LIE ALGEBRAS IV

ROOT SYSTEMS

We fix a finite dimensional Q-vector space E. A reflection in E is a linear
transformation r : £ — F such that the (—1)-eigenspace of r has dimension 1 and
the 1-eigenspace of r has codimension 1. Then r? = 1.

Assume now that F has a fixed positive definite symmetric bilinear form (,) :
Ex FE — Q. An orthogonal reflection in E is a reflection r which is an orthogonal

transformation. If [ € £ — {0} is in the (—1) eigenspace of r then r(e) = ¢ —2 ((?ll))l

for all e € E. Conversely, if | € E—{0}, the previous formula defines an orthogonal
reflection denoted r;.

Definition. A finite subset R of FE is said to be a root system if:

R spans E as a Q-vector space, 0 ¢ R. If « € R then —a € R but ca ¢ R if
ceQ—{1,-1}. If @ € R then r(R) = R. If a, 5 € R then 28:9) c 7,

(a,00)
For example, if L is a semisimple Lie algebra, H is a maximal toral subalgebra

and R € H* is the corresponding set of roots then R is a root system in the
Q-vector subspace of H* spanned by R with its natural (,).

We return to the general case. Let W be the subgroup of the group of orthogonal
transformations £ — FE generated by the reflections r,, : E — E,a € R.

Clearly, if w € W then w(R) = R. Thus we have a natural homomorphism of
W in the group of permutations of R. This homomorphism is injective since R
spans I/. Hence W is finite.

A set of simple roots for R is a basis Il of E such that II C R and any o € R is
either > 0 or < 0 combination of elements of II. We will show below that such II
exists.

Let ET be a subset of E such that the following hold:

ET+ET C ET;

Q. oE*T C ET;

_E+ — E'_;

E = EtU(—E")U{0} (disjoint union).

(Such E7 exists; for example if eq, ..., e, is a basis of E we may take ET to be

the set of all >_"" | ¢;e; in which the first non-zero ¢; € Q is > 0.)

Fix ET as above. Let I = {a3,...,a,} be a subset of R N ET such that
RNET CY ", Q>oa; and II is minimal with this property. The inclusion above
is satisfied by R itself (instead of II) hence II exists.

Typeset by ApS-TEX
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We show that for distinct a, o’ € II we have (o, @’) < 0. Assume that (o, ') >
0. Then r,(a’) = &/ — Ao where A > 0.

If ro(a’) € RN ET then ro(a) = >, ¢;a; where ¢; > 0. Hence o/ = Ao +
>, cicyi. The coefficient of @’ in the r.h.s. is < 1; otherwise, 0 = Aa+) . c;a;—a’ €
ET, absurd. Thus o’ can be expressed as a > 0 combination of IT — {a'}, absurd.

If —ro(¢/) € RNET then —rq(a’) = >, ¢;a; where ¢; > 0. Hence A = o' +
>, cicyi. The coefficient of ain the r.h.s. is < A; otherwise, 0 = o/ +) , cia; — Ao €
E™, absurd. Thus « can be expressed as a > 0 combination of IT — {a}, absurd.
Our claim is proved.

Assume that there is a non-trivial linear relation between the elements of II.
This is of the form . ;cjo; = > 4 g diay where J, K are disjoint subsets of
[1,n], J or K is nonempty and all ¢j,dj are > 0. Let e be the Lh.s. or r.h.s. of
the equality. Then (e,e) = 3, ¢;di(aj, ) < 0 so that e = 0. But e € ET.
Contradiction. We see that II is linearly independent. Let « € R. If « € RN E™
then a = Y | Q>o. If —a € RN ET then —a = > | Q>0q;. In any case
R C Y, Qu;. Since R spans E we see that E = 3" | Qa; so that II is a basis
of EJ. We see that II is a set of simple roots of R. We have IIC RNE™.

Assume that II' = {o, ..., o, },TT” = {of, ..., all} are two sets of simple roots
contained in RN E¥. We show that II' = II”. We have o = 3, a;;af,a] =
>_;bijal; where a;; > 0,b;; > 0 and (a;5), (bi;) are inverse matrices. This forces
(aij), (bij) to be monomial matrices and after a change of numbering, diagonal
matrices. Hence o = a;;. It follows that a;; = 1 and our claim is proved.

We see that any ET contains a unique set of simple roots. Conversely, any set
IT of simple roots of R is contained in some ET (since any basis of E is contained
in some ET). It follows that, if I is a set of simple roots for R then (o, a’) <0
for a # o' in II.

We fix a set II = {a;|i € I} of simple roots for R; here I is an indexing set. For
i € I we write r; instead of r,,. We have R = Rt U R~ (disjoint union) where
R* (resp. R7) is the set of all @« € R which are > 0 (resp. < 0) combinations of
elements of II.

Let a € TI. Then rqo(a) = —a but ro(B) € RT if 8 € RT™ — {a}.

