reduces to

2
X

E(u,v;tHy) = (. ) /(ut@t —u(L + |p|*)v) da

which up to the factor (m, 7) agrees with the usual formula ([H7], p. 501).
As used in the proof of (4.1) we have

[(D*) =6T(D) D e D(G/K).

Hence
[(A7)(EA) = D(Aij) (—iA) = Aij (i) = Aji(id) = T(Aji) (@A)
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so Aj; = Aj;. This implies the Hermitian symmetry,
E(u,v; H) = E(v,u; H).
While this relation is a simple formality, the positivity
E(u,u; H) > 0

which is a consequence of (6.11) below in connection with Theorem 6.2 is more subtle and
seems to require the Fourier transform theory. Because of (6.11) we have a norm

1/2

|F| = / (FAF)x)dz Y 'F=(fi.....[.)

X

on D(X) x---x D(X) (w times) which by the injectivity in Theorem 6.4 is strictly positive
for F' # 0.

Theorem 6.2. Letu and v be the solutions to (2.7)(2.8) with initial data (f;) C D(X), (g;) C
E(X). (Theorem 4.2). Then the energy form E(u,v; H) is constant in the time H € a.

Proof:  (Shahshahani [S]). Consider the matrix B = (B;;) given by
Bij = (n¢',7¢’) € I(a)

and J the diagonal matrix whose i'* entry is (—1)% where d; = degp; = — deg(q*). Then
Aij = (7qu, 9(71'(]2)) = (—1>d0g(ﬂ—)+diBU soif B = (BU) with F(BU) = Bij>

(—D)de™ B =A, (-1)%*E™JB =A.

Taking inner product with ¢ and pg, respectively, we derive the relations
Y Bupi=mq", pdd = (Ly);d', pe€S(a),
which imply quickly that the matrix L, B is symmetric. Thus
L,B=B'L,, D,B=B'D,.

In particular, take p = H € a and observe that d(p) ' = *(d(p)u). Then if u and v are
solutions and , v determined by (6.3) we have (by (6.1))

) (B, 1) = [ [(Dy) A7 + nADp)] (a, H) d

= (—1)des(™ / ["("Dpp) JBY + ' 1n.JB'D,v| (2, H) dx .
X
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In the last term we replace B*D, by D,B and put £ = Bv. The integrand is a sum of the
terms

Z(t(tD m)i(J€); = Z(D igpi(=1)9¢;
Z( i(JDp8)i Zﬂz Dp)isé;

so it would suffice to prove

[ (Dt + (<1 D,)6] (o 1y do = 0.

Since pp; = > .(Lp)ijpi, (Lp)ij is either 0 or homogeneous of degree 1 + d; — d;. Also
['(D*) = 0T'(D) as used before, so

T((Dp)i*) = 0((Ly)ij) = (1) T4~ 4T((D,)y5)

whence

Thus the last integral equals

/ [(Dp)iji&s — mi(Dp)i;"&;) (x, H) = 0.

Hence 0(p)u(E(u,v; H)) = 0 as claimed.

Remark In [STS], Prop. 1 a similar transfer of (2.7)(2.8) to a vector formulation is de-
scribed. The corresponding energy is given by (4) §1.2 in [STS]. It differs from formula (6.5)
above in that the Cartan involution in (6.4) is absent. Thus the positivity of the energy
stated in Theorem 1 of [STS] seems doubtful. The unproved statement in Prop. 3 in [STS]
that this energy is time-independent seems to us not to be compatible with Theorem 6.2.

As in [STS] and [S] we consider now for each 0 € W, A € a},, b € B the particular
solution u?(x, H; A\, b) of (6.1) given by (6.3) for

u"(a?, H:\, b) _ ei)\(H)+(ia/\+P)(A(x,b)) . (66)
This is indeed a solution for by (3.2),
(Du®) =T(icAN)u’ =T(iNu’, D e D(G/K)

and
OI(D))u® =T(iN)u’ .

