Problem set 4, due March 20

This homework is graded on 4 points; the first exercise is graded on 0.5 point, the second and
third on 1 point, the fourth on 2 point. The final grade will be obtained by taking the minimum of
4 and the sum of the grades obtained in the 4 exercises.

¢(A) Hitting times in a discrete Markov chain Consider the Markov chain with transition
matrix
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Compute P(p; < oo|Xg = 1),P(p1 < 00|Xp = 2),P(p2 < 0| Xy = 1),P(p3 < 00| Xg = 1). Hint:
Obtain equations on the above numbers by conditioning by the first step.

¢(B)Decomposition in irreducible classes

For an integer m > 2, let m = agax_1 - - - ag denote its expansion in base 10. Let 0 < p < 1 and
qg=1—p. Let Z>2 = {2,3,...} be the set of integers greater or equal than 2. Consider the Markov
chain with state space Z>9 defined by the following rule:
P(X,1 = max{2, ai+a3+ - +ai}| X, = agap_1 - ag) = ¢, P(Xp+1 =2|X, = arag—1---ag) =p.
Show that

(1)
C = {2,4,16,20,37,42, 58,89, 145}

is an irreducible closed set of recurrent states.
2) All 7 € C are transient.
J

¢(C)Transience for the random walk in Z3. Let P be the transition probability for the
random walk on Z3:

1
Py=0if |k—¢| #1, 6 otherwise.
Here k = (K1, kg, k3) and k|2 = 322 | k2. Let for a > 1 and for k = (k1, ko, k3)

3
u(k) = (o + Z kf)fé for k € Z?
i=1

then show that if « is sufficiently large

(1)
(Pu)i < u(k) < u(0)

(2) Deduce that 0 is transient. What can you say about the other sites of Z3?

Hints to prove (1):
(1) Let k € Z3 be given and set
M =1+ + |k :Ei:Mi for 1 <i<3.
Show that (Pu)x < u(k) if and only if
S (1+23:)7 + (1 — 2x)2
1
i=1 2(1 - 4a})2




(2) Show that (1 — )72 > 1+ 5L and that
1 1
(1+82+(1-¢)e ¢
<1 >
5 <1 5 for || < 1,
and conclude that (Pu)y < u(k) if
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(3) Show that there is a constant C' < oo such that as long as o > 1,
13 5 3 3 2
- <1420 s+ a7,
(1- 433 3 i=1
and conclude that we can take o > 1 so that a® + 1 > 2C to obtain the desired bound.

¢(D) Positive recurrence We let X,, be a Markov chain constructed from a transition probability
P and denote E the expectation constructed from P. For a set B C S, let
g =inf{n >1: X, € B}.
B is said to be positive recurrent if sup,c g E[rp|X, = z] < cc.
(1) Assume that there exists a Lyapounov function V : S—R™, ¢ > 0 and C, M finite such that
EV(Xy)-V(z)|Xo=2|<—c ifV(z)>M EV(Xy)-V(z)|[Xo=2|<Cif V(z) <M
Then show that the set B = {z : V(z) < M} is positive recurrent. Hint: Consider
En =371 V(Xi)lrp>; and
E[E, — Eo|Xo =2] < V(z) + C+c+E[E, — Ey|Xo = 2] — cE[n A 75| X0 = 7]
Conclude that
cEnA1|Xo=2]|<V(zx)+C+c  foranyn

and complete the proof.

(2) Let &, be independent centered equidistributed integer-valued variables so that E[|¢1]?] < oo.
Let @ real so that |a| < 1. Show that for B large enough [—B, B] is positive recurrent for
the Markov chain

Xny1 = aXy +&n
by exhibiting a convenient Lyapounov function (note here and below that &, is independent
from X,,)

(3) Let &, be independent equidistributed real-valued variables so that E[|£;]|] < co and E[¢;] <

0. Show that for B large enough [0, B] is positive recurrent for the Markov chain

Xn+1 - (Xn + {n)—i_

by exhibiting a convenient Lyapounov function.