Let 3 be as above. Then 3 = ). c;o;; where ¢; > 0. We have ¢; > 0 for some ¢
with «; # « (otherwise, 3 is a multiple of « hence it equals «, absurd). Then the
coefficient of ; in 7,(3) is > 0 hence r,(3) € RT.

Any a € R is a Z-linear combination of elements of 1.

We may assume that o € RT. Let h(a) = Y. ¢; where a = ), c;a,¢; > 0.
Then h(a)) > 0 has only finitely many possible values. We argue by induction on
h(c).

If o € 11, the result is clear. Assume that o ¢ II. Then at least two ¢; are > 0.
If (o, ;) <0 for all ¢ then (o, @) = ), ci(r, ;) < 0, contradiction. Thus there
exists ¢ such that (o, ;) > 0. Then r;(a) = a— %

coefficient. Thus at least one coefficient of r;(a) is > 0 so that r;(a) € RT. Now

«; differs from « in only one
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h(r;(o)) < h(a). By the induction hypothesis, r;(«) is a Z-linear combination of
elements of II hence a = r;(a) + %al is a Z-linear combination of elements
of II. Thus we are reduced to the case where h(«) is minimal. In this case the
argument above shows that « € II when the result is clear.

For any o € R there exists w € W and i € I such that a = w(a;).

Let W’ be the subgroup of W generated by {r;|i € I}. We show that for any
a € R there exists w € W’ and i € I such that a = w(q;).

Assume first that « € RT. We argue by induction on h(a). If h(a) = 1 then
a € IT and the result is clear. Assume now that h(a) > 1. As in the previous
proof there exists ¢ such that (o, ;) > 0 and r;(«) € RT has h() strictly smaller
than h(«). By the induction hypothesis, r;(a) = w’(a;) for some w’ € W', j € I.
Hence o = r;w’(a) as desired.

Assume next that « € R*. Then by the earlier part, —a = w(«;) for some
w e W' i€l hence a = wr;(e;) as desired.

We have W = W'.

Let o € R. We must show that r, € W’. Now o = w(c;) for some w € W' i €
I. Hence ro = wr;w™! (we use the fact that w is an isometry). Hence r, € W'.

Length. For w € W let X (w) = {a € RT|w(a) € R™}. Let n(w) = X (w).

We have a bijection X (w™!) = X (w) given by a — —w™!(a). Hence n(w) =
n(w™1).

Lemma. Letw e W,ie€ I.

(a) If wt(a;) € RT then n(ryw) = n(w) + 1
(b) If w ;) € R~ then n(ryw) = n(w) — 1
(¢c) If w(a;) € RT then n(wr;) = n(w) + 1.
(d) If w(a;) € R~ then n(wr;) = n(w) — 1.

We prove (a). Let o € X(w). We show that a € X(r;w). We have a €
R w(a) € R~. We must show that r;w(a) € R™. If not, then w(a) = —ay,
contradicting w1 (a;) € RT. Thus, we have X (w) C X (r;w).

Now let o/ € X (r;w). We show that o/ € X (w) except when o/ = w™(a;)
which is in X (r;w) but not in X (w). We have o/ € RT,r;w(a’) € R~. We must
show that w(a’) € R~. If not, then r;w(a’) = —ay; hence w(a’) = «; which has
been excluded. We see that #(X (r,w) — X (w)) =1 and (a) follows.

We prove (b). Set w’ = r;w. Then w'~!(a;) € R* hence by (a), n(r;w’) =
n(w’) + 1 and (b) follows.

We prove (c). Set w’ = w™!. Then w'~!(a;) € RT hence by (a), n(r;w’) =
n(w’) + 1 hence n(r;w=t) = n(w™!) + 1 hence n(wr;) = n(w) + 1.

Similarly, (d) follows by applying (b) to w™? instead of w.

Lemma. Forw € W let [(w) be the minimum number k such that w is a product
of k factors r; with i € I. We have l(w) = n(w).

Let k = [(w). We argue by induction on k. When k& = 0, the result is clear.
Assume now that & > 1. We can write w = r;w’ where [(w’) = k — 1. By the
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induction hypothesis, n(w’) = [(w’). By the previous lemma, n(w) < n(w’) + 1.
Hence n(w) < l(w') + 1 = l(w).

Assume now that n(w) < k. We have w = r;,ry,...7;, for some sequence
il,...,ik in 1.

If oy, miy (Qy)y ooy Tig .74y, () are all in RT, then, by the previous
lemma,

NPy Tig oo Tip_ Vi) > (T3 Tig oo Tip ) > (T iy oo Tip_y) > - > (1),

hence n(w) > k, contradiction. Thus, for some m € [1,k], vy, 74, ... 75, (2,.) €}
R~.