We consider then the linear map

E7  F(x) — /(tFAﬂU)(x,O A b)dx, (6.7)
X
where 'F(x) = (fi(z),... fu(z)), fi € D(X). Thus €7 maps D(X) x ... x D(X) into a
function space on a* x B. The following result shows that €7 is intimately related to the
Fourier transform on X.
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Theorem 6.3. For each o €¢ W
E7(F)(Ab) =7\ ¢"(iN) fuloA,b) .

k
Proof: For A € a* (real) we have
12 (2,05, 0)" = pj(—id)el oA oA

SO

£ (F) = [ S0 ) Ay(—ioNpy (<Nl (6.9)
x b
which by the W-invariance of A;; equals

> FuloAb) Z Api (—iXN)pj(—iA) | (6.9)

Here the sum } . equals

) [Z<wqﬂ'><—m><qu><m>] pi(=iN) = 3 (1) (7iN) S () (—rid)py (—i)

j TEW TeW J
Now if d; = degree p; then degree ¢/ = —d; so the last i equals
(—1)%E™ Y () (TiN)p; (iX) .
J
Thus
D A (=iNpi(—id) = (=1 " pi(i0) Y (wg")(0iN) (rg’) (0iN)
, 7 =

J

= (—1)%s™ ij(ik)(ﬂqk ,7q)(iN) .

J
However, > iDj (1q*, m¢?) = 72¢* as we see by taking inner product with ¢™ and noting that
(72¢*, ™) = (g, mq™). Putting these formulas together we see that expression (6.9) equals

> FuloX b)(—1)*E m(iX) gk (i)

and this proves the theorem.
Given Hy € a let Uy, denote the map of D(X) x ... x D(X) into itself given by

Un, = p(x,0) — w(x, Hy), (6.10)

u satisfying (6.1). Since J(p) is invariant under translations of a it follows that for each
H € a, Uy, maps the function © — u(x, H) into the function x — u(xz, H + Hy).

In view of Theorem 6.3 the following result can be viewed as an enlargement of the
Plancherel theorem for the Fourier transform on X. In fact it will be proved by the tools
described in §3.
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Theorem 6.4. For each o € W the map €7 is an injective norm-preserving map of
D(X) x ... x D(X) onto a dense subspace of L*(a* x B, dAdb/ |m(N)c(N)[?). Thus

I Db [
/B &7 (F)ETRIO D) _X/( FAT)(z) dz (6.11)

Moreover, €7 intertwines Uy, and the endomorphism

e(Ho) : p(A,b) = e p(\b)  of L*(a” x B, ),
[m(Me(V)[*
1.€.,
E7Uy, = e(Hy)E .
Proof: We separate the various statements.
a. The norm identity (6.11). We have by Prop. 6.3,
&7 (F)&7(F) Zq iNG (—=iN) fe(oA, b) fo(o ), b) (6.12)

and by [H7], III, (12) §1,
/ Fe(oA,b) fo(o A, b) db
is independent of 0. Thus the left hand side of (6.11) equals

/ Z fk (A, bfg (A, b) Zq (0iX)q (—ai)\) dAdb )

7
wop kL ceW [c(A)]

Writing 7(\)? = 7T(O‘i)\) (—0oi)) our expression becomes

/ > FeAb) fo(, Fe(X, D) Ag(iX)

a><B k£

d\ db
c(V*

(6.13)

On the other hand if ¢ € D(X) we have the inversion formula
1
g(z) = — / G(X, D) TAA@) 1 (N7 dXdb.
a*x B
Also Ay, is real so Ay, has real coefficients and
(Awg)” = Aug, T(An)(ir) = Ag(iN). (6.14)

By the Plancherel formula and (6.14)
[ @U@ e = [ T8 (Au@gnn) e ard.
X a*xB

However, the definition (6.4) shows easily that for A real, Ag(i\) = Ag(i)) and we
introduce this in the last integral. Taking now f = f, ¢ = f, and summing on k, ¢ we
see that the right hand side of (6.11) equals (6.13). This proves (6.11).
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b. The injectivity. For this suppose £7(F) = 0. Then by Theorem 6.3
> ¢ (@0 frloA,b) = 0. (6.15)
k

(ioA+p)(A(z,b)

Here we multiply by e ) and integrate over B. Since this integral

/ Fe(\, ) nA@m) gp (6.16)
B

is W-invariant in A we derive from (6.15) for each s € W,

> qF(siA) / Fr(A, b)eHRA@N) gy —
k B

We multiply by py(siA) and sum on s. This implies that (6.16) vanishes identically in
x. By the injectivity (see [H5]) of the Poisson transform for A\ € a* we have fi(\,b) =0
whence by the injectivity of the Fourier transform, f, = 0.