Hence in the sequence o, 7, (@i, )se-oyTiyTiy - -Ti,,_, (. ), which begins
in Rt and ends in R~, there exist two consecutive terms, the first in RT, the
second in R™. Thus we can find n € [1, m — 1] such that

Tinir Tinss -+ Vi1 (@) € R g ory oo (u,,) € R

Since r;, changes the sign of only «; , —a;, we haver; . ...r _ (a;,) = ay,.
It follows that

/r.in = Tin«kl R Ti?nfllrunlri?nfl R Tin«kl °
Hence
Tin+1 T 1T, = TinT’in+1 N E T

We use this to write
W=T§Tiy - Ti, =T T45 -« Tinrinrin+1 .. 'rim_1rim+1 < Ty

=TiTig - - Tin_lrin+1 e Tim—lrim+1 e T’ik

which shows that {(w) < k — 2, contradiction. The lemma is proved.
Lemma. Let w € W be such that w(Il) =1I. Then w = 1.
Indeed, n(w) = 0 hence [(w) = 0 hence w = 1.

Lemma. (a) If11 is a set of simple roots and w € W then w(Il) is a set of simple
T001S.

(b) If 11,115 are two sets of simple roots then there exists w € W such that
U)(Hl) = HQ.

(c) w in (b) is unique.

(a) is obvious. We prove (b). Let R;’ (resp. R;) be the set of roots that are
> 0 (resp. < 0) combinations of vectors in II;, 7 = 1,2. We argue by induction
onn = |Rf NR;|. If n =0 we have R = RJ hence II; = II,. We now assume
n > 0. If every root in II; is in Ry then R C R hence R = RJ and n = 0.
Thus there exists o € II; N R,. Then 7o(R]) = (R] — {a}) U{—a}. Hence
7o (RT)N RS | = n—1. Now 7, (I1;) is the set of simple roots contained in 7, (R;")
hence by the induction hypothesis there exists w’ € W such that w'r, (I1;) = Il,.
This proves (b). Now (c) follows from the previous lemma.

Pairs of roots. Let o, € R, 3 # *+a; the angle 6 angle between «, (3 is given

by cos@ = (o, 3)/+/(c, )/(8,3). Hence 4cos? § = 2%52%2%;5; The right hand
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side is integer and the left hand side is in [0,4]. Hence the right hand side is
N € {0,1,2,3,4}. Also if N = 4 then 0 is 0 or 7 and = +«a which we have
excluded. Thus N € {0, 1,2,3}. The possibilities are:

ot o
0 0 m/2
1 1 7/3
1 -1 27/3
1 2 w/4
2 1 =w/4
1 -2 31/4
2 1 37/4
1 3 w/6
3 1 /6
1 -3 57/6
-3 -1 57/6

Let o, 3 be as above. If (a,3) > 0 then o — § € R. If (o, f) < 0 then aa+ (8 € R.

It suffices to prove the first statement. In that case 2%5 ;, EO‘ g; are integers
> 0 hence from the table one of them is 1. If QEZ g = 1 then r,(8) = — o € R.
If 2%;?; =1 then rg(a) = o — f € R. The claim follows.

Remark. Assume that (a, ) < (5, 3). From the table above we see that:

9 (B.0)
(8,8) (c0) _ »y (B,a)* )6{1 }

() — 2o~ “Taa)Bp

Dual root system. Let E, (,) be as above and let R C E be a root system. For
any a € R we set & = (20‘) The vectors {&|a € R} are distinct: if o, 5 € R and

(50;) = (55) then 8 = ca with ¢ > 0 hence ¢ = 1 and 8 = a. Let R = {d|a € R}.

We show that R is a root system in E. Clearly R spans F and does not contain

0. If @ € R then (—a) = —d. If c& = 3 where a, ﬂeRcthhenc(aa)— (5,65)

hence céﬁ 53 = +1 hence o = /3 hence & = £/ hence ¢ = +1. Let a, 3 € R. We
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have
r(3) = V_2(Bvd)d_ 20 Q(ﬁmjoé)) 2a
N G AR ) (2% 2%5) (a,q)
28 4(B,a) B 2840 2al®) o ave
a (ﬂa ﬂ) (5,5)(04,05) 2 (ﬁ,ﬁ) (ra<ﬁ),7”a(ﬂ)) ( a(ﬂ)) €ER

The previous computation shows that
2(58) _ 208.9) o 7
G.a) B
We see that R is a root system in E. It is called the root system dual to R.

Remark. Let E,(,) be as above. Let E = R ®q E. There is an induced
symmetric bilinear form on E with value in R denoted again by (,). It is defined
by (32, ciei, > cjes) = >, ;i cici(eq, ej) where (e;) is a Q-basis of E, ¢;, ¢; € R and
(ei,e;) € Q is the original (,) on E. This is independent of the choice of (e;). We
show that (,) : EXE — R is positive definite that is, (e, e) > 0 for any e € E—{0}.
Indeed, we can find a Q-basis (e;) of E such that (e;, e;) = a;0;; where a; € Qxo.
IfeeRise=3,ce; with ¢; € R (not all 0) then (e,e) = >, ¢ > 0.

Admissible sets. Let E be a finite dimensional R vector space with a positive
definite symmetric bilinear form (,) and with an admissible set, that is a linearly
independent set (e;);es such that

(e;,€;) =1 for all 1,

(€;,e;) <0 for all i # j,

4(ei, e;)? € {0,1,2,3} for all i # j.

(Such a set is obtained by taking a set of simple roots for a root system and
dividing the vectors in this set by their length.)

We define a graph: the set of vertices is I and we join i # j by 4(e;, e;)? edges.

(1) If I = 1" U J then (e;)icr is again an admissible set and the corresponding
graph is obtained by removing from the original graph the vertices in J and the
edges with one end in J.

(2) Let X be the set of unordered pairs (i,7) of joined vertices. We have | X| <
|1].

Let e= ), e;. Then e =0hence 0 < (e,e) =[I|+2)_ (e, e;). In the sum we
have 4(e;, e;)? € {1,2,3} hence 2(e;,e;) < —1. Hence 0 < |I| — | X]|.

(3) The graph contains no cycles.

If it does, we may remove the vertices outside that cycle (by (1)) and we get a
graph with | X| > |I]; absurd by (2).

(4) Let i € I. There are at most three edges touching i.

Let {j1, 2, ..., Js} be the vertices joined with 7. Then (e;,e;,) <0 for p € [1, s].
By (3), no two vertices in {ji, ja, ..., js} are connected. Hence (ej,,e; ,) = 0 for
p #p'. Let f € Re; + Rej, +--- + Rej, be such that (f,e; ) = 0 for all p and
(f, f) = 1. Clearly (e;, f) # 0. We have e; = (e;, f)f+(ei, €j,)ej, +- - -+(ei, €5, )e;. -
Hence 1 = (e;,€;) = (ei, f)* + (ei,€,)% + - + (&4, €5, )% Hence (e;,€e5,)% + -+
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(ei,ej.)? < 1. Hence 4(ej, ej,)% + -+ + 4(ei, e;,)? < 4. The left hand side is the
number of edges touching i.

(5) Assume that i # j are joined by three edges. Then i,j form a connected
component of our graph.

Follows from (4).

(6) Assume that iq,1i2,...15 in I are distinct and satisfy: i1,i2 are joined by
one edge, 19,13 are joined by one edge,...,is_1,1s are joined by one edge, but there
are no other edges between these. Then {e;|i & {i1,12,...,is} U{e} (where e =
€i, +ei, +---+e;, ) is an admissible set whose graph is obtained from the original
graph by collapsing {i1,i2,...,is}} to a point.

We have (e,e) = s —2(s — 1)3 = 1. If i ¢ {iy,i2,...,4s}, then (e,e;) =
> p—1(€i,,ei). By (3) there is at most one p in the sum with (e;,,e;) # 0. Thus
either (e,e;) = 0 or (e, e;) = (e4,, ;) for some p. The result follows.

A branch point is a vertex joined with at least 3 other vertices (hence with
exactly 3 vertices, see (4).

(7) Let I' be a connected component of our graph. (a) I' cannot contain two
double edges. (b) I' cannot contain a double edge and a branch point. (c) 1" cannot
contain two branch points.

If it did, then droping some vertices (1) and collapsing a subgraph (as in (6))
we see that we may assume that I’ has two double edges that are next to each
other or a branch point from which a double edge starts or a vertex joined with
four other vertices. In each case we have a contradiction with (4).

(8) Consider a connected component of our graph with set of vertices I'. Then
inI':

(a) any two vertices are joined by 0 or 1 edges and there is no branch point; or

(b) any two vertices are joined by 0 or 1 edges (except one pair that is joined
by 2 edges) and there is no branch point; or

(c) any two vertices are joined by 0 or 1 edges and there is one branch point
where 3 edges meet; or

(d) there are only two vertices in I' and they are joined by 3 edges.

Follows from (7) and (5).

(9) In (8)(b), write I' = {i1,...,0p,Jqs---,J1} where iy,ia are joined by one
edge, i2,13 are joined by one edge,..., ip—1,%, are joined by one edge, ip,j, are
joined by two edges, jq,jq—1 are joined by one edge,..., ja2,j1 are joined by one
edge and there are no other edges. Here p > 1,q > 1. Then eitherp=1orqg=1
orp=q=2.

Let ¢ = Y7 ue;,, ¢ =>%_ ue;,. Then (¢/,¢/) = SP_ u? — P u(u +
1) = p(p + 1)/2. Similarly, (¢”,€”) = q(q + 1)/2. Now 4(e,,e,)> = 2 hence
(¢/,€e")? = p*q*(ep, e4)* = p?q*/2. By the Schwarz inequality we have (e’,e”)? <
(¢/,€e')(e”,€") hence p?q?/2 < p(p + 1)q(q + 1)/4 hence (p — 1)(¢ — 1) < 2. Hence
ifp>1andqg>1thenp=qg=2.