The proof has the follwing consequence.
Corollary 6.5 (Schlichtkrull).

d\db

7) = inee (o) (A(wb) ‘
fle) = [ e ED) F T

a*xB

In fact, substitute for £7(F") from Theorem 6.3 and use the W-invariance of (6.16).
Again, replacing A by s\ and summing on s the right hand side reduces to fy(x) because
of (3.4).

c. The surjectivity. Because of Theorem 6.3 this amounts to showing that if g(\,b)

satisfies
. ” dhdb
| For b g S =0

a*xB

forall f € D(X), and all j(1 < j < w) then g = 0. Putting g7 (\,b) = ¢’(c7%i\)g(c 1\, b)
we then have

/ FOB)FO) (e 2 dAdb=0, feD(X),1<j<w.  (6.17)

a*xB

If we had this relation on a’} x B the problem would be solved since by the Plancherel

theorem (§3) the functions f(\,b) are dense in L*(a% x B),|c(A\)|? d\db. The fact
that (6.17) holds for all j is decisive in passing from a* x B to a* x B.
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Once again we invoke the representations § € K v and the results for the §-spherical
transform described in §3. We specialize f in (6.17) to f € DX (X) and put

gg(A) :/gj()\, kM) (k) dk , gs(N) :/g(A, kEM)o (k) dk . (6.18)

If A, B(k) € Hom (Vs, Vs) then
/Tr (AB(K)) dk = Tr (A/B(k) dk) |

Using in addition a* = Usewsa’, as well as formula (3.9) we derive from (6.17) the
relation

> / Tr (f(sA\)gl(s\)) [c(A\)] 2 dA = 0. (6.19)
Now according to (3.11) and (3.8)
FloN) = @ (N0 = @ (NG R (). (6:20

where Fj is a W-invariant holomorphic function on af,, rapidly decreasing on a* and

with values in Hom(VZ;,Eg). We insert the expression (6.20) into (6.19). The map
V

Q° (SA)C\g is a linear transformation of VM into itself, but we extend it to Vs defining

it 0 on the orthocomplement of V;* in V;. Then gl(s\) can be shifted to the left in
(6.19) and we obtain

/ Tr (G (V) FE(N) [e(N)] 2 dr =0, (6.21)

where
Gi(N =) gg(s)\)Q\‘g(s)\)Cg . Aea. (6.22)
F2(\) = Cy'Fs(\), A€a*. (6.23)

)

Here F2()\) maps Vs into VM. By the Paley-Wiener theorem for the §-spherical trans-
form (see remarks following (3.11)) we can for each ¢ and k (1 < i < ¢(0)),
(1 <k < d(5)) take F(N) = p(\) P* where ¢()\) is an arbitrary W-invariant holomor-
phic scalar-valued function of exponential type on af,, rapidly decreasing on a*, and
P*(vy,) = 6emv; (1 <m < d(5)). Then

Tr (GNEFF(N) = (NG (M -
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Thus by (6.21)
GiMNk =0 1<i</((0), 1<k<d), (6.24)

for almost all A € a?, hence by the W-invariance for almost all A € a*. This means
that G;(\) maps VM into 0 and by definition it is 0 on (V)+. Thus

Gj(A) =0for almost all A\ € a*, 1 <j < w. (6.25)
We now have by (6.18)
gi(s\) = ¢’ (07 siN)gs(07 s)), 1<j<w. (6.26)

V
If @, () is an arbitrary matrix entry in gs(o*\)Q° ()\)C\g and s1, ..., S, the elements
in W then by (6.25)(6.26),

> (0750 amn(s:A) =0, 1<j<w. (6.27)

r=1

The matrix {¢’(s,v)},<; <, being non-singular for regular v ([GV], Cor. 5.5.2), (6.27)
implies

V
ga(U_IA)QJ(A)Cg =0 for almost all \.

v
On VM, det(Q‘;()\)C\g) # 0 so

gs(c™'\w=0 forve VM. (6.28)
However, if u € Vs we have for m € M

gs(Mu = / (N, kM6 (k)u dk

g\, kM)d(Em)u dk = /g(A,kM)cS(k:) dk/é(m)udm

M M

I
N\ =

which vanishes by (6.28). Thus gs(A) = 0 for all § € K, whence g(\,b) = 0 for almost
all A € a* as desired.