(10) In (8)(c) write I' = {i1, ... ip—1;J1s- -, Jg—1, k1, ..., kr—1,l} where i1,i9
are joined by one edge, 12,13 are joined by one edge,..., i,_2,1,—1 are joined by one
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edge; ji,J2 are joined by one edge, jo,j3 are joined by one edge,..., jq—2,jq—1 are
joined by one edge; k1, ko are joined by one edge, ko, k3 are joined by one edge,...,
kp—2, kp—1 are joined by one edge, ip,—1,l are joined by one edge, j,—1,l are joined
by one edge, k,._1,l are joined by one edge, and there are no other edges. Here
p>2,qg>2,r>2 Then up to a permutation, (p,q,r) is (p,2,2) or (3,3,2) or
(4,3,2) or (5,3,2).

Let e = S P tue,, ¢ = S Tue;,, ¢ = 3% uep,. As in (9) we have
(e,e) =pp—1)/2, (¢ e ) =q(qg—1)/2, (e e”) =r(r —1)/2. Note that e, e’ e”
are orthogonal to each other. Let f € Re; +Re+ Re’ + Re” such that (f, f) =1,
(f,e)=(f,€¢)=(f,€") =0. Clearly, (e, f) # 0. We have

er = (er, ) f + {8 + el 4 L) en,

Hence 2 N2 11\2
1= (e, 1) = (&1, )2 + S0 + Lok + o)
Her(lce 2 (ene)? | (ee)?
€r,e €r,e €r,e
(e,e) + (e’,e’) + (e”,e”) < 1

Now (ej,e) = —(p—1)/2,(er,e') = —(q—1)/2,(e,€¢”) = —(r — 1)/2. Hence

(0-1)2/4 | (=1)?/4 , (r—1)*/4
po-0/2 Ta@ 02 Tz <b
l—24+1-c+1-7<2,

1 1 1
5+5+F>1‘

We may assume that = < % < % Then 3% > 1 hence r < 3. Since r > 2 we have
r=2. Then——i— > Hence2%>%andq<4.Sinceq22wehaveq:20r
q=3. Ifq—2weared0ne. Ifquwehave%>%—l:%hencep<6. Since

3
p > 2 we have p € {2,3,4,5} as required.

1
p
1

Irreducible admissible sets. An admissible set E, (,), (€;)ies is said to be irre-
ducible if (e;);er is an R-basis of E and if there is no partition I = I’ U I with
I' #0,1" # 0 such that (e;,e;) for all i € I’, j € I" (the last condition is equiv-
alent to the condition that the associated graph is connected). Two irreducible
admissible sets E, (, ), (¢;)icr and E, (,)', (€}) e are said to be isomorphic if there
exists an isomorphism of vector spaces E — E’ carrying (,) to (,)’ and the basis

(e;) to the basis (e}). (An equivalent condition is that there exists a bijection

o : I = J such that (e;,ey) = (€53 € (iry) for all i,é" € 1.)
The results above give a classification of irreducible admissible sets up to iso-
morphism. Namely any irreducible admissible set must be one of the following
Type A,,: as in (8)(a)) with n vertices, n > 1.
Type BC,,: asin (9) withn > 2,p= 1.
Type D,: as in (10) with (p,q,r) = (p,2 2,p>2,n=p+2.
Type Fg: as in (10) with (p,q,7) = (3,3,2).
Type E7: as in (10) with ( ,q, r) = (4,3,2).
Type Eg: as in (10) with ( ,7) = (5,3,2).
Type Fy as in (9) with p = g = 2.
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Type G2 as in (5).

Note that we have not shown the existence of an irreducible admissible set of
one of the types above. To do this we must verify the positive definiteness of the
symmetric bilinear form defined by the graph in each of the cases above. This can
be done directly. We will deduce it by constructing in each case an appropriate
root system.

Construction of root systems. Let E = Q™. Let eq, ..., e, be the standard basis
and let (,): £ x E — Q be the symmetric bilinear form such that (e;,e;) = d;;.

Type A. Assume that n > 2. Let E' = {) . cie; € E|> ,¢; = 0}. Let
R ={a e Z"NE'|(a,a) = 2}. This consists of the vectors £(e; —e;) where i < j.
It is a root system. Let E'T be the set of all } . ¢;e; € E' — {0} such that the first
non-zero ¢; is > 0. This is a "linear order”. The corresponding set R consists of
e; —ej where ¢ < j. The corresponding set of simple roots is

€1 —€2,62 —€3,...,Ep_1 — €Enp.

Dividing the simple roots by their length v/2 we get an admissible set of type
Ap—1.

Type C. Assume that n > 2. Let R = {a € Z" N E|(a, a) = lor(a, ) = 2}.
This consists of the vectors fe; and *e; & e; where ¢ < j. It is a root system.
Let E* be the set of all >, ¢;e; € E — {0} such that the first non-zero ¢; is > 0.
This is a "linear order”. The corresponding set R™ consists of e; and e; +e; where
1 < j. The corresponding set of simple roots is

€1 —€2,62 —€3,...,Ep_1 — €En,Enp.

Dividing the simple roots by their length (v/2 or 1) we get an admissible set of
type BC,.

Type B. The root system dual to the previous one consists of the vectors +2e;
and +e; e; where i < j. A set of simple roots is e; —ez, e —€3,...,ep_1 =€y, 2€y,.

Dividing the simple roots by their length (v/2 or 1) we get an admissible set of
type BC,.

Type D. Assume that n > 2. Let R = {a € Z" N E|(a, o) = 2}. This consists
of the vectors +e; + e; where ¢ < j. It is a root system. Let E be the set of all
>, cie; € E— {0} such that the first non-zero ¢; is > 0. This is a ”linear order”.
The corresponding set R consists of e; £ e; where i < j. The corresponding set
of simple roots is

€1 —€2,63 —€3,...,En_1— €Ep,En_1+ €Ep.

Dividing the simple roots by their length v/2 we get an admissible set of type D,,.

Type Eg. Assume now that n = 8. Let L be the subgroup of E consisting of
all x = ). cie; with 2¢; € Z, ¢; —¢; € Z for all i,j and > . ¢; € 2Z. Then L
is the subgroup of E generated by +e; £+ e; where ¢ < j and by %Zle e;. For
o, € L we have (a,f) € Z. Let R = {a € L|(a, @) = 2}. This consists of the
vectors +e; + e; where ¢ < j and %Z?:l(—l)’”ei where ). v; is even. This is a
root system. It contains 4(;) +27 = 240 roots. Let p = Z;l(i —1)e; + 23es € L.
Let B’ = {x € E|(z,p) = 0}. Let E/ = E'T U E’~ U {0} be a ”linear order” for
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E’. Define a linear order F = Et UE~ U{0} by Et = {x € FE|(x,p) >0} UE'T,
E- ={x € E|(z,p) <0}UE'~. Now RN E’ = . Indeed, (+e; £ ej,p) # 0 and

(3 i (1) es, p) = 3y i(=1)" 4 23(= 1)
and this is # 0 since Z?Zli = 6.7/2 = 21 < 23. Thus, R = R" U R~ where
Rt = {a € R|(a, p) > 0}, R~ = {a € R|(a, p) < 0} are the sets of ”positive” or
"negative” roots. Now R consists of +e;+e; for i < j and of %(Z:Zl(—l)”i e;+es)
where ). v; is even. For any o € R we have (a, p) € Z. Consider the roots

a1 = %(81—62—83—64—85—86—67+88),

Qo = e1 + €r,(3 = €9 — €1,y = €3 — €2,005 = €4 — €3,0g = €5 — €4,Q7 =
€ — €5, Xg = €7 — €g.

These roots have (, p) = 1; thus, (, p) is minimal. Hence these must form a set of
simple roots. The inner products of two simple roots are as follows:

(4, a5) = (as,a6) = (ag,a7) = (ar,a8) = (a4, a2) = (u,a3) = (a3, 1) =
—1,

all other (ay, ;) with i # j are 0. Hence the vectors a;/v/2 form an admissible
set of type Ej.

Type E;. In E = Q® (as above) we consider the hyperplane E’ orthogonal to
er +es. Thus, B/ = {> . cieilct +¢cs = 0}. Let R = RNE'. If a € R’ then
ro(E") = E'. Hence ro(R') = R'. Then R’ is a root system since R’ generates
E'": ai,a9,...,a7 belong to E'. These form a set of simple roots for R’. Now R
consists of +e; +e; fori < j <6, —ey +eg and of %(Z?Zl(—l)”iei —e7 +eg) where
>; vi is odd. The vectors «;/ V2 (i < 7) form an admissible set of type E7.

Type Eg. In E = Q® (as above) we consider the subspace E’ orthogonal to
er+es, eg+er+2es. Let R = RNE”. Then R” is a root system since R” generates
E": ai,as,...,aq belong to E”. These form a set of simple roots for R’. Now R
consists of +e; +e; for i < j <5, —er + eg and of %(Z?:l(—l)’”ei —eg —er+eg)
where >_. v; is even. The vectors «;/v/2 (i < 6) form an admissible set of type Fg.

Type F4. Assume now that n = 4. Let L be the subgroup of E consisting of all
x =), cie; with 2¢; € Z and ¢; — ¢; € Z for all 4,j. Then L is the subgroup of
E generated by the e; and by %Zle e;. For o, 8 € L we have («, 3) € %Z. Let
R ={a € L|(a,a) =1 or 2}. This consists of the vectors +e;, £e; +e; where i # j
and 1 (de; ey +e3+eq). We show that for a, 8 € R we have 2(«, 8)/(a, o) € Z.
If « = +e; or a = %(ﬂ:el + ey +e3+ey) then (o,a) =1 and («, ) € %Z hence
2(a, B)/(a,0) € Z. If o = +e; £ e; we have (o, ) = 2 and (o, §) € Z so that
2(a, B)/(e,c) € Z. We see that R is a root system. The number of roots is
8 + 4(;) + 2% = 48. Consider the "linear order” on E where E1 consists of all
2?21 cie; in E — {0} such that the first non-zero c; is > 0. The corresponding R
consists of e;, e; = e; where i < j and %(el +estestey).