. Intertwining. Fix Hy € a. As remarked after (6.10) Up, maps the function  — u(x, H)
into the function x — p(x, H + Hy) and the solution u equals p11. Passing from u(z, H)

in (4.21) to u(z, H + Ho) amounts to replacing Fe(0,B) by fe(\, b)er@Ho) (and fi (oA, b)
by fr(oA, b)e*Ho)). Now Theorem 6.3 shows that

&7V, (F) = Mg (FY
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Remark 1 While Theorem 6.3 is new, a proof of Theorem 6.4 for the case 0 = e appears
n [S] pp. 214-224. The proof is entirely different. Theorem 1 in [STS] is formally similar to
Theorem 6.4 but differs from it in substance because the maps corresponding to £7 are given
in terms of the different definition of energy indicated in the remark following Theorem 6.2.
We observe that in contrast to our proof of Theorem 6.4 the sketched proof of Theorem 1
in [STS] relies on the time-invariance of the energy which as remarked before seems at odds
with Theorem 6.2.

Remark 2 In [HS] the range of €7 is determined more explicitly.

We conclude with the analog of Friedlander’s Theorem 5.1. More general limit results
appear in [STS] and except for the formulation, the result with the proof below coincides
with Theorem 3.11 in [PS].

In analogy with (4.23) let Q), J and .J denote the operators on $(A) which under the
Fourier transform on A correpsond to multiplication by ¢*(i\)w(i)), ¢(A\)~! and ¢(—=\)7t,
respectively.

Theorem 6.6. Let 0 € W, H, Hy € a™ and put a; = exp(tH). Then if k € K,

lim e (9(m)u)(kay - 0, —to H + 0 Hy) = JZQ,c (e 1)) (kM, Hp)

t—1t>°

Proof:  Because of (4.21),

(O(m)u)(w, H) = / (1, B)e @) gioam 4Adb -
B |c(A)]
where N
b) = > frlAb)g" (ioN)m(io)) .
k
Thus if ¢/ € K
e? ) ((m)u)(Lay - 0, —to H + o H,) (6.29)
= etP(H) / E, (>\ b) (iA+p) A(at-o,éflb))e—ztA(H)Jrz,\ (Hp) d\ de
a*xB |C()‘)|
By the K-invariance of db we can replace
Fy(A,b) by Fo(X,£-b), A(ay-0,07"-b) by A(a; - 0,b). (6.30)

In the Iwasawa decomposition G = K AN we write
g=k(g)exp H(g)n(g)  H(g) €a. (6.31)

Then A(gK,kM) = —H(g7'k). If b = KM and we define k € K by k' = k(a;k) then
kM — Kk'M is a diffeomorphism and

dk! = e 2UH k) gp.. (6.32)
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Since a;k = k' exp H(atk)n and A normalizes N we have
H(a_tkf/) = —H(atk) . (633)

After the substitution (6.30) and A(a; - 0,k'M) = —H (a_4k") relations (6.32)-(6.33) reduce
the right hand side of (6.29) to

o [ [ (0, r(ayprye- i Py (6.34)
C

a* B

Now we use the map 7 — k(m)M of N into K/M under which dky, = e 2#™) dn ([HC],
p. 287) to transfer (6.34) to N. Since A normalizes N we have

an = ak(n) exp H(n)ny = k(ak(n)) exp H(ak(n)) exp H()ns
so we have Harish-Chandra’s relations

k(am) = k(ak(n)) = k(n®), H(an) = H(ak(m)) + H(7) (6.35)
H(am) —loga = H(1"), (6.36)

where 7 = ana™'. Thus (6.34) becomes

- d\dn
—iX(tH—Hy) Fo (N Ck(n®™YM)L n .
/ e [ Bt ba ) (6.37)
a N
where the kernel L(a,n) equals
L(a,m) = e =PHT) g=@+p)Hm) (6.38)

Let A = £+in(€,n € a*) and —n € a%. so small that (¢(A\)e(—A))~! is holomorphic in a* +itn
(|t] <1). Let € > 0 be such that

O0<e<l, p+epecal.

Then by [H2] p. 447, (41)
|L(a;,7)| < elen—p)(H(m))

)

which is integrable over N. Since Fis holomorphic in A and for a fixed 7 is rapidly decreasing
in ¢ the integral (6.37) can be shifted to a*+1in. Letting then t — 400 we get the expression

/ MO (¢(N)e(=N\))TLF, (N, €M) / e~ ATAHM) gm
a*+in N
= / M) B (N EM) (e(=N)"HdN .

a*+in

Here we can shift the integration back and take n = 0. Using the definition of J, @} and
relation (4.24) the theorem follows.
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