Let p = 5(1le; + 5e2 + 3es + e4) € L. For any a € R we have (o, p) # 0.
Hence R = {a € R|(«, p) > 0} is a ”set of positive roots”. Now R™T consists of
ei, e; £ej, 1 < jand %(el + e5 4+ e3 + e4). The inner products (o, p) for a € R™
are as follows:
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(ea,p) = 1/2,(e2 —e3,p) = 1,(e3 —ea,p) = 1,(5(e1 — ez — ez — ea),p) =
1/2, (%(el —eg—ez+eq),p) =1
and (a, p) > 1 for all other . It follows that as = e4,aq = %(el — ey —e3 —ey)
are simple roots and two of a1 = ey — €3,a0 = €3 — €4, = %(el — ey —e3+ey)
are simple roots. Now « is not a simple root since it is not linearly independent
from as, ay. Thus the simple roots are oy, as, ag, ay. The inner products of two
simple roots are as follows:

(Oél,(l/2> = (()12,043) = —1, (Ozg,Oq) = —1/2,
all other (o, a;) with i # j are 0. Hence a1 /v/2, aa/+/2, ag, ay form an admissible
set of type Fj.

Type Go. Assume that n = 3. Let E/ = {c1e1+coea+cses € Elcg+ca+c3 =0},
Let R={a € Z3*NE'|(a,a) =2 or (a,) = 6}. Then R consists of

:t(el—eg), :|:<62—63), :|:<61—€3), :|:(261—€2—€3), :|:(262—€1—63), :|:<263—€1 —62).
R is a root system. We can take as set of simple roots:

] =e; — ey, a9 = —2e1 + €2 + e3.

The positive roots are: aq, a1 + a9, 2a71 + o, g, 3a1 + o, 31 + 2ai5. Dividing
the simple roots by their length (v/3 or 1) we get an admissible set of type Go.

Classification of irreducible root systems. A root system F, (,), R is said to be
irreducible if there is no partition R = R’ U R” with R’ # (), R” # 0 such that
(R,R’) = 0. Let II be a set of simple roots. We show that

(a) E,(,), R is irreducible if and only if there is no partition II = II" UII"” with
I £ 0,11” # 0 such that (IU',II") = 0.

Assume first that there exists a partition R = R’ U R” as above. Let II' =
IINR,II” =IINR" We must show that II' # (,I1"” # (). If I' = () we have
IT € R” hence (II, R') = 0 hence (E, R") = 0 hence R’ C {0} absurd.

Conversely, assume that there exists a partition IT = IT'UIT"” with IT' # (), IT” # ()
such that with (IT', TI”) = 0. Let E’ be the span of II' and let E” be the span of
I1”. Let a € R. We show that « € E' U E” by induction on the minimum & such
that o = 7y, 7y, .. .7, 5 With 4q,... 4,7 € I. For k = 0 there is nothing to prove.
Assume that k > 1. then a = r;o/ where i € I and o/ € RN (E' U E"”). Assume
for example that o/ € E’. Clearly, r;(E’) C E’. Hence o € E’. This completes
the induction. We see that R = R’ U R"” where R" = RNE’,R”" = RN E"”. Since
(E', E") =0, we have (R’, R") = 0. This proves (a).

Two irreducible root systems E, (, ), Rand E’, (,)’, R" are said to be isomorphic
if there exists an isomorphism of vector spaces o : E — E’ that carries R onto R’
and (,) to a(,)’ for some a € Q.

Claim. Assume that R is a root system in E with respect to (,) (positive
definite). Then (, ) is uniquely determined by R up to scalar in Q~¢. In particular,
in the previous definition the fact that o carries (,) to a(,)’ for some a € Qs is
automatically true and can be dropped.

We first prove the following statement.

Let R be a finite set of vectors that span E. Assume that ro(R) = R for all
a € R. Letr be a reflection in E such that r(R) = R and such that r(a) = —«
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for some a € R. Then r = r,,.

Let s = rr;!. Then s(R) = R. Since R is finite, there exists N > 1 such that
s is the identity permutation of R (we can take N = (§R)!). Since R spans E we
have s =1: E — E. Now s acts as 1 on Qa and on E/Qa. Thus all eigenvalues
of s are 1. Combined with s% = 1 this implies s = 1. Thus r = 7,.

We can now start the proof of the claim. Assume that R is also a root system
with respect to a second positive definite bilinear form (,)’. We must show that
(,) = a(,) for some a € Qsop. For @« € R we denote by r, : E — E the
reflection defined in terms of (,) and by 7., : E — E the reflection defined in
terms of (,)’. By the statement above we have r, = r.,. Hence the Weyl group
W defined in terms of R, (,) is the same as that defined in terms of R, (,)’. Thus,
both (,), (,)" are preserved by W. We define f : E — E by (e,e') = (f(e),e’)’
for any e,e’ € E. This is a linear map. Let o € R. Since r, = r/, we have

(a,z)/(a,a) = (e, z) /(ev, @) for all z € E hence f(a) = ((3’5)),& In particular,
if v is fixed then E' = {e € E|f(e) = ((5’5)),6} is # 0 (it contains . This vector
space is W-stable. Let E” be the orthogonal complement of E’ with respect to

(,). Then E = E' @ E”. Let € R. We show that 6 € E'UE". If (3,E') =0

then 5 € E”. If (8, E’) # 0 then choose z € E' with (5,z) # 0. Now rg(E’) = E’

hence rg(x) —x = 2%?%5 € E' hence 8 € E'. Set R = RNE',R' = RNE".

Then R = R'"UR",(R',R") = 0,a € R'. By irreducibility of R we have R = R’.

Since R C E’ and R spans F we have B/ = E. Thus f(e) = ((5”5)),6 for all e € E.
_ (»a)

= Taay (€ e) for any e, e’ € E. Our claim is established.

Hence (e, €’)

By attaching to a root system the set of simple roots divided by their length,
we obtain a map

® : iso. classes of irr. root systems — iso. classes of irr. adm. sets.

By the classification of irreducible admissible sets and the construction of root
systems, ® is surjective. We now study the fibre of ® at an admissible set.

Let (E, (), (e;) is an irreducible admissible set. Consider the set S consisting
of all R,II where II is a basis of E such that (e;) consists of the vectors in II
divided by their length and R is a root system in [II] = > . Qa. Note that R
is completely determined by II.

Let R,II and R’,II’ be two elements of S.

Let a # 3 € II. Then o = ca/, 8 = df¥’ where ¢,d # 0 and o # 3 € II'. We

have
(C) 4(O¢aﬁ)2 _ 4(Ozl,ﬁ/)/2
(,0)(B,8) — (a,a/)"(B",8")""
Assume first that (¢) is 1. Then (o, «) = (3,0) and (o', a’) = (F,5")’. Hence

c? = d? hence ¢ = 4d. Since (a, 3) < 0, (a/, ") < 0 we have c¢d > 0 hence ¢ = d.

Assume next that (c) is 2. Then (a, o) = 2%1(3, 3) and (o/, ') =2*1(3, 8')".
If (o, &) = 2(8, B) then (e, ca’) = (o, ) = 2(8, B) = 2(df’, dF’) hence (/, ) =}}
2d%/c?(df3’, dB’) hence 2d?/c? € {2,271} hence d/c € {1,271} (as before we have
cd > 0). Similarly, if (o, ) = 271(3, 3) then d/c € {1,2}.
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Assume next that (c) is 3. Then (a, a) = 3¥1(3, 3) and as before we see that:
if (o, ) = 3(B3, B3) then d/c € {1,371}; if (o, ) = 371(B, B) then d/c € {1, 3}.

If the graph has no double or triple edges then we see that IT = cII’. Hence
c™tId takes II to I, R to R’ and (,) to a multiple of (,)’. Hence [II], (,), R and
[II'], (,)’, R" are isomorphic root systems.

Assume now that the graph has a d-fold edge, d = 2 or 3. Then II = I1; UIl5,
II" = I} UII5 where

the vectors in 1I; have length squared Ny,

the vectors in Ils have length squared No,

the vectors in II} have length squared N7y,

the vectors in I}, have length squared NJ.

Also Ny = d*' Ny, N5 = d*'Nj. As earlier we have (after possible renumber-
ing): II; = ¢ 11}, Ty = ¢oIT), where

62/61 c {1,d_1} if Ny = dNQ; 62/61 S {1,d} if Ny = dNj.

If ¢ = ¢; = ¢ then II = cII’. Hence ¢ !Id takes II to I, R to R’ and (,) to a
multiple of (,)’. Hence [II], (,), R and [I'], (,)’, R’ are isomorphic root systems.

If ¢ = dcq, we consider the dual root system R,II. Then

I = {N%oda ell}u {N%oz|oz e Il }.

Hence I}, = leckﬂﬁc. We have 1\%02 / (N%cl) = 1 and the earlier argument shows

that [I1], (,), R and [II'], (,)’, R’ are isomorphic root systems. Thus we see that in
any case the fibre of ® consists of a root system and its dual. Now the root system
of type G5 is isomorphic to its dual. The same is true for the root system of type
F, or Bs. But for n > 3, the root system of type B,, and C,, are not isomorphic.

Thus the irreducible root systems (up to isomorphism) are classified by the list
An, By, Cn, Dy, Fg, E7, Eg, Fy, Go.



